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Abstract

Let (Ω,F ,P) be a complete, countably generated probability space, T > 0, D ⊂ Rd

be a bounded Lipschitz domain, QT := (0, T )×D and p > 2. Our aim is the study of
the problem

(P )


du− div(|∇u|p−2∇u + F (u)) dt = H(u) dW in Ω×QT

u = 0 on Ω× (0, T )× ∂D

u(0, ·) = u0 ∈W 1,p
0 (D) in Ω×D

for a cylindrical Wiener process W in L2(D) with respect to a filtration (Ft) satisfying
the usual assumptions and F : R → Rd Lipschitz continuous. We consider the case
of multiplicative noise with H : L2(D) → HS(L2(D)), HS(L2(D)) being the space of
Hilbert-Schmidt operators, satisfying appriopriate regularity conditions. By an implicit
time discretization of (P ), we obtain approximate solutions. Using the theorems of
Skorokhod and Prokhorov, we are able to pass to the limit and show existence of
martingale solutions. Using an argument of pathwise uniqueness, we show existence
and uniqueness of strong solutions.

Keywords: pseudomonotone problem, multiplicative noise, cylindrical Wiener process,
martingale solution, pathwise uniqueness, strong solution

AMS Classification: 35K92, 35K55, 60H15

1 Introduction

Let (Ω,F , P ) be a complete, countably generated probability space (for example the classical
Wiener space), D ⊂ Rd be a bounded Lipschitz domain, T > 0, QT := D×(0, T ) and p > 2..
For a separable Hilbert spaces U ,H, we denote the space of Hilbert-Schmidt operators from
U to H by HS(U ;H). We are interested in existence and uniqueness of a solution to

du− div(|∇u|p−2∇u+ F (u)) dt = H(u) dW in Ω×QT
u = 0 on Ω× (0, T )× ∂D

u(0, ·) = u0 ∈W 1,p
0 (D) (1)

for F : R→ Rd Lipschitz continuous. We will give the precise assumptions on H : L2(D)→
HS(L2(D)) in the next section. W (t) is a cylindrical Wiener process with values in L2(D)
with respect to a filtration (Ft) satisfying the usual assumptions. More precisely: Let
(en)n∈N be an orthonormal basis of L2(D) and (βn(t))n∈N a sequence of independent, real-
valued brownian motions adapted to (Ft). We (formally) define

W (t) :=

∞∑
n=1

enβn(t). (2)
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It is well-known that the sum on the right-hand side of (2) does not converge in L2(D),
therefore we have to give a meaning to (2) following the ideas of [8] and [18]: For u =∑∞
n=1 unen and v =

∑∞
n=1 vnen

(u, v)U :=

∞∑
n=1

unvn
n2

is a scalar product on L2(D). Now we define the (bigger) Hilbert space U as the completion
of L2(D) with respect to the norm ‖ · ‖U induced by (·, ·)U . It is then easy to see that (nen)
is an orthonormal basis of U . Note that

W (t) =

∞∑
n=1

enβn(t) =

∞∑
n=1

1

n
(nen)βn(t) (3)

and therefore W (t) can be interpreted as Q-Wiener process with covariance Matrix Q =

diag( 1
n2 ) with values in U . Since Q

1
2 (U) = L2(D), for all square integrable and predictable

Φ : Ω× (0, T ) → HS(L2(D)) the stochastic integral with respect to the cylindrical Wiener
process W (t) can be defined by∫ t

0

Φ dW =

∞∑
n=1

∫ t

0

Φ(en) dβn

=

∞∑
n=1

∫ t

0

Φ(
1

n
· nen) dβn

=

∞∑
n=1

∫ t

0

Φ ◦Q1/2(nen) dβn. (4)

Since Φ ◦Q 1
2 ∈ HS(U ;L2(D)),

∞∑
n=1

∫ t

0

Φ ◦Q1/2(nen) dβn ∈ L2(Ω;C([0, T ];L2(D))).

In particular, for all n ∈ N, Φ(en) ∈ L2(Ω× (0, T );L2(D)) is predictable process, i.e. Φ(en)
is PT /B(L2(D))-measurable where PT is the predictable σ-field on Ω× (0, T ) generated by

(s, t]×A, 0 ≤ s < t ≤ T, A ∈ Fs.

1.1 Strong and martingale solutions
In the theory of stochastic evolution equations two notions of solutions are typically consid-
ered for equations with multiplicative noise namely strong solutions and martingale solutions.
A strong solution to (1) is defined as follows:

Definition 1.1. A solution to (1) is a predictable process u : Ω× [0, T ]→ L2(D) with a.e.
paths

u(ω, ·) ∈ C([0, T ];W−1,p′(D)) ∩ L∞(0, T ;L2(D)),

such that u ∈ Lp(Ω;Lp(0, T ;W 1,p
0 (D))), u(0, ·) = u0 in L2(D) and

u(t)− u0 −
∫ t

0

div(|∇u|p−2∇u+ F (u)) ds =

∫ t

0

H(u) dW,

in L2(D) for all t ∈ [0, T ], a.s. in Ω.
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Remark 1.1. According to [24], Lemma 1.4, p.263,

u(ω, ·) ∈ C([0, T ];W−1,p′(D)) ∩ L∞(0, T ;L2(D)) a.s in Ω

implies
u ∈ Cw([0, T ];L2(D)) a.s. in Ω

where Cw([0, T ];L2(D)) denotes the Bochner space of weakly continuous functions with values
in L2(D). Therefore, u(t) is in L2(D) for all t ∈ [0, T ] and u is a stochastic process with
values in L2(D).

In the former definition, the probabilistic quantities (Ω,F , P ), (Ft) and W are fixed. In
many cases, it is necessary that (Ω,F , P ), (Ft) and W enter as unknowns into the problem,
for example, if one uses the theorems of Prokhorov and Skorokhod to obtain a.s convergence
of approximative solutions. More precisely,

Definition 1.2 (see, e.g. [8], [9], [11]). We say that (1) has a martingale solution, iff there
exist a probability space (Ω,F , P ), a filtration (Ft), a cylindrical Wiener process W and a
predictable process u : Ω× [0, T ]→ L2(D) with a.e. paths

u(ω, ·) ∈ C([0, T ];W−1,p′(D)) ∩ L∞(0, T ;L2(D)),

such that u ∈ Lp(Ω;Lp(0, T ;W 1,p
0 (D))), u(0, ·) = u0 in L2(D) and

u(t)− u0 −
∫ t

0

div(|∇u|p−2∇u+ F (u)) ds =

∫ t

0

H(u) dW (5)

holds in L2(D) for all t ∈ [0, T ], a.s. in Ω.

1.2 Main results and outline
Our aim is to prove the following results:

Theorem 1.1. For any u0 ∈ W 1,p
0 (D) and any H : L2(D) → HS(L2(D)) as defined in

Section 2 there exists a martingale solution to (1).

Theorem 1.2. For any u0 ∈ W 1,p
0 (D) and any H : L2(D) → HS(L2(D)) as defined in

Section 2 there exists a unique strong solution to (1).

The proof of Theorem 1.1 is based on a approximation procedure by an implicit time
discretization corresponding to (1), which will be introduced in Section 3.1. Since there is a
lack of compactness with respect to ω ∈ Ω, we use the theorems of Prokhorov and Skorokhod
to get a.s. convergence of a sequence of approximate solutions (ûN ) to a measurable function
u∞ on a new probability space (Ω̂, F̂ , P̂ ) (see Subsection 3.4). Passing to the limit we have
to face two different difficulties: Firstly, we have to show that the limit of the stochastic
integrals is a stochastic integral with respect to a cylindrical Wiener process defined on a
possibly enlarged probability space. This can be done using the martingale representation
theorem from [8]. Secondly, since weak convergence is not compatible with nonlinear oper-
ators, we have to identify the weak limit of |∇uN |p−2∇uN with |∇u∞|p−2∇u∞. Once we
have identified the stochastic perturbation at the limit, we may use the Itô formula for the
identification of the nonlinearity. Subsection 3.5 is devoted to the solution of these two prob-
lems. The proof of Theorem 1.2 is contained in Section 4. We adapt the argument of [14]:
Firstly, we prove uniqueness of solutions (see Proposition 4.1) and secondly we construct
two sequences of approximate solutions which converge on the same probability space. We
adapt the technique of [17], [6], [5] (see also [15], [16], [3]) and advoid the application of the
martingale representation theorem.

3



2 Technical assumptions

For an orthonormal basis (en) of L2(D), u ∈ L2(D) let us define

H(u)(en) := {x 7→ hn(u(x))},

where, for any n ∈ N, hn : R → R is a Lipschitz continuous function such that hn(0) = 0
satisfying

(H1) There exists C1 > 0 not depending on µ, λ such that

∞∑
n=1

|hn(λ)− hn(µ)|2 ≤ C1|λ− µ|2

for all µ, λ ∈ R.

(H2) There exists C2 > 0 such that

∞∑
n=1

‖h′n‖2∞ ≤ C2.

For example, hn(λ) = anλ or hn(λ) = an sin(λ) with n ∈ N and (an) ∈ l2(N) are satisfying
(H1) and (H2). In particular for any u ∈ L2(D) thanks to (H1) we have

‖H(u)‖2HS(L2(D)) =

∞∑
n=1

‖H(u)(en)‖2L2(D) =

∫
D

∞∑
n=1

|hn(u(x))|2 dx

≤ C1‖u‖2L2(D) (6)

and herefore H(u) is a Hilbert-Schmidt operator in L2(D) and H : L2(D)→ HS(L2(D)) is
continuous. Thanks to (H2), we also have the following result:

Proposition 2.1. H : W 1,p
0 (D)→ HS(L2(D);H1

0 (D)) is continuous.

Proof: Let us fix (uj) ⊂ W 1,p
0 (D) such that there exists u ∈ W 1,p

0 (D) with uj → u in
W 1,p

0 (D) for j →∞. Then,

‖H(uj)−H(u)‖2HS(L2(D);H1
0 (D)) =

∞∑
n=1

‖hn(uj)− hn(u)‖2H1
0 (D)

=

∞∑
n=1

∫
D

|h′n(uj)∇(uj − u) +∇u(h′n(uj)− h′n(u))|2 dx. (7)

We can extract a not relabeled subsequence (uj) such that |∇uj | ≤ g a.e. in D for all j ∈ N
and some g ∈ Lp(D) and

uj → u,

∇uj → ∇u
for j →∞ a.e. in D. For any fixed n ∈ N, since h′n is continuous we have,

|h′n(uj)∇(uj − u) +∇u(h′n(uj)− h′n(u))|2 → 0 (8)

for j →∞ a.e. in D. Let C ≥ 0 be a constant not depending on j and n that may change
from line to line. By (H2) we have

|h′n(uj)∇(uj − u) +∇u(h′n(uj)− h′n(u))|2

≤ C‖h′n‖2∞
(
|∇uj −∇u|2 + |∇u|2

)
≤ CC2(|g|2 + |∇u|2) (9)
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and the right-hand side of (9) is in L1(D). Therefore, by Lebesgue dominated convergence
theorem,

lim
j→∞

∫
D

|h′n(uj)∇(uj − u) +∇u(h′n(uj)− h′n(u))|2 dx = 0 (10)

for every n ∈ N. Since such a subsequence with can be extracted from every subsequence of
(uj), (8) holds for the whole sequence (uj). In particular, for any N ∈ N, we have

lim
j→∞

N∑
n=1

∫
D

|h′n(uj)∇(uj − u) +∇u(h′n(uj)− h′n(u))|2 dx = 0. (11)

Let us fix ε > 0. For any N ∈ N, we have

∞∑
n=N

∫
D

|h′n(uj)∇(uj − u) +∇u(h′n(uj)− h′n(u))|2 dx

≤
∞∑
n=N

4

∫
D

‖h′n‖2∞|∇(uj − u)|2 + 4|∇u|2‖h′n‖2∞ dx

≤
∞∑
n=N

16‖h′n‖2∞
(∫

D

|∇(uj − u)|2 + |∇u|2 dx
)
. (12)

By (H2),
∞∑
n=1

‖h′n‖2∞ <∞,

thus there exists N0 ∈ N such that

∞∑
n=N

‖h′n‖2∞ < ε

for all N ≥ N0. Therefore, now we get

‖H(uj)−H(u)‖2HS(L2(D);H1
0 (D))

=

N0∑
n=1

∫
D

|h′n(uj)∇(uj − u) +∇u(h′n(uj)− h′n(u))|2 dx

+

∞∑
n=N0+1

∫
D

|h′n(uj)∇(uj − u) +∇u(h′n(uj)− h′n(u))|2 dx

≤
N0∑
n=1

∫
D

|h′n(uj)∇(uj − u) +∇u(h′n(uj)− h′n(u))|2 dx

+ ε

(∫
D

|∇(uj − u)|2 + |∇u|2 dx
)

(13)

using (11) in (13) now it follows that

lim
j→∞

‖H(uj)−H(u)‖2HS(L2(D);H1
0 (D)) = 0. (14)
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In particular, for any u ∈ Lp(Ω× (0, T );W 1,p
0 (D)), using (H2) we get

E

∫ T

0

‖H(u)‖p
HS(L2(D);H1

0 (D))
dt

= E

∫ T

0

( ∞∑
n=1

‖hn(u)‖2H1
0 (D)

)p/2
dt

≤ E

∫ T

0

( ∞∑
n=1

‖h′n‖2
∫
D

|∇u|2 dx

)p/2

≤ C
p/2
2 CpE

∫ T

0

‖∇u‖pp dt (15)

where Cp ≥ 0 is a constant which is independent of u.

3 Proof of Theorem 1.1

3.1 Time discretization
For N ∈ N let 0 = t0 < t1 < . . . < tN = T be an equidistant subdivision of the interval
[0, T ] with τ := T/N = tk+1− tk for all k = 0, . . . , N − 1. For u0 ∈ L2(D), we introduce the
implicit Euler scheme

uk+1 − uk − τdiv(|∇uk+1|p−2∇uk+1 + F (uk+1)) = H(uk)∆k+1W (16)

with ∆k+1W := W (tk+1)−W (tk) for k = 0, . . . , N − 1.

Remark 3.1. Since ∆k+1W takes values in the Hilbert space U , we have∫ tk+1

tk

H(uk) dW =

∞∑
n=1

H(uk)(
1

n
· nen)(βn(tk+1)− βn(tk))

=

∞∑
n=1

H(uk) ◦Q 1
2 (nen)(βn(tk+1)− βn(tk)) (17)

for all k = 0, . . . , N − 1. Since H(uk) ◦Q 1
2 ∈ HS(U ;L2(D)), the last expression converges

in L2(Ω; C([0, T ];L2(D))). Therefore we will use the formal notation

H(uk)∆k+1W :=

∫ tk+1

tk

H(uk) dW = H(uk) ◦Q 1
2 (W (tk+1)−W (tk)).

Lemma 3.1. For any k = 0, . . . , N − 1 and any u0 ∈ L2(D) there exists a unique, Ftk+1
-

measurable function uk+1 : Ω→W 1,p
0 (D) such that for a.e. ω ∈ Ω

uk+1 − uk − τdiv(|∇uk+1|p−2∇uk+1 + F (uk+1)) = H(uk)∆k+1W (18)

in L2(D).

Proof: We fix τ > 0. Since p > 2, the operator Aτ : W 1,p
0 (D)→W−1,p′(D) defined by

〈Aτ (u), v〉W−1,p′ (D),W 1,p
0 (D) := (u, v)2 + τ

∫
D

(|∇u|p−2∇u+ F (u)) · ∇v dx

for u, v ∈ W 1,p
0 (D) is a pseudomonotone operator and therefore, by Brezis’ theorem, Aτ is

onto W−1,p′(D).
In order to show that Aτ is injective, we fix f ∈W−1,p′(D) and assume that u1, u2 are two
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solutions to Aτu = f in W−1,p′(D). Then we take v = signδ as a test function, where signδ
is a Lipschitz continuous approximation of the sign function and obtain u1 = u2 by passing
to the limit when δ goes to 0.
It is left to show that A−1

τ : W−1,p′(D) → W 1,p
0 (D) is continuous. For f ∈ W−1,p′(D) and

u such that Aτ (u) = f , using the Gauss-Green theorem on the convection term we get

‖u‖22 + τ‖∇u‖pp = 〈f, u〉W−1,p′ (D),W 1,p
0 (D) ≤

τ

2
‖∇u‖pp + Cτ‖f‖p

′

W−1,p′ (D)
. (19)

Let (fn) ⊂ W−1,p′(D) be a sequence converging to f in W−1,p′(D). For for all n ∈ N, we
define

un := A−1
τ (fn). (20)

From (19) it follows that there exists a not relabeled subsequence of (un), u ∈W 1,p
0 (D) and

B in Lp
′
(D)d such that un ⇀ u in W 1,p

0 (D), un → u in Lp(D) and |∇un|p−2∇un ⇀ B in
Lp
′
(Ω)d for n→∞. Using these convergence results and (20), we get

‖u‖22 + τ lim sup
n→∞

∫
D

|∇un|p−2∇un · ∇un dx

= 〈f, u〉W−1,p′ (D),W 1,p
0 (D)

= ‖u‖22 + τ

∫
D

B · ∇u dx, (21)

thus from (21) it follows that

lim sup
n→∞

〈A(un), un − u〉W−1,p′ (D),W 1,p
0 (D)

= lim sup
n→∞

∫
D

|∇un|p−2∇un · ∇un dx−
∫
D

B · ∇u dx

= 0 (22)

and since Aτ is pseudomonotone, (22) implies Aτu = f . In particular, B = |∇u|p−2∇u and

lim
n→∞

∫
D

|∇u−∇un|p dx

≤ 2p−2 lim sup
n→∞

∫
D

(|∇un|p−2∇un − |∇u|p−2∇u) · ∇(un − u) dx

= 0. (23)

From (23) it follows that our not relabeled subsequence (un) converges strongly to u in
W 1,p

0 (D) for n→∞. Since u is unique it follows that the whole sequence (un) converges to
u in W 1,p

0 (D) for n→∞ and A−1
τ is continuous.

Since, for all k = 0, . . . , N − 1,

uk+1 − uk + τ − div(|∇uk+1|p−2∇uk+1 + F (uk+1)) = H(uk)∆k+1W

⇔ uk+1 = A−1
τ (H(uk)∆k+1W + uk), (24)

and the argument on the right-hand side of (24) is Ftk+1
-measurable assuming that uk is

Ftk -measurable, the assertion follows by induction.

3.2 Estimates
Lemma 3.2. For u0 ∈ L2(D), and k = 0, 1, . . . , N −1 let uk+1 be a solution to (16). Then,

1

2
E
(
‖uk+1‖22 − ‖uk‖22

)
+

1

4
E‖uk+1 − uk‖22 + τE

∫
D

|∇uk+1|p dx

≤ τE‖H(uk)‖2HS(L2(D)) (25)
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Proof: Taking the L2-scalar product with uk+1 in (16), we get

‖uk+1‖22 − (uk, uk+1)2 − τ(div(|∇uk+1|p−2∇uk+1 + F (uk+1)), uk+1)2

= (H(uk)∆k+1W,u
k+1)2

⇔ I1 + I2 + I3 = I4 (26)

where

I1 := ‖uk+1‖22 − (uk, uk+1)2 =
1

2

(
‖uk+1‖22 − ‖uk‖22 + ‖uk+1 − uk‖22

)
,

I2 := τ

∫
D

|∇uk+1|p dx,

I3 = τ

∫
D

F (uk+1)∇uk+1 dx = 0,

I4 := (H(uk)∆k+1W,u
k+1 − uk)2 + (H(uk)∆k+1W,u

k)2.

Taking expectation on both sides of (26) we arrive at

1

2
E
(
‖uk+1‖22 − ‖uk‖22 + ‖uk+1 − uk‖22

)
+ τE

∫
D

|∇uk+1|p dx

= E(H(uk)∆k+1W,u
k+1 − uk)2 + E(H(uk)∆k+1W,u

k)2. (27)

Since uk is Ftk -measurable and W (tk+1)−W (tk) is Ftk -independent, we have

E(H(uk)∆k+1W,u
k)2 = EE

[(
H(uk) ◦Q1/2(W (tk+1)−W (tk)), uk

)
2

∣∣Ftk]
= E

(
uk, E

[∫ tk+1

tk

H(uk) dW |Ftk

])
2

= 0. (28)

Using Hölder and Young inequality it follows that for any α > 0

E(H(uk)∆k+1W,u
k+1 − uk)2 ≤ E(‖Φk∆k+1W‖2 · ‖uk+1 − uk‖2)

≤ 1

2

 1

α
E

∥∥∥∥∥
∫ tk+1

tk

H(uk) dW

∥∥∥∥∥
2

2

+ αE‖uk+1 − uk‖22

 (29)

By Itô isometry and for α = 1
2 from (29) it follows that

E(H(uk)∆k+1W,u
k+1 − uk)

≤ E

∫ tk+1

tk

‖H(uk)‖2HS(L2(D)) dt+
1

4
E‖uk+1 − uk‖22

= τE‖H(uk)‖2HS(L2(D)) +
1

4
E‖uk+1 − uk‖22 (30)

and therefore we arrive at

1

2
E
(
‖uk+1‖22 − ‖uk‖22 + ‖uk+1 − uk‖22

)
+ τE

∫
D

|∇uk+1|p dx

≤ τE‖H(uk)‖2HS(L2(D)) +
1

4
E‖uk+1 − uk‖22, (31)

hence (25) holds.
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Definition 3.1. For N ∈ N, τ > 0 we introduce the right-continuous step function

uN (t) =

N−1∑
k=0

uk+1χ[tk,tk+1)(t), t ∈ [0, T ],

the left-continuous, Ft-adapted step function

uτ (t) =

N−1∑
k=0

ukχ(tk,tk+1](t), t ∈ (0, T ], uτ (0) = u0,

the continuous, square-integrable Ft-martingale

BN (t) =

∫ t

0

H(uτ ) dW, t ∈ [0, T ]

and the piecewise affine functions

ũN (t) :=

N−1∑
k=0

(
uk+1 − uk

τ
(t− tk) + uk

)
χ[tk,tk+1)(t), t ∈ [0, T ), ũN (T ) = uN ,

B̃N (t) =

N−1∑
k=0

(
BN (tk+1)−BN (tk)

τ
(t− tk) +BN (tk)

)
χ[tk,tk+1)(t), t ∈ [0, T ].

Lemma 3.3. There exists a constant K ≥ 0 not depending on the discretization parameters
such that

max
n=1,...,N

‖un‖22 ≤ K, (32)

N−1∑
k=0

E‖uk+1 − uk‖22 ≤ 4K + 2‖u0‖22. (33)

In particular, by (H1) there exists K(C1, C2, ‖u0‖, T ) > 0 such that

E

∫ T

0

‖H(uτ )‖2HS(L2(D)) dt ≤ K(C1, C2, ‖u0‖, T ). (34)

Moreover we have
E sup
t∈[0,T ]

‖ũN‖22 = E sup
t∈[0,T ]

‖uN‖22 ≤ K, (35)

E

∫ T

0

∫
D

|∇uN |p dx dt ≤ K +
1

2
‖u0‖22. (36)

Proof: We fix n ∈ {1, . . . , N}, take the sum over 0, . . . , n− 1 in (25) to get

1

2
E‖un‖22 −

1

2
E‖u0‖22 +

1

4

n−1∑
k=0

E‖uk+1 − uk‖22 +

n−1∑
k=0

τE

∫
D

|∇uk+1|p dx

≤
n−1∑
k=0

τE‖H(uk)‖2HS(L2(D)) ds (37)

Discarding nonnegative terms by (H1) it follows that

1

2
E‖un‖22 ≤

1

2
E‖u0‖22 +

n−1∑
k=0

C1τE‖uk‖22 (38)
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Applying the discrete Gronwall inequality in (38) yields

E‖un‖22 ≤ ‖u0‖22e2C1T (39)

and (32) follows from (39) with K := ‖u0‖22e2C1T . Now (33) follows from (32) and (37) by
taking n = N and keeping the nonnegative term

1

4

n−1∑
k=0

E‖uk+1 − uk‖22.

(34) is a direct consequence of (H1) and (32). Moreover,

E sup
t∈[0,T ]

‖ũN‖22 = E sup
t∈[0,T ]

‖uN‖22 ≤ E max
k=1,...,N

‖uk‖22 ≤ K. (40)

Finally, (36) follows now from (37) and (32) by keeping the nonnegative term
∑n−1
k=0 τE

∫
D
|∇uk+1|p dx

and taking n = N .

Lemma 3.4. There exists C ≥ 0 not depending on N ∈ N such that

E

∫ T

0

‖ d
dt

(ũN − B̃N )‖p
′

W−1,p′ (D)
dt

≤ C

(
E

∫ T

0

‖uN‖22 + ‖∇uN‖pp dt+ 1

)
. (41)

Proof: For all t ∈ (tk, tk+1), and all k = 0, . . . , N − 1

d

dt
(ũN − B̃N ) =

uk+1 − uk −H(uk)∆k+1W

τ

= div(|∇uk+1|p−2∇uk+1 + F (uk+1)). (42)

Since p ≥ 2, there exists a constant C ≥ 0 not depending on N ∈ N that may change from
line to line such that

‖ d
dt

(ũN − B̃N )‖W−1,p′ (D)

= sup
‖ϕ‖

W
1,p
0 (D)

≤1

∫
D

[
|∇uk+1|p−2∇uk+1 + F (uk+1)

]
∇ϕ dx

≤ sup
‖ϕ‖

W
1,p
0 (D)

≤1

(
‖∇uk+1‖p−1

p ‖∇ϕ‖p + ‖F (uk+1)‖2‖∇ϕ‖2
)

≤ sup
‖ϕ‖

W
1,p
0 (D)

≤1

(
‖∇uk+1‖p−1

p + C‖F (uk+1)‖2‖∇ϕ‖p
)

≤ ‖∇uk+1‖p−1
p + ‖F (uk+1)‖2. (43)

Therefore, for p′ ≤ 2, L > 0 the Lipschitz constant of F

‖ d
dt

(ũN − B̃N )‖p
′

W−1,p′ (D)
≤

(
‖∇uk+1‖p−1

p + C‖F (uk+1)‖2
)p′

≤ 2p
′
(‖∇uk+1‖pp + CL‖uk+1‖p

′

2 )

≤ 2p
′
‖∇uk+1‖pp + C(1 + ‖uk+1‖22).

Hence ∫ T

0

‖ d
dt

(ũN − B̃N )‖p
′

W−1,p′ (D)
dt

≤ 2p
′
τ

N−1∑
k=0

‖∇uk+1‖pp + C

(
1 + τ

N−1∑
k=0

‖uk+1‖22

)
,
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and

E

∫ T

0

‖ d
dt

(ũN − B̃N )‖p
′

W−1,p′ (D)
dt

≤ 2p
′
τ

N−1∑
k=0

E‖∇uk+1‖pp + C(1 + τ

N−1∑
k=0

E‖uk+1‖22)

≤ C

(
E

∫ T

0

‖uN‖22 + ‖∇uN‖pp dt+ 1

)
.

From Lemma 3.3 and Lemma 3.4 we get

Lemma 3.5. There exists a constant C ≥ 0 not depending on N ∈ N such that

E

∫ T

0

‖ d
dt

(ũN − B̃N )‖p
′

W−1,p′ (D)
≤ C. (44)

Lemma 3.6. For T > 0, N ∈ N we define an equidistant subdivision of [0, T ] by

0 = t0 < t1 < . . . < tN = T

with τ = T
N = tk+1− tk for k = 0, . . . , N −1. Let K, H be separable Hilbert spaces and W be

a Wiener process in K with covariance operator Q. For a Ftk -measurable random variable
Φk with values in HS(Q1/2(K),H) we define the left-continuous, Ft-adapted process

Φτ :=

N−1∑
k=0

Φkχ(tk,tk+1].

For any p > 2, there exists constants γ > 0 and Cγ ≥ 0 not depending on N ∈ N and an
integrable, real-valued random variable X such that

sup
k∈{0,...,N−1}

sup
s∈[tk,tk+1]

‖
∫ s

tk

Φτ dW‖H

≤ Cγτ
γ

(
sup

k∈{0,...,N−1}
τ‖Φk‖pHS(K,H) + 1 +X

)
.

Moreover, there exists a constant C ≥ 0 such that

E(X) ≤ Ctr(Q). (45)

Proof: Let us fix s ∈ [tk, tk+1] and k ∈ {0, . . . , N − 1}. Then we have

‖
∫ s

tk

Φτ dW‖H ≤ ‖Φk‖HS(K,H)‖W (s)−W (tk)‖K.

Now, from [13], [23, Ex. 2.4.1] (see Lemma 5.6 in the Appendix) for any q ≥ 1 and α > 1
q

it follows that

‖W (s)−W (tk)‖K

≤ C1/q
α,q τ

α−1/q

(∫ tk+1

tk

∫ tk+1

tk

‖W (t)−W (r)‖qK
|t− r|αq+1

dt dr

)1/q

≤ C1/q
α,q τ

α−1/q

(∫ T

0

∫ T

0

‖W (t)−W (r)‖qK
|t− r|αq+1

dt dr

)1/q

= C1/q
α,q τ

α−1/qX1/q (46)
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where

X :=

∫ T

0

∫ T

0

‖W (t)−W (r)‖qK
|t− r|αq+1

dt dr

is a real-valued random variable. Thus,

sup
k∈{0,...,N−1}

sup
s∈[tk,tk+1]

‖
∫ s

tk

Φτ dW‖H

≤ sup
k∈{0,...,N−1}

sup
s∈[tk,tk+1]

‖Φk‖HS(K,H)‖W (s)−W (tk)‖K

≤

(
sup

k∈{0,...,N−1}
‖Φk‖HS(K,H)

)
sup

k∈{0,...,N−1}
sup

s∈[tk,tk+1]

‖W (s)−W (tk)‖K

and from (46) it follows that

sup
k∈{0,...,N−1}

sup
s∈[tk,tk+1]

‖
∫ s

tk

Φτ dW‖H

≤ C1/q
α,q τ

α−1/qX1/q sup
k∈{0,...,N−1}

‖Φk‖HS(K,H)

= C1/q
α,q τ

α−1/q−1/p

(
sup

k∈{0,...,N−1}
τ1/p‖Φk‖HS(K,H)X

1/q

)

≤ C1/q
α,q τ

α−1/q−1/p

(
sup

k∈{0,...,N−1}
τ‖Φk‖pHS(K,H) +Xp′/q

)

≤ C1/q
α,q τ

α−1/q−1/p

(
sup

k∈{0,...,N−1}
τ‖Φk‖pHS(K,H) + 1 +X

)

where q ≥ 1 is such that

γ := α− 1/q − 1/p > 0, p′/q ≤ 1.

Moreover,

E(X) =

∫ T

0

∫ T

0

E‖W (t)−W (r)‖qK
|t− r|αq+1

dt dr.

Since
W (t)−W (s) ∼ N (0, Q(t− s)),

it follows that there exists Cq ≥ 0 such that

E‖W (t)−W (r)‖qK ≤ Cqtr(Q)|t− r|q/2,

and one gets, choosing q such that q > p > 2 and α ∈ ( 1
p + 1

q ,
1
2 )

E(X) ≤ Cqtr(Q)

∫ T

0

∫ T

0

|t− r|q/2−αq−1dt dr =: Ctr(Q).

3.3 Regularity of approximate solutions
Lemma 3.7. There exists a constant K1 > 0 not depending on the discretization parameters
such that

E

∫ T

0

‖H(uτ )‖p
HS(L2(D);H1

0 (D))
dt ≤ K1. (47)
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Proof: We fix an orthonormal basis (en) ⊂ L2(D). Then,

E

∫ T

0

‖H(uτ )‖p
HS(L2(D);H1

0 (D))
dt = E

N−1∑
k=0

τ‖H(uk)‖p
HS(L2(D);H1

0 (D))

= Eτ

N−1∑
k=0

( ∞∑
n=1

‖H(uk)(en)‖2H1
0 (D)

)p/2
. (48)

Since, for all n ∈ N,

‖H(uk)(en)‖2H1
0 (D) = ‖∇hn(uk)‖22 ≤ ‖h′n‖2∞‖∇hn(uk)‖22, (49)

we can use (H2) to estimate

Eτ

N−1∑
k=0

( ∞∑
n=1

‖H(uk)(en)‖2H1
0 (D)

)p/2
≤ ECp/22 τ

N−1∑
k=0

‖∇uk‖p2

≤ C
p/2
2 τE

(
N−1∑
k=0

‖∇uk+1‖p2 + ‖∇u0‖p2

)

≤ C
p/2
2 CpE

∫ T

0

‖∇uN‖pp + ‖∇u0‖pp dt

= C
p/2
2 CpE

∫ T

0

‖∇uN‖pp dt+ T‖∇u0‖pp dt (50)

where Cp ≥ 0 is a constant not depending on the discretization parameters. According to
Lemma 3.3, (36), from (50) it follows that

E

∫ T

0

‖H(uτ )‖p
HS(L2(D);H1

0 (D))
dt ≤ K1 (51)

with K1 := max(C
p/2
2 Cp(K + ‖u0‖22), C

p/2
2 Cp‖∇u0‖pp).

Definition 3.2. For a Banach space V , T > 0, 0 < α < 1 and 1 ≤ p < ∞ we recall the
definition of the fractional Sobolev space (see also [1], p.111, [22] for more information):

Wα,p(0, T ;V ) := {f ∈ Lp(0, T ;V ) | ‖f‖Wα,p(0,T ;V ) < +∞},

where

‖f‖Wα,p(0,T ;V ) =

(∫ T

0

∫ T

0

‖f(r)− f(t)‖pV
|t− r|αp+1

dr dt

)1/p

.

Lemma 3.8. For any α ∈ (0, 1
2 ) there exists a constant C(α, p) ≥ 0 such that

E‖
∫ ·

0

H(uτ ) dW‖p
Wα,p(0,T ;H1

0 (D))
≤ C(α, p)K1, (52)

where K1 ≥ 0 is defined in Lemma 3.7. In particular,
∫ ·

0
H(uτ ) dW is bounded in Lp(Ω;Wα,p(0, T ;H1

0 (D))).

Proof: We recall that uτ is a left-continuous, FWt -adapted process with values inW 1,p
0 (D)

and H : W 1,p
0 (D) → HS(L2(D);H1

0 (D)) is continuous. Thus, H(uτ ) is a left-continuous,
FWt -adapted process and therefore it is progressively measurable. From [11], Lemma 2.1.,
p.369 (Lemma 5.7 in the Appendix) it follows that there exists C(α, p) ≥ 0 such that

E‖
∫ ·

0

H(uτ ) dW‖p
Wα,p(0,T ;H1

0 (D))

≤ C(α, p)E

∫ T

0

‖H(uτ )‖p
HS(L2(D);H1

0 (D))
dt. (53)

Now, the assertion is a direct consequence of Lemma 3.7.
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Lemma 3.9. (B̃N ) is uniformly bounded in Lp(Ω;Wα,p(0, T ;H1
0 (D))) for any α ∈ (0, γ)

and γ = 1
2 −

1
p .

Proof: We have to verify the assumptions of Lemma [2], Lemma 3.2 (Lemma 5.8 in the
Appendix) for G = B̃N : For any l ∈ {0, . . . , N} we have

τ

N−l∑
k=0

‖B̃N (tk+l)− B̃N (tk)‖p
Lp(Ω;H1

0 (D))

= τ

N−l∑
k=0

E‖
∫ tk+l

tk

H(uτ ) dW‖p
H1

0 (D)

= τ

N−l∑
k=0

E‖
∫ tk+l

0

H(uτ )χ(tk,tk+l] dW‖
p
H1

0 (D)
. (54)

We use the Burkholder-Davies-Gundy and the Hölder inequality to get

τ

N−l∑
k=0

‖B̃N (tk+l)− B̃N (tk)‖p
Lp(Ω;H1

0 (D))

≤ τ

N−l∑
k=0

E

(∫ tk+l

tk

‖H(uτ )‖2HS(L2(D);H1
0 (D)) dt

)p/2

≤ Eτ

N−l∑
k=0

(tk+l − tk)
p
2−1

(∫ T

0

‖H(uτ )‖p
HS(L2(D);H1

0 (D))
dt

)
. (55)

From (54) and Lemma 3.7 it follows that there exists a constant K1 > 0 not depending on
the discretization parameters such that

τ

N−l∑
k=0

‖B̃N (tk+l)− B̃N (tk)‖p
L2(Ω;H1

0 (D))

≤ τ(N − l)t
p
2−1

l E

∫ T

0

‖H(uτ )‖p
HS(L2(D);H1

0 (D))
dt

≤ (T + tl)t
p
2−1

l K1 ≤ 2TK1t
p−2
2

l (56)

For γ := 1
2 −

1
p > 0, and C := (2TK1)1/p from (56) it follows that

τ

N−l∑
k=0

‖B̃N (tk+l)− B̃N (tk)‖p
Lp(Ω;H1

0 (D))
≤ Cptγpl . (57)

According to Lemma [2], Lemma 3.2 (Lemma 5.8 in the Appendix), from (57) it follows that
(B̃N ) is uniformly bounded in the Nikolskii space

Nγ,p(0, T ;Lp(Ω;H1
0 (D))) ↪→Wα,p(0, T ;Lp(Ω×H1

0 (D)))

with continuous imbedding for any α ∈ (0, γ) (see [1], p.111, [22]). Thanks to the Fubini
theorem this implies

‖B̃N‖Lp(Ω;Wα,p(0,T ;H1
0 (D))) ≤ C

for all N ∈ N and a constant C ≥ 0 not depending on N ∈ N.

Remark 3.2. It is well-known (see, e.g. [20], Lemma 7.1, p.202 and Lemma 7.7, p.208)
that the space

W := {v ∈ Lp(0, T ;H1
0 (D)) | d

dt
v ∈ Lp

′
(0, T ;W−1,p′(D))}

is continuously embedded into C([0, T ];W−1,p′(D)) and compactly embedded into L2(0, T ;L2(D)).
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Lemma 3.10. There exists a constant C ≥ 0 such that

‖ũN‖Lp(Ω;Lp(0,T ;W 1,p
0 (D))) + ‖ũN − B̃N‖Lp′ (Ω;W) ≤ C (58)

for all N ∈ N.
Proof: Elementary calculations yield that there exists a constant C̃ > 0 not depending

on the discretization parameters such that

E‖ũN‖pLp(0,T ;W 1,p
0 (D))

≤ C̃Eτ

N∑
k=0

‖uk‖p
W 1,p

0 (D)

≤ C̃E

(∫ T

0

‖∇uN‖pp dt+ ‖∇u0‖pp

)
(59)

and by Lemma 3.3 the right-hand side of (59) is bounded. From Lemma 3.9 it follows
that (B̃N ) is bounded in Lp(Ω;Wα,p(0, T ;H1

0 (D))) for α ∈ (0, 1
2 −

1
p ). Thus, (ũN − B̃N ) is

bounded in Lp(Ω;Lp(0, T ;H1
0 (D))). Now, the assertion is a direct consequence of Lemma

3.5.

3.4 Tightness
Next, we set

X := C([0, T ];L2(D))× L2(0, T ;L2(D)).

For N ∈ N, we denote the law P ◦ (ũN )−1 of ũN on L2(0, T ;L2(D)) by µũN and the
law P ◦ (BN )−1 of BN on C([0, T ];L2(D)) by µBN . Their joint law on X is denoted by
µN = (µBN , µũN ).

Proposition 3.11. The sequence (µũN ) is tight on L2(0, T ;L2(D)) and the sequence (µBN )
is tight on C([0, T ];L2(D)). In particular, the sequence of their joint laws (µN ) is tight on
X .

Proof: For α ∈ (0, 1
2 ), the linear space

V := {u = v + w, v ∈ W, w ∈Wα,p(0, T ;H1
0 (D))}

endowed with the norm

‖u‖V := inf
v∈W,

w∈Wα,p(0,T ;H1
0 (D)),

u=v+w

max(‖v‖W , ‖w‖Wα,2)

is a Banach space which is compactly embedded into L2(0, T ;L2(D)) (see Lemma 5.9 in the
Appendix). Since

ũN = (ũN − B̃N ) + B̃N

for all N ∈ N, it follows from Lemma 3.9 and Lemma 3.10 that (ũN ) is bounded in Lp
′
(Ω;V).

Now, let us fix ε > 0. For any R > 0 the set

BV(R, 0) := {u ∈ V | ‖u‖V ≤ R}

is compact in L2(0, T ;L2(D)). There exists a constant C > 0 not depending R > 0, such
that for any R > 0, and any N ∈ N

µũN (BV(R, 0)) = 1− µũN (BcV(R, 0))

= 1−
∫
{ω∈Ω | ‖ũN‖V>R}

1 dP

≥ 1− 1

Rp′

∫
{ω∈Ω | ‖ũN‖V>R}

‖ũN‖p
′

V dP

≥ 1− 1

Rp′
E(‖ũN‖p

′

V ) = 1− C

Rp′
(60)
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and from (60) it follows that we can find Rε > 0 such that

µũN (BV(Rε, 0)) ≥ 1− ε

for all N ∈ N.
According to [21], p.82, Corollary 2,

Wα,p(0, T ;H1
0 (D)) ↪→ C([0, T ];L2(D))

with compact imbedding for all α ∈ ( 1
p ,

1
2 ). Thus, for any R > 0 and any α ∈ ( 1

p ,
1
2 )

BWα,p(R, 0) := {u ∈Wα,p(0, T ;H1
0 (D)) | ‖u‖Wα,p(0,T ;H1

0 (D)) ≤ R}

is compact in C([0, T ];L2(D)). By Lemma 3.8 (BN ) is uniformly bounded in Lp(Ω;Wα,p(0, T ;H1
0 (D)))

for α ∈ (0, 1
2 ), hence there exists a constant C > 0 not depending R > 0 such that

µBN (BWα,p(R, 0)) = 1− µBN (BcWα,p(R, 0))

≥ 1− 1

Rp
E(‖BN‖pWα,p(0,T ;H1

0 (D))
) = 1− C

Rp
(61)

Thanks to (61), for any ε > 0 we can find Rε > 0 such that

µBN (BWα,p(Rε, 0)) ≥ 1− ε.

Remark 3.3. From Prokhorov theorem (see Theorem 5.1 and 5.3 in the Appendix for ref-
erences) and Proposition 3.11 it follows that the sequence (µN ) = (µBN , µũN ) is relatively
compact, i.e. there exists a (not relabeled) subsequence of (µN ) and a probability measure
µ∞ = (µ1

∞, µ
2
∞) on X , such that

lim
N→∞

∫
C([0,T ];L2(D))

ψ dµBN =

∫
C([0,T ];L2(D))

ψ dµ1
∞ (62)

for all bounded, continuous functions ψ : C([0, T ];L2(D))→ R,

lim
N→∞

∫
L2(0,T ;L2(D))

ϕ dµũN =

∫
L2(0,T ;L2(D))

ϕ dµ2
∞ (63)

for all bounded, continuous functions ϕ : L2(0, T ;L2(D))→ R. In particular,∫
L2(0,T ;L2(D))

ϕ dµũN =

∫
Ω

ϕ(ũN ) dP = E[ϕ(ũN )],

∫
C([0,T ];L2(D))

ψ dµBN =

∫
Ω

ψ(BN ) dP = E[ψ(BN )],

hence (62) implies BNL;µ1
∞ and (63) implies ũNL;µ2

∞.

3.5 Existence of martingale solutions
Now, we use the following version of the theorem of Skorokhod (see [25], Theorem 1.10.4
and Addendum 1.10.5, p.59 and [1], Theorem 2.3, p.119-120), which can be found in the
Appendix, to conclude:
There exists a probalility space (Ω̂, F̂ , P̂ ), a sequence of measurable functions

φN : (Ω̂, F̂)→ (Ω,F), N ∈ N

such that P = P̂ ◦ φ−1
N for all N ∈ N and measurable functions

(B∞, u∞) : (Ω̂, F̂ , P̂ )→ X ,

having the following properties:
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i.) ûN := ũN ◦ φN → u∞ in L2(0, T ;L2(D)) for N →∞ a.s. in Ω̂,

ii.) B̂N := BN ◦ φN → B∞ in C([0, T ];L2(D)) for N →∞ a.s. in Ω̂

iii.) L(B∞, u∞) = µ∞.

Definition 3.3. For N ∈ N we define WN := W ◦ φN and

vk := uk ◦ φN , k = 0, . . . , N.

For all t ∈ [0, T ], we introduce the left-continuous function

vτ (t) :=

N−1∑
k=0

vkχ(tk,tk+1](t), t ∈ (0, T ], vτ (0) = u0,

the right-continuous function

vN (t) :=

N−1∑
k=0

vk+1χ[tk,tk+1)(t), t ∈ [0, T ]

and the piecewise affine function

bN (t) :=

N−1∑
k=0

(
B̂N (tk+1)− B̂N (tk)

τ
(t− tk) + B̂N (tk)

)
χ[tk,tk+1)(t), t ∈ [0, T ].

Lemma 3.12. For any N ∈ N, WN is a Q-Wiener process in U with Q = diag( 1
n2 ),

thus a cylindrical Wiener process in L2(D) = Q1/2(U) adapted to the filtration (FWN
t ) :=

σ(W ◦ ΦN (s))0≤s≤t.

Proof: For all t ∈ [0, T ] and all N ∈ N, WN (t) is F̂/B(L2(D))-measurable as the com-
position of the F̂/F-measurable function φN with the F̂/B(L2(D))-measurable function
Q1/2 ◦W (t). Thus, WN : Ω̂ × [0, T ] → L2(D) is a stochastic process. For an orthonormal
basis (en) of L2(D) we have the representation

WN (ω̂, t) =

∞∑
n=1

1

n
(nen)βNn (t)

with βNn (t) := (βn ◦ ΦN )(t) for all n,N ∈ N and t ∈ [0, T ], where (βn(t)) is a sequence of
real-valued Ft-Brownian motions on (Ω,F , P ). Since

P̂ ◦ (βNn (t)− βNn (s))−1 = P ◦ (βn(t)− βn(s))−1

for all N,n ∈ N, all t ∈ [0, T ] and all 0 ≤ s ≤ t, it follows that (βNn (t)) is a sequence of
FWN
t -Brownian motions on (Ω̂, F̂ , P̂ ).

Lemma 3.13. For any N ∈ N and any k = 0, . . . , N − 1 we have

vk+1 − vk − τdiv(|∇vk+1|p−2∇vk+1 + F (vk+1))−H(vk)∆k+1WN = 0 (64)

a.s. in Ω̂.

Proof: Since P = P̂ ◦ φ−1
N , by definition of the image measure for any Â ∈ F̂ we have∫

Â

vk+1 − vk − τdiv(|∇vk+1|p−2∇vk+1 + F (vk+1))−H(vk)∆k+1WN dP̂

=

∫
φN (Â)

uk+1 − uk − τdiv(|∇uk+1|p−2∇uk+1 + F (uk+1))−H(uk)∆k+1W dP

= 0 (65)
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Lemma 3.14. We have

B̂N (t) =

∫ t

0

H(vτ ) dWN , (66)

for all t ∈ [0, T ], a.s. in Ω̂,

ûN (t) =
vk+1 − vk

τ
(t− tk) + vk, (67)

for all t ∈ [tk, tk+1), k = 0, . . . , N − 1 and ûN (T ) = vN a.s. in Ω̂. Moreover, there exist
constants K̂, K̂1 ≥ 0 such that

E sup
t∈[0,T ]

‖ûN (t)‖22 = E sup
t∈[0,T ]

‖vN (t)‖22 ≤ K̂, (68)

E

∫ T

0

∫
D

|∇vN |p dx dt ≤ K̂ +
1

2
‖u0‖22. (69)

E

∫ T

0

‖H(vτ )‖p
H1

0 (D)
dt ≤ K̂1 (70)

for all N ∈ N.

Proof: For any t ∈ [tk, tk+1) and k = 0, . . . , N − 1 we have

B̂N (t) = (BN ◦ φN )(t)

=

k−1∑
l=0

H(ul ◦ φN ) ◦Q1/2(W (tl+1) ◦ φN −W (tl) ◦ φN )

+ H(uk ◦ φN ) ◦Q1/2(W (t) ◦ φN −W (tk) ◦ φN )

=

k−1∑
l=0

H(vl) ◦Q1/2(WN (tl+1)−WN (tl))

+ H(vk) ◦Q1/2(WN (t)−WN (tk))

=

∫ t

0

H(vτ ) dWN . (71)

(67) follows since

ûN (ω̂, t) = ũN (φN (ω̂), t)

=
uk+1(φN (ω̂))− uk(φN (ω̂))

τ
(t− tk) + uk(φN (ω̂)) (72)

for a.e. ω̂ ∈ Ω̂ all t ∈ [tk, tk+1), k = 0, . . . N − 1. Moreover

ûN (ω̂, T ) = ũN (φN (ω̂), T ) = uN (φN (ω̂)) = vN .

Thanks to (64), (68) and (69) follow repeating the arguments in the proof of Lemma 3.3
with recpect to vk+1. Then, (70) follows repeating the arguments in the proof of Lemma
3.7 with respect to vτ .

Lemma 3.15. For N →∞, we have the following convergence results:

1.) B̂N → B∞ in Lq(Ω̂; C([0, T ];L2(D))) for all 1 ≤ q < p,

2.) B̂N ⇀ B∞ in Lp(Ω̂;Wα,p(0, T ;H1
0 (D))),

3.) ûN → u∞ in Lq(Ω̂;L2(0, T ;L2(D))) for all 1 ≤ q < p,
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4.) vN → u∞ in L2(Ω̂×QT ),

5.) vτ → u∞ in L2(Ω̂×QT ).

6.) ûN
∗
⇀ u∞ in L2

w(Ω̂;L∞(0, T ;L2(D))), where

L2
w(Ω̂;L∞(0, T ;L2(D))) '

(
L2(Ω̂;L1(0, T ;L2(D)))

)∗
and the space on the left-hand side contains all weak-∗ measurable mappings

u : Ω̂→ L∞(0, T ;L2(D)), E‖u‖L∞(0,T ;L2(D)) <∞
(see [10], Th. 8.20.3, p.606).

Proof: For α ∈ ( 1
p ,

1
2 ),

Lp(Ω̂;Wα,p(0, T ;H1
0 (D))) ↪→ Lp(Ω̂; C([0, T ];L2(D)))

with continuous imbedding. Thus, using Lemma 3.14, (70) and [11], Lemma 2.1., p.369
(Lemma 5.7 in the Appendix) it follows that there exists C ≥ 0 such that

‖B̂N‖Lp(Ω̂;C([0,T ];L2(D))) + ‖B̂N‖Lp(Ω̂;Wα,p(0,T ;H1
0 (D))) ≤ C (73)

for all N ∈ N and therefore (B̂N ) is equi-integrable in Lq(Ω̂; C([0, T ];L2(D))) for all 1 ≤ q <
p. Since B̂N → B∞ in C([0, T ];L2(D)) for N → ∞ a.s. in Ω̂, 1.) follows from the Vitali
theorem. Passing to a not relabeled subsequence, from (73) also follows that there exists
g ∈ Lp(Ω̂;Wα,p(0, T ;H1

0 (D))), such that

B̂N ⇀ g in Lp(Ω̂;Wα,p(0, T ;H1
0 (D)))

for N →∞. Since
Lp(Ω̂;Wα,p(0, T ;H1

0 (D))) ↪→ L2(Ω̂;L2(Q))

with continuous imbedding and B̂N → B∞ in L2(Ω̂ × Q) for N → ∞, it follows that
g = B∞ a.s. in Ω̂ × Q. Thus, the whole sequence (B̂N ) converges weakly to B∞ in
Lp(Ω̂;Wα,p(0, T ;H1

0 (D))) and we have shown 2.).
There exists a constant Ĉ ≥ 0 not depending on N ∈ N such that

E‖ûN‖pLp(0,T ;W 1,p
0 (D))

≤ ĈE

(∫ T

0

‖∇vN‖pp dt+ ‖∇u0‖pp

)
. (74)

By Lemma (69) and the Poincaré inequality it follows that (ûN ) is bounded in Lp(Ω̂;L2(Q))
and therefore equi-integrable in Lq(Ω̂;L2(Q)) for all 1 ≤ q < p. Together with the a.s.
convergence of (ûN ) to u∞ in L2(Q) for N →∞, 2.) follows from the Vitali theorem.
From Lemma 3.13 and Lemma 3.14 it follows with similar arguments as in Lemma 3.3 that
there exists a constant C ≥ 0 such that

N−1∑
k=0

E‖vk+1 − vk‖22 ≤ C. (75)

For any N ∈ N we have

E

∫ T

0

‖ûN (t)− vN (t)‖22 dt

= E

N−1∑
k=0

∫ tk+1

tk

∥∥∥∥∥vk+1 − vk

τ
(t− tk) + vk − vk+1

∥∥∥∥∥
2

2

dt

= E

N−1∑
k=0

‖vk+1 − vk‖22
∫ tk+1

tk

(
t− tk
τ
− 1

)2

dt

=
τ

3

N−1∑
k=0

E‖vk+1 − vk‖22 ≤ τ
C

3
(76)

19



therefore 3.) follows. Finally, from (75) we also have

E

∫ T

0

‖vτ − vN‖22 dt = E

N−1∑
k=0

∫ tk+1

tk

‖vk+1 − vk‖22 dt

= Eτ

N−1∑
k=0

‖vk+1 − vk‖22 ≤ Cτ (77)

and 4.) follows from (77).
Using Lemma 3.14, (68), from the Banach-Alaouglu theorem it follows that there exists
f ∈ L2

w(Ω̂;L∞(0, T ;L2(D))) such that, passing to a not relabeled subsequence, ûN
∗
⇀ f in

L2
w(Ω̂;L∞(0, T ;L2(D))) for N →∞. Now, taking test functions χAψ with ψ ∈ D(QT ) and

A ∈ F̂ , it follows that f = u∞ a.s. in Ω̂×QT .

Lemma 3.16. u∞ ∈ L∞(0, T ;L2(D)) a.s. in Ω̂.

Proof: Since u∞ ∈ L2
w(Ω̂;L∞(0, T ;L2(D))), the mapping

Ω̂ 3 ω̂ 7→ ‖u(ω̂)‖L∞(0,T ;L2(D)) ∈ R

is F̂-measurable and therefore the assertion follows.

The next lemma is a direct consequence of Lemma 3.14, (69):

Lemma 3.17. There exists a not relabeled subsequence of (vN ) such that

∇vN ⇀ ∇u∞ in Lp(Ω̂×QT )d (78)

for N →∞. Moreover, there exists G ∈ Lp′(Ω̂×QT )d such that

|∇vN |p−2∇vN ⇀ G in Lp
′
(Ω̂×QT )d (79)

for the same subsequence and N →∞.

Lemma 3.18. There exist constants γ > 0, Cγ ≥ 0, C ≥ 0 such that

E sup
t∈[0,T ]

‖B̂N (t)− bN (t)‖H1
0 (D)

≤ Cγτ
γ

(
E

∫ T

0

‖H(vτ )‖p
HS(L2(D);H1

0 (D))
dt+ 1 + Ctr(Q)

)
, (80)

for all N ∈ N, where Q = diag( 1
n2 ).

Proof: We fix N ∈ N. For k ∈ {0, . . . , N − 1} and t ∈ [tk, tk+1) we have a.s. in Ω̂

‖B̂N (t)− bN (t)‖H1
0 (D)

= ‖
∫ t

0

H(vτ ) dWN −
B̂N (tk+1)− B̂N (tk)

τ
(t− tk)− B̂N (tk)‖H1

0 (D)

= ‖
∫ t

tk

H(vτ ) dWN −
t− tk
τ

∫ tk+1

tk

H(vτ ) dWN‖H1
0 (D)

≤ ‖
∫ t

tk

H(vτ ) dWN‖H1
0 (D) + ‖

∫ tk+1

tk

H(vτ ) dWN‖H1
0 (D)

(81)
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and therefore

sup
t∈[0,T ]

‖B̂N (t)− bN (t)‖H1
0 (D)

= sup
k=0,...,N−1

sup
t∈[tk,tk+1)

‖B̂N (t)− bN (t)‖H1
0 (D)

≤ 2 sup
k=0,...,N−1

sup
t∈[tk,tk+1)

‖
∫ t

tk

H(vτ ) dWN‖H1
0 (D) (82)

By Lemma 3.12, WN is a Q-Wiener process on U , thus according to Lemma 3.6, there exists
γ > 0, Cγ ≥ 0 not depending on N ∈ N such that

E sup
t∈[0,T ]

‖B̂N (t)− bN (t)‖H1
0 (D)

≤ 2Cγτ
γ

(
E sup
k=0,...,N−1

τ‖H(vk)‖p
HS(L2(D);H1

0 (D))
+ 1 + Ctr(Q)

)

≤ 2Cγτ
γ

(
E

∫ T

0

‖H(vτ )‖p
HS(L2(D);H1

0 (D))
dt+ 1 + Ctr(Q)

)
. (83)

Corollary 3.19. From Lemma 3.14, (70) and Lemma 3.18 it follows that

E sup
t∈[0,T ]

‖B̂N (t)− bN (t)‖H1
0 (D) ≤ Cγτγ(K̂1 + 1 + Ctr(Q))

for all N ∈ N.

Proposition 3.20. u∞ : Ω̂× [0, T ] → L2(D) is a stochastic process with u∞(0) = u0 such
that

u∞(t) = B∞(t) + u0 +

∫ t

0

div(G+ F (u∞)) ds (84)

holds in L2(D) a.s. in Ω̂ for all t ∈ [0, T ].

Proof: For all k = 0, . . . , N − 1 from (64) it follows that

vk+1 − vk − (B̂N (tk+1)− B̂N (tk))

τ
= div(|∇vk+1|p−2∇vk+1 + F (vk+1)) (85)

Multiplying (85) with χA for A ∈ F̂ , ψ ∈ W 1,p
0 (D), ξ ∈ D(0, T ), integrating over Ω̂ ×

[tk, tk+1]×D and summing over k = 1, . . . , N − 1 it follows that∫
A

∫ T

0

∫
D

(ûN − bN )ξtψ dx dt dP̂

=

∫
A

∫ T

0

∫
D

(|∇vN |p−2∇vN + F (vN )) · ∇ψξ dx dt dP̂ (86)

Let us write (86) as
I1 + I2 = I3 + I4, (87)

where

I1 =

∫
A

∫ T

0

∫
D

(ûN − B̂N )ξtψ(x) dx dt dP̂ ,

I2 =

∫
A

∫ T

0

∫
D

(B̂N − bN )ξtψ(x) dx dt dP̂

I3 =

∫
A

∫ T

0

∫
D

|∇vN |p−2∇vN · ∇ψξ dx dt dP̂

I4 =

∫
A

∫ T

0

∫
D

F (vN ) · ∇ψξ dx dt dP̂ (88)
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Since B̂N − ûN → B∞ − u∞ in L2(Ω̂×QT ) for N →∞, it follows that

lim
N→∞

I1 =

∫
A

∫ T

0

∫
D

(u∞ −B∞)ξtψ(x) dx dt dP̂ . (89)

Moreover, by Hölder inequality,

|I2| ≤
∫
A

∫ T

0

‖ξtψ‖2‖B̂N − bN‖2 dt dP̂

≤
∫

Ω̂

sup
t∈[0,T ]

‖B̂(t)N − bN (t)‖2 dP̂
∫ T

0

‖ξtψ‖2 dt

≤ CDE sup
t∈[0,T ]

‖B̂N (t)− bN (t)‖H1
0 (D)

∫ T

0

‖ξtψ‖2 dt (90)

where CD ≥ 0 is a constant not depending on N ∈ N. From Corollary 3.19 it now follows
that

|I2| ≤ CDCγτγ(K̂1 + 1 + Ctr(Q))

∫ T

0

‖ξtψ‖2 dt, (91)

therefore limN→∞ I2 = 0. Since

|∇vN |p−2∇vN ⇀ G in Lp
′
(Ω̂×QT )d

for N →∞ (see Lemma 3.18), we get

lim
N→∞

I3 =

∫
A

∫ T

0

∫
D

G · ∇ψξ dx dt dP̂ . (92)

From Lemma 3.15 it follows that vN → u∞ in L2(Ω̂×QT ) for N →∞, thus we can extract
a not relabeled subsequence such that

vN → u∞ a.e. in Ω̂×QT

and there exists g ∈ L2(Ω̂×QT ) such that |vN | ≤ g for all N ∈ N a.e. in Ω̂×QT . Since F
is Lipschitz continuous, it follows by Lebesgue dominated convergence theorem that

lim
N→∞

F (vN ) = F (u∞). (93)

in L2(Ω̂ × QT )d. Since this argument can be repeated with any arbitrary subsequence of
(vN ), (93) holds for the whole sequence and therefore

lim
N→∞

I4 =

∫
A

∫ T

0

∫
D

F (u∞) · ∇ψξ dx dt dP̂ . (94)

Now from (89)-(94) it follows that

−
∫
A

∫ T

0

∫
D

(u∞ −B∞)ξtψ + (G+ F (u∞)) · ∇ψξ dx dt dP̂ = 0 (95)

for all A ∈ F̂ , ξ ∈ D(0, T ) and all ψ ∈W 1,p
0 (D). (95) implies that

d

dt
(u∞ −B∞) = div(G+ F (u∞)) (96)

in Lp
′
(Ω̂;Lp

′
(0, T ;W−1,p′(D))). Moreover, from Lemma 3.18, (78) and Lemma 3.15, 2.) it

follows that
u∞ −B∞ ∈ Lp(Ω̂;Lp(0, T ;H1

0 (D))),
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thus u∞ −B∞ ∈ Lp
′
(Ω̂; C([0, T ];W−1,p′(D))) and, since

B∞ ∈ L2(Ω̂; C([0, T ];L2(D)))

(see Lemma 3.15), it follows that u∞ is in Lp
′
(Ω̂; C([0, T ];W−1,p′(D))). Thanks to Lemma

3.16 and [24], Lemma 1.4, p.263, it follows that u∞ is weakly continuous with values in
L2(D) a.s. in Ω̂. Consequently,

(u∞ −B∞)(t) ∈ L2(D)

for all t ∈ [0, T ], a.s. in Ω̂, hence

〈(B∞ − u∞)(t), ψ〉W−1,p′ (D),W 1,p
0 (D) =

∫
D

(u∞ −B∞)(t)ψ dx (97)

for all ψ ∈W 1,p
0 (D), a.s. in Ω̂ for all t ∈ [0, T ]. With this information we may fix t ∈ [0, T )

and choose a test function ξ ∈ D([t, T )) with ξ(t) = 1. Then, for any ψ ∈ W 1,p
0 (D), a.s. in

Ω̂ using (96) and (97) we get∫ T

t

∫
D

(u∞ −B∞)ξtψ dx dr

=

∫ T

t

ξt〈(B∞ − u∞)(r), ψ〉W−1,p′ (D),W 1,p
0 (D) dr

=

∫ T

t

ξt

〈
(u∞ −B∞)(t) +

∫ r

t

div(G+ F (u∞))(s) ds, ψ

〉
W−1,p′ (D),W 1,p

0 (D)

dr,

and using Fubini theorem we get∫ T

t

∫
D

(u∞ −B∞)ξtψ dx dr +

∫
D

(u∞ −B∞)(t)ψ dx

=

∫ T

t

∫ r

t

ξt(r)〈div(G+ F (u∞))(s), ψ〉W−1,p′ (D),W 1,p
0 (D) ds dr

=

∫ T

t

〈div(G+ F (u∞))(s), ψ〉W−1,p′ (D),W 1,p
0 (D)

∫ T

s

ξt(r) dr ds

=

∫ T

t

∫
D

(G+ F (u∞)) · ∇ψξ dr. (98)

From (98) it follows that

−
∫
A

∫ T

t

∫
D

(ûN − bN )ξtψ dx dt dP̂ −
∫
A

∫
D

(ûN − bN )(t)ψ dx dP̂

+

∫
A

∫ T

t

∫
D

(|∇vN |p−2∇vN + F (vN )) · ∇ψξ dx dt dP̂ = 0

= −
∫
A

∫ T

t

∫
D

(u∞ −B∞)ξtψ dx dr dP̂ −
∫
A

∫
D

(u∞ −B∞)(t)ψ dx dP̂

+

∫
A

∫ T

t

∫
D

(G+ F (u∞)) · ∇ψξ dx dr dP̂ . (99)

From Lemma 3.14, (68) it follows that there exists a subsequence (ûNt(t)) of (ûN (t)) con-
verging weakly some χ(t) in L2(Ω̂×D). With respect to this subsequence we have∫

A

∫
D

(ûNt − bNt)(t)ψ dx dP̂ = I1 + I2 (100)
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where, for N →∞,

I1 =

∫
A

∫
D

(ûNt − B̂Nt)(t)ψ dx dP̂ →
∫
A

∫
D

(χ(t)−B∞(t))ψ dx dP̂

and, using Corollary 3.19,

|I2| ≤
∫
A

‖B̂Nt(t)− bNt(t)‖2‖ψ‖2 dP̂

≤ ‖ψ‖2CDE sup
s∈[0,T ]

‖B̂Nt(s)− bNt(s)‖H1
0 (D)

≤ CDCγτ
γ(K̂1 + 1 + Ctr(Q))→ 0.

Passing to the subsequence Nt, we can pass to the limit with Nt →∞ in (99) and it follows
that ∫

D

χ(t)ψ dx =

∫
D

u∞(t)ψ dx (101)

a.s. in Ω̂, thus χ(t) = u∞(t) for all t ∈ [0, T ]. In particular, for t = 0, we get u∞(0) = u0 in
L2(D) and equation (84) holds true. Moreover, for any t ∈ [0, T ) the weak convergence to
χ(t) holds for the whole sequence (uN (t)). With this information, using the weak continuity
of u∞ and ûN we can prove that χ(T ) = u∞(T ) a.s. in Ω̂×D and we have

Corollary 3.21. For all t ∈ [0, T ], ûN (t) ⇀ u∞(t) in L2(Ω̂×D).

With the proof of the following lemma the proof of Proposition 3.20 is completed:

Lemma 3.22. u∞ is a stochastic process with values in L2(D).

Proof: Since u∞ is weakly continuous with values in L2(D) a.s. in Ω̂, it follows that

Ω̂ 3 ω̂ 7→ u∞(ω̂)(t) ∈ L2(D)

for all t ∈ [0, T ]. We fix t ∈ [0, T ] and prove that u∞(t) is a random variable: By Pettis
theorem, u∞(t) is measurable, if it is weakly measurable, i.e. the mapping

Ω̂ 3 ω̂ 7→ (u(t)(ω̂), h)2

is measurable for all h ∈ L2(D). Recall that

B∞ ∈ L2(Ω̂; C([0, T ];L2(D)))

and
B∞ − u∞ ∈ Lp

′
(Ω̂; C([0, T ];W−1,p′(D))),

hence it follows that u∞ ∈ Lp
′
(Ω̂; C([0, T ];W−1,p′(D))), thus for all h ∈W 1,p

0 (D)

Ω̂ 3 ω̂ 7→ (u(t)(ω̂), h)2 = 〈u(t)(ω̂), h〉W−1,p′ (D),W 1,p
0 (D)

is measurable. Now, the assertion follows since any h ∈ L2(D) can be approximated by a
sequence (hn) ⊂W 1,p

0 (D) in L2(D).

Proposition 3.23. B∞ is a F∞t -martingale with respect to the augmentation (F∞t ) of
the filtration F̂∞t := σ(B∞(s), u∞(s))0≤s≤t, t ∈ [0, T ] (i.e. the smallest complete, right-
continuous filtration containing (F̂∞t )) with quadratic variation process

� B∞ �t=

∫ t

0

H(u∞) ◦H∗(u∞) ds (102)

for all t ∈ [0, T ], where we use the formal notation

H(u) ◦H∗(u) := (H(u) ◦Q1/2) ◦ (H(u) ◦Q1/2)∗, u ∈ L2(D).
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Proof: To show that B∞ is a F∞t -martingale, it is enough to show that it is a F̂∞t -
martingale (see [7], p.75). By definition, B∞ is adapted to (F̂∞t ). Thus we have to prove
that

E((B∞(t)−B∞(s))χA) = 0 (103)

for all A ∈ F̂∞s and all 0 ≤ s ≤ t. (103) is equivalent to

E[(B∞(t)−B∞(s), h)2ψ(B∞, u∞)] = 0 (104)

for all t ∈ [0, T ], 0 ≤ s ≤ t, ψ ∈ Cb(C([0, s];L2(D))×L2(0, s;L2(D))) and all h ∈ L2(D). By
Lemma 3.15, 4.), we may pass to a not relabeled subsequence of (vτ ), such that vτ → u∞
for N →∞ in L2(Ω̂;L2(QT )) and a.s. in L2(QT ). We will show that

E[(B∞(t)−B∞(s), h)2ψ(B∞, u∞)]

= lim
N→∞

E[(B̂N (t)− B̂N (s), h)2ψ(B̂N , vτ )] = 0. (105)

for all t ∈ [0, T ], 0 ≤ s ≤ t, ψ ∈ Cb(C([0, s];L2(D))× L2(0, s;L2(D))) and all h ∈ L2(D).
For any N ∈ N, for t ∈ [0, T ] the process

B̂N (t) =

∫ t

0

H(vτ ) dWN (106)

is a continuous, square-integrable martingale with respect to (FWN
t ). Moreover, B̂N is

Fτt := σ(B̂N (s), vτ (s))0≤s≤t ⊂ FWN
t -adapted and for all t ∈ [0, T ], for all A ∈ Fτs we have

E[(B̂N (t)− B̂N (s))χA] = E[E((B̂N (t)− B̂N (s))χA|Fτs )]

= E[χAE((B̂N (t)− B̂N (s))|Fτs )]

= E[χAE(E((B̂N (t)− B̂N (s))|FWN
s )|Fτs )]

= 0. (107)

Thus B̂N is also a Fτt -martingale with

� B̂N �t=

∫ t

0

H(vτ ) ◦H∗(vτ ) ds. (108)

For any N ∈ N, (107) is equivalent to

E[(B̂N (t)− B̂N (s), h)2ψ(B̂N , vτ )] = 0 (109)

for any t ∈ [0, T ], 0 ≤ s ≤ t, ψ ∈ Cb(C([0, s];L2(D))× L2(0, s;L2(D))), h ∈ L2(D).
We fix t ∈ [0, T ], 0 ≤ s ≤ t, ψ ∈ Cb(C([0, s];L2(D)) × L2(0, s;L2(D))) and h ∈ L2(D). Our
aim is to pass to the limit with N →∞ on the left-hand side of

E[(B̂N (t)− B̂N (s), h)2ψ(B̂N , vτ )] = 0. (110)

To this end, we will show that

i.) (B̂N (t)− B̂N (s), h)2 → (B∞(t)−B∞(s), h)2 in L2(Ω̂),

ii.) ψ(B̂N , vτ )→ ψ(B∞, u∞) in L2(Ω̂).

For all t ∈ [0, T ], 0 ≤ s ≤ t, δt−s : L2(Ω̂; C([0, T ];L2(D))) → L2(Ω̂ × D) defined by
δt−s(f) = f(t) − f(s) is a continuous, linear mapping. We recall hat by Lemma 3.15, 1.),
B̂N → B∞ in L2(Ω̂; C([0, T ];L2(D))) for N →∞, thus

B̂N (t)− B̂N (s) = δt−s(B̂N )→ δt−s(B∞) = B∞(t)−B∞(s)
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for N →∞ in L2(Ω̂×D) and we have shown i.).
To show ii.), we recall that ψ(B̂N , vτ )→ ψ(B∞, u∞) a.s. in Ω̂ for N →∞. With Lebesgue’s
dominated convergence theorem it follows that

lim
N→∞

ψ(B̂N , vτ )→ ψ(B∞, u∞)

in L2(Ω̂). The convergences in i.) and ii.) are sufficient to pass to the limit with N →∞ in
(110) and we obtain (105). In particular, (105) implies that B∞ is a martingale with respect
to (F̂∞t ).

Now let us calculate the quadratic variation process of B∞: Let (en) be an orthonormal
basis of L2(D). To prove (102), we recall that for any N ∈ N (108) is equivalent to

0 = E[((B̂N , ek, el)(t)− (B̂N , ek, el)(s)− Λ(s, t, vτ , ek, ej))ψ(B̂N , vτ )] (111)

for all k, j ∈ N, t ∈ [0, T ], 0 ≤ s ≤ t, ψ ∈ Cb(C([0, s];L2(D)))× L2(0, s;L2(D)), where

(B̂N , ek, el)(r) := (B̂N (r), ek)2(B̂N (r), ej)2, r ∈ [0, T ]

and

Λ(s, t, u, ek, ej) :=

([∫ t

s

H(u) ◦H∗(u) dr

]
(ek), ej

)
2

(112)

for u ∈ L2(D). We show that

lim
N→∞

E[
(

(B̂N , ek, el)(t)− (B̂N , ek, el)(s)− Λ(s, t, vτ , ek, ej)
)
ψ(B̂N , vτ )]

= E[
(
(B∞, ek, el)(t)− (B∞, ek, el)(s)− Λ(s, t, u∞, ek, ej)

)
ψ(B̂∞, u∞)]

(113)

for all k, j ∈ N, t ∈ [0, T ], 0 ≤ s ≤ t, ψ ∈ Cb(C([0, s];L2(D)) × L2(0, s;L2(D))) for a
suitable, not relabeled subsequence. To this end, we fix k, j ∈ N, t ∈ [0, T ], 0 ≤ s ≤ t,
ψ ∈ Cb(C([0, s];L2(D)) × L2(0, s;L2(D))) and pass to a not relabeled subsequence of (vτ ),
such that vτ → u∞ for N → ∞ in L2(Ω̂;L2(QT )) and a.s. in L2(QT ). Since ψ(B̂N , vτ ) is
uniformly bounded in L∞(Ω̂) and ψ(B̂N , vτ )→ ψ(B∞, u∞) a.s. in Ω̂,

ψ(B̂N , vτ )
∗
⇀ ψ(B∞, u∞) (114)

for N →∞ in L∞(Ω̂). We will show

(B̂N (t), ek)2(B̂N (t), ej)2 − (B̂N (s), ek)2(B̂N (s), ej)2 − Λ(s, t, vτ , ek, ej)

→ (B∞(t), ek)2(B∞(t), ej)2 − (B∞(s), ek)2(B∞(s), ej)2 − Λ(s, t, u∞, ek, ej)

(115)

for N →∞ in L1(Ω̂). For any n ∈ N, the mapping

L2(Ω̂×D) 3 u 7→ (u, en)2 ∈ L2(Ω̂)

is continuous. Since B̂N (r)→ B∞(r) for N →∞ in L2(Ω̂×D) for any r ∈ [0, T ], it follows
that

(B̂N (r), ek)2(B̂N (r), ej)2 → (B∞(r), ek)2(B∞(r), ej)2
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for any r ∈ [0, T ] and N → ∞ in L1(Ω̂). Now, the term Λ(s, t, vτ , ek, ej) deserves our
attention a.s. in Ω̂:

Λ(s, t, vτ , ek, ej) =

([∫ t

s

H(vτ ) ◦H∗(vτ ) dr

]
(ek), ej

)
2

=

(∫ t

s

H(vτ ) ◦H∗(vτ )(ek) dr, ej

)
2

=

∫ t

s

(H(vτ ) ◦H∗(vτ )(ek), ej)2 dr. (116)

Now from Cauchy inequality it follows that

E|Λ(s, t, vτ , ek, ej)− Λ(s, t, u∞, ek, ej)|

≤ E

∫ t

s

|([H(vτ ) ◦H∗(vτ )−H(u∞) ◦H∗(u∞)](ek), ej)2| dr

≤ E

∫ t

s

‖[H(vτ ) ◦H∗(vτ )−H(u∞) ◦H∗(u∞)](ek)‖2 dr

≤ CE

∫ t

s

‖H(vτ ) ◦H∗(vτ )−H(u∞) ◦H∗(u∞)‖HS(L2(D)) dr (117)

for a constant C ≥ 0. Therefore,

E|Λ(s, t, vτ , ek, ej)− Λ(s, t, u∞, ek, ej)|

≤ CE

∫ t

s

‖H(vτ ) ◦ [H∗(vτ )−H∗(u∞)]‖HS(L2(D)) dr

+ CE

∫ t

s

‖[H(vτ )−H(u∞)] ◦H∗(u∞)‖HS(L2(D)) dr

≤ CE

∫ t

s

‖H(vτ )‖HS(L2(D))‖H∗(vτ )−H∗(u∞)‖HS(L2(D)) dr

+ CE

∫ t

s

‖H(vτ )−H(u∞)‖HS(L2(D))‖H∗(u∞)‖HS(L2(D)) dr

(118)

Using Hölder inequality, from (117) we get

E|Λ(s, t, vτ , ek, ej)− Λ(s, t, u∞, ek, ej)|

≤ C

(
E

∫ t

s

‖H(vτ )‖2HS(L2(D)) dr

)1/2

·

(
E

∫ t

s

‖H∗(vτ )−H∗(u∞)‖HS(L2(D)) dr

)1/2

+ C

(
E

∫ t

s

‖H∗(u∞)‖2HS(L2(D)) dr

)1/2

·

(
E

∫ t

s

‖H(vτ )−H(u∞)‖HS(L2(D)) dr

)1/2

(119)

By Parseval identity it follows that a.s. in Ω̂× (0, T ) we have

‖H∗(vτ )−H∗(u∞)‖HS(L2(D)) = ‖H(vτ )−H(u∞)‖HS(L2(D)) (120)
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and from (120) using (H1) we get

E

∫ t

s

‖H∗(vτ )−H∗(u∞)‖2HS(L2(D)) dr

= E

∫ t

s

‖H(vτ )−H(u∞)‖2HS(L2(D)) dr

= E

∫ t

s

∞∑
n=1

‖hn(vτ )− hn(u∞))‖2L2(D) dr

≤ C1E

∫ T

0

‖vτ − u∞‖22 dr. (121)

Since vτ → u∞ in L2(Ω×Q) for N →∞, from (121) it follows that

H∗(vτ )→ H∗(u∞) and H(vτ )→ H(u∞) (122)

in L2(Ω̂× (s, t);HS(L2(D))) for N →∞. In particular, there exists C ≥ 0 such that

‖H(vτ )‖2
L2(Ω̂×(s,t);HS(L2(D)))

= E

∫ t

s

‖H(vτ )‖2HS(L2(D)) dr ≤ C (123)

for all N ∈ N. Using (119), (122) and (123), it follows that

E|Λ(s, t, vτ , ek, ej)− Λ(s, t, u∞, ek, ej)| → 0 (124)

for N →∞ and therefore (115) holds true. The convergences in (114) and (115) are enough
to conclude (113).

Proposition 3.24. There exists a probability space (Ω̃, F̃ , P̃ ), a filtration (F̃t) and a cylin-
drical Wiener process W with values in L2(D), defined on the probability space

(Ω := Ω̂× Ω̃, F := F̂ × F̃ , P := P̂ × P̃ )

adapted to (F t) := (F∞t × F̃t), such that for the extension of B∞ to Ω defined by

B∞(t, ω̂, ω̃) := B∞(t, ω̂) a.s. (ω̂, ω̃) ∈ Ω

we have the representation

B∞(t, ω) =

∫ t

0

H(u∞(ω̂)) dW (s, ω)

for all t ∈ [0, T ] and almost every ω in Ω.

Proof: According to Proposition 3.23, B∞ is a F∞t -martingale with quadratic variation
process

� B∞ �t=

∫ t

0

(H(u∞) ◦Q1/2) ◦ (H∗(u∞) ◦Q1/2)∗ ds.

Since u∞ is a F∞t -adapted process with values in L2(D) and it is a.s. weakly continuous,
for any h ∈ L2(D) the process (u∞, h)2 is F∞t -adapted with values in R and a.s. continuous
trajectories. Therefore, (u∞, h)2 is a predictable process for all h ∈ L2(D) and by Pettis
theorem one gets that u∞ is a predictable process with values in L2(D). Now, with this
measurability and Proposition 3.23 in hand, we can apply the martingale representation
theorem of [8], Theorem 8.2, p.220 (see Theorem 5.5 in the Appendix).
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Remark 3.4. Without changing notation, we can identify any random variable X in Ω̂ to
a random variable in Ω by setting X(ω̂, ω̃) := X(ω̂) a.s. in Ω. In particular, all previous
estimates and convergences remain true with respect to the probability space Ω. Moreover,
u∞ : Ω× [0, T ]→ L2(D) is a predictable process with a.e. paths

u∞(ω, ·) ∈ C([0, T ];W−1,p′(D)) ∩ L∞(0, T ;L2(D)),

such that u∞ ∈ Lp(Ω;Lp(0, T ;W 1,p
0 (D))), u∞(0, ·) = u0 in L2(D) and

u∞(t) = u0 +

∫ t

0

div(G(s) + F (u∞(s))) ds+

∫ t

0

H(u∞) dW (125)

in L2(D) for all t ∈ [0, T ] a.s. in Ω.

Lemma 3.25. G = |∇u∞|p−2∇u∞ in Lp
′
(Ω×QT )d

Proof: Taking the scalar product with vk+1 in (64), we get

(vk+1 − vk, vk+1)2 − (B̂N (tk+1)− B̂N (tk), vk+1)2

+ τ

∫
D

(|∇vk+1|p−2∇vk+1 + F (vk+1)) · ∇vk+1 dx

= 0. (126)

Using the identity

(a− b)a =
1

2
(|a|2 − |b|2 + |a− b|2), a, b ∈ R,

Gauss-Green theorem on the convection term and taking expectation we get

0 =
1

2
E
(
‖vk+1‖22 − ‖vk‖22 + ‖vk+1 − vk‖22

)
− E(B̂N (tk+1)− B̂N (tk), vk+1)2

+ τE

∫
D

|∇vk+1|p−2∇vk+1 · ∇vk+1 dx. (127)

Since vk is FWN
tk

-measurable, E(B̂N (tk+1)− B̂N (tk), vk)2 = 0, thus using

−ab = −1

2
(|a|2 + |b|2) +

1

2
|a− b|2, a, b ∈ R

we can write

−E(B̂N (tk+1)− B̂N (tk), vk+1)2 = −E(B̂N (tk+1)− B̂N (tk), vk+1 − vk)2

= −1

2
E‖B̂N (tk+1)− B̂N (tk)‖22 −

1

2
E‖vk+1 − vk‖22

+
1

2
E‖B̂N (tk+1)− B̂N (tk)− (vk+1 − vk)‖22 (128)

and therefore

0 =
1

2
E
(
‖vk+1‖22 − ‖vk‖22 + ‖vk+1 − vk‖22 − ‖vk+1 − vk‖22

)
− 1

2
E‖B̂N (tk+1)− B̂N (tk)‖22 +

1

2
E‖B̂N (tk+1)− B̂N (tk)− (vk+1 − vk)‖22

+ τE

∫
D

|∇vk+1|p−2∇vk+1 · ∇vk+1 dx

≥ 1

2
E
(
‖vk+1‖22 − ‖vk‖22

)
− 1

2
E‖B̂N (tk+1)− B̂N (tk)‖22

+ τE

∫
D

|∇vk+1|p−2∇vk+1 · ∇vk+1 dx. (129)
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Summing over k = 0, . . . , N − 1 and using that ûN (T ) = vN a.s. in Ω̂, from (129) it follows
that

1

2
‖u0‖22 ≥ 1

2
E‖ûN (T )‖22 + E

∫ T

0

∫
D

|∇vN |p−2∇vN · ∇vN dx dt

− 1

2

N−1∑
k=0

E‖
∫ tk+1

tk

H(vτ ) dWN‖22 (130)

where, by Itô isometry,

N−1∑
k=0

E‖
∫ tk+1

tk

H(vτ ) dWN‖22 =

N−1∑
k=0

E

∫ tk+1

tk

‖H(vτ )‖2HS(L2(D)) dt

= E

∫ T

0

‖H(vτ )‖2HS(L2(D)) dt. (131)

On the other hand, by Itô formula from (125) it follows that

1

2
‖u∞(T )‖22 =

1

2
‖u0‖22 −

∫ T

0

∫
D

G · ∇u∞ dx dt

+
1

2

∫ T

0

‖H(u∞)‖2HS(L2(D)) dt+

∫ T

0

(u∞, H(u∞) dW )2 dt, (132)

a.s in Ω, therefore

1

2
E‖u∞(T )‖22 + E

∫ T

0

∫
D

G · ∇u∞ dx dt− 1

2
E

∫ T

0

‖H(u∞)‖2HS(L2(D)) dt

=
1

2
‖u0‖22 (133)

From (130), (131) and (133) it follows that

1

2
E‖u∞(T )‖22 + E

∫ T

0

∫
D

G · ∇u∞ dx dt− 1

2
E

∫ T

0

‖H(u∞)‖2HS(L2(D)) dt

≥ E
1

2
‖ûN (T )‖22 + E

∫ T

0

∫
D

|∇vN |p−2∇vN · ∇vN dx dt

− 1

2
E

∫ T

0

‖H(vτ )‖2HS(L2(D)) dt, (134)

hence

E

∫ T

0

∫
D

G · ∇u∞ dx dt ≥ 1

2
E
(
‖ûN (T )‖22 − ‖u∞(T )‖22

)
− 1

2
E

∫ T

0

‖H(vτ )‖2HS(L2(D)) − ‖H(u∞)‖2HS(L2(D)) dt

+ E

∫ T

0

∫
D

|∇vN |p−2∇vN · ∇vN dx dt. (135)

Since the mapping ‖ · ‖22 : L2(Ω ×D) → [0,∞) is continuous and convex, it is weakly l.s.c.
and from Corollary 3.21 it follows that

0 ≤ lim inf
N→∞

E‖ûN (T )‖22 − E‖u∞(T )‖22. (136)
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Moreover, from (121) in particular it follows that

lim
N→∞

H(vτ )→ H(u∞) in L2(Ω× (0, T );HS(L2(D))),

thus

E

∫ T

0

‖H(vτ )‖2HS(L2(D) dt→ E

∫ T

0

‖H(u∞)‖2HS(L2(D) dt (137)

for N →∞. Therefore from (135) and (137) it follows that

E

∫ T

0

∫
D

G · ∇u∞ dx dt ≥ 1

2

(
lim inf
N→∞

E‖ûN (T )‖22 − E‖u∞(T )‖22
)

+ lim sup
N→∞

E

∫ T

0

∫
D

|∇vN |p−2∇vN · ∇vN dx dt

− 1

2
lim
N→∞

E

(∫ T

0

‖H(vτ )‖2HS(L2(D)) − ‖H(u∞)‖2HS(L2(D)) dt

)

≥ lim sup
N→∞

E

∫ T

0

∫
D

|∇vN |p−2∇vN · ∇vN dx dt. (138)

Since p > 2, there exists a constant C ≥ 0 not depending on N ∈ N such that

C lim sup
N→∞

E

∫ T

0

∫
D

|∇vN −∇u∞|p dx dt

≤ lim sup
N→∞

E

∫ T

0

∫
D

(|∇vN |p−2∇vN − |∇u∞|p−2∇u∞) · ∇(vN − u∞) dx dt

≤ lim sup
N→∞

E

∫ T

0

∫
D

|∇vN |p−2∇vN · ∇vN dx dt− E
∫ T

0

∫
D

G · ∇u∞ dx dt

≤ 0, (139)

where the last inequality is a consequence of (138). From (139) it now follows that ∇vN →
∇u∞ in Lp(Ω×QT )d for N →∞ and therefore

|∇vN |p−2∇vN → |∇u∞|p−2∇u∞ in Lp
′
(Ω×QT )d.

4 Existence of strong solutions and uniqueness

In this section, we show existence of strong solutions by adapting the argument of [14] in the
spirit of [17], [6], [5] (see also [15], [16], [3]), which makes it possible to avoid the application
of the martingale representation theorem. To this end we first show uniqueness of two
martingale solutions with respect to the same stochastic basis:

Proposition 4.1. Assume that W is a cylindrical Wiener process with values in L2(D)
on the stochastic basis (Ω,F , (Ft), P ) and u1, u2 are two martingale solutions to (1) with
respect to (Ω,F , (Ft), P ). Then, u1 = u2.

Proof: For δ > 0, let ηδ be an approximation of the absolute value, i.e.

ηδ(r) =


−r if r < −2δ,
r2

2δ
if − 2δ ≤ r ≤ 2δ,

r if r > 2δ.

Using the Itô formula, it follows that

I1 = I2 + I3 + I4 + I5, (140)
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for all t ∈ [0, T ] a.s. in Ω, where

I1 =

∫
D

ηδ(u1 − u2)(t) dx,

I2 =

∫ t

0

∫
D

(|∇u1|p−2∇u1 − |∇u2|p−2∇u2) · ∇(u1 − u2)η′′δ (u1 − u2) dx ds,

I3 =

∫ t

0

∫
D

(F (u1)− F (u2)) · ∇(u1 − u2)η′′δ (u1 − u2) dx ds,

I4 =

∫ t

0

(η′δ(u1 − u2), H(u1)−H(u2) dW )2,

I5 =
1

2

∫ t

0

η′′δ (u1 − u2)‖H(u1)−H(u2)‖2HS(L2(D)) ds. (141)

For all t ∈ [0, T ], a.s. in Ω, I2 ≥ 0. Moreover, E[I4] = 0 for all t ∈ [0, T ]. Therefore, from
(141) it follows that

E[I1] ≤ E[I3] + E[I5]. (142)

Since, for any t ∈ [0, T ], ηδ(u1 − u2) converges to |(u1 − u2)(t)| for δ → 0+ a.e. in Ω ×D,
and |ηδ(u1 − u2)(t)| ≤ |(u1 − u2)(t)| for all δ > 0 a.s. in Ω×D, it follows that

lim
δ→0+

E[I1] = E

∫
D

|(u1 − u2)(t)| dx (143)

for any t ∈ [0, T ]. For any δ > 0 we have

η′′(u1 − u2) =
1

2δ
χ{|u1−u2|≤2δ}

a.s. on Ω×QT , thus for L ≥ 0 being the Lipschitz constant of F we have

|E[I3]| ≤ 1

2δ
E

∫
{|u1−u2|≤2δ}

|F (u1)− F (u2) · ∇(u1 − u2)| dx ds

≤ L

2δ
E

∫
{|u1−u2|≤2δ}

|u1 − u2||∇(u1 − u2)| dx ds

≤ LE

∫
{|u1−u2|≤2δ}

|∇(u1 − u2)| dx ds. (144)

Simirlarly, by (H1)

|E[I5]| ≤ 1

2δ
E

∫
{|u1−u2|≤2δ}

∞∑
n=1

|hn(u1)− hn(u2)|2 dx ds

≤ C1

2δ
E

∫
{|u1−u2|≤2δ}

|u1 − u2|2 dx ds

≤ 2δC (145)

where C ≥ 0 is a constant not depending on δ > 0. Thus from (144) it follows that

lim
δ→0+

E[I3] = E

∫
{u1=u2}

|∇(u1 − u2)| dx ds = 0 (146)

and from (145) it follows that
lim
δ→0+

E[I5] = 0. (147)
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In particular, Proposition 4.1 implies that whenever a strong solution to (P ) exists, it is
unique. Moreover, if µ1,2 is the joint law of (u1, u2) on L2(0, T ;L2(D))2, then Proposition
4.1 implies that

µ1,2(
{

(ξ, ζ) ∈ L2(0, T ;L2(D))2 | ξ = ζ
}

) =

∫
Ω×Ω

χ{u1=u2} dP ⊗ dP = 1

and we can use the following Lemma (see, e.g. [14] and also [15]) to get existence of strong
solutions:

Lemma 4.2. Let V be a Polish space equipped with the Borel σ-algebra. A sequence of
V -valued random variables (Xn) converges in probability if and only if for every pair of
subsequences Xn and Xm there exists a joint subsequence (Xnk , Xmk) which converges for
k →∞ in law to a probability measure µ such that

µ({(w, z) ∈ V × V | w = z}) = 1.

Let (ũM , BM ,W ) and (ũL, BL,W ) be a pair of subsequences of (ũN , BN ,W ). Since

(ũM , ũL, BM , BL,W )

is tight on
(L2(0, T ;L2(D))2 × C([0, T ];L2(D))2 × C([0, T ];U),

it is relatively compact, thus we can extract a joint subsequence

µj := (ũMj
, ũLj , BMj

, BLj ,W )

which converges in law to some probability measure µ. Applying the theorem of Skorokhod
to (ũMj

, ũLj , BMj
, BLj ,W ) we find a probability space (Ω̂, F̂ , P̂ ), a sequence of measurable

functions
Φj : (Ω̂, F̂)→ (Ω,F), j ∈ N

such that P = P̂ ◦Φj for all j ∈ N and measurable functions u1
∞, u2

∞, B1
∞, B2

∞,W∞ having
the following properties:

i.) ûMj
:= ũMj

◦ φj → u1
∞ in L2(0, T ;L2(D)) for j →∞ a.s. in Ω̂,

ii.) ûLj := ũLj ◦ φj → u2
∞ in L2(0, T ;L2(D)) for j →∞ a.s. in Ω̂,

iii.) B̂Mj
:= BMj

◦ φj → B1
∞ in C([0, T ];L2(D)) for j →∞ a.s. in Ω̂,

iv.) B̂Lj := BLj ◦ φj → B2
∞ in C([0, T ];L2(D)) for j →∞ a.s. in Ω̂,

v.) Wj := W ◦ φj →W∞ in C([0, T ];U) for j →∞ a.s. in Ω̂.

vi.) L(u1
∞, u

2
∞, B

1
∞, B

2
∞,W ) = µ.

Definition 4.1. Let us denote the augmentation of the filtration

σ(uMj
(s), uLj (s),Wj(s))0≤s≤t, t ∈ [0, T ]

by (F jt ) and the augmentation of the filtration

σ(u1
∞(s), u2

∞(s),W∞(s))0≤s≤t, t ∈ [0, T ]

by (FW,∞t ).
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As in the prevous section, we can now recover the structure of the equation on the new
probability space (Ω̂, F̂ , P̂ ) using the functions φj : If we define τLj := T

Lj
, τMj := T

Mj
,

vkMj
= uk ◦ φj , k = 0, . . . ,Mj ,

vkLj = uk ◦ φj , k = 0, . . . , Lj ,

then ûMj
(T ) = vMj , ûLj (T ) = vLj and

ûMj
(t) =

vk+1
Mj
− vkMj

τ
(t− tk) + vkMj

for t ∈ [tk, tk+1) and k = 0, . . . ,Mj ,

ûLj (t) =
vk+1
Lj
− vkLj
τ

(t− tk) + vkLj

for t ∈ [tk, tk+1) and k = 0, . . . , Lj . Moreover, we introduce the left-continuous, F jt -adapted
functions

vτMj (t) :=

Mj−1∑
k=0

vkχ(tk,tk+1](t), t ∈ (0, T ], vτMj (0) = u0,

vτLj (t) :=

Lj−1∑
k=0

vkχ(tk,tk+1](t), t ∈ (0, T ], vτLj (0) = u0

and find that

B̂Mj
(t) =

∫ t

0

H(vτMj ) dWj , t ∈ [0, T ]

B̂Lj (t) =

∫ t

0

H(vτLj ) dWj , t ∈ [0, T ].

Now we repeat the arguments of Lemma 3.13-3.18, Corollary 3.19, Proposition 3.20, Corol-
lary 3.21 and Lemma 3.22 to obtain that

lim
j→∞

vτMj = u1
∞, lim

j→∞
vτLj = u2

∞

in L2(Ω̂×QT ) and, for i = 1, 2, the function ui∞ : Ω̂× [0, T ]→ L2(D) is a stochastic process
with ui∞(0) = u0 and there exists Gi ∈ Lp′(Ω̂×QT )d such that

ui∞(t) = Bi∞(t) + u0 +

∫ t

0

div(Gi + F (ui∞)) ds (148)

holds in L2(D) a.s. in Ω̂ for all t ∈ [0, T ].

Lemma 4.3. We have the following convergence results for j →∞:

i.) B̂Mj
→ B1

∞ and B̂Lj → B2
∞ in L2(Ω̂; C([0, T ];L2(D)))

ii.) B̂Mj
(t)−B̂Mj

(s)→ B1
∞(t)−B1

∞(s) and B̂Lj (t)−B̂Lj (s)→ B2
∞(t)−B2

∞(s) in L2(Ω̂×D)
for all t ∈ [0, T ], 0 ≤ s ≤ t

iii.) Wj →W∞ in L2(Ω̂; C([0, T ];U))

iv.) Wj(t)−Wj(s)→W∞(t)−W∞(s) in L2(Ω̂;U) for all t ∈ [0, T ], 0 ≤ s ≤ t
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Moreover, passing to a (not relabeled) subsequence if necessary,

lim
j→∞

ψ(vτMj , vτLj ,Wj) = ψ(u1
∞, u

2
∞,W∞) (149)

in L2(Ω̂) for all t ∈ [0, T ], 0 ≤ s ≤ t and all ψ ∈ Cb(L2(0, s;L2(D))2 × C([0, s];U)).

Proof: Since the sequences (B̂Mj ) and (B̂Lj ) respecively converge a.s. in C([0, T ];L2(D))

and are uniformly bounded in Lp(Ω̂; C([0, T ];L2(D)) (with the same arguments as used in
the proof of Lemma 3.15), i.) is a direct consequence of Vitali theorem. ii.) follows from i.)
since

B̂Mj
(t)− B̂Mj

(s) = δt−s(B̂Mj
) and B̂Lj (t)− B̂Lj (s) = δt−s(B̂Lj )

for all t ∈ [0, T ], 0 ≤ s ≤ t. By equality of law and Burkholder inequality we have

E sup
t∈[0,T ]

‖Wj(t)‖pU = E sup
t∈[0,T ]

‖W (t)‖pU ≤ CE

(
T

∞∑
n=1

1

n2

)p/2
, (150)

where C ≥ 0 is the constant from Burkholder inequality which is not depending on j ∈ N.
Together with the a.s. convergence of Wj to W∞ for j →∞, it follows from Vitali theorem
that Wj →W∞ in L2(Ω̂; C([0, T ];U)) for j →∞, thus in particular

Wj(t)−Wj(s) = δt−s(Wj)→ δt−s(W∞) = W∞(t)−W∞(s)

for j → ∞, all t ∈ [0, T ] and all 0 ≤ t ≤ s in L2(Ω̂;U). We fix t ∈ [0, T ], 0 ≤ s ≤ t and
ψ ∈ Cb(L2(0, s;L2(D))2 × C([0, s];U)). Since (vτMj ) converges to u1

∞ and vτLj converges to
u2
∞ in L2(Ω̂×QT ) for j →∞, we may pass to a (not relabeled) subsequence which converges

in L2(0, T ;L2(D)) for a.e. ω̂ ∈ Ω̂. Then,

ψ(vτMj , vτLj ,Wj)→ ψ(u1
∞, u

2
∞,W∞) (151)

a.s. in Ω̂ for j → ∞. Thus, with Lebesgue’s dominated convergence theorem we get the
convergence of (149) in L2(Ω̂) for j →∞.

Lemma 4.4. For i = 1, 2, Bi∞ is a FW,∞t -martingale with quadratic variation process

� Bi∞ �t=

∫ t

0

H(ui∞) ◦H(ui∞)∗ ds (152)

for all t ∈ [0, T ], where we use the formal notation

H(u) ◦H∗(u) := (H(u) ◦Q1/2) ◦ (H(u) ◦Q1/2)∗, u ∈ L2(D).

Proof: Let (el) be an orthonormal basis of L2(D). We choose (not relabeled) subse-
quences of (vτMj ) and (vτLj ) respectively that converge a.s. in Ω̂ and fix t ∈ [0, T ], 0 ≤ s ≤ t
and ψ ∈ Cb(L2(0, s;L2(D))2 × C([0, s];U)), n,m ∈ N. Moreover, for u ∈ L2(D), and
B(r) ∈ L2(D), r ∈ [0, T ] we define

(B, en, em)(r) := (B(r), en)2(B(r), em)2,

Λ(s, t, u, en, em) :=

([∫ t

s

H(u) ◦H∗(u) dr

]
(en), em

)
2

With the convergence results of Lemma 4.3 we are able to show

0 = lim
j→∞

E[(B̂Mj
(t)− B̂Mj

(s), en)2ψ(vτMj , vτLj ,Wj)]

= E[(B1
∞(t)−B1

∞(s), en)2ψ(u1
∞, u

2
∞,W∞)], (153)
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0 = lim
j→∞

E[(B̂Lj (t)− B̂Lj (s), en)2ψ(vτMj , vτLj ,Wj)]

= E[(B2
∞(t)−B2

∞(s), en)2ψ(u1
∞, u

2
∞,W∞)], (154)

0 = E[((B̂Mj , en, em)(t)− (B̂Mj , en, em)(s)− Λ(s, t, vτMj , en, em))

ψ(vτMj , vτLj ,Wj)]

→ E[((B1
∞, en, em)(t)− (B1

∞, en, em)(s)− Λ(s, t, u1
∞, en, em))ψ(u1

∞, u
2
∞,W∞)]

(155)

for j →∞ and

0 = E[((B̂Lj , en, em)(t)− (B̂Lj , en, em)(s)− Λ(s, t, vτLj , en, em))

ψ(vτMj , vτLj ,Wj)]

→ E[((B2
∞, en, em)(t)− (B2

∞, en, em)(s)− Λ(s, t, u2
∞, en, em))ψ(u1

∞, u
2
∞,W∞)].

(156)

for j →∞.

Lemma 4.5. W∞ is a (FW,∞t )-martingale.

Proof: By definition of (FW,∞t ), W∞ is adapted to (FW,∞t ). We choose (not relabeled)
subsequences of (vτMj ) and (vτLj ) respectively that converge a.s. in Ω̂ and fix t ∈ [0, T ],
0 ≤ s ≤ t and ψ ∈ Cb(L2(0, s;L2(D))2 × C([0, s];U)) and h ∈ U . Since vτMj and vτLj are

FWj

t -adapted for all j ∈ N, we have

E[(Wj(t)−Wj(s), h)Uψ(vτMj , vτLj ,Wj)] = 0 (157)

for all j ∈ N. Using the convergence results of Lemma 4.3, we may pass to the limit with
j →∞ in (157) and find that

E[(W∞(t)−W∞(s), h)Uψ(u1
∞, u

2
∞,W∞)] = 0. (158)

Lemma 4.6. W∞ is a Q-Wiener process in U , adapted to (FW,∞t ), with increments W (t)−
W (s), 0 ≤ s ≤ t ≤ T , independent of FW,∞s .

Proof: Since we have already know that W∞ is a FW,∞t -martingale with W∞(0) = 0,
according to [8], Theorem 4.4, p. 89 it is left to show that

�W∞ �t= tQ for all t ∈ [0, T ]. (159)

Recall that � Wj �t= tQ for all t ∈ [0, T ] and all j ∈ N. Let (gl) be an orthonormal
basis of U . We choose (not relabeled) subsequences of (vτMj ) and (vτLj ) respectively that
converge a.s. in Ω̂ and fix t ∈ [0, T ], 0 ≤ s ≤ t and ψ ∈ Cb(L2(0, s;L2(D))2 × C([0, s];U)),
n,m ∈ N. Using the convergence results of Lemma 4.3 we show that

0 = E[((Wj , gn, gm)(t)− (Wj , gn, gm)(s)− ((t− s)Q(gn), gm)U )

ψ(vτMj , vτLj ,Wj)]

→ E[((W∞, gn, gm)(t)− (W∞, gn, gm)(s)− ((t− s)Q(gn), gm)U )

ψ(u1
∞, u

2
∞,W∞)] (160)

for j →∞, where
(W, gn, gm)(r) := (W (r), gn)U (W (r), gm)U

for W (r) ∈ U , r ∈ [0, T ], thus (159) holds true.
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Corollary 4.7. For i = 1, 2, the processes

Mi(t) :=

∫ t

0

H(ui∞) dW∞, t ∈ [0, T ]

are FW,∞t -martingales with quadratic variation process

�Mi �t=

∫ t

0

(H(ui∞) ◦Q1/2) ◦ (H(ui∞) ◦Q1/2)∗ ds

for all t ∈ [0, T ].

Lemma 4.8. For i = 1, 2 we have the cross quadratic variation process

� Bi∞,W∞ �t=

∫ t

0

H(ui∞) ◦Q ds. (161)

Proof: For all j ∈ N and t ∈ [0, T ] we have

� B̂Mj ,Wj �t=�
∫ t

0

H(vτMj ) dWj ,Wj �t=

∫ t

0

H(vτMj ) d�Wj �t

=

∫ t

0

H(vτMj ) ◦Q ds, (162)

and

� B̂Lj ,Wj �t=�
∫ t

0

H(vτLj ) dWj ,Wj �t=

∫ t

0

H(vτLj ) d�Wj �t

=

∫ t

0

H(vτLj ) ◦Q ds. (163)

We choose orthonormal bases (gl) of U and (el) of L2(D), (not relabeled) subsequences
of (vτMj ) and (vτLj ) respectively that converge a.s. in Ω̂ and fix t ∈ [0, T ], 0 ≤ s ≤ t

and ψ ∈ Cb(L2(0, s;L2(D))2 × C([0, s];U)) and n,m ∈ N. Using the convergence results of
Lemma 4.3 we show that

0 = E[((B̂Mj
,Wj , en, gm)(t)− (B̂Mj

,Wj , en, gm)(s)

−
∫ t

s

(H(vτMj ) ◦Q(gm), en)2 dr)ψ(vτMj , vτLj ,Wj)]

→ E[((B1
∞,W∞, en, gm)(t)− (B1

∞,W∞, en, gm)(s)

−
∫ t

s

(H(u1
∞) ◦Q(gm), en)2 dr)ψ(u1

∞, u
2
∞,W∞)] (164)

and

0 = E[((B̂Lj ,Wj , en, gm)(t)− (B̂Lj ,Wj , en, gm)(s)

−
∫ t

s

(H(vτLj ) ◦Q(gm), en)U dr)ψ(vτMj , vτLj ,Wj)]

→ E[((B2
∞,W∞, en, gm)(t)− (B2

∞,W∞, en, gm)(s)

−
∫ t

s

(H(u2
∞) ◦Q(gm), en)2 dr)ψ(u1

∞, u
2
∞,W∞)] (165)

for j →∞, where
(B,W, en, gm)(r) := (B(r), en)2(W (r), gm)U

for r ∈ [0, T ] and W (r) ∈ U , B(r) ∈ L2(D).
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Lemma 4.9. For i = 1, 2 and all t ∈ [0, T ] we have

� Bi∞ −
∫ ·

0

H(ui∞)dW∞ �t= 0, (166)

Proof: For i = 1, 2 from (152), Corollary 4.7 and Lemma 4.9 it follows that

� Bi∞ −
∫ ·

0

H(ui∞) dW∞ �t

= � Bi∞ �t −2� Bi∞,

∫ ·
0

H(ui∞) dW∞ �t +�
∫ ·

0

H(ui∞) dW∞ �t

= 2

∫ t

0

(H(ui∞) ◦Q1/2) ◦ (H(ui∞) ◦Q1/2)∗ ds− 2

∫ t

0

H(ui∞) d� Bi∞,W∞ �t

(167)

where, according to Lemma 4.8∫ t

0

H(ui∞) d� Bi∞,W∞ �t =

∫ t

0

H(ui∞) ◦H(ui∞) ◦Q ds

=

∫ t

0

H(ui∞) ◦ (H(ui∞) ◦Q1/2) ◦Q1/2 ds

=

∫ t

0

H(ui∞) ◦ (H(ui∞) ◦Q1/2) ◦ (Q1/2)∗ ds

=

∫ t

0

(H(ui∞) ◦Q1/2) ◦ (H(ui∞) ◦Q1/2)∗ ds

(168)

Now, (166) follows from (167) and (168).

Corollary 4.10. We have u1
∞ = u2

∞ and therefore convergence of (ũN ) in probability on
the initial probability space (Ω,F , P ), hence existence and uniqueness of strong solutions to
(1).

Proof: From Lemma 4.9 it follows that for i = 1, 2

Bi∞(t) =

∫ t

0

H(ui∞) dW, t ∈ [0, T ]

thus u1
∞, u2

∞ are martingale solutions to (1) with respect to (Ω̂, F̂ , (FW,∞)t,W∞). Now,
from Proposition 4.1 it follows that u1

∞ = u2
∞ and thus B1

∞ = B2
∞ and, by Lemma 4.2

and equality of laws this implies convergence in probability of the initial approximating
sequence (ũN ) in probability on the initial probability space (Ω,F , P ) to a strong solution
of (1), which is, again by Proposition 4.1, unique.

5 Appendix

5.1 On Prokhorov compactness theorem
Definition 5.1 (see [4], p.59). Let Π be a family of probability measures on the metric space
V with the Borel σ-algebra B(V ). The family Π is tight iff, for every ε > 0, there exists a
compact set Kε such that

P (Kε) > 1− ε

for every P ∈ Π.
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Tightness can be used as a compactness criterion in the narrow topology, this is the
direct half of Prokhorov theorem:

Theorem 5.1. [see [4], Theorem 5.1., p.59] If Π is tight, then it is relatively compact with
respect to the narrow topology σ(Cb(V )′, Cb(V )), i.e. for any subsequence (Pn) ⊂ Π there
exists a subsequence (Pnk) and a probability measure µ such that

lim
k→∞

∫
V

f dPnk =

∫
V

f dµ (169)

for all f ∈ Cb(V ).

We have the following subsequence principle:

Corollary 5.2. If the sequence of probability measures (Pn)n∈N is tight, and if each sub-
sequence that converges narrowly at all in fact converges narrowly to µ, then the entire
sequence converges narrowly to µ.

If, in addition, V is a Polish space, then the converse part of Prokhorov theorem also
holds true:

Theorem 5.3. [see [4], Theorem 5.2, p.60] Suppose that V is separable and complete. If Π
is relatively compact with respect to the narrow topology σ(Cb(V )′, Cb(V )), then it is tight.

5.2 On Skorokhod representation theorem
Definition 5.2 ([25] p.17). For n ∈ N, let Xn : (Ω,F , P )→ (V,B(V )) be a random variable
with values in a metric space V . We say that (Xn) converges to a Borel measure µ3 in law,
(or distribution), and write XnL;µ, iff

Ef(Xn)→
∫
V

f dµ

for any bounded, continuous function f on V .

Remark 5.1. Note that XnL;µ is equivalent to P ◦X−1
n

∗
⇀ µ with respect to the narrow

topology on the bounded Borel measures where P ◦X−1
n is the image measure of Xn for all

n ∈ N.

Theorem 5.4 (see [25], Theorem 1.10.4, p.59). Let (Ω,F , P ) be a probability space, V
a separable metric space and Xn : Ω → V be a sequence of random variables such that
XnL;X∞. Then there exists a sequence of random variables X̂n : Ω̂ → V , n ∈ N ∪ {∞},
on some probability space (Ω̂, F̂ , P̂ ) with the following properties:

i.) X̂n → X̂∞ in V for N →∞ a.s. in Ω̂

ii.) The laws of Xn and X̂n are the same for all n ∈ N ∪ {∞}. In particular, for any
bounded measurable function f : V → R, Ef(Xn) = Ef(X̂n) for all n ∈ N.

Remark 5.2. According to [25], Addendum 1.10.5. p.59, there exist random variables
φn : Ω̂→ Ω such that X̂n = Xn ◦ φn and P = P̂ ◦ φ−1

n .
3i.e. a measure on the Borel sets, finite on the compact ones.
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5.3 Martingale representation theorem
Theorem 5.5 (see [8], Theorem 8.2, p.220). Assume U ,H are separable Hilbert spaces, M
is a square-inegrable martingale with

�M �t=

∫ t

0

(Φ ◦Q1/2) ◦ (Φ ◦Q1/2)∗ ds, t ∈ [0, T ],

where U0 = Q1/2(U), Φ is a predictable, HS(U0,H)-valued process and Q a given, bounded,
symmetric nonnegative operator in U . Then there exists a probability space (Ω,F , P ), a
filtration (F t) and a Q-Wiener process W with values in U , defined on (Ω×Ω,F×F , P ×P )
adapted to (Ft ×F t), such that

M(t, ω, ω) =

∫ t

0

Φ(s, ω, ω) dW (s, ω, ω), t ∈ [0, T ],

for a.e. (ω, ω) ∈ (Ω× Ω) where

M(t, ω, ω) = M(t, ω), Φ(t, ω, ω) = Φ(t, ω)

for all t ∈ [0, T ], a.s. in Ω× Ω.

5.4 Technical lemmas
5.4.1 On the Garsia-Rodemich-Rumsey inequality

Lemma 5.6. (Garsia-Rodemich-Rumsey inequality, see [13],[23, Ex. 2.4.1]) Let q ≥ 1,
α > 1/q and f : [a, b]→ V be continuous, then

‖f(s)− f(s′)‖qV ≤ Cα,q|s− s
′|αq−1

∫ b

a

∫ b

a

‖f(t)− f(r)‖qV
|t− r|αq+1

dt dr. (170)

5.4.2 Wα,p-regularity

Lemma 5.7 ([11], Lemma 2.1., p.369). Let K, H be separable Hilbert spaces and W be a
cylindrical Wiener process in K. Assume p ≥ 2, α ∈ (0, 1

2 ). Then, for any progressively
measurable process f ∈ Lp(Ω× (0, T );HS(K;H)) we have∫ ·

0

f dW ∈ Lp(Ω;Wα,p(0, T ;H))

and there exists a constant C(p, α) > 0 such that

E‖
∫ ·

0

f dW‖pWα,p(0,T ;H) ≤ C(α, p)E

∫ T

0

‖f(t)‖pHS(K;H) dt.

Lemma 5.8 ([2], Lemma 3.2). Let V be a Banach space. Assume that τ > 0 and that Iτ =
{tk}Nk=0 is an equidistant mesh of size τ > 0 covering [0, T ]. Assume that G ∈ C([0, T ];V )
is such that, for every k ∈ {0, . . . , N − 1} the function

[tk, tk+1) 3 t 7→ G(t)

is affine. Assume that, for some p ≥ 1, α > 0 and C > 0 and every l ∈ {1, . . . N},

τ

N−l∑
k=0

‖G(tk+l)− G(tk)‖pV ≤ C
ptαpl .

Then, G is uniformly bounded in the Nikolskii space Nα,p(0, T ;V ) and there exists a constant
C = C(T ) > 0, which does not depend on τ > 0 such that

‖G‖Nα,p(0,T ;V ) = sup
s>0

s−α‖G(·+ s)− G(·)‖Lp(−s,T−s;V ) ≤ C.
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5.4.3 Further results

Lemma 5.9. Let W be a Banach space which is compactly embedded into L2(0, T ;L2(D))
and p ≥ 2. For α ∈ (0, 1

2 ), the linear space

V := {u = v + w, v ∈ W, w ∈Wα,p(0, T ;H1
0 (D))} ⊂ L2(0, T ;L2(D))

endowed with the norm

‖u‖V := inf
v∈W,

w∈Wα,p(0,T ;L2(D)),
u=v+w

max(‖v‖W , ‖w‖Wα,p)

is a Banach space which is compactly embedded into L2(0, T ;L2(D)).

Proof: It follows from [12], Remark 5.13, p.12-13 that (V, ‖ · ‖V ) is a Banach space.
There exists C ≥ 0 such that for any u ∈ V and any v ∈ W, w ∈ Wα,p(0, T ;H1

0 (D)) with
u = v + w

‖u‖L2(0,T ;L2(D)) ≤ C max(‖v‖W , ‖w‖Wα,p) (171)

and therefore the imbedding V ↪→ L2(0, T ;L2(D))) is continuous. Let (un) be a bounded
sequence in V , i.e. there exists R > 0 such that ‖un‖V ≤ R for all n ∈ N. Let n ∈ N be
fixed. According to the definition of the norm in V , for any k ∈ N, there exist vkn ∈ W,
wkn ∈Wα,p(0, T ;H1

0 (D)) such that un = vkn + wkn and

‖vkn‖W ≤ R+
1

k
, ‖wkn‖Wα,p ≤ R+

1

k
.

Consequently, choosing k = n we can construct (vnn) ⊂ W, (wnn) ⊂ Wα,p(0, T ;H1
0 (D)) such

that un = vnn + wnn and

‖vnn‖W ≤ R+ 1, ‖wnn‖Wα,2 ≤ R+ 1

for all n ∈ N. Passing to a not relabeled subsequence if necessary, there exists v ∈
L2(0, T ;L2(D)) such that vnn → v in L2(0, T ;L2(D)). Following [21], Corollary 2, p.82,

Wα,p(0, T ;H1
0 (D)) ↪→ L2(0, T ;L2(D))

with compact imbedding. Therefore passing to a not relabeled subsequence if necessary,
there exists w ∈ L2(0, T ;L2(D)) such that wnn → w in L2(0, T ;L2(D)). Therefore, passing
to a not relabeled subsequence if necessary,

un = vnn + wnn → v + w

in L2(0, T ;L2(D)) and therefore the imbedding V ↪→ L2(0, T ;L2(D)) is compact.
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