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ENTROPY SOLUTIONS OF DOUBLY NONLINEAR
FRACTIONAL LAPLACE EQUATIONS

NIKLAS GROSSEKEMPER, PETRA WITTBOLD, AND ALEKSANDRA ZIMMERMANN

ABSTRACT. In this contribution, we study a class of doubly nonlinear elliptic
equations with bounded, merely integrable right-hand side on the whole space
RY. The equation is driven by the fractional Laplacian (—A)Z for s € (0,1]
and a strongly continuous nonlinear perturbation of first order. It is well known
that weak solutions are in genreral not unique in this setting. We are able to
prove an L!-contraction and comparison principle and to show existence and
uniqueness of entropy solutions.

1. INTRODUCTION

Let N € N. We consider the doubly nonlinear fractional Laplace equation
(Py) b(u) + div(F(u)) + (=A)2u=f inRY

where f € LY(RY)NL>®(RY) and b : R — R is Lipschitz continuous, nondecreasing
with b(0) = 0, satisfying the growth condition b(u)u > Au|? for some A > 0. For
example, these assumptions are fulfilled by b = Id + arctan, and it is also possible
for b to be constant on finite intervals. The function F' : R — R¥ is locally Lipschitz
continuous with F(0) = 0 and (—A)2 is the fractional Laplacian with s € (0, 1]
(see Section [2| for the precise definition).

The fractional Laplacian is a nonlocal generalization of the classical Laplacian which
appears in many fields of analysis and probability theory. In the last two decades,
there has been an intensive study of elliptic and evolutionary partial differential
equations driven by the fractional Laplacian or related nonlocal operators, see, e.g.,
[15] for a list of interesting references. In applications from physics and finance,
anomalous diffusion is often modeled by a fractional Laplace evolution equation
(see [6], Appendix B for more details and references).

In this contribution, we study doubly nonlinear elliptic equations of type with
bounded right-hand side in L*(R¥) on the whole space RY. The equation is driven
by the fractional Laplacian (—A)2 for s € (0,1] and a strongly continuous pertur-
bation of first order of the form div F with F': R — R Lipschitz continuous.

In [9] it was shown that adding a fractional Laplacian with parameter s € (1,2)
to a hyperbolic equation has a smoothing effect, i.e., weak solutions exist and are
unique. In [2], the fractional Burgers equation was studied for s € (0,1) and it was
shown that weak solutions are not unique. Analogously to the purely hyperbolic
case (see [I4]), an entropy formulation for fractional scalar conservation laws has
been developped in [I]. Consequently, one can not expect well-posedness of weak
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solutions of even in the case b(u) = u and therefore one has to choose a more
appropriate solution concept. The well-posedness of for div F' = 0 has been
studied in [3] in the framework of renormalized solutions. However, since can
be interpreted as a special case of a fractional Laplace evolution equation with a
first-order convection term, it seems to be more natural to apply the notion of en-
tropy solution in our general setting. In [5], entropy solutions have been introduced
for elliptic equations with L!-data. In this contribution, we define the notion of en-
tropy solutions for (Py]). Moreover, we show existence and the L!-contraction and
comparison principles for entropy solutions. In particular, we obtain uniqueness of
b(u) in this framework. We recall that existence and L!-contraction allows us to
define the m-accretive, densely defined, multivalued operator A4, in L'(RY) by

(v,f) € Ay =
v =">b(u),u € L*(RY) is entropy solution to div(F(u)) + (=A)

ol

u=f.

According to nonlinear semigroup theory (see, e.g., [4]), there exists a unique mild
solution b € C([0,T]; L*(R™Y)) to the abstract Cauchy problem for A, for any given
data (vo, f) € LY(RYN) x LY(0,T; L*(RN)). In the next step, one wants to show
that the mild solution is the unique entropy solution to the associated evolution
equation

b(u); + div(F(u)) + (=A)2u=f in (0,T) x RN
(1.1) u(0,-) = ug

for appropriately chosen data (ug, f) € L*(RY) x L1(0,T; L*(RY)). In this manner,
our study of (P serves as a basis for the investigation of (1.1f), which will be
subject of forthcoming work.

1.1. Outline. We organize this contribution as follows: We start in section 2 by
introducing some basic notations which we will use throughout the paper and give
some preliminary results that are used within the later sections. After that, in
section 3, we establish the definition of an entropy solution to the equation
and formulate the two main theorems of this work. In section 4 we prove the
L'-contraction and comparison principle with the help of Kruzhkov’s method of
doubling variables. Since this result is also crucial for the existence proof later on,
it is proven before the existence of entropy solutions. Furthermore, the contraction
principle gives us uniqueness of the saturation function b(u) and in some cases even
the uniqueness of the entropy solution u itself. Finally, in section 5 we prove the
existence of entropy solutions. For this, we apply the method of vanishing viscosity
to be able to show that there exist weak solutions for a sequence of approximating
problems of higher regularity. It is then left to show that these weak solutions
converge to the entropy solution of the initial problem. In the appendix, for the
sake of completeness, some of the technical results used in this work are proven.
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2. NOTATIONS AND PRELIMINARY RESULTS

Let us introduce some notations and functions that will be frequently used. For
any real number r € R and k > 0, we define the functions

1 r>0 1 50 k r>k
'
signg(r) = 4 0 r=0, signg (r) = {0 r <D’ Ti(r)=qr Ir| <k
_]_ fr<0 - _k 71<_k.

For all u € S(RY), the Schwartz space of rapidly descreasing functions, and all
s € (0,2), we define the fractional Laplacian (—A)2 by

(—A)u(z) = C(N, s)P.V. / W a
RN

N+s
B . u(z) —u(y)
(2.1) = C(N,s) lim / mdy,
RN\ B, (z)

51—\( N;»S)
272 Tr(1-5)
with T" being the gamma function. The constant C'(V,s) is motivated by an
equivalent definition of the fractional Laplacian via Fourier transform, i.e. by
(=A)iu = F~Y(| - |*F(u)), where it naturally occurs. We further define the

Gagliardo-seminorm by

W)z = / [u(z) —u(y)? dady

|z —y|N+s

where the dimensional constant C'(N,s) > 0 is given by C(N,s) =

RN RN

and the fractional Sobolev space of order 3 by
H2(RY) = {ue L*RY) : [u]y/2 < oo} .

As it is well-known, the fractional Sobolev space is a Hilbert space, if endowed with
the natural scalar product which induces the norm

lullsz = (lullz> + [ulZ/2)® -

We point out that the fractional Sobolev space H32(RY) is strictly related to the
fractional Laplacian (see [I3] Proposition 3.6).

An important tool will be a decomposition of the fractional Laplacian which was
introduced by Droniou and Imbert in [I0] Theorem 1, where the authors split the
fractional Laplacian into a regular and a singular part.

Proposition 2.1. If s € (0,2), then for all u € S(RY), all v > 0 and all z € RN

(-8)fu@) =-cvs) | W "
{lz1=r}

(22) w(z + 2) —u(x) — Vu(z) - 2

FLEE dz.

—C(N,s)
{lzl<r}
Proof: [10], Theorem 1. O
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Remark 2.1. With Proposition it is possible to extend the definition of the
fractional Laplacian in [2.1) for all w € CZ(RN). Furthermore, from a well-known
nonlocal integration-by-parts formula (see e.g. [1] Lemma A.2), we get

|l —y|N+s

RN RN RN

for any ¢ € D(RN). The right-hand side can also be associated to a bilinear form
which is well-defined on Hz (RN) x H2 (RY).

A useful convergence result, which we will use later on, can also be found in the
work of Droniou and Imbert (see [10], Proposition 1).

Proposition 2.2. Let s € (0,2) and u € CZ(RN). If (uy)n C CZ(RY) is bounded
in L=®(RN) and such that D*u,, — D?u locally uniformly in RN for n — oo, then

(=A)2u, — (=A)2u  locally uniformly in RN forn — oco.

Proof: [10], Proposition 1. a

3. CONCEPT OF SOLUTION AND MAIN RESULTS

Now, we introduce the notion of entropy solutions which is adapted from the
work of N. Alibaud (see [I]) and point out where it fits within the well-known
concepts of classical and weak solutions.

Definition 3.1. A function u € L>=(RY) is called entropy solution to (Py]) if for
allr > 0, all o € DRN) with p > 0, alln € C*(R) conver and all ¢ = (¢1,. .., PN)
with ¢, =n'F! fori=1,...,N it holds

/(f(af) = b(u(@)))n' (u(x))p(x) + ¢(u(x)) - Vo(x) da

RN
(3.1) +C(N,s)/ / W’(u(@)W@(x)dde
RN {|z|>r}
vows) [ atuey 2D EVEE g 0.
RN {]z]<r}

Remark 3.2. A function n, as in Definition |3.1], is called entropy. The corre-
sponding function ¢ is called entropy flux and (n, @) is called entropy-fluz-pair.

Proposition 3.1.
i.) Classical solutions to (Pyl), i.e. u € CZ(RYN) satisfying the equation (Pj)

pointwise for all x € RY | are entropy solutions.
ii.) Entropy solutions are weak solutions in the sense that

/(f(w) = b(u(x)))p(z) + Flu(@)) - V() — u(z)(~A)2p(z) dz = 0
RN

Vi € D(RY).
Proof: See Appendix [6} O
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The main goal of this paper is to prove the following theorems, concerning the
existence and uniqueness of entropy solutions.

Theorem 3.3. For all f € LY(RY) N L>®(RY) there exists an entropy solution u
to such that b(u) € L*(RY).

Theorem 3.4. Let f, f € L"(RYN)NL>®(RY) and u, @ € L=(RN) entropy solutions
to (Pg]) and (Pf) respectively such that b(u),b(a) € LY(RYN). Then it holds true that

(3-2) /Ib(U(w)) — b(a(z))|dz < /If(fﬂ) — f(x)| .
RN RN

Remark 3.5. If f = f almost everywhere, it follows directly from Them“em that
b(u) = b(@) almost everywhere holds. If the nonlinearity b is strictly monotone, we
further obtain v = u almost everywhere. Therefore, we know that the entropy
solution u of 18 unique. In general, i.e. for just nondecreasing b, we can not
expect uniqueness of the entropy solution, but only for the saturation function b(u).

4. L'-CONTRACTION PRINCIPLE

In this section, we will prove the L'-contraction principle by applying Kruzhkov’s
method of doubling variables (see [14]). The L!-contraction principle and L*-
comparison principle (see ) will play an important role in the proof of the
existence theorem.

Proof of Theorem[3.4): For all k € R we choose the entropy-flux-pair (g, ¢x ), which
is defined by

k(a) = la — k[,

or(a) = /sign(T —k)F'(T)dr
k

for all @ € R. Since these entropies are not smooth enough, we have to show first
that we can use them in the entropy inequality (3.1)). To this end, we approximate
N in the following way:

a
e R = R, aH/g”(o—k)do
k
with

1 fora>%
0":R—R, ar ¢sin(na) for —1<a<

3=

-1 fora<—%.

Then, for all n € N, nf € C?(R) is convex and such that (7)) has compact support.
Now we can use them in the entropy inequality and prove, with the help of
Lebesgue’s dominated convergence theorem, that (ng, ¢x) are valid entropy-flux-
pairs for all £ € R. We can now apply the method of doubling variables.

For the entropy solution u of let y € RY be fixed but arbitrary and choose
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o(x) = ¢y () = Y(z,y) with » € DRN x RY), ¢ > 0 and n = n; with k = a(y).
If we apply these in (3.1)) and integrate with respect to y over R, we get

/ / (f(z) - blu(z))) sign(u(z) — ay))p(x,y) + C(u(@), @ly) - Varb(x, ) dyda

vews) [ [ [ st - aw)

RN RN {|z]>r}

C(N,S)// / |U($)—&(y)|w(x+z’y)_w(x’y)_vf‘w(w’y)Zdzdydxzo,

|Z|N+s

u(z + 2) —

u(z
B ( )Q/J(x,y)dzdydx

RN RN {|z|<r}

where the symmetric function ¢ is given by ((a,b) = F(max{a,b}) — F(min{a, b}).
Analogously, for the entropy solution @ of (’Pf) and x € RY fixed but arbitrary, we

choose p(y) = ¢.(y) = ¥(x,y) as above, n = ng with k = u(z), apply these in (3.1))
and integrate with respect to = over RY. If we add these inequalities, we get

0< / / )) sign(u(z) — @) (e, y) — b(u(z)) — b))l v)
RN RN

+ C(u(z),u(y) - (Vo + Vy)¢(z,y) dydz

RN RN {|z|2r}

vews) [ [ [ - aw)
EN BN {|z]<r}

G z,y) +¥(x,y + 2) — 2¢(x,y) — (Vo + Vy)U(z,y) - 2
|| N +s

dzdydx .

In the next step we pass to the limit with » — 0.
Lemma 4.1.

tiy CV,s) [ [ [ jute) = atw)

r—0

RN RN {|z|<r}

U2, y) + Uy +2) — 20(,y) — (Vo + Vy)(a,y) -2
ELEE

dzdydz = 0.

Proof: Without loss of generality let r < 1. We show that the integrand belongs to
LY(RY xRN x B1(0)). The claim then follows by Lebesgue’s dominated convergence
theorem. Similar to the proof of Theorem i.) we get

ﬂ(y)| |'(/J(;(; + z, y) B w(%y) — wa(%y) i Zl

lu(z) — B |N+s
1 )
_ rT+712,Y
< (lulle + o) [0 =) PP T gy
0

_ Xsu Br0,0) (%5 Y) —
< Clllullos oo, [0 () oo) =PHZ 2P —— € LI (RN x RY x B1(0)).
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An analogous calculation for the term

() — ii(y)) LY +2) = (@ 9) = Vih(a,y) =

|Z|N+s

completes the proof. O

With similar calculations we can also pass to the limit with » — 0 in the regular
term of the nonlocality. If we combine these results, we obtain, for r — O:

0< / / )) sign(u(z) — a(y) (e y) — blu()) — b))z, y)
RN RN
- Cul@), @y)) - (Vo + V,)0(e,y) dyde

3 Y(x+ 2,y +2) —Y(z,y)
—|—//|u(x)—u(y)| C(N, 5) / e dz

EN BN {|=>1}

Y+ z2,y+2) —d@y) — (Vo + Vy)o(z,y) - 2
|Z|N+s

+ C(N,s)
{lz|<1}

We now choose p > 0, ¢¥(z,y) = pu(y — x)®(z), where p, € D(B,(0)) with p, >0
such that [pn pu(2)dz =1 and ® € D(RY) with ® > 0. Then we have

0< [ [156) = F0)lpuly - 2(@) - bu() = b)) lpuly - 2)2()
RN RN
+[u(e) — 50)lpuly — 2)5(x) dydz = T,
where Z(z) == L|IV®(z)| — (—~A)3®(z) and L is the Lipschitz constant of F on the
set [—m, m| with m = max{||u|\oo, |l@]|oo}. Letting p — 0, we can show that

(41) 0< / |f(z [@(z) — |b(u(z)) — b(a(x))|®(2) + [u(z) — a(z)|Z(z) dz

dz | dydx.

holds. Now, choose ® € D(RY), 0 < ® < 1, such that

i <
() = 1 %f |z <1
0 if x| >2

Then we define ®,(x) = ®(£) Vn € N. It yields D?*®,, — 0 pointwise and locally
uniformly in RY for n — co. For ® = ®,, in (4.1)), we can make use of Proposition
the growth condition of b, and Lebesgue’s theorem of dominated convergence
to get

0< lim / F(@) — F(@)@a (@) - [b(ule)) - ba(e))|@, ()

(42) #lule) T (LT - (212 d
/ £(2) — F(@)] ~ bu(z) — b)) d

This completes the proof of Theorem [
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4.1. Extensions and Remarks.

Remark 4.2. Similar to the proof of Theorem we can show the following
L'-comparison principles:

(4.3) / (b(u()) — b(a(x)))* dz < / (f(z) — F(o))* de

and

(4.4) /(b(u(ﬂ?)) —b(a(x)))” dz < /(f(l‘) — f(2))" da.
RN RN

To prove this, we apply the method of doubling variables again, but with entropies

ne(a) = (a — k)"

and

respectively.

Remark 4.3. i) Let f, fiu, @ e L>®(RN) be such that u satisfies the entropy
inequality of and 4 of (77];) respectively. Then we can still prove
the ,local“ inequality for the contraction and comparison principle.

ii.) If u is an entropy solution to with b(u) € L*(RY) and k > 0 then
(u— k)t € LYRYN) and, since & = k is a classical solution to (P7) with
f = b(k), we can also pass to the limit in for the comparison principle,
to show that holds.

We are now able to prove the following L*>-estimate.

Lemma 4.4. Let f € LY(RY) N L=(RY) and u be an entropy solution to ,
then we have

(4.5) [b(w)lloc < [1flloo -

Proof: Since b satisfies the growth condition, b is surjective, i.e., for ||fT||oc €
R there exists ¢ € R, ¢ > 0, such that b(¢) = ||fT|loo. Let f = ||ft]loo and
@ = ¢, then it follows that b(u) < ||fT||c almost everywhere with Remark ii.).
Analogously we can show that —|| f 7 ||oc < b(u) almost everywhere which completes
the proof. O

5. EXISTENCE OF ENTROPY SOLUTIONS

5.1. The vanishing viscosity method. We are now turning our attention to
the existence proof for entropy solutions to problem (P¢). For this, consider the
following modified problems for £ > 0:

(75}%) b(u) + eu — eAu+ (—A)2u = f
with f € L%(RY). Assume u € CZ(RY) N HY(RY) to be a classical solution to

1) We obtain a weak formulation of 1} by multiplication with a test function
¢ € D(RY) and subsequent integration over RY.
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Definition 5.1. Let f € L?>(RN). A function uw € H'(RY) is called weak solution

to , if
/b(u(:z:)) (x) der&:/u(x) (z) der{—:/Vu(x)Vga(z) dz

RN R
C(N,s) y) (@) —(y)) _ Vo) da
[ |x_ s dxdy—Rl F@)p(e)d

RN RN

for all p € HY(RY).

Remark 5.2. Since HY(RY) < H(RY) (see [8] Corollaire 4.34 (ii)), all integrals
are well-defined.

modified problem (P5)), with the help of Zarantonello’s theorem (see [11], Theorem
3.5.2). By a fixed-point argument, we will then prove that there exist also weak
solutions to the modified, doubly nonlinear problem which we will define later
on. These solutions turn out to be of higher regularity and are therefore entropy
solutions. Finally, we will show that the weak solutions to the modified, doubly
nonlinear problems converge to the entropy solution of problem .

First, we want to Frove the existence and uniqueness of weak solutions to the

Proposition 5.1. For all f € L*(RYN) there exists a unique weak solution u €
HY(RN) to (P5).

Proof: We define
a: HY(RY) x HY(RY) - R
uvl—>/b dx+6/()(dx+5/Vu V() dz
C(N,s y))(v(z) —v(y ))
// Ix—yIN“ dedy

RN RN

Then a(u, -) is linear and bounded for every fixed u € H!(R"), i.e., it is an element
in H=Y(RY). Consider now

A:H'RY) — HY(RY)
u— alu,-)

and we claim that A is Lipschitz continuous and strongly monotone. It then
follows by the Theorem of Zarantonello that A is bijective and therefore, for all
f € L2RYN) — HL(RY), there exists a unique u € H'(R") such that

a(u,v) =< f,v >g-1 1= /f(x)v(;v) dz
RN
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for all v € H'(RY). This completes the proof.
Let uy,us € HY(RY). Then it holds

| Auy — Augl| g1
= sup |<Au; — Aug,v >pg-1 g1 |
[l 1 <1
sup /wm ) — bluz(a)) | [o(x)] dz
Hv||Hl<1

+E/|u1 ) — ug(x)||v(x |dx+5/|Vu1 — Vug(2)||Vu(x)| dz

P W) [ [ o)t ) - 1) — wa) (=) — o)

|z — y|N+s
RN RN
< sup  Lpllur — uallpel[vpe + ellur —uz||r2l|v]lLz + el Vur — Vual[2 ||V 2
[l 1 <1
C(N,s
+ %[Ul — Uz]s/2[V]s/2

SC(N,S,E)Hul - U'2||H1 s

where L is the Lipschitz constant of b and therefore, A is Lipschitz continuous.
Moreover,

< Au; — AUQ,U1 — U2 >g-1 1

= /(b(ul(x)) — b(uz(2))) (u1 () — ug(x)) dz

RN

C(N,s
+E||’IL1 - U2H%2 —&—EHVul - VU/Q”%Q + (2 )[Ul - U/2]§/2

2
Zellur — a7,
since b is nondecreasing, i.e. A is also strongly monotone. [l

Lemma 5.3. Let f € L*(RY). For the unique weak solution v € H'(RN) to (P5)
1t holds

u e Hp, (RY).
Proof. In general, for 0 < s < 1, it is known that (see [I3], Proposition 3.6)
ue H'RY) = (~A)3u € LA(RY).
As a consequence, for the unique weak solution to u € HY(RY), it follows that
cu—eAu=f—(=A)2u —b(u) € L*(RY)

in the distributional sense, hence Au € L?(RY) and from classical regularity results
for the Laplacian (see e.g. [12], Chapter 6.3.1) it follows that

u e HE . (RY).
O

Corollary 5.4. From Lemma it follows that the weak solution u to |) satisfies
the equation pointwise almost everywhere.
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Now, we also want to consider the nonlinearity div F'(u) in our equation. Since
we can not show the existence of weak solutions with such a term directly, we need
to look at approximating problems. To this end, for every R > 0, let or € C*°(RY)
be equipped with the following properties:

0<or=<1,
or =1 on Bg(0),
supp or € Bar(0),
IVorlleo < C.
for a constant C' > 0, independent of R. Let us define
H'RY) =R
v /f(:c)v(a:) dx + /Fs(QR(ac)w(x))V(gR(x)v(x)) dx,
RN RN
where F. = FoTy,. with T} . the truncation function at level 1/ and w € H*(RY)

fixed, but arbitrary. This map is linear and continuous, i.e. an element of H~1(RY).
If we consider the family of integral equations

/b(u(m))v(az) dr +¢€ / u(z)v(z)dx + e / Vu(z)Vo(z)dz

RN RN RN
C(N,s u(x) —u v(z) —v
sy O / /( (2) |x<?i>>y<| o) =)
RNRN
- / f(@)o(z) dz + / Fo(or(2)w(x))V (or(2)o(z)) dz
RN RN

for all v € HY(RY), we already know from Theorem that there exists a unique
u = up. € H'(RY) which satisfies (5.1)) for all v € H'(RY) and thus, we can
define the following map:

Up: H'(RY) — H'(RY)
w — the unique solution u € H'(RY) to (5.1)) .

If we take u itself as a test function in (5.1) and exploit the properties of gr, we
get the following a-priori estimate:

ellulli < fllz2llullzz + Ce rllull

= Julr < 2 2OR g
Now, consider the set M = {u € H*(RY) : |lu|gx < K. g} which is nonempty,
bounded, closed and convex. If we restrict ¥ to the set M and prove that there
exists a fixed-point, we obtain the existence of a solution u to with w = wu.
To achieve this, we have to prove that Wy is weakly sequentially continuous, for
the claim then follows by the fixed-point theorem of Schauder-Tikhonov (see [16],
Corollary 9.7).

Lemma 5.5. The map Vg : M — M is weakly sequentially continuous.
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Proof: Foralln € N, let w,,, w € H'(RY) such that w,, — w in H'(RY) for n — oo.
Since the sequence of solutions u,, = ¥ r(w,,) is bounded in H*(RY), it is sufficient
to prove that every weakly convergent subsequence of (uy), converges weakly to
Ur(w). Now, let (uy,), be anot relabeled subsequence such that u,, — uin H'(RY)
for n — oco. By continuous and compact embeddings we can assume, without loss
of generality, that (w,), and (u,), converge for n — oo in the following way:

(5.2) w, — w in L2 (RY) and almost everywhere in R
(5.3) U, —=u in HY(RY) — Hz(RY),
(5.4) Up, — u in L} (RY) and almost everywhere in RY .

Since u,, is a solution to (5.1)) with w = w,, for all n € N and all ¢ € H'(RY), we
have

/b(un)(x) (z) dx+5/u (x)p(x) dx—l—E/Vun(:r)V(p(x) dz

RN
N 5 un () — un(y))((z) — ¢(y))
dad
/ / |z — y|N+s ray
RN RN
/ f@)e@)de+ [ Folon()wn) @)V (er(a)plz) d.
RN
Now we can, thanks to ( - , pass to the limit in all integrals and obtain
u = \IJR(w) [l

We have therefore proved that, for all R > 0, there exists u = ug € H'(RV)

such that
/b da:+5/()( dx—l—e/Vu )Vo(z) de

C(N, C(N,s) v(r) —v
(5.5) // |xy(|1\£+z 4 )) dzdy

RN RN

/ f(@)o(a) do + / F.(0r(@)u(2))V (or(x)o(z)) dz

RN

for all v € HY(RY). Our next goal is to pass to the limit with R — oo. First, we
need a technical result which allows us to get rid of the convection term. From the
divergence theorem of Gau we can show the following Lemma.

Lemma 5.6. For every u € HY(RY) it holds
/ F.(u(z))Vu(z)dz =0.
RN
Proof: See Appendix [0] O
Hence, if we apply u = ur € H'(RY) as a test function in (5.5) we get
< Mz ||L2

lurl ;
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for all R > 0, where we used Lemma [5.6] Thus, there exists a subsequence, still
denoted by (ug)r, such that

ur — u in H'(RY),

2

ur — win L}, (RY) and almost everywhere in RY

for R — oo. For v € C°(RY) we can now pass to the limit with R — oo in (5.5):
If R is large enough such that suppwv C Br(0), it yields

[ Flon@un(o)Ver@o@)ds = [ F(un(@)Vo(e) do
RN supp v
and on suppwv C Br(0) it holds
F(or(z)ur(z))V(er(2)v(z)) = Fe(u(z))Vo(z)

almost everywhere for R — oo and
|E-(or(x)ur(2))V(or(z)v(@))] < [[Flloc|Vo(z)] € L' (supp ).

Since H'(RY) = CSO(RN)H'HHI, we can pass to the limit with R — oo in (5.5) for
all v € HY(RY). This means, we have shown the existence of a weak solution to

(P$) b(u) + cu — eAu + div F.(u) + (=A)2u = f
for all e > 0 and all f € L*(RY) N L°(RY).

Proposition 5.2. For the weak solution u € H'(RY) to |) the following holds:

i.) |[b(w)l s - Al Nl < 01l
ii.) luflLee < X[ fllzee-

Proof: i.) Let k > 0. Applying the test function +7%(u) € H'(RY) in the weak
formulation of (Pj), we get

/ b(u(z))%Tk(u(I))dx—k % / u(x)Tk(u(z))dH% / V()| de

. BN {jui<k}

~ [ Al Vatwyas+ S /(U(w)—U(y)l);T_k(yUJ(sz—Tk(U(y)))dxdy
{lu|<k} RN RN

— [ 1) Tt do.

RN

If we use Lemma [5.6] and the positivity of the terms on the left-hand side, we
obtain

[ o) Titu@) do < 1

RN
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Since for the test function it holds +7}(u) — signu almost everywhere in RY
for £k — 0, with Fatou’s Lemma we get that

[[b(u)||Lr = /|b )| dx = /b(u(m)) sign b(u(z)) dx
RN
1
< liminf / b(u(x)) =Tk (u(z))dz < ||fllz: -
k—0 k
RN

This implies b(u) € L*(RY) and thanks to the growth condition of b also
u € LY(RN).
Let now k,l > 0. This time, we use the test function +7;" (u — 1) € H'(R")
in the weak formulation of (P5). We then get

/ b(u(m))%T;(u(x) ~hydet S / (@) T (u() — 1) de

RN

+% / V()| do — / Fu(u(z)) - Vu(z) de

{l<u<i+k} {l<u<l+k}
Ns // )T (u(x) — 1) — T, (u(y) — 1))
dzdy
RN RN |a:— |N+5

= / Fla) LT () — Dy

With the positivity of the integrands, Lemma and the growth condition of
b, we obtain

)\/u(x)%TJr( (@) —1) da:</f T+( () — 1) dz

Y / TH(u(e) — 1) do < / (F(z) — /\l)%T,j(u(m) ~)da.

RN

Let [ > w , we then get for k£ — 0:

/\/ —l+dx</(f(x)—/\l)sigrﬁ(u(x)—l)dxSO.
RN
Since the left integrand is positive, it follows that (v — )™ = 0 almost every-
where in R and therefore u < [ almost everywhere in RY. Analogously, we
can show that there exists [ > 0 such that — < w almost everywhere in RN

Thus, the claim follows.
O

Remark 5.7. For any € > 0, the unique weak solution uc of (Pj)) is in HY(RY),
thus b(u.) is in L2(RN). Moreover, since F. = (F},...  FN) is Lipschitz continu-

ous,

from the chain rule for Sobolev functions it follows that

N ou
—div Fo(ue) = Y (F2) (ue )&ri e L*(R").

i=1
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With the same arguments as in the proof of Lemma it follows that (—A)3u. €
L?(RY). Therefore,

—Aue = —u. — % [b(us) +div (Fo(ue)) + (_A)%us]

in L2(RY) and we may conclude that u. € HZ,

(RY).
Lemma 5.8. For any € > 0, the unique weak solution u. of 1| satisfies the
entropy inequality for all convex entropies n € C%(R), ¢. = (¢L,...,0Y) with

g9

(¢L) =0/ (F) fori=1,...,N, all ¢ € D(RN) with ¢ >0, and all v > 0:

(5.6)
/(f(x) — eue(x) = b(ue(2)))n (ue (@) p(x) dz — & / V(n(us(z)) - Vip(z) da
RN RN

0w [ [ e

RN {|z|>r}

+C(N,s) / / n(us(x)) plo+2) = o) = Vo) - 2 dzdx

|Z|N+s

(x +2) — uc(z)
|Z‘N+S

o(z) dzdz

RN {|z|<r}

+ / de(ue(z)) - V(z)dz > 0.
RN

Proof. Since the weak solution u. of (Pj) is in H, 2 (RYN)] the equation (Ps) is sat-
isfied pointwise almost everywhere. Similar to the proof of Proposition i.) (see
Appendix @, we are able to show the following inequality for all convex entropies
n € C%(R), ¢ = (¢, ...,¢N) with (¢!) =n/(F!) fori=1,...,N, all ¢ € D(RY)
with ¢ > 0, and all r > 0:

/(f(x) = b(ue () (ue (2))p(2) + P(ue(2)) - Vip(z) da

RN
(5.7)
vews) [ [ ) Tjﬁ;“g(x’m) deds
RN {|z]>7}
vow) [ [ et m ) ) 2 ) dade > 0.

RN {]z|<r}

It is left to show that we can transfer the fractional derivative in the last term
on the left-hand side onto the test function ¢. To this, we can choose a sequence
(u), C CZ(RY) such that
u” —u. in L} (RY) and a. e. in RV,
Vu" = Vu. in L} (RY) and a. e. in RV,

D%y — D*u. in L} .(RY) and a. e. in RV .

loc

From Lebesgue’s dominated convergence theorem, the proof of Proposition i)
(see Appendix @ on the level of the approximating sequence for every n € N, and
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again, Lebesgue’s dominated convergence theorem, we have

n(ue(@ + 2)) = n(uc(z)) = Vn(ue(z)) - 2

PLET o(x) dzdz
RY {|z|<r}
n—oo z S
RN {|z|<r}
= lim / n(ug (x)) ple+2) —|<p(}303_: V() 2 dzdz
n—oo &
RN {|z|<r} ’
plx+2) —p(x) = Vo(z) - 2
- el ATEEZ A VAT S gy
RN {|z|<r}

O

5.2. Convergence results for the approximating solutions. In the next step,
we want to pass to the limit with ¢ — 0. We apply the weak solution v = u, €
H'(RY) as a test function and use Lemma to get

C(N,s)
2

ellucllyz + /b(us(w))us(w) do + || Vuel|72 +
RN

[ue}% <N fllzelluelze -

Therefore, we get

A / e () der < |1 g2 luell 2
RN

and also
elfuctza + elvuelZs + CE 2 < el e
This implies
(5.8) (ue). is bounded in L2(RY)
(5.9) (vV/zue). is bounded in L*(RY),
(5.10) (vzVu, ). is bounded in [L2(RM)V,
(5.11) (uz)e is bounded in H2(RY).

From (5.8))-(5.11) we get, for a proper subsequence that is still denoted by (u.).,
the following convergence results for € — 0:

(5.12) ue —u in H?(RY)),
(5.13) cu. =0 in LA(RY),
(5.14) eVu. — 0 in L*(RY),
(5.15) ue —u in L3 (RY) and a. e. in RV .

Since we know, from Propositionii.), that (u. ). is uniformly bounded in L (RY),
we can choose the subsequence such that

(5.16) Ue —, w in L°(RY)
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for e — 0. We now consider the entropy inequality for the approximating solutions
Ue, 1.€.
(5.17)
[ (@) = cucle) = bluc) (@)l do — ¢ [ Vnfuc(a) - V(o) da
RN RN

wews) [ ] o)

RN {|z|2r}

ue(x 4 2) — ue(x)
|Z‘N+S

p(r)dzdz

wews) [ f n<u5<x>>“’(“z)|f|¥ls VAL g

RN {]z|<r}

+ / be(us(x)) - Vip(x)dz > 0
RN

and it remains to prove that we can pass to the limit with ¢ — 0 in using
- (.16). We would then obtain u € H2(RY) N L>(RY) which satisfies the
entropy inequality and is therefore the desired entropy solution of problem
(Notice that b(u) € LY(RY) follows from Proposition i), and Fatou’s
Lemma).

With the above convergence results, we can calculate

/(f(w) — eug(w) = b(ue(x)))n' (ue(x))p(x) dz — /(f(x) = b(u()))n' (u(x))p(x) dz
RN

RN

for ¢ — 0. Furthermore, we have eV (n(u.(z))) - Vo(z) = eVue(2)n' (ue(x)) - Vip(z)
and from this, we get for the second integral, together with (5.14)), that

E/V(n(ug(az))V@(x) dr —0

RN
for e — 0. For the nonlocal terms we argue as follows: First we get

el 2 ) ) B

for almost all z € RY, 2 € B,.(0)¢ and € — 0. Further calculations show that

n/(us(m))us(x Tzfz;ug(‘x)@(m)' < C|§§f_2|s c LI(RN « BT(O)C),

for a constant C' > 0, not depending on ¢, since (uc). is uniformly bounded in

L>(RY). With Lebesgue’s dominated convergence theorem, we then get

C(N,s) / / n (ue(x)) uel@ Tzflzf; ue (@) o(z)dzdz

RN {|z|2r}

HC’(N,s)/ / n’(U(w))W

BN {|z]>r)

o(z) dzdx
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for € — 0. For the singular part

// (e (o) EEFH =@ = Vo) 2 4

|Z|N+s

RN {|z[<r}
we also get that

i U e e

n(ue(x

for almost all z € RY, 2 € B,.(0) and ¢ — 0. We also notice that |p(x + 2) —
o(z) — V() - 2| < ||D?pl|p<|z|? for all x,z € RN holds. Therefore, the integrand
is dominated by the function

ool 1N
C e X(l<r X (el <rery € L (R™ x B(0)),
for a constant C' > 0, not depending on ¢, where R > 0 is such that supp ¢ C Br(0).
Again, by Lebesgue’s dominated convergence theorem, we get that
z+2)—p(x) —Ve(x) - 2
W(Us(w))SO( ) |f|(1v-)i-e ) dedz
RN {|z|<r}

p(z+2) —p(@) - Vo(r) - 2
— / / n(u(z)) |2|[N+s dedz

RN {|z]<r}

for e — 0. Since, again, (u.). is uniformly bounded in L>(R), there exists ey > 0
such that [Juclleo < % V0 < & < go. Therefore, we have T} /- (u:) = ue V0 < & < &g
and in this case we get

/gzbs(ue(x))Vgo(x) dz = /¢(u5(x))Vgo(m) dz — /d)(u(x))ch(x) dx
N RN N

for ¢ — 0. This follows by applying Lebesgue’s dominated convergence theorem,
since
ue () u(z)
su@) = [ d@F @~ [ e)F (@)= du(w)
0 0

almost everywhere in RY for ¢ — 0 from (5.15)), ¢(u.) is uniformly bounded in
L>(RY) and the integral is taken over the compact support of ¢.
This completes the proof of Theorem

6. APPENDIX

Proof of Proposition[31, i.) Let u € CZ(RY) be such that for all z € RY we
have

(6.1) b(u(z)) + div(F(u(z))) + (—A)2u(z) = f(x).
Since 7 € C?(R) is convex, it holds
n(b) —n(a) = n'(a)(b—a)
for all a,b € R. Let a = u(z) and b = u(z + 2), for z,z € R, then it follows

n(u(z + 2)) = n(u(@)) = Vn(u(z)) - 2 = 7' (w(@)) (u(@ + 2) — u(z) = Vu(z) - 2)



ENTROPY SOLUTIONS OF NONLINEAR FRACTIONAL LAPLACE EQUATIONS 19

and therefore

(6.2)

T @) (A)bu(e) == V) [l L

{lz|>r}
— C(N,s) 7 (ulz)) "

{lz[<r}

dz

(x +2) —u(z) — Vu(z) - =
|Z|N+s

dz

(z +2) — u(x)

>—C(N,s) U/(U(I))u ERE dz

— C(N,s) n(u(z + 2)) — n(u(z)) — Vn(u(x)) - 2 1

o] -

If we multiply equation (6.1)) pointwise with n’(u(x)), for all x € RY, and use
the inequality (6.2)), we get

where we considered the structure of the entropy flux ¢’ = n'F” to get div(¢(u(x))) =
div(F(u(z)))n' (u(z)). If we now multiply this inequality pointwise with ¢(z),

© € D(RY), ¢ > 0, and then integrate with respect to z over RV we get, by
applying the integration-by-parts rule to the divergence term, that

/(f(ﬂf) = b(u(@)))n' (u(@))p(x) + ¢(u(x)) - Vo(x) da

RN
(6.3) +C(N,s) / / n’(u(w))Ww(x) dzdz
RN {|z[>7r}
+ C(N,s) mule +2)) - ngfl(vg?z — Vnlu(z)) - ZSO(I) dzdx > 0.

RN {|z|<r}
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Now we have to transfer the fractional derivative in the last term of the left-
hand side onto the test function ¢. With Taylor’s Formula and Fubini’s The-
orem we get

el 2) Z e ) =S 2 o)
RN {|z|<r}
1

0 BN {|z/<r}

// \i@; /D2<’7(u(w+72>))z~(w(w)z>dx dzdr
0 {|z|<r} RN

/ / ﬁ«&i / V(n(u(z +72))) - (Ve(a) - 2) do | dedr

0 {|z|<r}

// / |]Z:‘;L V(n(u(z + 72))) - 2(Ve(z) - z) dedzdr

0 RN {|z|<r}
__// / uV( (u(z))) - 2(Vo(z + 72) - 2) dedadr
- ELET ’ ’
0 RN {|z|<r}

where we used the substitution of variables (7,x,z) — (7,2 + 72, —z). Inter-
changing the roles of n(u) and ¢ in the last equality and calculating the exact
steps backwards, we then get

n(u(@ +2)) = nul@)) = Vn((@) =

P x) dzdx
BV {|s<r)
_ p(x+2) —p(z) = V() - 2
_/ / n(u(z)) T dzde
BN {|s<r)

and with it the claim.
ii.) Let u be an entropy solution of ([P)). If we first choose n(r) = r Vr € R, then
it follows

[ (@) = but@)ote) + Flute)) - Veloy e+ cvs) [ [ 8 |ZN+S“(x)so<x>dzdx

RN RN {|z|>r}
vews) [ f u()2ET2) = 0@) —Vela) 2 g 45
EREE
RN {|z|<r}
for all o € DRY), » > 0. Analogously, for n(r) = —r Vr € R, we can

show the converse inequality to then get equality. By substituion of variables
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(z,2) — (z + 2z, —2) and Fubini’s Theorem, we also get

/ ule +2) — u(z) p(z)dzdz = / / u(x) plz+z2) = pz) dzdz .

|z|N+s ERED

RN {|z[>r} RN {|z[>r}
With the representation of the fractional Laplacian in (2.2) the claim follows.
O

Proof of Lemmal[5.6 By the divergence theorem of Gau it is well-known that, on
every bounded Lipschitz domain Q C RY, it holds

/ F.(u(x))Va(z) de = 0
Q

for all u € HE(Q). Let (un)n € C(RY) be such that suppu, C B,(0) =: €, for
every n € N and

U, —u in H'(RY).

Therefore, we get

/ F.(u(z))Vu(z)de = lim [ F.(up(z))Vuy(z)dz =0.

n—oo
RN Qn
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