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Abstract. This article is focused on the numerical analysis for three-dimensional Bean’s critical-state model in
type-II superconductivity. We derive hyperbolic mixed variational inequalities of the second kind for the evolution
Maxwell equations with Bean’s constitutive law between the electric field and the current density. On the basis of the
variational inequality in the magnetic induction formulation, a semi-discrete Ritz-Galerkin approximation problem is
rigorously analyzed, and a strong convergence result is proven. Thereafter, we propose a concrete realization of the
Ritz-Galerkin approximation through a mixed finite element method based on edge elements of Nédélec’s first family,
Raviart-Thomas face elements, divergence-free Raviart-Thomas face elements, and piecewise constant elements. As
a final result, we prove error estimates for the proposed mixed finite element method.
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1. Introduction. The physical nature of superconductivity was discovered a century ago by
Heike Kamerlingh Onnes (1853-1926). He observed that the electrical resistance in mercury drops
completely to zero, if the temperature is cooled down below the critical temperature (4.15 K for
mercury). This is the first fundamental property of superconductors, which in particular allows
electric currents to flow in a superconductor without energy dissipation. The second fundamental
nature of superconductivity was discovered by Fritz Walther Meissner (1882-1974). He found out
that, being in the superconducting state at an extremely cold temperature, a superconductor does
not allow any penetration of a weak magnetic field (Meissner effect). Today, superconductivity
makes many new applications and key technologies possible. They include applications in Mag-
netic Resonance Imaging (MRI), magnetic confinement fusion technologies, high-energy particle
accelerators, magnetic levitation technologies, magnetic energy storage, and many more.

Superconductors are classified into two different types. In type-I superconductors, the Meissner
effect occurs under the condition that the temperature is below the critical one T, and the applied
magnetic field is below some critical level H.. Above this threshold, the Meissner effect instantly
breaks down (sharp transition to normal state). Typical examples for type-I superconductors are
pure metals such as aluminium, mercury, and gallium. Type-II superconductors behave completely
differently from the first type. More precisely, they admit two different critical levels H.y < Hqo. If
the applied magnetic field is below the lower critical value H.;, then Meissner effect occurs. If the
magnetic field is stronger than H,.; but weaker than H.,, then the magnetic field partially enters the
material, but the superconducting state is not completely destroyed. This kind of physical state is
called Shubnikov phase or mixed state. Finally, the superconducting state completely breaks down,
if the applied magnetic field is stronger than H.o. Type-II superconductors admit greater critical
temperatures and critical values of magnetic field than those of the first kind. These properties
enable them to preserve their superconducting effects in the presence of a strong magnetic field at
higher temperatures. Examples for type-II superconductors are alloys and oxide ceramic materials.
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Fig. 1.1. Sharp transition to the normal state in typ-I superconductors (left plot) and the mixed state in
type-1I superconductors (right plot).

Being in the mixed state, a type-II superconductor allows partial penetration of the applied
magnetic field in the form of flux tubes. Every tube carries exactly one single magnetic flux quan-
tum and is surrounded by a supercurrent vortex. If we modify the applied magnetic field, then the
density of the flux tubes and the supercurrents will change. This dynamic magnetization process is
not reversible and exhibits hysteresis. A well-known critical-state model describing such a complex
irreversible magnetization process was proposed by Bean [7.[8]. His model postulates a non-smooth
constitutive relation between the electric field and the current density as follows:

(A1) the current density strength cannot exceed some critical value j. € RY;
(A2) the electric field vanishes, if the current density strength is strictly less than j.;
(A3) the electric field is parallel to the current density.

We note that Bean made a simplifying assumption of a constant critical current density j. €
R*, which is physically reasonable in the case of a not so strong magnetic field. According to
experiments, however, the critical current density can depend on the magnetic field j. = j.(|H])
in the case of strong external fields. This physical phenomenon was observed by Kim et. al [21].
We refer to [10] for a comprehensive review on the derivation of the Bean critical state constitutive
relation from different mathematical models, including Ginzburg-Landau and London equations.
See also |11L{12] for mathematical and numerical results on Ginzburg-Landau equations.

Let © C R? be a bounded Lipschitz domain and let €. be an open set satisfying Q. C Q.
Here, the subset (. represents a type-II superconductor. Assuming that the temperature of the
superconductor €. is below the critical one, the evolution of the electromagnetic waves in €2 is
described by the Maxwell equations

eEy —curlH+J=f inQx(0,T),
puH; +curlE =0 in Q x (0,7,

(1.1a) Exn=0 on 00 x (0,T),
E(,O) = EO in Q,

H(-,0) = H, in Q,

along with the Bean constitutive law (A1)-(A3) for the electric field and the current density:

(1.1b) { J(z,t) - E(x,t) = g(z)|E(z,t)] ae. inQx(0,T),

|J (z, )] < g(x) a.e. in Q x (0,7).

In the setting of (L.1a)), E : Q x (0,T) — R? denotes the electric field, H : Q x (0,T) — R? the
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magnetic field, J :  x (0,7) — R? the current density, f : Q x (0,7) — R? applied current source,
and Eq, Hy : Q — R? the initial electric and magnetic fields. Furthermore, the scalar functions
€ 1 : © — R stand for the electric permittivity and the magnetic permeability, respectively. They
are of class L*(£2) and satisfy

e<e(r)<e ae inQ and p<pu(r)<pE ae inQ,

for some constants 0 < ¢ < € and 0 < p < 71. Moreover, the scalar function g :  — R is assumed
to be of class L>°(Q2) and nonnegative. In the context of Bean’s critical-state model, it is given by

9(x) = jeXq,, (2)

where j. € R is the critical current density of the type-II superconductor 2., and Xq,. denotes
the characteristic function of €.

If the displacement current eE, is significantly smaller in comparison with —curl H + J, then
Maxwell’s equations can be approximated by neglecting eE;. This approximation is called
eddy current approximation (see |1]), which leads to a magnetic field formulation in form of a
parabolic variational inequality of the first kind. Prizhogin |25,26] was the first, who introduced
and analyzed this formulation. The finite element analysis in a 2D setting was investigated in [14].
Some years later, Elliott and Kashima [13] investigated the numerical analysis of the associated
3D parabolic variational inequality, where the finite element approximations of the extended Bean
model by Bossavit 9] and the E-J power law were analyzed. In the case of a nonlinear critical
current density j. = j.(|H]|), the eddy current approximation of leads to a parabolic quasi-
variational inequality. Barrett and Prigozhin [4] analyzed the associated parabolic quasi-variational
inequality problem in a scalar 2D setting and its dual formulation. Recently, they |6] introduced a
nonconforming finite element method. They proved the convergence of their nonconforming method
and illustrated its efficiency numerically. See also [5] concerning the mathematical and numerical
analysis for a mixed formulation of a thin film magnetization problem in type-II superconductivity.

All the previously mentioned contributions are devoted to the eddy current approximation,
which simplifies the Maxwell equations by eliminating the displacement current eE;. How-
ever, in many important physical phenomena such as high-frequency physics including radio fre-
quency and microwave physics, the displacement current e E; is of significance and in general cannot
be neglected. Jochmann [18,[19] was the first, who introduced and proved its existence and
uniqueness of solutions. In [20], he extended the existence and uniqueness result to the nonlinear
case j. = j.(|H|). The optimization of has also been recently analyzed in [29] (see also [2728]).

This article is focused on the numerical analysis for . To the best of the author’s knowledge,
there is no earlier contribution to the numerical analysis of . In this article, we introduce a
hyperbolic mixed variational inequality of the second kind and prove the equivalence between the
proposed variational inequality and the non-smooth Maxwell system . In particular, we derive
a hyperbolic mixed variational inequality in the magnetic induction formulation, which serves as
the key tool for our numerical analysis. Based on this formulation, a semi-discrete Ritz-Galerkin
approximation is proposed and rigorously analyzed. We prove a strong convergence result through
the use of a discrete mixed variational problem and the Hilbert projection theorem applied to the
range of the rotation operator acting on a curl-conforming finite-dimensional subspace. Hereafter,
we discuss a concrete realization of the Ritz-Galerkin approximation through mixed finite elements,
including edge elements of Nédélec’s first family, Raviart-Thomas face elements, divergence-free
Raviart-Thomas face elements, and piecewise constant elements. For the proposed mixed finite
element method, we are able to prove error estimates yielding a convergence rate of the method.
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2. Preliminaries. Throughout this paper, ¢ denotes a generic positive constant that can take
different values on different occasions. For a given Hilbert space V, we use the notation || - ||y
and (-,-)y for the norm and the scalar product in V. Furthermore, a bold typeface is employed to
indicate a three-dimensional vector function or a Hilbert space of three-dimensional vector functions.
Our main Hilbert spaces are

H(curl) := {g € L*(Q) | curlg € L*(?)} and H(div) = {q € L*(Q) | divg € L*(Q)},

where the curl- and div-operators are understood in the sense of distributions. As usual, C5°(Q)
stands for the space of all infinitely differentiable vector functions with compact support contained in
). We denote the closure of Cg°(€2) with respect to the H (curl)-topology and the H (div)-topology,

Il £ (curny 11l £ (aivy

respectively, by Hg(curl) := C;° () and H(div) := C77(2) . Furthermore,

H(div=0) := {q € L*(Q) | (¢, V¢)r2(0) =0, Vo€ H'(Q)}.

Finally, for every positive function a € L>(f2), we use the notation L2 () for the weighted L*(Q2)-
space endowed with the weighted scalar product (-, -)r2(q)-

The existence of unique mild and strong solutions to the hyperbolic system (1.1) has been
proved by Jochmann in |18, Theorem 1] and |19, Lemma 4.3]. We summarize the existence and
uniqueness result for the strong solution in the following lemma:

LEMMA 2.1. Let f € WH°((0,T), L*(Q)) and (Eo, Hy) € Ho(curl) x H(curl). Then, there
exist a unique pair (E, H) € L>=((0,T), Ho(curl) x H(curl)) nW1H>((0,T), L?(Q) x Li(Q)) and
a unique J € L>=((0,T), L (Q)) satisfying (1.1b) and

€%E(t) —curl H(t) + J(t) = £(t) for a.e. t€ (0,T),
(2.1) M%H(t) +curlE(t) =0 for a.e. t € (0,T),

(E,H)(0) = (Eo, Hy).

In other words, (E, H,J) is the strong solution of (1.1)).

3. Hyperbolic Variational Inequalitites. We start by introducing the functional
L@ SR plo) = [ a@l)]de

Since g € L>(Q) is nonnegative, ¢ defines a seminorm on L*(Q). Taking the functional ¢ into
account, we introduce a hyperbolic mixed variational inequality of the second kind and prove the
equivalence between (|1.1) and the proposed variational inequality.
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THEOREM 3.1. Let £ € Wh*°((0,T), L*(Q)) and (Eo, Hy) € Ho(curl) x H(curl). Then, the
hyperbolic mized variational inequality

/QE%E@) (v — E(t)) + M%H(t) (w— H(t) da

+ /Q curl E(t) - (w — H(t)) — H(t) - curl (v — E(t)) dz + ¢(v) — p(E(t))

> [0 (v~ B() o

Q
for a.e. t € (0,T) and all (v, w) € Ho(curl) x L*(Q),
(E,H)(0) = (Eo, Ho)
admits a unique solution (E, H) € L>®((0,T), Ho(curl) x H (curl))nW1>((0,T), L*(Q) xLi(Q))
The unique solution of (3.1) is exactly the strong solution of (L1.1)).

Proof. Uniqueness: Inserting (v,w) = 0 and (v, w) = (2E(t),2H (t)) in (3.1), it follows that
every solution (E, H) € L*=((0,T), Ho(curl) x H(curl)) N W'>°((0,T), L?(Q) x L2,(Q)) of (31)
satisfies

/Qe%E(t) E(®) +M%H(t) CH () do + o(B(t)) = /Qf(t) E(t)dz for ae. L€ (0,7T),

such that every solution of (3.1) satisfies

d d
/QG%E(t)-v—FuaH(tywdx—k/ﬂ

curl E(t) -w — H(t) - curlvdz + p(v) > / f(t) - vdx
Q

for a.e. t € (0,7T) and all (v,w) € Ho(curl) x L*(Q).
Suppose now that (E', H"), (E*, H*) € L>°((0,T), Ho(curl) x H(curl)) N W"*((0,T), L*(Q) x
Li(Q)) are solutions to (3.1)). Then, the difference (e, h) := (E' — E*, H' — H?) fulfils

d d
/ e—e(t) v+ pu—h(t) wdr+ / curle(t) - w — h(t) - curlvdx > 0
o Cdt dt o

for a.e. t € (0,7T) and all (v,w) € Ho(curl) x L*(Q).

Setting (v, w) = —(e(t), h(t)) in (3.2]) results in
1d

d d 1d
0> / e—e(t)-e(t) +p—h(t) h(t)de = f—||e(t)||%2(ﬂ) + = —|h(®)|32 (o forae te(0,T).
Q dt : 2 dt "

(3.2)

dt 2dt

In view of this inequality and e(0) = h(0) = 0, it follows that (3.1) has at most only one solution.
Existence: Lemma[2.1)implies the existence of a unique (E, H) € L>((0,T), Ho(curl) x H(curl))N
Wheo((0,T), L3(Q) x LZ(Q)) and a unique J € L*°((0,7),L>(Q)) satisfying (L.1b)) and (2.1).
Multiplying the first equality in (2.1]) by v — E(t), with v € Hy(curl), and the second equality in
1) by w — H(t), with w € L*(Q), and then integrating the resulting equalities over €2, we obtain

-/QG%E(t) (v —E(t)) dx — /chrlH(t) (v —E(t)) dx

(3.3) +/QJ(t) (v — E(t)) dz = /Qf(t) (v — E(t)) dz,

/Qu%H(t) ~(w—H(t)) dzx +/chrlE(t) (w—H(t)) de =0,
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for a.e. t € (0,T"). Then, applying

(3.4) / curlz - vdx = / z-curlvdz, V(v,z)€ Hy(curl) x H(curl),
Q Q

to the first equality in (3.3]), and adding the resulting equality to the second equality in (3.3]), it
follows that

/QE%E(t) (v—E(t))+ M%H(t) (w—H(t)) dx —l—/chrlE(t) (w— H(t))

(3.5) _H(t) - curl (v — E(t)) do + /

J(@) (v—Et)) dx = / £(t) - (v— E(@)) dz
) Q
for a.e. t € (0,7) and all (v,w) € Ho(curl) x L*(Q).

On the other hand, in view of 7 we have that
/ J(#)- (v — B(t)) do = / J(#) - vda — / g\ E(t)| dz
Q Q Q
< [ alolds— [ B0 dr = o(0) = o(B).

Applying this inequality to , we conclude that (E,H) € L*°((0,T), Hy(curl) x H(curl)) N
Wheo((0,T), L?(Q) x Li(Q)) satisfies (3.1]). This completes the proof. |

COROLLARY 3.2. Let f € WH((0,T),L*(Q)) and (Eo, Hy) € Ho(curl) x H(curl) satisfy-
ing uHy € Ho(div=0). Then, the unique solution (E, H) € L>((0,T), Hy(curl) x H(curl)) N
Wheo((0,T), L2(Q) x Li(Q)) of the variational inequality satisfies

M%H(t) € Hy(div=0) for a.e. t € (0,T) and pH(t) € Hy(div=0) for allt € [0,T].
Proof. Setting (v,w) = (E(t),H(t) £ V¢) in with ¢ € H1(Q) yields that

(3.6) / N%H(t) -Vodz —|—/ curl E(t) - Vodr =0 forae. t € (0,T) and all ¢ € H' (),
Q Q

=0
where we have also used (3.4) and curlV = 0 to deduce that / curl E(t) - Vodx = 0 for a.e.
Q

€ (0,T). Consequently, M%H(t) € H(div=0) holds for a.e. ¢t € (0,T). Furthermore, integrating
(3.6) over the time interval [0, 7], with 7 € [0, T], implies that

O:/,uH(T)~V¢d:E—/uH0~V¢da?:/,uH(T)~V¢dx, Yo € HY(Q), VY7 el0,T],
Q Q Q

since pH o € H(div=0). In conclusion, uH (1) € Hy(div=0) holds for all 7 € [0, T']. This completes
the proof. 0

We close this section by presenting a variational inequality for in the magnetic induction
formulation, which is the key basis for our numerical analysis. For the upcoming result, we shall
make use of the space

R(Q) := pH (curl) N Hy(div=0).
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THEOREM 3.3. Let f € Wh>°((0,T), L*(Q)) and (Eo, By) € Ho(curl) x R(Q). Then, the
hyperbolic mixzed variational inequality

/Qe%E(t) (v — E(t)) + u‘l%B(t) (w— B(t)) do

+/Qu*1 (curlE(t) -(w— B(t)) — B(t) - curl (v — E(t))> dx

o) — o(E(D) > / £t)- (v — B(t)) da

for a.e. t € (0,T) and all (v,w) € Ho(curl) x L*(Q),
(E, B)(0) = (Eo, Bo)

admits a unique solution (E, B) € L=((0,T), Hy(curl)x R(Q))NW1>°((0,T), L?(Q) x H(div=0)).
The unique solution E of with H := u~'B is exactly the unique solution of .

Proof. By assumption, we have that H := u~'Bg € H(curl), and so (Eq, Hy) € Ho(curl) x
H (curl) such that, according to Theorem the variational inequality admits a unique
solution (E, H) € L>*((0,T), Ho(curl) x H(curl)) nWh>°((0,T), L3(Q) x L, (Q)). We set B :=
wH . Since pHy = By € H((div=0), Corollary implies that

B = puH € L>((0,T), R(Q)) nW>((0,T), Hy(div=0)).

On the other hand, by virtue of (3.1), (E, B) = (E, nH) satisfies

/ eiE(t) (v—E(t))+ %B(t) (w—p'B()) dz +/ curl E(t) - (w — p ' B(t))
(3.7) @ @

— W UB() - curl (v - E(1)) da + p(v) — ¢(E(1)) > /Q £(t) - (v — B(1)) da,

for a.e. t € (0,7) and all (v,w) € Hy(curl) x L*(Q). Therefore, setting @ = p~'w, with
w € L*(Q), in (3.7) implies that (E, B) is a solution of (VI). On the other hand, by a similar
transformation, every solution of satisfies (3.1)) with H = uB. Therefore, the assertion follows.

a0

4. Semi-Discrete Ritz-Galerkin Approximation. Let V), ¢ Hy(curl) and W), € L*(Q)
be two families of finite-dimensional subspaces, depending on parameters h > 0. They are assumed
to satisfy the following two conditions:

(A1) The family V, C Ho(curl) is dense:
Vv € Hy(curl) V6 >0 Jh > 0Vh e (O,E) Jvp, € Vit o, — UHH(curl) <.
(A2) The inclusion curl V), C W, is satisfied for all h > 0.

Let us underline that, in contrast to (A1), the family W, c L?(Q) is not necessarily dense.
From now on, let (Eq, Bo) € Ho(curl) x R(Q2) and f € W>°((0,T), L*(Q)). Then, we formulate
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the semi-discrete Ritz-Galerkin approximation for as follows: Given a proper approximation
(EOh,BQh) € Vh X Wh of (E(),_Bo)7 find (Eh,Bh) S ]71((0,71)7 Vh X Wh) such that

/QG%E}L@) . (’Uh — Eh(t)) +,u71%Bh(t) . (wh — Bh(t)) dx
—|—/Qu_1 (curlEh(t) - (wp, — By(t)) — By(t) - curl (v, — Eh(t))> dx

+ (vn) — @(En(t)) > /Q £(t) - (vn — En(t)) do

for a.e. t € (0,T) and all (v,w) € Vi, x Wy,
(E, B)(0) = (Eon, Bon)-

Let {'z,bil}j\’:hl C V5, and {77%}]4]\4:’”1 C W, denote bases for V', and W, respectively. Then, for every

(vp, wp) € Vi, x W, there exists a unique vector y = (Z) € RN»+tMn guch that
Np, ) My, )

(4.1) vy = Zvﬂ/z% and wy = ijnib.
j=1 j=1

Making use of the bases, we introduce the matrices

MZ&) — </Q 6110;1 ,l,bil dsc) c RNhXNh,7 MZH) — (/Q M*lnz T";L dl‘) c RMhXMh,
KEL") = (/ u_lnz . curl’t/)fl dx) e RMnxNn
and
T €
h h

as well as the following function:

Np, Np,
(4.3) on RN R o) =0 [ ol | = /Qg(l‘)ZvM(w) da.
j=1 j=1

Now, by the representation through the bases (4.1) and making use of the matrices (4.2]) and the
function (4.3]), we see that (VI) is equivalent to the following evolution variational inequality on
RNwtMi: Find y € H((0,T), RN»+Mn) such that

(0= v M GO + K)o+ onlo) = enlo)

RNn+Mp
(4.4) > (v —y(t),2(t)) g+,
for all v € RMTMhand a.e. t € (0,T),
y(0) = wo,
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gg) € RN»+Mr g the unique vector satisfying Eg;, = Zjvz"l EOJ&/J{L and By, =

By, 775 Moreover, the function 2z € W1>°((0,T), RN»+Mn) is defined by

where yy = (

My,
j=1

Zj(lf) :/f(lf)’(/ﬂldl’, VjE{l,...7Nh}, Zj(t) =0, VjE{Nh+17...7Nh+Mh}.
Q

By a classical result (see e.g. |3, Theorem 4.1, p. 124]), admits a unique solution y €
Whee((0,T),RN»+Mn)  In all what follows, for every h > 0, let (Ejy, By,) € WH*°((0,T),V, x
W),) denote the unique solution of the Ritz-Galerkin approximation (VI), and let (E,B) €
L>((0,T), Ho(curl) x R(Q)) N WH=((0,T), L?(Q) x Ho(div=0)) denote the unique solution of
. Note that, possibly after a modification on a set of [0, 7] with measure zero, they also satisfy

(E,B) € C([0,T], L(Q) x Ho(div=0)) and (Ey, By) € C([0,T],V} x W},).

In the upcoming lemmata, we analyze the structural property of the solution to (V1)) and its
stability. These results will be important for the convergence and error analysis of (VI).
LEMMA 4.1. For a.e. t € (0,T) and all h > 0, it holds that

(4.5) %Bh(t) = —curl E(¢), %B(t) = —curl E(t).

Proof. Let h > 0. Setting (vp, wp) = 0 and (vp, wp) = (2ER(t),2Bx(t)) in (V1) implies

(4.6) /Q e%Eh(t)Eh(t)Jru’l%Bh(t)Bh(t)dm+g@(Eh(t)): /Q £(t)-En(t) dz for a.e. t € (0,T).

Then, applying (4.6) to (VI|), we see that (Ey, By,) satisfies

d d
7E . 17B *
€ 7 R(t) -vp+p : n(t) - wp dx

(4.7 + /Q ot (curl E(t) - wy — Bp(t) - curl’vh) dz + ¢(vp)

> / f(t) - vpdx for ae. t € (0,T) and all (vp, wy) € Vi, x W,
Q
As curl V), € Wy, we may now set vj, = 0 and wy, = —(4 B, (t) + curl Ej,(¢)) in to get

d d
/ ,ufl\th(t) +curl E,(t))Pdz <0 = %Bh(t) = —curl E;(t) forae. t€ (0,7).
Q
Analogously, by setting (v, w) = 0 and (v, w) = (2E(t),2B(t)) in (VI), we infer that the solution
(E,B) of satisfies

/ eiE(t) ‘v 4+ ,u_liB(t) ~wdr + / pt (curlE(t) -w — B(t) - curl’v) dx

Q dt dt 0

(4.8)

+o(v) > / f(t) -vdz for a.e. t € (0,T) and all (v, w) € Hoy(curl) x L*(Q).
Q
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Setting v = 0 and w = — (% B(t) + curl E(t)) in (4.8), we get

d

dtB< )= —curl E(t) fora.e. te (0,T).

In conclusion, the assertion is valid. 0
LEMMA 4.2. For every h > 0, the solution (Ey, By) of (V1) satisfies the estimate

I(En: Br)lleqo.r,2@xr2,, ) <I(Eon, Bon)

+ 25_1/2(||f||L1((o,T),L2(Q)) +Tgllz2())-

2(Q)x L2, ()

In particular, if {(Eon, Bon)}nso C L*(Q) x Ll/u(ﬂ) is bounded, then {(Ep, Bp)}hso is bounded
in C([0,T], LZ(9) x L), (2)).
Proof. Let h > 0. Integrating (4.6)) over the time interval [0, 7] with 7 € [0, 7] yields

1

< H(EOh7BOh)||L2(Q x£2, (@) T HEh||C([O,T],L2(Q))(”fHLl((O,T),Lz(Q)) +Tllgllz2))

N =

—1/2
< ||(EhaBh)”cqo,T],Lg(Q)xL (Q))( [ (Eon, Bon)|lL2 (0 2, (@) T € P8l L1 o,my,20) + Tllall 2 )

Since the above inequality holds for all 7 € [0, T], we come to the conclusion that

1
S (B Br)lleo.ry2@)x£2,, @) <*||(EOh,BOh)HL2 QxL2,,(9)
Y28l L1 o.my. 20 + Tllgllzz(y)-
This completes the proof. 0

4.1. Convergence Analysis. Our goal now is to prove the convergence of the solution of
(V1) towards the one of as h — 0. In all what follows, we endow the Hilbert space Ho(div=0)
with the weighted scalar product (u~*-,-) L2(q), and we define the following subspace:

(curl V)" := {g € Ho(div=0) | (1 g, curlvy)pz2iq) =0, Yo, € V).
As curl V7, is a closed subspace of H(div=0), the Hilbert projection theorem implies that
(4.9) H(div=0) = curl V}, @ (curl V,)*

In other words, for every y € H(div=0), there exists a unique pair (v, ¥) € Vj x (curl Vh)l
such that y = curlvy, + y. We denote the Hilbert projection operator associated with (4.9)) by

p: Ho(div=0) — curl V.
Accordingly, the Hilbert projection operator II, : Ho(div=0) — curl V', satisfies

(4.10) (' (Ipy — y), curl vn)p2) =0, Vy € Ho(div=0), Vv, € V.
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LEMMA 4.3. Assume that the domain ) is additionally simply connected. Then, the Hilbert
projection operator I}, : Ho(div=0) — curl V', satisfies

lim [[TIny — Yllzz, (@ =0, Vy € Ho(div=0).

Proof. Let y € Ho(div=0). According to definition and (4.10), it holds that
2 _ 2 — 2,
9% @ = Il o+ Iy~ Tyl o ¥h>0,

from which it follows that HthHL?/ @ < ||y||L§/ (o) for all b > 0. Therefore, we can find a

y € Hy(div=0) and a null sequence {h,}52; of positive real numbers such that
(4.11) I,y =y weakly in Ho(div=0) asn — oo.

Since (2 is simply connected, it holds that
H(div=0) = curl (Ho(curl) N H(div—O)).

See, e.g., |15, Theorem 36(2), p. 48]. Therefore, there exist v,v € Hy(curl) N H(div=0) such that
(4.12) curlv =y and curlv=y.

Since the family V', C Hy(curl) is dense (see (Al)), we can find a subsequence of the null sequence
{hn}22, which we denote again by {h,}52,, so that there exists {v, }52, satisfying vy, € V.,
for all n € N, and

(4.13) vp, — 0 —v strongly in Ho(curl) asn — oo.

Next, by virtue of ([£.10), it holds for all n € N that (u~'(IIy,y — y),curlwvy,, )20y = 0. Then,
passing to the limit n — oo, (4.11)) and (4.13)) yield

(p (g — y), curlw — curl V)2 =0 = y=uy.
()

Since the weak limit ¥ = y is independent of the sequence {h,,}°2 ;, a classical argument implies
that (4.11) is satisfied for the whole sequence, i..e,

(4.14) IIyy —~y weakly in Ho(div=0) as h — 0.
On the other hand, we have

(4.15)  [Tayllzz, (o) = (4 Ty, Thy) (™'Y Ty 20y = ("9 W)z = 19122, ),

L) =
{2.10)

as h — 0. Now, the assertion follows form (4.14])-(4.15]). d

ASSUMPTION 4.4. For every h > 0, there exists a linear bounded operator ®, : Hy(curl) — V',
satisfying

(4.16) (p 'curl @y, curlvy)p2(g) = (uflcurly,curlvh)y(m Vv, € Vy, Vy e Hy(curl),
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and

(4.17) }ILILI%) [®ry — yllrzi) =0 Yy € Ho(curl).

Furthermore, there exists a constant ¢ > 0, independent of h and y, such that

(4.18) [®ny|

2@ < ClYlla(cury YR >0, Vye€ Ho(curl).

REMARK 4.5. Assumption[].4] can be realised through the solution operator of a mized discrete
variational problem, which we will discuss in Section 5.
LEMMA 4.6. Under Assumption[{.4), it holds that

d
(4.19) HhﬁB(t) = —curl (®,E(t))
for a.e. t € (0,T) and all h > 0.
Proof. Since the solution of satisfies B(t) € Ho(div=0) for all t € [0,7] and £ B(t) €
H(div=0) for a.e. t € (0,T), the property (4.10]) implies

(4.20) (p~ " (I1,B(t) — B(t)),curlvy)p2q) =0 for all t € [0,T] and all v, € Vi,
(4.21) (ﬂ_l (thB(t) — dB(t)) ,curlvh> =0 fora.e. te€(0,7)and all vy € V.
dt dt Lz(Q)

On the other hand, Lemma implies

0 = (Mfl(%B(t) + curl E(t)), curlvy,)

= (n? (Hh%B(t) + curl (®,E(t))), curlvy,)

ECEz

Consequently, as II;, £ B(t) and curl (&, E(t)) belong to curl V), for a.e. t € (0,7, it follows that
I, £ B(t) = —curl (&, E(t)) for a.e. t € (0,T). d
THEOREM 4.7. Let Assumption[{.4) be satisfied. Then,

L*(Q)

L2(9) for a.e. t € (0,7T) and all vy, € V.

IE(r) = En(7)ll72() + |1 B(7) — Bh(T)”if/“(Q) < Bo — Eonllzz2() + |1 Bo — BOh”if/“(Q)

y d d

2/ E%Eh(t) (®LE(t) — E(t)) + p ' By(t) - (thtB(t) _ dtB(t)>
0Q

+g|®LE(t) — E(t)|+f(t) - (E(t) — ®,E(t)) dxdt
holds for all 7 € [0,T] and all h > 0.
Proof. Setting (vp,wp) = (21E(t),0) in (V1)) implies

[ B0 B0 ~ Bu(0) ~ 1 B0 But)da — [ 5T Bu() - curl 8, B0 da

+ o(BLE() — p(En(t)) > /Qf(t) (BLE(t) — En(t)) dz for ace. t € (0,T).
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Similarly, inserting (v, w) = (Ep(t), By (t)) in yields
/ E(t)- (En(t)— E)+ u_l%B(t) - (Bi(t) — B(t)) dx
/ w (curlE( )- Bp(t) — B(t) -curlEh(t)> dx
Q
+o(En(t)) — p(E(t)) > /Qf(t) - (En(t) — E(t)) dv for a.e. t € (0,T).

Then, using the fact that Bh = —curl F}, and B = —curlF (Lemma as well as ITj, %B =
—curl (®,E) (Lemma , we obtain by adding the above two inequalities that

/QE%Eh(t) (PRE(t) — Exp(t)) — u~ thh( t)- Bu(t) + MilBh(t) 'thtB(t)
+ 6% (t)- (En(t) — E(t)) + u‘l%B(t) (By(t) — B(t)) — p "By (t) - %B(t)

T B0 BlO) + g @0 B )|~ 9B ds > [ £0)- (®,E(0) - B®) dr,
Q

for a.e. t € (0,7, from which it follows that

3510 — B0z + 5 51 BO - BuOly ) < [ <GB0 (@15(0) - B()
7 Bult) (I 5 B0 - £B0)) +d@4B(0) - BO|+10) - (B() - 8,B(0) ds.

Integrating this inequality over the time interval [0, 7] with 7 € [0, T'], we conclude that the assertion
is valid. O
With Lemma [£.2] Lemma [£.3] and Theorem [£.7) at hand, we are able to prove a strong conver-
gence result for the Ritz-Galerkin approximation .
THEOREM 4.8. Assume that Q is additionally simply connected and let Assumption [£.7] be
satisfied. Furthermore, suppose that

(4.22) lim [[Eon — Eollz () = lim |Bon — Bollr2, (o) = 0-
If E € WH1((0,T), Ho(curl)) or {%Eh}h>0 is bounded in L'*0((0,T), L?(Q)) for § > 0, then

lin [ By (1) ~ B()llg2@) =0 end i [By(t) ~ B(t)zz, @ =0 Vi€ 0,7,

Proof. Thanks to B € W%>((0,T), H(div=0)), applying Lemma along with Lebesgue’s
dominated convergence theorem and Lemma [£.2] we obtain that

(4.23) %%//th(t). (Hh;tB(t) - (th(t)) da dt = 0.
0Q
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Similarly, by (4.17)—(4.18) and E € L>°((0,T), Ho(curl)), Lebesgue’s dominated convergence the-

orem implies
(4.24) lim | @4 E — El|r(0.1),22(0)) =0, VP € [1,00).

1. Case: Suppose that E € W11((0,7T), Hy(curl)) < C([0,T], Ho(curl)). Then, for all 7 € [0, T]
and all h > 0, integration by parts implies

T

(4.25) OlzeiEh() (1 B(E) - B(0)) dudt = //EEh ( jE() th()> dx dt

+/Q€Eh(7') . (q)hE(T) - E(T)) dx — /Q EEOh . (‘ﬁhEo — Eo) dx.

Therefore, emplyoing again (4.17)—(4.18]), Lebesgue’s dominated convergence theorem and Lemma
we obtain that

(4.26) }lLin% //e—Eh (®LE(t)— E(t)) dedt =0 V7 €10,T].
—
In conclusion, applying (4.22] - to Theorem - 4.7 yields the desired convergence.
2. Case: Suppose that {3 Eh}h>o is bounded in LT%((0,T), L?(2)) for some # > 0. In this case,
applying (4.22] - ) to Theorem - 4.7] immediately leads to the desired convergence. ]

5. Mixed Finite Element Method. Throughout this section, €2 is assumed to be a simply
connected Lipschitz polyhedral domain with a connected boundary 092. We consider a family
{Tr}n>0 of simplicial triangulations 7, = {T'} consisting of tetrahedra T such that

a=Jr

TeTh

For each element T' € Ty, hr denotes the diameter of T', and pr stands for the diameter of the
largest ball contained in 7. The maximal diameter of all elements is denoted by h, i.e., h :=
max{hy | T € Ty }. Finally, we suppose that there exist two positive constants ¢ and ¢ such that

h h

-z <p and — <9

pr hr

hold for all elements T € T;, and all h > 0. We choose the space of lowest order edge elements of
Nédélec’s first family [24] for the finite-dimensional subspace V', C Hy(curl), i.e., we set

(5.1) Vi ={v), € Hy(curl) | vy 7 = ar + by x 2 with ar,br € R®, VT € T, }.

On the other hand, there are three possibilities for the choice of the subspace Wy,:

(52&) W, = {wh S L2(Q) | Wp T = ar with ar € RS, VT € 771},
(5.2b) W, = {wy, € Ho(div) | wyp = ar + by - x with ap, by € R®, VT € T, },
(5.2¢) W, =curlVy,.
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We remark that is the space of piecewise constant elements. The second one is the
space of Raviart-Thomas face elements (cf. [15]), whereas (5.2c) is the divergence-free Raviart-
Thomas finite element space. Note that curl V;, contains all piecewise constant divergence-free
elements, which is a closed subspace of the Raviart-Thomas finite element space (see |23 p. 150]).
For this reason, the choices for W, and V', satisty the assumptions (A1)-(A2) (see p. |[7). We note
that, in the context of linear time-domain Maxwell’s equations, the use of the finite element spaces
V', and (5.2b)) for W), was proposed in [22|. Let us now construct ®, : Hy(curl) — V, from
Assumpt (see p. . To this aim, we introduce the bilinear forms

a: Hy(curl) x Hy(curl) — R, a(y,v) := (u *curly, curl V) L2(0),
b: Hoy(curl) x Hy(Q) — R, by, ¥) = (¥, V)20,

and let ©j, denote the space of piecewise linear elements with vanishing traces:
On = {on € Hy(Q) | ¢njr = ar - x + by with ar € R?, by € R, VT € Ty, }.

We define the linear and bounded operator ®; : Hy(curl) — V), as follows: For every y €
H(curl), let ®,y := y,, denote the unique solution of the discrete variational mixed problem

(5.3) b(yns n) = bly,vn), Vo € O

Note that the theory of mixed problems (see [23, Theorem 2.45]; cf. [17]) implies that (5.3) admits
a unique solution y, = ®,y € V), satisfying

{a(yhvvh) = a(y,’l)h), V'Uh S Vha

(5.4) [®ry — y”H(curl) <c ( inf |y — Xh||H(curl)> , Vh >0,
Xn€EVh

with a constant ¢ > 0, independent of h and y. In particular, (5.4]) yields
}LIE)% Hq,hy - yHH(curl) =0, Vy S Ho(CuI'l),
H(I)hyHH(curl) < (C+ 1)||yHH(Cul‘l)7 Vh > 07 Vy € HO(CUI‘I).

In conclusion, Assumption is satisfied for @, : Ho(curl) — V', and so our convergence result
(Theorem is applicable for (5.1))-(5.2).

5.1. Error Estimates. We close this paper by proving error estimates for the proposed mixed
finite element method. First of all, we recall classical error estimates for the curl-conforming Nédélec
interpolant A}, and the divergence-conforming Raviart-Thomas interpolant ), (see [23, Section 5]).

LEMMA 5.1 (Theorem 5.25, Theorem 5.41, and Remark 5.42 in [23]). Let s € (1/2,1]. There
exists a constant ¢ > 0, independent of h and y, such that

(55) ||y - Nhy”H(curl) < ChSHyHHS(curl)v Vy € H‘S(curl), Vh > 0,
(5.6) ly =7 nyliez) < P’llYllae@),  Vye HY(Q), VYh>0,

where H(curl) := {y € H*(Q) N Hy(curl) | curly € H*(Q)}.
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The following auxiliary result is also well known, which follows from the above lemma and the
embedding result Hg(curl) N H (div=0) < H*(Q) for some & > % (see |2, Proposition 3.7]).
LEMMA 5.2. Let s € (1/2,1]. There exists a constant ¢ > 0, independent of h and y, such that

1y = IyllLz, @) < ch®llyllae @),

for ally € Hy(div=0) N H*(Q) and all h > 0.
Now, we have all the ingredients at hand to prove an a priori error estimate for (5.1)-(5.2).
ASSUMPTION 5.3. There exists an s € (1/2,1] such that Eq € H{(curl) and the solution
(E,B) of satisfies the following additional regularity property:

E cwWh"'((0,T), H(curl)).

THEOREM 5.4. Let V', be as in (5.1) and W, be given either by (5.2a), (5.2b)), or (5.2d)).
Suppose that Assumption is satisfied with s € (1/2,1]. Furthermore, there is a constant ¢ > 0,
independent of h, such that

(5.7) [ Eon — EollZ2(0) + [ Bon — Bo\|2L§/“(Q) <ch®, Vh>0.

Then, there exists a constant ¢ > 0, independent of h and t, such that
IEn(t) = E(t)| 720 + IBa(t) — B(t)H%f/“(Q) < ch?,

for all h >0 and all t € [0,T].
Proof. Let h > 0 and t € [0,7]. Applying the integration by parts formula (4.25) as well as
(5.7) and Lemma to Theorem we find a constant ¢ > 0, independent of h and ¢, such that

! d d
2 2 s
IE(t) = En(t)lz2(q) + 1B(t) — Bh(t)HLf/“(Q) < C(h +/o ||‘1’h%E(T) - aE(T)”Lf(Q)

d d
HIGB) - TG Bz, 0y dr + [#1B(0) = BOlzzo) + 2180 - Bz ).

s td
<ch (1 +/O I Bl g curn + leurl E(7)|| s (o) dr + ||E(t)||H3(curl)>v

where we have used %B = curl E and the error estimate results for ®;, and II; (Lemmas
and ) to deduce the last inequality. In conclusion, the assertion is valid. O

REMARK 5.5. A fully discrete approximation of is obtained for instance by employing the
implicit Euler method in . More precisely, introducing the time step At = %, with N € N,
we consider an equidistant partition of the interval [0,T] as follows 0 = t; < t2 < ... <ty =T,
where t, = nAt for alln = 0,...,N. Then, applying the implicit backward Euler method to the

semi-discrete Ritz-Galerkin approzimation (VI)), we arrive at the following fully discrete scheme:

Z_ 271 n —1 ]Tll_ 271 n
Ei= By BN+ BB (4, - B d
/Qe ; (vn n) + ; (wp, n) dz

+/ " (curl E}, - (wn — By) — By, - curl (vy, — E})) da
(VIn,ae) Q

+o(vn) — o(ED) > /Qf(nAt) (on — E}) do W(v,w) € Vi x W,

n=1,...,N, (EY, BY) = (Eon, Bop).
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Our future goal is to examine the fully discrete finite element approximations of such as
(V1 Ad). While various implicit and explicit fully discrete schemata are available for parabolic
H*(Q)-type variational inequalities (see e.g. [10]), we are only aware of the work by Elliott and
Kashima [(13] on the fully discrete numerical analysis for a parabolic Mazwell variational inequality
of the first kind. Their results and [22] serve as an important basis for our future investigation.
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