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BERNSTEIN RESULTS FOR SYMMETRIC MINIMAL SURFACES
OF CONTROLLED GROWTH

ULRICH DIERKES AND TOBIAS TENNSTADT

ABsTRACT. We prove that there is no entire solution of the symmetric min-
imal surface equation which is of sublinear growth. This result is extended
to parametric and non-parametric minimizers of the corresponding variational

integral.

0. INTRODUCTION

By a well known result of Bernstein [BS]| every entire classical solution u of the

minimal surface equation

div (Du ) =
NiEToTE

in R2, has to be an affine-linear function. In fact this theorem was shown to hold
up to dimension 7 by Fleming [FW], De Giorgi [DG|, Almgren [AF] and J. Simons
[SJ], while there exist nonlinear entire solutions in R, n > 8, as was first discovered
by Bombieri - De Giorgi - Giusti [BDG|. Many more non-affine examples were
constructed by L. Simon [SL2].

On the other hand Moser [MJ] proved that every entire solution u of the minimal
surface equation in R”, n arbitrary, is affine linear, provided |Dulg g is finite, and
it follows from the a-priori gradient estimate of Bombieri - De Giorgi - Miranda

[BDGM] that this is already the case if u grows at most linearly, in the sense that
u(z) < C(1+ |x|) for some C' > 0 and all z € R™.

Ecker and Huisken [EH| extended Moser’s result by requiring instead of bounded-
ness only sublinear growth of the gradient Du, that is
|Du(x)| = o(|z|) as |z| = oo.

Optimal results of this type were proved by L. Simon [SL2], [SL3].
In this paper we consider entire solutions of the symmetric minimal surface

equation (in short: s.m.s.e.)

(%) g Du o
iv =
V14 |Dul? uy/1+ |Dul?
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where a > 0 denotes some positive number. (x) is the Euler-equation of the varia-

tional integral
E(u) = /ua\/l + |Dul? dz,

which, for « = m € N and positive u : Q — RT, describes, up to a constant factor,

the area of the rotated graph
Mot = {(z,u(z)w) ER* x R™"T ;2 € Q CR" and w € S™}

where S™ C R™*! denotes the unit m-sphere, see e.g. the computation in [DU7].

A different interpretation for () with v = 1 in the two-dimensional case was
already given by Poisson [PS], who considered (x) as a model equation for an ideal
“heavy surface of constant mass density” which is exposed to a vertical gravitational
field. Furthermore, architects consider (x) as a model equation for a so called
“hanging roof”, which is of importance for the constructions of “perfect domes” or
“cupolas”, see the discussion in [OF] and the literature cited therein.

The symmetric (or “singular”) minimal surface equation (x) is an equation of
mean curvature type, with mean curvature H given by

e

ur/1+|Duf?’

whence H is a-priori not bounded, nor can a solution u of (*) be of class C? in

H(u,Du) =

a neighbourhood of a point 2y with u(xg) = 0. Thus we typically consider either
classical positive solutions, or weak Lipschitz solutions u > 0 of the s.m.s.e. For
the existence of classical solutions of (%) with prescribed boundary values we refer
to the papers by Dierkes - Huisken [DH] and Dierkes [DUS].

On the other hand, it is easily checked that the cones

o « 1 (@]
@)= [T @+ ad) = ]

are classical solutions of (%) on R™ — {0} and weak Lipschitz-solutions on all of

R™, for every a > 0, n > 2. For a complete classification of these cones concerning
their minimizing properties and for the construction of nonaffine entire C'*°-solution
asymptotic to these cones, we refer to the papers by Dierkes [DU1], [DU2|, [DU3|.

In view of these remarks the following result is optimal.

Theorem 1. There is no entire nonnegative solution u € C%1(R™) of the symmet-

ric minimal surface equation (%) satisfying
u(z) = o(lz]) as |z| = oo.
(Here o > 0,m > 2 are arbitrary).

We also prove a version of Theorem 1 for less regular, local minimizers of the

integral £ in R™.

Theorem 2. Let a > 0 and u € BVf“)‘ (R™) be a local minimizer of E in R™

,loc

which is of sublinear growth. Then u = 0.
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Here the class BV, T*(Q2), where © C R™ is open and a > 0 is defined by
BVI(Q) == {u € L114(Q);u >0 and u' ™ € BV(Q)}.

It is the natural function space on which the integral

E(u) = / u®+/1+ |Dul? dz
Q

can be defined (as a measure) and also minimized, cp. the papers by Bemelmans and
Dierkes [BD] and [DU3]|. Note that :-Holder-continuity is the optimal regularity
for minimizers of F(-) that can be expected in general, see the examples by Dierkes
[DU1], [DU2|. Recently T.Tennstédt [TT1][TT2] proved i-Holder-continuity for
every minimizer in dimensions n < 6. Again, by the examples constructed in
[DU1], [DU2] it follows that Theorem 2 is optimal of its type.

Thirdly we prove an analogous result for Caccioppoli sets minimizing the para-

metric energy functional

E(U) = / (s1|* | D],

see chapters 2 and 3 for the pertinent definitions.

Theorem 3. Let o > 0 and U C R™! be a Caccioppoli set which locally minimizes
the integral £(-) in R™*1 and which is of sublinear growth. Then U is the half-space
{(z,2n+1) ER" X R ; 241 < 0}.

Finally we consider certain types of “exterior” solutions of the s. m.s.e. (x) which

possibly vanish on a set of positive measure.

Theorem 4. Let o« > 1 and n > 2 be arbitrary. There is no non-trivial non-
negative function u € Hi,, (R™) N CO(R™) which solves the symmetric minimal
surface equation (x) weakly in R™ — {u = 0}, where the coincidence set {u = 0} is

supposed to be bounded and which is of sublinear growth in the sense that
u(z) = o(|z]) as |z| — oo.

The examples constructed in [DU1], [DU2| are of class H .

(R")NC%2 (R™), Vp <
2, vanish on balls Bg(0) C R™ and are of linear growth at infinity. Hence Theorem 4
is optimal.

Further Bernstein type results for stable solutions of () in small dimensions
were proved in [DU5].

The proofs of Theorems 1, 2, 3 and 4 follow from suitable monotonicity and area

estimates given in Sections 2 and 3. The Theorems are proved in Section 4.

1. PRELIMINARIES

We here consider quite generally integer multiplicity n-rectifiable varifolds v =
v(M,©) in R™*! (in the sense of Allard and Simon [SL1|), briefly “integer n-

varifolds”, that is — modulo n-dimensional Hausdorff-measure zero — a countably



4 U. DIERKES AND T. TENNSTADT

n-rectifiable H"-measurable subset M of R"*! together with an integer valued pos-
itive and locally integrable function © on M. Associated to the varifold v is the
Radon measure i, := H"L O ie. p,(A) = [,O0dH" = [, ,, ©dH" for any H"
measurable set A C R*T!, where we have put © = 0 outside of M. In particular
we have in mind varifolds (with multiplicity © = 1) given by the reduced boundary
0*E of a Caccioppoli set £ C R""!. Recall that E C U C R"*!, U open, is a
set of locally finite perimeter (or “Caccioppoli set”) in U, if E is L !-measurable
and if the characteristic function ¢ of E has locally finite bounded variation
in U, g € BVioc(U). If E C R™! has locally finite perimeter in U C R"+!
there is a Radon measure ugp = |Dyg| on U and a |Dypg| measurable function
v=(v1,...,Vnt1) (the generalized inward unit normal) with ||v(z)| =1 for |Dyg|
a.e. x € U and such that for every g = (g1,...,9gn+1) € CL({U,R""!) we have

/ divgdLnt! = —/ (9-v)|Dpg|
ENU U

—/Q'D@E
U

Dyp denoting the vector measure v|Dpg|. Furthermore the reduced boundary

O0*E of a Caccioppoli set E is given by

 VIDoE
O*F = {x e U; lim 7f3”( ) |

exists and has length equal to 1 ;.
#20 Jp, @) 1DeE] }

In particular we have |Dypg| = |Dyg|L 0*E = H"L 0*E, 0*E is countably

n-rectifiable and each point € 0*E has an approximate tangent space T, with

multiplicity 1 given by
T, ={y e R"™; y-vg(z) =0}, where vg(z):= lim

see |GE] and [SL1] for more discussion and proofs.
Now let v = v(M,©) be a rectifiable n-varifold in U C R"*! U open, and

consider the functional
Ea(M) = / |Tnt1]® dpyy > 0.
M

The first variation can be computed e.g. as in Simon [SL1] or [DU4]; for convenience
we sketch the proof.

To this end consider a one parameter family ®;, —1 < ¢ < 1, of diffeomorphisms
of U ¢ R"! with the following properties,

i) ®i(z) =®(t,z) € C?*((-1,1) x U,U)
ii) ®o = Id|y
iii) ®4(z) = for all ¢t € [-1,1] and every x € U — K for some compact set
KcU.

o
Put X (x) := E(t,x)“:o € CH(U,R™) to denote the initial velocity vector for

®(t,x) and let ®ypv denote the image varifold ®yuv = v (24(M), 00 ®; ). The
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general area-formula ([SL1]) yields

Ea (Prp(vL K)) = / [Tt JW, - OdH™
MNK
where we have put Wy := @, ., K compact, K C U and JV; denotes the Jacobian
of ;. By definition the first variation is given by
d

€0 (v, X) := %Ea (¢, (vL K))

|t=0 °
Proposition 1. Let v = v(M,0) be an integer n-rectifiable varifold, ®i(x) =
®(t,x) and X (z) = ZO(t,x)|s=0 be as above. Suppose either M C R™ x R* R+ :=
{t > 0}, or a > 1, then the first variation of &, is given by
)(n+1
dE,(v) = / |Tnp ]| (divM X))+« @6)) ity
MNK Tnt1

where X" denotes the (n+1)-st component of the vector field X = (X1, ..., X"T1).

Proof. For convenience we sketch the argument and refer to [SL1] [DU4| and [DHT]
chapter 3.2 for more detailed calculations. By standard arguments one finds for the

Jacobian JWV; the development

JU; =1+ tdivy, X + O(t?), while
)(n+1
TP ()™ = |2y | {1 + oufJ + O(tz)} .
Tn+1
The first variation formula now follows by computing the coefficient of ¢ in the
product [} (z)|® - JT,. O
Definition 1. The varifold v = v(M, ©) is called stationary in U C R U open,
if
) )(n+1 T

(1) / |Trt1]® <d1vM X(z)+ ()> dp =0

M Ln41

holds for all vector fields X (z) = (X*(z),..., X" (z)) € CHU,R").

Remark. Here we either assume oo > 1 or M CR" x RT (or M CR" x R™, R™ =

{t < 0}).

Proposition 2. Let M C R"*! be a C?-hypersurface and U C R"! be an open
set, such that M NU # 0, OM NU =0 and H"(M N K) < co for each compact
set K C U. Then M is stationary in U if and only if the mean curvature H =

H(z), x € MNU, with respect to the unit normal v = (v1,...,vp41) = v(x) satisfies
the Euler equation
«@ aVn+l
2) (1| H (@) = | 2L,
Tn+1
Remarks.
i) Clearly, if M C R™ x R, (2) is equivalent to H(z) = a 2 Vo € M,

Tn1’

and also, if M = graph(u) for some positive function u : Q — R¥, to the



i)

iii)

iv)
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symmetric minimal surface equation

di Du «Q
v = .
V14 |Dul? uy/1+ [Dul|?

On the other hand, given a stationary C? hypersurface M C R" x R and
a point yo := (90,0) € M,go € R™ with the property that every ball
B.(yo) C R*™1 & > 0, contains points y. € M N B.(yo) with (y2)ni1 # 0

then we can conclude

Qv 1y .
(;:;58)) = H(yo) exists;
€

in particular v,11(y0) = 0. Hence M intersects the coordinate plane

lim
e—0

{zn4+1 = 0} vertically an yo and can be written locally at yo as a graph
x1 = f(xa,...,2n41) say (which satisfies some singular elliptic p.d.e.).
The coordinate plane {x,11 = 0} satisfies (2) (with @ > 1) but is not a
solution of (3).

There are Lipschitz hypersurface solutions of (2) given by the union of any
vertical half-plane and the corresponding half-plane of the coordinate plane
{n4+1 =0}.

There exist (Lipschitz-)continuous piecewise C2-hypersurfaces which are
H"-a.e. solutions of (2) (for a > 1), namely the union of an n-ball Br(0) C
R™ x {0} and a C?-hypersurface in R™ x RT with boundary 0Br(0) given
by the graph of a particular 3-Hélder continuous function u : R" — Bg(0) —
R*T U{0}. See the work of Dierkes [DU1].

Proof of Proposition 2. Suppose M C R™™! is stationary in U and let X(z) :=

&(x) - v(x), where € € C(U, R) is arbitrary and v is some unit normal on M. Then
divys X = €divy v = —€H and hence (2) follows from (1) and a standard device.
On the other hand, if M € C? satisfies (2) and X € C}(U, R"*1) is given arbitrarily,
we decompose X = X1+ X T into its normal part X+ = (X -v) v and the tangential
part X T € T, M respectively and compute divy, X+ = (X -v) divyyv = —H(X -v).

Therefore we have

(4)

. v,
[nsa|* divar X = [ |* HX ) = —afzpp|* 22H(X00)
n+

by (2). Furthermore we find

|Tng1]|®divay X T =divar (|21 |*X ") = Var(|zng]®) X T

. Tnt1 «
:dlvM{|mn+1|O‘XT}—a7| nt1] (Varangr - X 1)
Tn+1

[e%
=diva{|zp1|®X T} - QMXHJH
Tn+1

|0 1]

+a Vpt1 (X - V)

Tn+1
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where we have used the relation
Vmtnir - X' =(ent1 —(eny1 v)v) - X'
=(ent1 —(ent1-V)v) - X
=X"" (X ),

denoting by e, 1 the vector (0,...,0,1) € R**!. Concluding we finally obtain from
(4) and (5) the identity

Xn+1
|Zn 1] <diVM X+ Ot(x))
Tn+41

. ayT T2 n+l | T2
= divar{|ng1 [2X T} — @iintll ety G MTnttl 0 x )
Tn+41 Tn+1
|aXTL+1

a
_ O[|xn+1| Vn+1(X . V) +a |l‘n+1
Tpn41 Tn+1

:diV]w{‘.Z‘n_i_ﬂaXT}.

Hence (1) follows from the divergence theorem since X " has compact support on
M. O

Proposition 3. Let u € C%Y(R") be a weak nonnegative solution of the symmetric
minimal surface equation (x) in R™ with o > 0. Then M = graph(u) C R"! is

stationary in R* 1, i.e.

/M . {divM X(@) +a } M (@) = 0

holds for all vectorfields X = (X*,..., X"*t1) € CL{R"! R+,

XHl(z)

Tn+1

Remark. Note that here it is not assumed « > 1 although the level set {u = 0}
might be nonempty. In fact we show existence of the integral in this case, even if
a € (0,1].

Proof. Since M = {(x,u(z)) € R™ x R} is the Lipschitz image of R™ it is countably
n-rectifiable and by Schauder theory we have u € C* ({u > 0}). Whence the mean
curvature of M NR™ x {t > 0} is simply

1% «
H(LE):OL "+1: x:(:c17"'7xn+l)

Tnt1 uy/1+ [Duf?’

and by Proposition 2 it follows that M is stationary in R™ x {¢ > 0} that is we

have the relation

Xn+1
(6) / . {divM X+a } A (@) = 0
M

Tn+1

for all vectorfields X € C}(R™ x {t > 0}, R"*!) (and, clearly, for all X € C}(R" x
{t # 0}, R"*™1) since u > 0).
By assumption u € C%}(R") = H!

oo,loc

DuD
/ { ket S g }da: =0
rr Ly/1+[Dul2  uy/1+ [Dul?

(R™) is a solution of the equation
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for all p € CL(R™), and |Du| € Lo 10c(R™) together with a standard test function

argument imply that
1
" € L1 10c(R™), whence also L ({u =0}) =H" ({v =0}) =0.

For € > 0 consider a smooth cutoff function 7. : R — R given by the conditions
ne(t) = 1, for [t| > 3¢, n-(t) =0, for [t| < eand 0 < n. < 1, |nL(t)] < L for
all ¢, hence 7. — 1 a.e. as ¢ — 0. Furthermore let X € CL(R"*! R"*1) be
an arbitrary vectorfield and suppose supp X C Br(0) C R*""L. The truncated
vectorfield X, (z) := ne(zn41) - X () is admissible in (6) and since

divy Xe(z) = ne(Tpp1) divar X + X (2) - 0l (@nt1) - VT

we get the relation

J— {mxnm divar X + X (@0 (s Vasen s
MNBgr

n+1
X (@)

Tn+1

n m(xm)} dH" () = 0

for every € > 0. The second integral can be estimated as follows

‘ / T N (Tng1) X () - Vg dH" ()
MNBg

1
< sup || 221 L (o)
MNBgr MNBrMN{e<znp4+1<3e} €
<3 sup |X| o1 dH" ()
MNBgr MﬁBRﬂ{ESZI?n+1S3E}

<31Xlo.a | VT 5 [DuP d

Br(0)N{0<u<3e}
1
<3[Xllo,5x {1+ 1 Dullg 5, }* lu™ 55 - (3)°

—0, as e — 0,

since u™! € Ly joc(R™).
Observe in particular that the function x;ﬁ_i is integrable w.r.t. n-dimensional
Hausdorff-measure over M N Bg, for all « > 0. In addition, since 7 (zp41) = 1 H"-
a.e. on M N Bg (recall H"({u = 0}) = 0), we infer from Lebesgue’s dominated
convergence theorem
/ xy 1 Ne(Tng1) divay X (z) dH"™ (x) — xpy o divay X (z) dH" ()

MNBgr MNBr
and

/MOBR QX @) @) [ X ) )
both as € — 0. In conclusion we have

Xn+1
/ T {divMX(x)—i—ax(x)} dH"(x) =0
MNBpgr n+1
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for arbitrary X € C(R"*! R"*1) compactly supported in the ball Bg(0) C R™*1.
(]

Similarly we prove for @ > 1

Proposition 3'. Leta > 1 and u:R" - Ry = {t >0}, u € H{ ,.(R")NCO(R"),

be a weak solution of the s.m.s.e. (*) in R™ — {u = 0}. Then M := graph(u) is

stationary in R™T1,

Remarks.

i) Here we have in mind exterior solutions of (3) in (R" — Q), where Q C R"
is bounded and open, which in addition satisfy v = 0 on Q. Recall that
there are even minima u for E of this type, where Q = Br(0) is a ball and
u € C®(R" — Br(0) N CO3(R™) N HL | (R"), ¥p < 2, cp. [DU2|. Recently,
Tennstadt [TT1][TT2| proved that every local minimizer u of E is of class
H,,.NC%3 if n <6.

ii) It was recently shown by Tennstadt [TT1][TT3] that, for minimizing functions

u, the zero set {u = 0} has locally finite perimeter and is locally mean convex.

Proof. By assumption the set {u > 0} is open and classical regularity theory im-
plies u € C? ({u>0}). Furthermore u € HJ .(R") C BVio.(R"), whence the
subgraph U := {(x,t) € R" X R; t < u(x)} has locally finite perimeter given by
J de and M = 0*U = graph(u) is n-rectifiable. Invoking Proposition 2
we obtain that M = graph(u) is stationary in R™ x {t # 0} C R"™! and a similar
argument as the one given in the proof of Proposition 3, using that now o« > 1 is

assumed, finishes the proof. O

2. MONOTONICITY FORMULAE

We here give two versions of the monotonicity formula; namely one for stationary
varifolds and — somewhat differently — another formula for minimizing boundaries.
First assume that v = v(M,©) is stationary in U C R"*! ie. we have the

identity
n+1 (CL‘)

|Trt1]® (divM X(z)+ a) dH"(x) =0
M Tn+1

for all differentiable vectorfields X = (X!, ..., X"*!) with compact support in U.
We choose the standard test function X (z) := v(r)(x — &), where £ € U is fixed,
ri=lz—¢& and v € C'(R) with v/(t) <0, Vt € R, y(t) = 1 for t < £,~(t) = 0 for
t > pand B,(§) C U. Standard calculations (cf. [SL1] and [DHT]) yield

(1) divy X(2) = divy (v(r)(z =€) = y(r) divas(z = &) + (1) Vur - (2 = §)

and since .
Vur=Vuylz =€l = =8
|z — ¢
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we have
2
(-8 (@-¢" ((fc—§)L> 12
Vur(z—§) =r =r|l—- |+ =r[l — |Dr—|*],
O g e=¢ bt
where Dr = (Iiig‘) denotes the gradient of r.
Furthermore
n+1 n+1
divy(x — & Zej Vum(z; —&) = ZejejT
j=1
n+1 n+1
Z =(n+1)-— (ejL)2
(8) i=1 =1
n+1
= (n+1) =Y [we) v = (n+1)~1
j=1
=n
since e; = e;»r +e and ve; = v; = I/ej-, ey, ...,enp+1 denoting the standard basis

of R"*1. By (7), (8) and the first variation formula we find
divayr X = ny(r) ++'(r) r(1 — |Drt}?)

whence

/ (|29 (r) dptg + / (it | () (1 — [ D 2) diss

ta / it |2y (P) (@t — Enp) dpty = O,
M

or
©9) (n+a) / (e[ () dpy + / [T (1) dpty
M M
— o /M st |2 () iy + /M (sa |2 () 71D P

Now we take v(r) := ® (%) with ® € C'(R) satisfying ®(t) =1if t < 1, ®(t) =0
ift>1,as wellas 0 < ®(¢) < 1 and ®'(t) <0 for all ¢ € R. Then

1 0 r
- ()-8
v'(r) YR
and (9) yields

r 0 r
n+a) [ fenal () ey () iy =
M p M p p
o [ fenletie ( >fn+1duv / P <1>< )IDT“duu
M
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1) = [ Jowale (2) du,

_ r
L(p) ::/ |$n+1‘axn-}—15n+l¢ () dp, and
M p

)
5)i= [ Lol e (Z) 10,
M P

we infer the equation

(n+a)I(p) = pI'(p) = aL(p) — pJ'(p)

Putting

and since
d
dp [p_(’”“)l (p)} = —(n+a)p” " FII(p) + p= I ()

= —p " [(n + o)l - pl']
this implies the differential equation
d

dp
Integration between 0 < o < p yields
P

,0_(”+O‘)I(p) — 0_("+C“)I(U) = / g (1) dr — a/ o () dr

o g

<p—(n+a)]—(p)) _ pf(n+a)Jl(p) _ ap*(n+oc+1)L(p).
p

and upon partial integration of the first integral, then letting ® tend to the charac-
teristic function of the interval (—oo, 1) and finally applying Fubini’s theorem, we
conclude the monotonicity formula

o [l = [ o,
B, (§) Bs(§)

|Drt|? a1 / |Tng1|* [ 1 1
= T « dpty — - d
/B -B (5)| il e ST B, Tnt1 |TotY  pnte o

P

(10)

where r, := max(r, o).

In particular, if £,,17 = 0 we have the identity
(11) o (e / (41| dpa, = p () / (g1 [ dy
Bo(§)

By (¢
|Drt|?
7/3713 | g1 |® nTa dfiy
p—Bo

and the inequality

(12) 07(n+a)/ |Zn41]*dpy < Pf(nJra)/ |Z41] " dpto,
Bs (&)

B, (&

holding true for all 0 < o < p with B,(§) C U.
We have thus proved
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Proposition 4. Suppose v =v(M,©) is stationary in U C R" ™! and B,(§) CC U.
Then we have the monotonicity formula (10), and if § = (&1, .., &5, 0) the formulae
(11) or (12) holding true.

Remark. In general we assume o > 1 in the definition of stationarity; however if
M = graphu, where v > 0 is some Lipschitz-solution of the s.m.s.e. (*) then,
because of Proposition 3, a > 0 is sufficient in this case. In particular we then
also have the monotonicity formulae for all « > 0 and M = graph of a Lipschitz
solution u. Similarly, if v is given by the reduced boundary of a minimizing set
E c R™*! then we conclude a monotonicity formula for all o > 0 directly from the
minimizing property of v, rather then differentiating the functional as in Proposition
4, see Proposition 6. To show this we consider n-rectifiable varifolds v = v(M, ©)
given by the reduced boundary 0*E of a Caccioppoli set E C R™*! which locally

minimizes the functional
&)= [l Dgul. a0
in R**! ie. we have
[ natt1Deel < [ faal” 1Der]

for any bounded open set @ C R"*! and all sets F C R"*! with locally finite
perimeter such that FAFE CC Q. In other words, if we introduce the quantities
N =N(E,Q) by

N(E, Q) :=inf {/Q |Zp41]%|Dep|; F has finite perimeter in 2 and FAE CC Q}
and the “indicator” function ¥ = W(E, Q) by
¥(E,9) = [ [onal*|Dps| - N(B.0),
we consider E C R"*!, so that

U(E,Q) = 0 for all open sets ¢ Rt

The following result immediately implies the monotonicity formula for minimizing

boundaries, see also Giusti [GE| Lemma 5.8 for a similar estimate.

Proposition 5. Let E C R"! have finite perimeter in a ball Br(0) C R"*1. Then
we have for all balls B,(0) C B,(0) CC Bgr(0) the estimate

2
|z - Do | / |Deg|
o P VOB a :
</Bth7 |l’n+1| ‘m|n+o¢+1 — B,—B, |l‘n+1| |:L.|n+a

p
{<n+a> [t B s o [ ol Des
o B

P

g /B |xn+1|“|DsoE|}

o
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where o > 0 and B, = B,(0), B, = B,(0).

Remark. The same result holds for arbitrary balls B, CC B,(§{) C Br(0) with
center £ = (&1,...,&,,0) lying on the coordinate hyperplane {z,; = 0}.

Proof of Proposition 5. Let ¢% be a mollification of the characteristic function g

with the properties

/ lpr — ¢%|dH™ — 0, as e — 0, and

(13) b

/ |Tn+1]%|Dog| dx H/ |Tni1|*|DeE|, ase—0
B,

r

for almost all r € [0, R], (cp. [MF] Thm. 12.3).
Define

0B (rﬁ) JAf |z < r
PEB, (l‘) =
vr(z) JAf |z > r

T
n-(x) == ¢% (r) .
Observe first that

T
/Ini—soEBrldw:// 1n5 — ¢Eg, | dH™ dp
B, o JoB,

_ [T\ - n
(14) 7/0 (r) /E}Br ;= e, | dHdp

/r n
- / 6% — ol dH

n+1 OB

and

—0ase—0fa.a. rel0,R]
whence by lower semicontinuity also
[ onsal*1Doel = W(E.B) < [ fwial*|Des,|

(15) B. B,
< liminf/ |Znp1 || Dns | dex.
e—=0 B,

From the definition of 1} we compute

ooy < [P UE) _ (PO 2)
|z| ||?
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and therefore

/ (e[ Drf | de

r

1
2 2) 2
:r/ 21| { |22 Dqu( )‘ — || (a:-D¢EE (ﬂ)) dz
B, | ||
= [ [ feanllal
0 OB,

-
Using the transformation x = —y we find
r

(v Do) )

T €L I %

DS — - dH"dT.
%k (’"m)‘ Y eDaegE (Y

/ (i || D | da

:7‘//|yn+1|a|y|_l (:)@—1|D¢%(y)l{1_m} (;)ndH"dT

08B,

SIS

(16)

T

n+a 1 . DoéE 2 %
<[ (7) / o r 1D {1‘ |(f|2|Di§(<?>)|2} e
0

S ) {11 <w<>>} e

n+a 2 |2]2| D% (x)|?
oB,

Now multiply (15) by r~"~~1 integrate over r from o to p and then employ (16)

p
/7«—"—@—1 (/ |xn+1°‘|D<pE|—\ll(E,Br)> dr
o B

r

p
< lim inf r’”’o‘*l/ |Zn41]|*[ D0y | dx dr
e—0 - B,

e—0

P
< liminf —noa 1| X DoS dH™ d
< limin {n+a/g r /a& [Zn11|¥| Do ()| T

S B (D@
soxa ), L e D ‘”}

1
_ hmmf{ - a/ \J;n+1|a\D¢%(ax)|dx—o_"_a/ (1| [D% ()] do
B B,

n+oa -0
o

p
tra) [t [ el 1Dos ) dedr

B,

1 r —n—a a(mD¢é:E‘(x))2 dH™
- = n —— = JdH" dr ;,
3 o e gy

r
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where in the last step we have used an integration by parts. Rearranging terms we

get
. 1 (- Dg5y(x))*
limsup ——— Tpt1] dx
nsw st S, P DR
p p
< —/ 7“_"_0‘_1/ |xn+1|a|DgoE\dr—|—/ P (B, dr
o B, o
+ o timinf 0 [z || Do) d
(17) (n+a) vl N B, Int1 E\T)IaT

e / (i || D5 (2)] da

p
—|—(n+oz)/ r*”*’kl/ xn+1|”‘D¢%(a:)|dxdr}.
o B,

On the other hand we apply Schwarz’ inequality to obtain

2
olz - D ()|
</B B |$Cn+1| ‘LL’|”+O‘+1 dx

< </B,)—Ba |Zn41] |x|5+a da:) </Bp—Bo |Tnt1] |:C|”+a+2|%¢)EE(CU)| dx)

and estimate the second factor with the help of (17). This yields the inequality

2

. o | Do%(2) -

lim sup (/ . |Znt1] ||x|€1(+o¢)+1| dx)
p— Po

e—0 B
D5 s
<timsup2(n+a) [ fopnf DD apd - [Prncent [ e ipggar
e—0 B,—B, || +e o .

P
+ / r " (B, B,) dr

1 CO —n—o e €
+ oy it [p [ lenilID63(@) s

B,

e / (i1 *| D) de

p
+(n+a)/ r_"_a_l/ xn+1|"D¢§3(x)|dxdr}}
o B,

which in turn — using the approximation (13) — proves the final estimate

2
|Dyg - 2| / |DyE|
o 2B T g a :
(/BP—B,, |x7’b+1| ‘x|n+a+1 — B,—B, |x7l+1| |x|n+a

p
{<n+a> / NGB, B, dr 4 p " / (i1 Do

B,

o [ |mn+1a|DsoE|}

o
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Proposition 5 immediately implies the monotonicity formula for minimizing

boundaries.

Proposition 6. Let a > 0 and suppose E C R"*! is a Caccioppoli set which locally
minimizes £ in 2 C R" je. W(E,Q)=0. Then we have the inequality

e / (e[| D] < p~" / (s Deo
Bo B

P

for all balls B, = B,(§) C B, = B,(§) CC Q, where £ = (&1,...,&,,0) € R™ x {0}
is arbitrary.
3. AREA GROWTH

Here we suppose that E C R**! has locally finite perimeter in R**! and mini-

mizes
£W) = [lnaal*IDeul, >0
locally in R®*! among Caccioppoli sets, i.e. the indicator function

U(E,Q) =0

for all open sets 2 C R*™'. We say that E has “sublinear growth”, if there exists

some nonnegative measurable function s : R” — R™ such that M = §*E fulfills

(18) M C{(z,zn41) € R" xRy —s(2) < apy1 < s(2)}
and

. I8lss,BR(0)
a0 I

Here Br(0) C R™ denotes the n-ball with center at 0 € R™ and |$|c0,5, stands for
the sup-norm of s on Bgr. Analogously a function u € BVjo.(R") is of sublinear

growth, if the subgraph
U:={(z,t) e R" x R;t < u(x)}
has sublinear growth.

Proposition 7. Let E C R"*! be a Caccioppoli set which locally minimizes € in

R for some o > 0 and suppose M = 0*E is of sublinear growth. Then we have

lim R_”_a/ |Tns1|*|Deg| =0, Bgr(0) C R™,
r(0)

R—o0

Remark. Proposition 7 is sharp as one sees by considering the cones

Cy = {(:c,:cnﬂ) ER"xR; 0<zpy < ”ni 1||x||}

which are of linear growth and minimize

£ = / (a1 D],
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if — for example — n = 2 and « > 6 say, see [DU1][DUZ2| for more details. Also, one

easily computes
[ JeanlIDgos| = ctn.a) e
Br(0)

for some constant ¢(n,a) > 0.

Proof. Define the cylinder
Cr={(z,2p41) e R"XR; |z| < Rand — 8008y < Tnt1 < |S|oo,Br}

where s : R” — R* is some “dominance function” with the properties (18) & (19).

The minimum property of E implies for any € > 0

E(E,Crye) Z/ |Zn41|*| Dol §/ |ZTn41]*Dep_grgl
CR+E R+

e

(20)
=E(E - Cme Chr+e)

and the trace formula for BV -functions yields for almost all R, > 0

(21) E(E — CRr,Cryc) = E(E,Crye — CR) + / |Tp 1 |*dHo,
OCrNE

and similarly also

S(E,CR+5) < / |$n+1|a|D§0Euc’7R|

CRrye
(22) — E(EUTH, Cny.)
— &(B,Cpae — Th) + / (e | dH.
OCrN(R"+t1—F)

(20), (21) and (22) imply the estimate
EE.Cric) = [ lonal*Deel

CR+e

< &(B,Cpys — Cr)

+ min / |Tpt1|“dHn, |Tpt1|“dHy
OCrNE 8CR0(R"+17E)

which in turn yields f.a.a. R > 0,ase — 0

CrNE 6CRQ(R"+17E)

(23) E(E,CRr) < min {/ |Tpt1|“dHnp, |xn+1|ad7-ln} .
P

We put 9Cr = Zr U D}, U Dy, where
Zp :={(x,xn41) ER" xR;|z| = R and — |$|oo,Br < Tnt1 < |$]oo,Br }
denotes the vertical wall and

Dﬁ ={(z,zp41) € R" xR;|z] < R, xn41 = £|S|00.B5 }
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denote the top and bottom of the cylinder 0Cg respectively. We find the estimate

/ \xn+1|adm=/ |xn+1\%mn+/ (| dH,
9CR DfuDL Zr

R R

< 2w, R"|s|%, n

P

00,BRr

whence, by virtue of (23) also
R [ D] < cn,o) {R-"lsl s, + B sl |
R

Finally, by assumption M = 0*F C {(z,2p+1) € R" X R; —s(z) < zp41 < s(z)},
whence M N Br(0) C Cr and together with (23) and (19) we conclude

R—o0

lim R0 / (@ns1|*| D] = 0
Br(0)

The proof of the following Proposition is standard, see e.g. [GT], chapter 16.

For convenience we give the argument in some detail.

Proposition 8. Let u € Hll,loc(Rn — K), K C R"™ compact, be a weak nonnegative

solution of the s.m.s.e. (3) in (R™ — K) and let K C Bg,(0) C R™. Then for every
p > Ry + 1 there holds the area estimate

(e} n « «
/MﬂBp(O) In-‘,—ld,Hn < c(n)p |u|<>o,Bp—BRO+1 + ‘u|oo,8p—BRO+1 |u 1,Bry+1—Br,

where M := graph U|B,—Bpy 11 and |u|p.o denotes the L,-norm of u on Q.

Proof. Choose p > Ry + 1 and some cut-off function n € C%1(R" — K) with the
properties
, i Ro+1<|2| <p,

0, if |z| < Ry or |z|>2p,
and such that a.e.

1 for Ry <|z| < Ro—+1,

|IDn| <40  for Rog+1<|z|<p,
% for p <|z| < 2p.

Put ¢ := 7 - u,, where u, denotes the truncated function

u on {0<u<p}
up =
p on {u>ph
Then there holds a.e.
Du on {0<u<p},

0 on {u>p}
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and ¢ € I’Dlll(ng — K) satisfies Do = Dn - u, +nDu, a.e. Upon substitution of ¢
and Dy into the weak formulation of (3)

/ Du Dy n ap d 0
T =
n_x \ /14 |Dul2  u\/14 |Dul?

we arrive at

/ DuDnu, Du Du,n anu,
+ + dr =
Bsy—Br, | V1+]Du2  /T+[Dul2  uy/1+ [Duf?

Since Du, = 0 on {u > p} a.e. we find

DuDnu,

/ |[Duf’y
——dT = — et St S
(Bap~Bry)n{u<p} /1 +[Dul? Bs,—Br, 1+ |Dul?
UpT)
-« — T
/BZP—BRO u ]. + |_D'L[,|2

In particular, because of n = 1, if Ry +1 < |z] < p,0 < n < 1 and u,u, > 0 we

dx

obtain ,
/ D[ wlDuliDil
(By—Brg+1)n{u<p} V1 +[Dul> = JBsy—Br, /1+ |Duf?

and hence

T G
i,
Broi1—Br, \/1+ |Dul?
Using 0 < u, < u,0 < up < p, [Dy| < 4 on {p < |z[ < 2p} and [Dy| < 1 on
{Ro < |z| < Ro + 1} we find

/(BP—BR0+1)ﬂ{u<p}

/ VT Do ds
(Bp—Bry+1)N{u<p}
< LBy — Bry+1) + L™(B2p — By) + [ul1,85,41-Bx,
<ca(n)p" + |ul1,84y41—Br, -
Thus we have

/ uo/TF DU da < [ul2 5,y {e1(0)5" + U]ty 125y }
(Bp—Bry+1)N{u<p}

and in particular, with M = graph UB,—Bry 11

/MQBM 2 dH < e ()"l 5, sy 0%, g [ B 2

O

4. PROOFS

We start with
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Proof of Theorem 1. Suppose on the contrary to the statement of Theorem 1, there

is a Lipschitz-solution u > 0 of the s.m.s.e. (x) which satisfies the growth condition
u(z) = o(|z]) as |z| — .

By Propositions 3 and 4, especially formula (12) applied to M = graph(u),du =
dH, and ¢ =0 € R*""! we get for all 0 < 0 < p < oo the inequality
s [ e [ e
B, (0)NnM B,(0)nM

Since L™ ({u = 0}) = 0 there is some op > 0 with

007"70‘/ zp 1 dH™ > 0.
BooNM
However, according to Proposition 8 we must have

lim p*"*a/ Ty dH™" =0,
B,NM

p—r00

an obvious contradiction. O

Proof of Theorem 2. Let u € Bij&(R") be a local minimum of the variational

integral
E = /uo‘\/1—|—|Du|2,o¢>O

in the class BV T*(Q), Q C R™ arbitrary. Then we have u € BVio.(R™) (in fact
u € Hi,,.(R") according to Tennstédt [TT1]) and the subgraph

U:={(z1t) € Rt < u(z)}

has locally finite perimeter in R"*!1. By Theorem 10 in [BD], the supgraph U locally
minimizes

&)= [ fwaal*IDev)
in R"*1. (In fact, in the paper [BD| only the case o = 1 is considered, however the
generalization to arbitrary « > 0 is straight forward!). Now we are in the situation
described in Proposition 6 with minimizing set U and arbitrary open set  C R"*1.

For £ =0 and 0 < 0 < p < oo arbitrary we get

or*nfa/ [T 41]|*[Dpy| < Pinia/ |Tn41|¥ | D]

B, B, (0
By virtue of Proposition 7 and by letting p — oo we finally arrive at

/ ensal' D] =0

o

for every o > 0, hence OU = {x,,+1 = 0}. O

Proof of Theorem 3. Theorem 3 follows from Propositions 6 and 7 analogously to
the proof to Theorem 2. O

Proof of Theorem 4. Suppose on the contrary to the statement of Theorem 4, that

there is a non-trivial u € H{,,.(R™) N C°(R™) which solves the s.m.s.e. weakly in
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R™ — {u = 0} and which is of sublinear growth. By Proposition 3’ M = graph(u)
is stationary in R"*1. Proposition 4, formula (12) with ¢ = 0, Proposition 8, and

the assumption of sublinear growth imply that

a*"*a/ 2% dH, =0
B, (0)NM

for every ¢ > 0 and M = graph(u) C R"*!; whence we had « = 0 on R™. This

contradiction finishes the proof of Theorem 4. O
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