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Abstract

We consider a class of doubly nonlinear history-dependent problems
associated with the equation 0:k * (b(v) — b(vo)) = diva(x, Dv) + f.
Our assumptions on the kernel k include the case k(t) =t~ /T'(1— ),
in which case the left-hand side becomes the fractional derivative of or-
der a € (0,1) in the sense of Riemann-Liouville. Existence of entropy
solutions is established for general L'—data and Dirichlet boundary
conditions. Uniqueness of entropy solutions has been shown in a pre-
vious work.

1 Introduction

Let Q be a bounded domain of R%,d > 1. The present work is concerned
with the existence of solutions to the history-dependent initial boundary
value problem

Oy (k * (b(v) — b(vg))) —diva(z, Dv) = f in Qr
v=0 onX.

(1.1)

Here, T'> 0,Q7 := (0,T) x € is the space-time cylinder, ¥ := (0,7) x 01,
where 0f) denotes the boundary of 2, Dv stands for the gradient of v with

respect to the spatial variable, k € L}, .(RT) is a singular kernel and k * v



denotes the convolution on the positive half-line with respect to the time
variable,

t
(k*xv)(t) = / kE(t —s)v(s)ds, t>0.
0
We consider the above problem for L!'—data, i.e.,
f €LY Qr), and wp:Q — R is measurable with b(vg) = ug € L*(Q).

The kernel k is assumed to be of type PC, i.e., k is nonnegative, nonincreas-
ing, and there exists a kernel [ € L} _(RT) such that (k x)(t) = 1 for every
t>0.

We will further assume that the kernel k satisfies additional technical condi-
tions which are introduced in the next section.

However, our assumptions on k cover the case of a fractional derivative in
time, i.e., k(t) = t~*/I'(1—«),a € (0,1). In this case, the integro-differential
operator in (1.1) becomes the fractional derivative of order « in the sense of
Riemann-Liouville. Recall that the latter is, for sufficiently smooth v, defined
as

oyv(t) == 8t/0 %v(s) ds, 0<a<l. (1.2)

The problem (1.1) then interpolates between the elliptic and the parabolic
problem. Note that both limiting cases, the purely elliptic case with a =
0,k = 1, and the purely parabolic case with @ = 1, k = dy are not considered
in the present work.

Another example of a kernel which satisfies our assumptions is given by
the time-fractional case with exponential weight, i.e., k(t) =t~ % #/T'(1 —
a),a € (0,1),u > 0.

We assume further that the function a : Q x R? — R? is Carathéodory, i.e.,
a(+,€) : Q — R? is measurable for all £ € RY, and a(z,) : R — R? is a
continuous vector field for almost every x € 2. Moreover, for some p > 1,
and p’ := p/(p — 1) we assume that a is monotone, coercive and satisfies a
growth condition, i.e.,

(A1) (a(z,€) —a(z,Q)) - (€ —¢) >0 VEC € REE # ¢ and almost every
SNV



(A2) Jc > 0 such that a(z,€) - € > c[¢]P, V€ € RY and almost every z € €,

(A3) A > 0,5 € L”(Q) such that |a(x,&)| < A(j(x) + [£[P71) V€ € RY and

almost every x € Q.
Concerning the function b : R — R, we assume that
(B1) b is continuous, strictly increasing, and satisfies the condition b(0) = 0,

e.g., b(r) = arctan(r),b(r) = |r|™ *r,m > 1. Note that we do not allow b to
be partially constant, in which case (1.1) partially degenerates to an elliptic
problem.

Time fractional diffusion equations of order 0 < o < 1 can be used to model
anomalous diffusion, see [18] and the references therein for more information.
Another application of (1.1) is the transport of fluids in porous media with
memory. In some geothermal areas, the fluids may precipitate minerals in the
pores of the medium, thus diminishing their size. The decrease of permeabil-
ity leads to a history dependence which according to [6] can be represented
by a fractional derivative in time.

Let us recall, see e.g. |2, Appendix I|, that even for the elliptic problem with
k = 1 one cannot expect existence of a weak solution for general L'—data.
Moreover, even if there exists a weak solution, this solution is in general
not unique, see [19],[20]. Concerning the history-dependent problem (1.1), it
has been shown in [15, Section 3.1] that the problems of nonexistence and
nonuniqueness of weak solutions to the elliptic problem carry over to the
time-fractional case with k(t) =¢t=*/I'(1 — «).

In order to overcome these problems, the notion of entropy solution has been
introduced by V. Jakubowski et al. in [16]. Note that (1.1) is a special case
of the problems considered in the cited article. The authors prove uniqueness
of entropy solution but existence is only shown in the case b = Id.

In the present article we will show existence of an entropy solution to the
problem (1.1) for general b satisfying (B1). The main idea of our existence
proof is a modification of the regularization method by R. Landes, see [17].
Recall that for v € LP(0,T; Wy (Q)) the regularization in time v, of v intro-
duced by R. Landes is, for 4 > 0, defined as

1 t
v, (t) = p/ ei(s_t)v(s) ds, 0<t<T,



where v is extended by some vy € I/VO1 P(Q) for s < 0. It has been used
to prove existence of solutions for a variety of problems, see e.g. [10] for a
parabolic equation, or [1] for an elliptic-parabolic problem without history
dependence. See also [3, 4] for more recent applications.

We introduce a different regularization in time which adapts to the nonlocal
nature of the problem (1.1) and makes use of special properties of PC-kernels,
see Definition 2.2.

We conclude these introductory remarks by giving the definition of the en-
tropy solution. For K > 0 we denote by Tk the truncation function defined
by

Tk (r) :== min(—K, max(r, K)), reR.

We will frequently use the notation Tk := T, — Tk, for L > K > 0. Let
Lip(R) be the set of all Lipschitz-continuous real-valued functions,

P:={ScC'R):S(t) >0 for every t > 0,supp S’ is compact, S(0) = 0}.

and define for ¢ € R, S € C(R), and b satisfying (B1),

Bg (1) /S,Q— )db(p), r€R. (1.3)

Definition 1.1. For n € N let k1, := (kK —n)T and ko == k — k1. A
measurable function v : Qr — R is called entropy solution to the problem
(1.1) if b(v) € LY(0,T; LX), Tk (v) € LP(0,T; W, 7 (Q)) for all K > 0, and
there holds

- / b (B (0) = Bl + [ Blka,ox (00) bSO — )¢

+ / a(x,Dv) - DS(w —@)E < | [S(v— )¢
T Qr
(1.4)

for all p € W,P(Q) N L>2(Q), £ € D([0,T)),6 > 0,5 € P, and all n € N.

Note that the uniqueness proof of V. Jakubowski et al. is based on the
stronger assumption that the inequality (1.4) holds true for all nonnegative,
nonincreasing functions ki, ky € Li _([0,00)) satisfying k; + ko = k, and
ko(07) < oo, see [16, Definition 1]. However, by going through the cited
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uniqueness proof, one verifies that the entropy solution remains unique if the
entropy inequality is only valid for all k; ,,, k2, m € N.

In the next section we give a short introduction to kernels of type PC. The
main emphasis lies on the fundamental identity for integro-differential op-
erators, which plays a crucial role in the existence proof. Moreover, some
examples of PC-kernels are given which satisfy our additional assumptions.
Section 3 is concerned with the existence of entropy solutions. In particu-
lar; we show that the generalized solution of the associated abstract Volterra
equation is an entropy solution.

2 Kernels of Type PC

Kernels of type PC have been introduced by R. Zacher in [24]. In the first
part of this section we recap the basic properties of those kernels. See also
[21],]22], and [23] for a similar exposition. The second part of this section is
devoted to examples of PC-kernels satisfying our additional assumptions.

Definition 2.1. A kernel k € L] ([0, 00)) is called to be of type PC if it is

loc
nonnegative, nonincreasing, and there exists a kernel I € L ([0, 00)) such

loc
that
(kx0)(t)=1 Vt>D0. (2.1)
In this case, we write (k,1) € PC.

For (k,lI) € PC we denote by 7, s, the solutions to the scalar-valued
Volterra equations

sx() AU s))(t) =1, t>0, A>0, (2.2)
and
ra(t) AU\ () = M), t>0, A>0. (2.3)

Note that the variation of constants formula for Volterra integral equations
[13, Part 1, Chapter 2, Theorem 3.5| yields

t
S)\(t) :1—/ 7’)\(7'>d7', t>0, A>0. (24)
0



Let X be a real Banach space, (k,l) € PC, and define
Wy (0,T; X) :={v e W (0,T; X) : v(0) =0}, 1<p< 0.
Then the operator L defined by
Lu=0y(k*u), D(L)={uecLP0,T;X): kxuecW,(0,T;X)} (2.5)

is known to be m-accretive in LP(0,T; X), see [7, Theorem 3.1]. Its resolvent
JE = (I+AL)"1, X\ > 0, and its Yosida approximation Ly = LJ¥ X > 0, can
be written in the form

va =rykv, Lyv=0(ky*v), (2.6)

where ky := A7!sy, see [21, Theorem 2.1|. Note that (2.6) entails k * ry =
kx. By [8, Theorem 2.2|, we see that (k,l) € PC implies that [ is com-
pletely positive. In particular, s, and thus k), are nonnegative and nonin-
creasing [8, Proposition 2.1|. Moreover, it follows from (2.4) that sy, k) €
W(0,T), s\ = —rx, and [|r||prom) < 1.

For v € LP(0,T; X) we have

¢
(kxlxv)(t)=1%xv= / v(s)ds € Wy (0,T; X), t>0,
0
which entails [ x v € D(L) for every v € LP(0,T;X). In view of (2.6) it
follows
Ly(lxv) =0 (kyxl*xv) =0y(kxryxlxv)=ry*xv— Ll *xv) =0

in LP(0,7;X) as A — 0, which shows r\ *x v — v in LP(0,7; X) for any
v e LP(0,T; X). In particular,

kx=7ry+xk—k in LY(0,7), (2.7)

as A — 0.
We are now in a position to introduce our modification of the time regular-
ization from R. Landes.

Definition 2.2. Let X be a real Banach space, X* its dual, and 1 < p’ < o0.
For v € L (0,T; X*) let v, € L” (0, T; X*) be defined by

v,(t) = /t ru(t —tu(r)dr, te(0,7), p>0. (2.8)

In the sequel the index g is used in this meaning only.
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Note that if p' = p/(p — 1), then v, = J: v, where L* : D(L*) C
LP(0,T; X*) — L¥(0,T; X*) is the adjoint of the operator L defined in (2.5).
As a consequence, we have v, — v in LP'(0,T; X*) for any v € LP'(0,T; X*)
as it — 0. The following lemma is needed in our proof of existence.

Lemma 2.3. Let u > 0, and assume that v € L>(Qr). Then v, € L=(Qr)
and

[vull oo @) < V[l (@r)-

Proof. Since L>®(Qr) C LP(Qr) = LP(0,T; LP(Q2)) for any p € [1,00) we
have v, € L?(0,T; L*(2)) for all p € [1,00). If we set r,(¢t) :=01if ¢t ¢ (0,7)
and define r; () := r,(—t) it follows

v,(t) = /Rrx(t — 7)v(r)dr.

Thus, Young’s inequality and ||7,||r10r) < 1 yield

lvullzeorize @) < lrulleromllvllzeomcr @) < llvllLeorir @) (2.9)
for all p € [1,00). Identifying L?(0,T; LP(2)) with LP(Qr) and passing to
the limit with p — oo yields the result. O

We next formulate the fundamental identity for integro-differential opera-
tors of the form O;(k * u).

Lemma 2.4. Let T > 0 and U be an open subset of R. Let further k &
Wht0,7),H € CY(U), and v € L'(0,T) with v(t) € U for almost all t €
(0,T). Suppose that the functions H(v), H' (v)v and H'(v)(k % v) belong to
LY0,T). Then we have for almost all t € (0,T)

H'(v(1))0u(k # v)(t) = Ou(k + H(v))(8) + (H'(v(t))o(t) — H(v(t)))k(t)

+ /0 (H(v(t = s)) = H(v(t)) = H'(v(t))[o(t = 5) = v(®)])[-F(s)] ds.
(2.10)

Taking into account that Oy(k * u) = k(0)u + k' * u and Oy(k * H(u)) =
k(0)H (u)+k « H(u), the fundamental identity follows from a straightforward
computation. Note that the last term in (2.10) is nonnegative in case H is
convex and k is nonincreasing. The following lemmas are an immediate
consequence of (2.10) and will frequently be used in the sequel.
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Lemma 2.5. Let v € L>(0,T),k a PC-kernel, and, for X\ > 0, let ky be
the kernel of the Yosida approzimation of the operator defined in (2.5), and
assume that b satisfies (B1). Then we have for all K > 0 and almost all
t>0

Or[kx + b(v)] () Tk (v (1))

v v(t)
— Oy[ky + / Tre(0) db(o)](£) + [T (w(t))b(u(t)) — / Tx(0) db(o)Jkx (t)
t v(t—s)
n / [ / Txe(0) db(o) — Te(w(£)) (b(u(t — )) — b(u(t)))][~K(s)] ds

(t)
> By [ky + / Txe(0) db(o)](2).
(2.11)

Proof. Let K > 0, and u € ran(b) which is open, as b is strictly increas-
ing. We define H(u) := [Tk o b '(0)do. Consequently, H(b(v(t))) =
IO Ty () db(o) and H'(b(v(t)) = Tw(v(t)) for ae. t > 0. Since ky €
VVlicl (RT), we may apply the fundamental identity (2.10) which shows the
first equality. The monotonicity of Tk ob~! entails that H is convex. Since ky
is nonincreasing, it therefore follows that the last term in (2.11) is nonnega-
tive. Due to the monotonicity of b and the normalization condition b(0) = 0,
we may conclude that the second term on the right in (2.11) is nonnegative
as well, which concludes the proof of the lemma. ]

Lemma 2.6. Let the assumptions of Lemma 2.5 hold. Then

S((t) — @)hlkx = (b(v) — b(uo))](£) > D\l # / " S(0 — @) db(o))(1)

Vo

for all S € P, and all p,vy € R.

Proof. For S € P and ¢, vy € R we define H(u) := [’ S o (b7'(0) — p)do —



J," S(o —¢)db(c),u € ran(b). The fundamental identity yields

v(t)
S(u(t) = P)Oilkx * (b(v) = b(vo))I(t) = Dulk / S(o =) db(o)

vo

(5000~ 20010 ~ 800~ [ $(o = ) o))

+ [ / (() S0 - g) (o)

— ) (b(v(t — ) = b(u(t)] [ — k;(s)] ds

for almost every ¢ € (0,7). Since u — [ So(b~'(c)—p)do is convex and ky
is nonnegative and nonincreasing, we may conclude that the last two terms
are nonnegative and the lemma is proven. O]

(2.12)

We next formulate our assumptions on the kernel £ which are needed in our
proof of existence. Let k be a kernel of type PC and for A > 0 let k) be the
kernels which arise in the characterisation (2.6) of the Yosida approximation.
We assume that k satisfies the following conditions.

(K1) There exist constants Cy, Cy > 0 such that

0< k)\<t) < Clk(t) +Cy, A>0, te (O,T)

(K2) k € ACe((0,7T]) and there exist constants C;, Cy > 0 such that
0<—K\(t) < -Cik'({t)+Cy, A>0, te(0,T).

Moreover, the convergence kj(t) — k'(t) as A — 0 holds for almost
every t € (0,7).

We conclude this section by studying some examples of PC-kernels satisfying

(K1) and (K2).

Example 2.7. The most prominent example of a pair (k,l) € PC is given
by

k(t) = g1-a(t), and [(t) =ga.(t), t>0,



where a € (0,1) and g denotes the Riemann-Liouville kernel

t>0, pB>0. (2.13)

In this case, the operator defined by (2.5) describes the fractional time deriva-
tive of order « in the sense of Riemann-Liouville. Applying the Laplace
transform to equation (2.2) we get

:S’\,\(T) S —— Re 7 > 0, A > 0, (214)

which shows s)(t) = E,(—A"'t*), where E, is the Mittag-Leffler function
given by E,(t) = Y20 L see e.g. [14, Section 7|. Using another

n=0 T'(an+1)’
known representation of the Mittag-Leffler function [14, Section 7], it follows
sin(ar) [ _, A tperd
t) = " dr, t>0, A>0
() 7r /0 R TRy e cos(am) " ’ ’

which can also be found in the monograph of J. Priiss |9, table 4.1]. Thus,

: oo a—1
kx(t) = sinfar) / et ! dr, t>0, A>0,
0

T 1+ A2r2a 4+ 2 re cos(am)
and
sin(ar) [ _ re
K\(t) = ——= r d t>0, A>0.
0 T /0 S QNI I g p P cos(am) " ’

Using the identity I'(a)I'(1 — a) = Sn(amy We see that

k(t) = sin(ar) /0 el dr, K(t) = _sin(am) /0 e "r*dr t>0.

™ ™

Thus, k() — k'(t) for allt > 0 as A — 0. If o« € (0, 3], it easily follows that
0 < k\(t) < k(t) and 0 < —E\(t) < —K'(t) for all t > 0 and all A > 0. If
a € (%, 1), a simple study of functions shows

1+ M + 2 r%cos(am) > 1 —cos?*(am), A >0, 7>0,
which shows that

0 <kyt) < mk(t), 0<—K\(t) <

forall A >0 and all ¢t > 0.
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Example 2.8. Another example for a pair (k,[) € PC is the time-fractional
case with exponential weight, i.e.,

k() = gioa(t)e™,  1(t) = ga(t)e ™ + p(1 % [ga()e (), >0,

where © > 0 and o € (0,1). If we apply the Laplace transform on (2.2) we
may conclude that

1
Z4+ Az 4 p)te

Sa(z) = Re(z) >0, A>0.

Note that ) is holomorphic on C\ ((—oo, —p]U{—w,}), where —w, € (—p,0)
denotes the unique solution of Az + (z + u)'~* = 0. We will show that s, is
given by

sa(t) _sin(a) /OO —rt AN — ) dr
= G W eos(am) £ 12— P
+ (=) e t>0, A>0.

XL —a) + (=)

To this end, we modify the proof of Lemma 2.1 in [5]. Let 6 > 0 such that
wy+ 0 < pand wy — 0 > 0. Cauchy’s integral formula yields

Sx(p) = L/C“ () dz, Re(p) >0, (2.15)

2w N 2 —
A p

where p is assumed to be inside the contour C’gf}{"z’ made of two line segments
I#:={z—wy€C:0<|z| < Rarg(z) = +¢}, o€ (g,w),
and two arcs
Csi={z—wy€C:|z| =46 |arg(z)| < 8}, o€ (g,w),

Cpi={z—wy€C:|z| = R, |arg(z)| < ¢}, o€ (%,w).

Note that for z = re’®,r > 0,¢ € (—, ), we have

lz4+ A2+ ) > e = A Hre + )Y, A >0,
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Figure 1: The contour Cf;?%’qb

which implies for fixed A > 0

1
r— A"r 4 plt-e

S(2)] < (2.16)
for all » > 0 sufficiently large. Thus, it follows $)(z) — 0 uniformly in ¢ as
|z] — oco. As a consequence, we may pass to the limit in (2.15) with R — oo
to obtain

L
50) =55 [, 2 e Re) >0
C’é’

Consequently,
() 1 [\ (—wy +71e?) e 98\ (—wy + re”?) q
5 = — —— — . r
NP = o 5 P+ wy — ret? P+ wy —rei®
1 ¢ §ietoG (— Seto
N €75y (—wy + de )da.

2mi J_y  pAwy—de

12



Im

Figure 2: The contour Cg‘jgf’ and s

Note that the inequality (2.16) entails that the first integral converges abso-
lutely. As Re(p) > 0 it follows Re(p+wy—re*®) > 0 and Re(p+wy—de®) > 0
for all ¢ € (§,7) and all o € (—m, 7). Thus,

L
P+ wy — rerié 0 '

and
;' — /Oo e_t(p+w>\_6ela) dt'
D+ wy — el 0

By Fubini’s theorem, we may therefore conclude that

3a(p) = / T e dt, (2.17)

where

1 x 7 —wyFreif)~ 7
() :2_7r7,/ TN T (—wy + 1re'?)
5
— et TG (s 4 re ) dr
IR A ,
+ 9 e T () + §e') do.
—¢
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Since

(Z +M)1—a _ |Z +M|1—ae(1—a)arg(z+u)i’ 2 e C \ (—OO, _M]7

~

we obtain that §)(Z) = S\(z) for all z € C\ (—o0, —u|. Consequently,

Sa(—wy+re?) =8\ (—wr+re ), r>64, g€ (zﬂT%

2
which implies that

1 OO —ipHt(—wr+re )~ —i¢

= - Im(e A S\(—wx +1e?))dr
5
Lo ~ ' (2.18)
—l——,/ i AT () + §e) do.
2 J_y

If we assume for the moment that the limit

Fi(r) := lim 8\ (—wy + re™ )
¢—m
exists for almost every r > 0 and take into account that (r, ¢) — S\(—wy +
re~*) is bounded on (§,00) X (—m,7), we may pass to the limit in (2.18)
with ¢ — 7 to obtain

1 —twy

Ht)=— /500 et TN Im(Fy(r)) dr + — / e”Sa(—wx + 2)dz, (2.19)

T 271 -

where 75 denotes the circle with radius 0 and centre —w,, see Figure 2. By
the definition of w), the second integrand has an isolated singularity at z = 0.
The residual theorem yields

—twy
62 . / €S\ (—wy + 2) dz
SRRl : " (2.20)
—Wx n — H W —Wwx
= ¢ resssy () = NI —a) + (—wn) -
Since
~ (z+p)"
SA(Z> = Z(Z + ,U,)O‘_l + A1’ zeC \ ((_007 —/,L] U {—LU)\}), (221>

14



and

{(u—wk—r)o‘l, 0<7r<p—uwy

(1—a)mi

lim (—wy + e 4+ p)* ! =
¢—>7r( A ,u) |p—w>\—r|a_1e y T U — Wy

it follows that limg ,, Sy (—wy + re~*) exists for almost all r > 0 and

Im(Fx(r))
{0, < [ — wy
= sin(am)A ™1 (r—ptwy)* ! .
A=242(r+wa) AL (r—ptwy )@= cos(am)+(r+wy )2 (r—ptwy )2@=1) > = Wa

If we combine this result with (2.19),(2.20) and (2.17), we obtain

_ (/L _ w}\)a e*WAt
R I Ea P
sin(ar) A Hr — p)et

—rt
- / © N2 (= ) eos(am) + 12 (r — )P D

dr.

The above formula implies the asymptotic behavior already discovered in [23|
but, to the best of our knowledge, the explicit representation of s, is a new
result. Since ky = A\71s,, it follows

(1 —wn)® —wyt
ka(t) = “A
O =
1 oo _ a—1
- Sln(a?r) / e_rt a—gr pd) 202 2a—2 dr.
T " L+ 2rA(r — p)*tcos(am) + A2r2(r — p)
and
k/ ) = — . (lu‘ — w)\)a —wyt
A(t) WA (1—04)—|—)\(u—wA)ae
il [ (= ) ;
7T u “ Ty 2r\(r — p)e=t cos(am) + N2r2(r — p)?e—2 "
As before, the identity I'(a)I'(1 — «) = sn(am Shows that
Sil’l(Ofﬂ') > —rt a—1
k(t) = e "(r— ) dr,
T p
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and

K(t) = _sin(ar) / e "r(r — p)*tdr

T
w

for all £ > 0. Since —wy € (—u,0) was defined as the unique solution of

Az + (2 + p)'=* =0, we see that wy — pu as A — 0. It follows

(1) — —Snlom) / (e — et dr = K1)

(0

for every t > 0. Moreover, if a € (0, %], we see that

« 14+«

1
11—«

0 < ka(t) < k(t) + . and  0< —K\(t) < —K () +

11—«

for all t > 0 and all A > 0. If o € (3, 1), it follows

1 ue
<k <—Kk(
0= A()_l—COSQ(OﬁT) ()+1—a’
and
1 ulJra
< -k < ————K(t
0= —h(t) = 1 — cos?(am) <>—i_l—oz

for all A > 0 and all ¢ > 0. In particular, the kernel k(t) = g1_n(t)e "
satisfies the conditions (K1) and (K2) for all a € (0,1) and all x> 0.

3 Existence

This section is devoted to the existence of entropy solutions to the problem
(1.1). To this end, we define the operator A%, C L*(Q) x L'(2) by

(b(v),w) € A%, = v e WP (Q)NL®(Q),w € L),

d . -
an /Qa(x, Dv) - D¢ /ngb
for all ¢ € W, 7 (Q) N L>®().
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It is well known that AP is an accretive operator in L!(Q) and that its graph
closure A, := Al in L'(Q) x L'(Q) is a possibly multivalued m-accretive
operator in L'(Q). According to [2], the operator A;, can be characterized by

(b(v),w) € Ay ©b(v),w € L*(Q), Tx(v) € Wy (Q) N L>®(Q) for all K > 0,

and /Qa(x,Dv) - DT (v —¢) < /QwTK(v — )

for all ¢ € W, P(Q) N L>®(9Q).
(3.1)

If we take ¢ = Ty(v) & h(v)E € Wy P(Q) N L=(Q),1 > 0, as a test function
in (3.1), where h € WH(R) is compactly supported, & € W, *(Q) N L=(Q),
and pass to the limit first with [ — oo and then with K — oo, we see that
(b(v),w) € A, implies

/Qa(a:,Dv)~D(h(v)§) = / wh(v)E, (3.2)

Q

see also [11]. Since the above equation holds true for all h € W' (R)
compactly supported, and all £ € Wol’p(Q) N L>*(£2), we may choose { =
S(v — ), where S € P, € Wy P (Q) N L>®(Q), and h = h;, where

hy(r) =min((l+1—|r)",1), reR, 1>0.
Passing to the limit with [ — oo in (3.2) then shows that (b(v),w) € A,
implies

/Qa(x, Dv)-DS(v—¢) = /QUJS(U — )¢ (3.3)

for all S € P and all ¢ € Wy ?(Q) N L>®(2). Recall that by [12, Theorem 1],
the abstract Volterra equation

Ork * (u — b(vo))I(t) + Ap(u(t)) > f(t) (3.4)

admits for b(ug) € D(Ay) and f € L'(0,T;L'(Q)) a unique generalized
solution u € L'(0,T; L*(€2)). For the special case b = Id it has been shown in
[16, Theorem 7| that this generalized solution is an entropy solution to (1.1).
It is a priori not clear in which sense the generalized solution satisfies (1.1)
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for general b . Note that b = Id entails that A, is m-completely accretive,
in which case the generalized solution satisfies the equation for sufficiently
smooth data in the sense of distributions, a fact on which the cited existence
proof relies on.

In order to overcome this difficulty, let (f)aso C L=®(Q7), (v])rs0 C L=(£2),
such that

f)\ — f n LI(QT>,
b(vy) — b(vy) in L*(Q),

as A — 0. We consider the approximating problem

La(uy — bd))(®) + Ap(ur() 3 fr(),  w(0) = b(v)), ¢ (0,T),\ >(o, |
3.5

where L, is the Yosida approximation of the operator L defined in (2.5) with
X = LY(Q) and p > 1. According to |12, Theorem 5| the problem (3.5)
admits a unique strong solution uy = b(vy), i.e., uy € L'(0,T; L' (2)), and
there exists a function wy € L'(0,T; LY(€)) such that wy(t) € Ay(ux(t)) for
almost every ¢t € (0,7) and

La(ux = b(vg))(t) +wa(t) = fa(t) (3.6)

for almost every t € (0,T). Moreover, uy — u € L'(0,T; L*(2)), where u is
the generalized solution to the problem (1.1). The main result of this paper
is the following.

Theorem 3.1. Let v : Q — R be measurable with uy = b(vg) € L'(Q) and
f € LY(Qr). Then the generalized solution u to (3.4) is of the form u = b(v),
where v is an entropy solution to (1.1).

Proof. Let uy = b(vy) be the strong solution to (3.5) and u be the generalized
solution to (3.4). Our first aim is to show the existence of a measurable func-
tion v : Q7 — R satisfying b(v) = u and, selecting a subsequence if necessary,
vy — v a.e. on Qr. Since uy — u in L'(Qr) we can extract a subsequence,
still denoted by wuy, such that uy = b(vy) — u a.e. on Qr. Let (t,x) € Qr
such that wuy(t,z) — wu(t,z) and assume that u(t,z) € ran(b) = (b_,b"),
where b_,b" € R,b_ < b*. Since b is strictly increasing and continuous, it
follows vy (t, z) — v(t, x) for some v(t, x) € R satistying b(v(t, x)) = u(t, x). If
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u(t,z) ¢ ran(b), we may assume without loss of generality that u(t,z) = b
which clearly implies vy(t,z) — oo =: v(t,z). It remains to show that
lu(t, )| < oo for almost every (¢, x) € Qr. To this end, we choose for K > 0
the truncation Tk (vx(t)) as a test function in (3.5) to find

[0t (ben) = b DNOTicer(0)

(3.7)
+ /Q a(z, Du(t)) - DTk (vr(t)) < /Q Ia(t) Tk (va(1)),

for almost every t € (0,7). Here, we used the representation (2.6) of the
Yosida approximation and the characterisation (3.1) of A,. If we apply
Lemma 2.5 to the first term in (3.7), integrate in time over (0,7"), taking
into account the coercivity condition (A2) of a, this results in

/Q oy + / Tic(o) db(o)](T)
ux(t)
; /Q o) (1) ~ | Tty
t U)\(tfs) (38)
Ty (o)db(o
+ T/O[/W () db(o)

= Ti(A (1)) (b(va(t = 5)) — boa(t)][—ka(s)] ds

e / DT < Kl fallion + K | kx®Ibd)] < KC
T Qr

for some constant C' = C(f, k, v, b) > 0 independent of . Since all terms on
the left-hand side in (3.8) are nonnegative, it follows by Poincaré’s inequality
that

1 C
j2 j2 1-p
[{lual = K} < 77 /QT Tr (va)]” < Ko /QT |DTk(vp)[P < CK™P,

where C' is a positive constant independent of A. Passing to the limit with
A — 0 and using vy, — v a.e. on Qr yield

o] > K} < KPP 2%
{]v] H :

which shows that |{|v] = co}| = 0. Consequently, |v] < co a.e. on Qr and
therefore b(v(t,x)) = u(t, ) for almost every (¢,z) € Qr.
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By (3.8), we see that (DTx (vy))aso is a bounded sequence in LP(Q7)?. Thus,
(T (v»))as0 is a bounded sequence in LP(0, T; Wy (), and we may assume
that there exists vg € LP(0,T; WyP()) such that Tk (vy) — vg weakly in
LP(0,T; Wy () as A — 0 along an appropriately chosen subsequence. Since
Tx(vy) = Tk(v) a.e. on Qr, we obtain v = Tk (v) and therefore Tk (vy) —
Tk (v) weakly in LP(0, T; W, ?(Q)) as A — 0. Moreover, the growth condition
(A3) entails that (a(z, DTk (vy)))aso is a bounded sequence in LP (Qr)%.
Thus, there exist yx € Lp’(QT)d and a subsequence, still denoted the same
way, such that

a(r, DTk (vx)) = XK

weakly in L? (Q7)?. Our next aim is to prove that xx = a(x, DTx(v)). For
[ > 0 we denote by h; the function defined by

hy(u) = min((I +1—|u)",1), u€R.

We are going to show that, up to subsequences,

e e e YN
hggflliﬂ_}%lfhr}\ﬂ_}l{l}lf QT@t[kJ,\* (b(va) — b(vy))] (3.9)

X (Ti(vx) = la(vA) Tk (v)) = 0

for almost every 7 € (0,T). Here, Tx(v), € LP(0,T;W,*(R)) is the time
regularization of Tk (v) introduced in Definition 2.2, and @, = (0,7) x €.
As ky — k in LY(0,T) and b(v]) — b(ve) in LY(Q) it follows kyb(vy) —
kb(ve) in LY(Qr). By Lemma 2.3, we see that Tr(vy) — hy(vy)Tk(v), is
uniformly bounded by 2K and since it converges a.e. on Qr towards Ty (v) —
hy(v)Tk (v), we may conclude that

/ b (o) [T (02) — B (o) T (),

T

A—0

A g kb(vo) [Tk (v) — hi(v) Tk (v),]

for every 7 € (0,T). Since Tk (v), — Tx(v) in LP(0, T; W,*(52)), we obtain

/ b (o0) T () — ha(0)Tre(0),] 223 / b(0) [T (0) — hu(0) Tic (v)]

T T
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for every 7 € (0,7). As hj(u) — 1 for every u € R, we see by Lebesgue’s
theorem that

/ kb(vo) [T (v) — hi(v)Tre (v)] =3 0

.

for every 7 € (0, 7). Thus, it remains to show that

lim inf lim inf lim inf/ Or(kx * b(v2))(Tk (vr) — hi(vx)Tk(v),) >0
QT

l—00 n—0 A—0

for almost every 7 € (0,7T). If we apply the fundamental identity (2.10) to
O¢(kx*b(vy))hi(vy), and, for some 7 > 0, integrate the resulting equality over
Q, we get

— (915(/@ * b(U)\»hl(’U)\)TK(U)H
Q-

=— O (k) * wla 0))Tk(v),
[ ok /Oh<>db< ) Tic(v)

- [ o - [ o) ao) i,
-/ /0 i /U::_S) hu(o) db(or)

— Mlon(©)enlt — 5)) = ben ()] [ — Ko(5)] ds Tic(w)s
== I;,/L,l - ]i,,u,l - I:\O),;L,l‘

(3.10)

Define, for [ € R, the functions T}, (r) := Tj41(max(r,0)), and T;;,,(r) ==

Ti41(—max(—7,0)). Since (o) = T, (0) = T, (o) + 1 it follows

B, = /Q [T (02)b(0n) — / P 11 (0) db(o)] T (v),

[ ) - [ o) o)),
Qr 0
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and

],%uz—/T/ / ll+1( o) db(o)

T3 11 (a(0)) (b((t = 5)) = b(ua())] [ = KA (s)] dsT (v),,

// /( I (0) ()
”Hw))(b(w(t ) — boal)] [ — K()] dsTie(v).

Here, we used that

b(vy) — /0 " db(o) = 0

and

vy (t—s)
/ (0 Ldb() — (b(va(t = 5)) = b(va(1))) = 0.

We will show that

lim sup lim sup limsup(/3 ,; + I3 ,,;) = 0.
l—00 u—0 A—0

For | > 0 we choose Tj;41(vy) as a test function in (3.5). If we use that
T1141(vy) = Ti(vx — Ti(vy)), it follows by (3.1), (A2), and Lemma 2.5 that

DT+ [ [Tt - [ T ao)s

// /UA o Titn(0)dblo) (3.11)

+ Tiia (3 (D) (b0t = )) = b(ua ()] [~ Ky (5)] ds
A k‘)\ b US\
= /Qrﬂ{vxl>l} Sl /Qfﬂ{vxl>l} i)

for every 7 € (0,7). Since vy — v a.e. on Qr and |[v| < oo a.e. on Qr it
follows

lim limsup/ | fal +/ k/\|b(%\)| =0.
I=00 x=0 JQ n{|ua|>1} QrN{lvA|>1}
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As all terms on the left-hand side in (3.11) are nonnegative, we may therefore
conclude that, for every 7 € (0,7),

lim Tim sup / DTy (03)P = 0, (3.12)

=00 N0

Y
lim lim sup/ (13,151 (vA)b(vy) — / Ti141(0) db(o)] kx = 0,
Q 0

l=o0 x50

’ t v (t—s)
fmimae [, 1], T 00
+ Threa (a(D)) (b(ur(t = 9)) = boa(®))] [ — Ka(s)] ds = 0.

T

It is easily seen that the corresponding results hold true in case 71j;41 is

replaced by Tlil 41+ In view of Lemma 2.3, it therefore follows

lim sup lim sup limsup(/3 ,, + I3 ;) = 0.
l—00 n—0 A—0 i i

It remains to show that

l—o00 n—0 A—0

lim inf lim inf lim inf/ Op(kx * b(vy)) Tk (vy) — [)1\7%1 >0,
Qr

for almost every 7 € (0, 7). If we integrate (2.11) over @, for some 7 € (0,7T),
we obtain

o at(k?/\ S b(U)\))TK<U)\)
_ /Q oy /0 (o) db(o)](7)
vy (t)
+ / Tic (on(£))b(en()) — /O Ty (o) db(o))] kn(t) dt

Qr
t v (t—s)
+ / [ / Tre(o) db(o)
rJ0 vA(t)

— Tye(on (1) (blen(t — 5)) — b(ua(£)))] [ — K4 (5)] disd.
(3.13)

As it is our intention to pass to the limit with A — 0 in the preceding equality,
note that the convergence vy — v a.c. on Qp implies [;* Tk (o) db(o) —
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Jy T (o) db(o) a.e. on Q7. By the definition of the truncation functions Tk,
we have | [* Tk(c)db(o)] < K|b(vy)|, and since b(vy) — b(v) in L(Qr),
we may suppose at least for a subsequence, still denoted the same way, that
(b(vy))as0 is dominated by an L'(Qr)—function. By Lebesgue’s theorem, we
obtain

/0 ? T (o) db(o) — /0 " T (o) db(o) (3.14)
in L'(Qr), and

/Q /0 ? T (o) db(o) — /Q /OUTK(a)db(a)

in L'(0,T). As kyx — k in L'(0,T), we may therefore conclude by Young’s
inequality that

L [ Te@ a8 [« [ Ty ao

in L'(0,T) and, selecting a subsequence if necessary, a.e. on (0,7). Note
that the convergence (3.14) remains true, if the function Tk is replaced by
any S € P. In particular, we have

/OUXS< Do) 8 [ S(0 = o) dblo) = B, (v) in LXQr)  (3.15)

0

for all ¢ € WP (Q) N L>(Q) and all S € P. In order to pass to the limit in
the remaining integrals of (3.13), note that the nonnegativity of all terms in
(3.8) entails

ux(t)
/ i (on(6))b(oa(t)) — / Tye(0) db(o))] ka(¢) dt

oA(t— 8)
/7/ /U‘A(t) (U)
— T (va(£)) (b(va(t — s)) — b(va()))] [ — Ki(s)] dsdt < C

for all 7 € (0,7") and some constant C' = C(K) independent of . As the
kernel k satisfies (K1) and (K2), the lemma of Fatou yields

Te(0blo) ~ [ Tila) o))k € L'(@r). (3.16)
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and

v(t—s)
X(0.) [/U(t) Tic(o) db(o) — Tic(v()) (b(v(t = 5)) = b(v(1))] [ = K'(s)]

e LN((0,T) x Q).
(3.17)

Moreover, we may pass to the limit in (3.13) with A — 0 which leads to

liminf [ Op(ky * b(vy)) Tk (vy)
A—=0 Q-

> [ [ Tty
v(t)
+ [ metopen) - [ Tido) o))kt

QT
t v(t—s)
+ / [/ Tk (o) db(o)
+J0 v(?)

— T (w(®) (b(o(t — 5)) — b(o(t)] [ ~ K(s)] ds
(3.18)

for almost every 7 € (0,7). On the other hand, the compact support of A,
implies that

X
O (kx */ hi(o) db(o)) € LY (0, T; W' (Q)).
0
Thus,
A
I)l\“uJ = / 8t(]€)\ */ hl(O') db(a))TK(v)#
Q- 0
A
= <L)\/0' hl(O’) db(O'), Ji TK<U>>LP/(O,T;W_1’pI(Q))XLp(Oﬂ';WOl’p(Q)) (319)
VA
= <LuJAL/O hi(e) db(), Trc (V) L (0w =1 () x Lo (0757 ()

for every 7 € (0,T). Here, we used that v € D(L) entails JLv = LJ}v for
any p > 0. In particular,

JiLyw = LJIJv =L, J{v
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for all v € LY (0, T; W=7 (Q)) and all A\, x > 0. As h; is compactly sup-
ported, we may conclude that ( f;* hy(c)db(o)),_, is uniformly bounded.
By Lebesgue’s theorem, it follows

A>0

vy v
/ hi(o) db(o) — / hi(o)db(o) in LP (Qr).
0 0
Since JF is a bounded operator satisfying J-v — v in L' (0, T; W~ (Q)) for

all v € LY (0, T; W= (Q)) as A — 0, the continuous embedding L¥ () —
W= (Q) yields

Jf /O ” hi(o) db(o) — /O vhl(o)db(a) in  LP(0,T; W=7 (Q)).

Thus, the continuity of the Yosida approximation L, implies

A—=0 Y
Ii,u,z — (Lu/o hu(o) db(a>7TK(U»LP/(07T;W—17P’(Q))XLP(O,T;WOLP(Q))

— | O+ / " hu(o) db(o)) T (v)

Qr 0

for every 7 € (0,7). As it is our intention to apply the fundamental
identity (2.10) to the term 9 (k, * [ hu(0)db(0))Tk(v), we define g(u) :=
s hu(o) db(o),u € R and

H(u) := /0 Tk og; '(o)do, u € ran(g).

Using the transformation o — g;(0), we see that

v(t)
H(gi(u(t))) = / Ti(o)dgi(o), te (0.T).

By the definition of ¢;, the measure dg; is absolutely continuous with re-
spect to db and the Radon-Nikodym derivative is given by h;. Thus, the
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fundamental identity yields

— | ok, + / " hu(o) db(o)) T (v)

Qr 0

_ / (Fy # / (o) (o) db(o))(7)
v(t) v(t)
— Tr(v hi(o)db(o) — Tk(o)hi(o)db(o)|k,
/Q[ut))/ (@) o)~ [ Tl (o) ab(e)] k1)

_ /Q /0 t[ / ::_s) T (0)hi(0) db(o)

v(t—s)

T (w(t)) / L W[ K]
(3.20)
Since k, — k in L*(0,T), it follows from Young’s inequality that
/Q % /0 T (o) db(o)] A3 /Q e+ /0 T (o) db(o)]

in L1(0,T), and, selecting a subsequence if necessary, a.e. on (0,T). Since
hi(u) — 1 for every u € R, and 0 < h; < 1, we see that

/U Tk(o)h(o)db(o) — /Ov Tk(o)db(o)

0
a.e. on Qr. Since the function b satisfies (B1) and 0 < h; < 1, it follows

0< /0 (o) (o) db(o) < /0 " Tye(o) db(o)

a.e. on (. Since the kernel k is nonnegative, Lebesgue’s theorem implies

/Q e+ /O (o) (o) db(o)] 23 /Q e + /O " The(0) db(o)].

in L'(0,T) and, selecting a subsequence if necessary, a.e. on (0,7). In
order to pass to the limit in the remaining integrals of (3.20), note that the
condition (B1) and 0 < h; < 1 also imply

0 < T(o) / (o) dblo) — /0 " Te(0) (o) db(o)

0

< Tre(v)b(v) — /0 " Tye(o) db(o)
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a.e. on (7, and

v(t—s)

v(t—s)
Tx(o)h(o)db(o) — Tk (v hi(o) db(o
og/ﬁ) (0)hu(o) db(o) <<t>>[(t> (o) db(o)

(1)
< / Tk (o) db(o) = Ti (v(1)) (b(v(t = s)) = b(v(?)))
v(t)

a.e. on (0,7) x Q;. By (3.16) and (3.17) we have

[Tk (v)b(v) — /U Tk (o) db(o)]k € LY (Qr),

0

and

v(t—s)
X(0) [/v(t) T (o) db(o) =T (v(£))(b(v(t — 5)) = b(v(t))] [ = ¥ (s)]
€ LY((0,T) x Q).

Since k,, is nonnegative, nonincreasing and satisfies (K1) and (K2), we may
therefore apply Lebesgue’s theorem to obtain

v(t)
lim lim [ [Ti(u(t)) /0 hu(or) db(o)

l—o00 p—0 Q-

v(t)
_ /O Tie(0) (o) db(o)] k(1)
v(t)
- / [T (v(t)b(v(t)) — / T (o) db(o)] k(t)
Q- 0
for every 7 € (0,7, and

t v(t—s)
lim lim/ / [/ Tk(o)hi(o)db(o)
l—o00 p—0 Q- Jo u(t)

v(t—s)

~Tielol®) [ hulo) db(o)] [~ K (s)]ds

v(t)

_ /Q T /0 i / ::_S) Tie(0) db(o)

— T (v(t))(b(v(t — 5)) — b(v(1))] [ — K'(s)]ds.
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for every 7 € (0,7). Thus, passing to the limit in (3.19) yields

lim lim lim I
=00 u—=0 A—0  H

=[x [ Ticto) oo
v(t)
+/‘Pk@®wwm)—l T (o) db(o)) [ k(L)

Q‘I’
t v(t—s)
+ L/[/q Tk (o) db(o)
+J0 v(t)

— T (v(t)) (b(v(t — s)) = b(v(t)))] [ — K'(s)] ds
(3.21)

for almost every 7 € (0, 7). By (3.18) and (3.21), we obtain

l—00 n—0 A—0

lim inf lim inf lim inf/ O(kx x b(vy)) Tk (vy) — ]iﬁml >0
QT

for almost every 7 € (0,T") which concludes the proof of (3.9).
Fix 7 > 0 such that (3.9) holds. If we choose T (vx) — hi(v)\)Tk (v), as a test
function in (3.5), and integrate over @),, we obtain by using (3.1) and (3.2)

/ Oullr  (b(vy) — b)) (T (03) — hu(0x) Tie(v),)

T

+/ a(z, Dvy) - D[Tk(vx) — hi(vx) Tk (v),]

< g Ia(Tr(vx) = h(va)Ti (V) )

Since

l—o00 p—0 A—0

mumnm/'haﬂwaMwﬂﬂww—q
Qr
we see that (3.9) entails

lim sup lim sup lim sup/ a(z, Dvy) - D[Tk(vy) — hi(vx)Tk(v),] < 0.

l—00 pn—0 A—0

T

(3.22)
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As |hj(u)| = 1if |u| € (I,1+1) and A/(u) = 0 if |u| > [+ 1 or |u| < I, we have

/ a(x, DU)\) . D[(hl(v,\) — 1)TK(U)\)}

T

< / (ha(vy) — Da(z, Dvy) - DTie(vy)

+

+/ la(x, Dvy) - DuyTk (vy)]-
Q-N{i<|vr|<i+1}

Note that the first integral equals zero if [ > K. If we apply the growth
condition (A3) and Hoélder’s inequality, it follows

/ la(z, Duy) - DxTie(vy)] < C Duy]?,
Q-N{I<|vy|<l+1} Q-N{I<|vy|<l+1}

for some constant C' = C(j, K) > 0 independent of A\. Consequently, (3.12)
shows that the inequality (3.22) implies

lim sup lim sup lim Sup/ a(z, Dvy) - D[h(va)(Tk (vr) — Tk (v),)] < 0.
l—o0 pn—0 A—=0 -
(3.23)

The growth condition (A3), Lemma 2.3 and Holder’s inequality imply the
existence of a constant C' = C(j, K') such that

= [ otz Du) - Dosl(Tic(wn) = Tic(w),)
S C/ |D?J)\|p.
Q-N{l<|vy|<l+1}
According to (3.23), it follows

lim sup lim sup lim Sup/ hi(vy)a(z, Dvy) - DTk (vy) — Tk (v),] <O.

l—o0 n—0 A—=0 -

(3.24)
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Since hy(vy) = 0 on {|vy| > [+ 1}, we see that
/ hi(vy)a(z, Dvy) - DTk (v),,
QrN{foa|>K}

= / h(vx)a(z, DTi1(vy)) - DTk (v),
Q-N{|vAl>K}

/ hi(o)a(z, DTiy (03)) - DTx(v),
Q-N{|vAl>K}N{|v|£K}

+f hi(v2)alz, DThi1(03)) - DTk (0),e
QrN{|ual>K}n{|v|=K}

(3.25)

AS/ ]l{|v)\\>K} — ]l{\v|>K} a.e. on {|U| 75 K} and a(I,DTH_l(U)\)) — Xi+1 in
LP (Q,)? the first integral on the right hand side converges to

/ M) xis1 - DTic(0),
Q-N{lv[>K}

as A — 0. Since 1y, >xya(x, DTi41(vy)) is bounded in LP (Q, N {|v] = K})*
there exists Y41 € LP (Q,N{|v| = K})? and a subsequence, still indicated the
same way, such that 1y, >xya(z, DTi41(vx)) = g1 in LP(Q-N{[v| = K })2.
Thus, the second integral on the right hand side in (3.25) converges to

/ hz(U)fclH : DTK(U),UJ
Q-N{jv|=K}

as A — 0. Since Tx(v), — Tx(v) in LP(0,T; W, *(Q)) as u — 0 it follows
from (3.25) that

lim lim hi(vy)a(z, Dvy) - DTk (v),,

#0220 /o Afjor|>K}

_ / hi(0)xi1 - DTxc(v) + / hi(0)0s1 - DT (v) = 0,
Q-N{|v|>K} Q-N{|v|=K}

where we used that DTk (v) = 0 on {|v|] > K}. Consequently, (3.24) is
equivalent to

lim sup lim sup lim sup/ hi(vy)a(z, DTk (vy)) - D[(Tk(vn) — Tk (v),)] < 0.

l—o0 n—0 A—0 -
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If | > K, we have h;(v)) = 1 on {|vy] < K} and we may conclude that

lim sup lim sup/ a(z, DTk (vy)) - D[(Tk(vr) — Tk (v),)] <O.
p—0 A—0

e

Since DTk (v),, — DTk (v) in LP(Qr)® and a(z, DTk (vy)) = xx in L' (Qr)?,
it follows that

limsup/ a(x, DTk (vy)) - DTk (vy) < / Xk - DTk (v). (3.26)

A—=0 - -

The monotonicity condition (A1) entails

/ (a(z, DTk (vy)) —a(z, H)) - (DTk(vy) — H) >0

T

for all H € L?(Q,)? and all A > 0. If we pass to the limit with A — 0 in the
preceding inequality, using DT (vy) — DTk (v) in LP(Qr)¢ and (3.26), we
obtain

| (v = ale. ) (DTic(w) ~ H) 20

for all H € LP(Q,)?. As the operator A : LP(Q,)? — L”(Q,)? defined
by Av = a(-,v) is maximal monotone, it follows xx = a(z, DTk (v)) in
L”(Q,). Since the inquality (3.9) holds true for almost every 7 € (0,7'), and
a(x, DTk (v)) = xx in L (Qr), we may conclude that yx = a(z, DTk (v))
in L” (Qr).

We are now in a position to prove that u = b(v) is an entropy solution to
(1.1). Let S € P& € D([0,7)),€ > 0, € Wy P(Q) N L=(Q). If we choose
S(vyx — )€ as a test function in (3.5) and integrate in time over (0,7"), we
obtain

g Oulken * (b(va) = b(vg))]S (vr — ¥)€

+ / a(x, Dvy) - DS(vox — )= [ faS(ux — ¢)§,
Qr Qr

where we used (3.2). For n € N we define ky 5, := (kx —n)t and ks, :=
kx — k1 an. Note that ki, + ko, = ky and that ky — &k in L'(0,T) implies
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kian — kin and koy, — ko, in L'(0,T), where ki, ko, are as in the
definition of the entropy solution. If we apply Lemma 2.6 to k; ), it follows

_éme*Afsw—wmmwg

0

+ ; Orlkzam * (b(va) = b(vg))]S (va — ¥)€ (3.27)

+/‘M%Dm»Dﬂw—wxs £1S(0 — ).
T Qr

By (3.15), we l;lave Jo} Slo = @)db(o) = [ S(o —¢)db(o) = Bs,(v) in
LYQr) and [[° S(o —¢)db(o) = [° S(0 — ¢)db(o) in L'(2). Thus,

_ / Fian % / S(o — @) db(o)g 223 — / et % (Bsoo(v) — Beo(v0))é.

T 0 T

The triangle inequality yields

106k % (b(0x) = b(1)) = Ophz,n * (b(v) — b(v0))l| 201
< [|0kk2m * [(b(x) = b(v5)) = (b(v) = b(vo))] L (@r)
(|02 xn % (b(v) = b(vo)) = Dekan * (b(v) = b(v0))l L1 (@r)
=: Ay + By.

As ko, € WHH0,T) satisfies 0 < kg x,(0) < n for all A > 0 and n € N, it
follows by Young’s inequality that

AX < nllb(va) = b(vg) = (b(v) = b))l (@r)
+ ks sl 0. [1B(v2) = () = (b(v) = b(vo)) 22 (@r)

for all A > 0 and n € N. Since kj , ,, is nonnegative and nonincreasing, we
have

kg s nllror) < kaan(0) <n

for all A > 0 and n € N, which shows that A} — 0 as A — 0. Moreover, we

see that supy.(varj r1k2,an) < n for every n € N. Thus, we may conclude by
[12, Lemma 3.4] that B} — 0 as A — 0. It follows O;kg ., * [b(vy) — b(v])] —
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Oikan * [b(v) — b(vo)] in LY(Qr) as A — 0. Since S € P is a bounded,

continuous function, we therefore obtain

g Onlkeam # (b(vr) — b(v)))IS (v — 9)¢
A0

; Or[kan * (b(v) = b(v0))]S (v — @)¢.

In order to pass to the limit in the third integral on the left-hand side in
(3.27), let R > 0 such that supp S’ C [—R, R] and define K := |||/~ + R.
By the monotonicity assumption (A1) it follows

/ alz, Duy) - DS(vs — )¢

T

B / ale, DTy (1)) - D[Tic(v2) — DT (0)]S'(0x — )¢

T

—|—/ a(x, DTk (vy)) - DTk (v)S"(vx — )&

— / a(z, DTk (vy)) - DpS'(vy — ¢)¢

T

> / a(w, DTy (v)) - D[Ti(vy) — DT (0)]S"(vx — )€

" / a(z, DTy (03)) - DTx(v) — g]S' (05 — 9.

T

As S’ is for every S € P a bounded, continuous function, the convergence
vy — v almost everywhere on ()7 and Lebesgue’s theorem imply

D[Tk(v) = ¢]S'(ux =) = DS(v—¢) in L”(Qr)’
and
a(z, DTk (v))S" (vx — @) = a(z, VIk(v))S' (v — ¢) in L7 (Qr)%.

Since a(x, DTk (vy)) — a(z, DTk (v)) weakly in LP (Qr) and DTk (vy) —
DTy (v) weakly in LP(Q7)?, we may pass to the limit in the preceding in-
equality to obtain

lim inf/ a(z, Dvy) - DS(vy — )& > / a(xz, Dv) - DS(v — @)E.
Qr

A—0
T
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Since, by Lebesgue’s theorem,

S — )6 2% [ fS(w— p)e,
QT QT

we may conclude that v is an entropy solution to (1.1). ]
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