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On the Maxwell and Friedrichs/Poincaré Constants in ND

DIRK PAULY

ABSTRACT. We prove that for bounded and convex domains in arbitrary dimensions, the Maxwell con-
stants are bounded from below and above by Friedrichs’ and Poincaré’s constants, respectively. Espe-
cially, the second positive Maxwell eigenvalues in ND are bounded from below by the square root of the

second Neumann-Laplace eigenvalue.
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Let Q C R3 be a bounded weak Lipschitz domain. We denote the standard Lebesgue and Sobolev
spaces by L2(Q2), H'(Q2), which might be scalar-, vector-, or tensor-valued, and by H(curl, ), H(div, Q).
Moreover, we introduce homogeneous scalar, tangential, and normal boundary conditions in the spaces
H(€), H(curl, Q), H(div, ), respectively, which are defined as closures of € (€2)-functions, vector or

tensor fields under the corresponding graph norms.

It is well known that the tangential version of Weck’s selection theorem, stating that the embedding

(1.1) H(curl, Q) N e~ "H(div, Q) «» L%(Q)

is compact, see [30, 23, 29, 31, 25, 3], is the crucial tool of any analysis for static or time-harmonic
Maxwell equations. Especially, (1.1) implies by a standard indirect argument the following important
Maxwell estimate for tangential boundary conditions: There exists a constant ¢, > 0 such that for all

E € H(curl, Q) N e~ 'H(div, Q) N Hp () 2@

. 1/2
(1.2) |E|'—§(Q) < cmpe curlE|32(Q) + | div €E|32(Q))

holds. Here, € : Q — R3*3 is a symmetric, L°°(2)-bounded, and uniformly positive definite matrix field,

and the kernel space of (harmonic) Dirichlet fields is denoted by
Hp, () :={E € H(curl, Q) N e 'H(div, Q) : curl E = 0, diveE = 0}.
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Note that Hp () is finite dimensional by (1.1) as its unit ball is compact. We also introduce the weighted

e-L2(2)-scalar product (-, -) (e, '>L2(Q) and the corresponding induced weighted e-L?(€)-norm

L2(Q) "=

1/< . . . . .
| - "—?(Q) = (-, .>L/;(Q) = |e/? . \LQ(Q). If we equip L?(2) with this weighted scalar product we write

LZ(€2). Moreover, L, @ denotes orthogonality with respect to the e-L?()-scalar product. If € equals
Q) and HD(Q) = HDJd(Q).
The fact that a compact embedding implies by an indirect argument a corresponding Friedrichs/Poincaré

type estimate, is a well known and powerful concept. Prominent examples are the Friedrichs and Poincaré
estimates itself, i.e.,

(1.3) Jer >0 YVu € HY(Q) |u|L2(Q) Scf|Vu|L2(Q)7

the identity id, it will be skipped in our notations, e.g., we write J_Lz(

il
(1.4) Jdep >0 Vo e H(Q) NR »® |’U|L2(Q) Scp\VU|L2(Q),
which follow immediately using Rellich’s selection theorem, i.e., the compactness of
(1.5) HY(Q) C HY(Q) <» L2(Q).
For the best possible constants it holds

A H2 P’
where
_ Vulg, . IV olia g
Al = min ——7m——, Lo = min 5
uEHl(Q) |u|L2(Q) UEH](Q)QRLLQ(Q) ‘UILQ(Q)

is the first Dirichlet resp. second Neumann eigenvalue of the negative Laplacian, see, e.g., [4] and the
literature cited there. Analogously to (1.1) and (1.2), the normal version of Weck’s selection theorem,
i.e., the compactness of the embedding

(1.6) H(curl, Q) N e~ 'H(div, Q) «» L%(Q),
shows the corresponding Maxwell estimate for normal boundary conditions: There exists a constant
Cmne > 0 such that for all H € H(curl, 2) e~ FA(div, Q) N Hy o (Q) 2@

(1.7) H] 2 < e (| curl HIE, )+ |div eH[? ))1/27

2
Q) L2(Q L2(Q

where we define the finite dimensional kernel space of (harmonic) Neumann fields by
Hn,e(Q) := {H € H(curl, Q) N e 'H(div, Q) : curl H = 0, diveH = 0}.

Similarly to the Friedrichs and Poincare constants we always assume the best constants, i.e.,

- |cur1E|32(Q) + | div eE|iZ(Q) A |cur1H\i2(Q) + | div 6H|i2(ﬂ)
B . . LI ’

where the first minimum is taken over E € H(curl, ) N e tH(div, Q)N HD76(Q)LL§<Q> and the second over
H € H(curl, Q) N e *H(div, Q) N HN,E(Q)LLE(Q).

In [18, 19, 20] we have shown that for convex € and, provided that always the best possible constants
are chosen, the estimates

di Q
(18) g% S Cm,t,eacm,n,e S Cp€ é %()g
hold, where
(1.9) € := max{e, €},

and the lower and upper bounds ¢,€ > 0 for € are defined by

(1.10) VEEL*Q) € Bl g < (B E)g) < @B g,
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which exist by our assumptions. Note that convex domains are even strong Lipschitz, see, e.g., [7,
Corollary 1.2.2.3] and topologically trivial, i.e., they satisfy Hp () = Hn,(Q2) = {0} as dim Hn ()
resp. dim Hp () is given by the first resp. second Betti number of Q.

The aim of the paper at hand is to generalize and improve the estimates (1.8) for the Maxwell constants
to convex domains Q C RY. In RV it is useful to work within the setting of alternating differential forms
of general order ¢ € {0,...,N}. More precisely, let @ C R be a bounded weak Lipschitz domain. We
denote the standard Lebesgue and Sobolev spaces by L%4(12), and

DY(Q) :=HY(d, Q) = {w € L*%(Q) : dw € L>T1(Q)},
AY(Q) :=HY(6,Q) = {w e L>YQ) : sw e L>71(Q)},

where d is the exterior derivative, § := (—1)(‘1*1)N *xd * the co-derivative, and * the Hodge-star-operator.
Moreover, we introduce co-called homogeneous tangential and normal boundary conditions in the spaces

DI(Q) = HY(d,Q), AY(Q) = H(5,Q),

respectively, which are defined as before as closures of éoo’q(Q)—forms under the corresponding graph

norms. A vanishing derivative will always be indicated by an index zero at the lower right corner, e.g.,
DY(Q) := {w e DYQ) : dw =0}, A§Q):={weAYQ) : jw=0}.

It holds

(L11)  *DY(Q) = AN79(Q), *AY(Q)=DN"9Q), *DUQ)=AN"9Q), *A1Q)=D""1Q).

Inner products and hence norms are defined by

<wa <>L2"1(Q) = /Qw N * 57 w, C € L2’q(Q)a
(W, Q)pa() = (W, ()rLza(q) + (dw,d () 2.0+1 (), w, ¢ € DY(Q),
(W, Q) aa() = (W, )L2a(Q) + (0w, 6 )r2.0-1(0), w,¢ € A1(Q).

We emphasize that for g-forms w given in Cartesian coordinates (identity map/chart), i.e.,
w = Z wrdaz!
I

with ordered multi-indices I = (i1,...,%,), we have w € L>9(Q) if and only if w; € L*>(Q2) for all I. The
inner product for w, ¢ € L%9(Q) is given by

<waC>L2~q(Q) = /Qw ANx( = ;/QWICI = ;<w17CI>L2(Q) = <waC>L2(Q)7

where we introduce the vector proxy notation
N
CJ:[WI]IELQ(Q;RN"), Ny = < )
q
The spaces L29(Q2) with the inner products (-, - J12:9(q) = (€, *)12a() are defined in the same way as

for vector or tensor fields, where € : L%9(Q)) — L24(Q) is a symmetric, bounded, and uniformly positive
definite transformation on g-forms. Such transformations will be called admissible. All other definitions
and notations concerning e carry over to g-forms as well, e.g., we have (1.10) and (1.9). More precisely,
by the assumptions on € we have

(1.12) Je,e>0 Ywel?(Q) §72|W|32)q(9) <{ew,w)2a(n) < €2|w|fa,q(9)

and we note |w|

w € L29(Q)

ﬁg,q(m = (ew,w)12.4(0) = |61/2w|EQ,Q(Q) as well as [ew|i2.q(q) = |61/2w||_§,q(9). Thus, for all

(1.13) € wlizae) < w2y SEwlza@), € wlizoq) < lewliza@) < Ewlizaq)
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As in the vector-valued case we can also define the Sobolev spaces H1(Q) resp. H%(Q) component-
wise by defining w € HY4(Q) resp. w € HY4(Q) if and only if w; € H(Q) resp. w; € HY(Q) for all 1. In
these cases we have forn=1,..., N

anw=ZaandmI
J;

and we utilize the vector proxy notation also for the gradient, i.e.,
Vi =[0hwilnr=[..Vwr...]1 € LZ(Q;RNXNQ).
Hence, for w, ¢ € HL(0)

N B N B
(o ey = 6. Oy + 300,00 Ounaiey = [ @i+ 3 [ (000) n2(0,0)
n=1

n=1 Q
— N —
= ; (/QWICI + ;/QanwlanCI) = ; (<wl7<I>|_2(Q) + <vwlav<I>Lz(Q))
- <‘Ija _’>|_2(Q) + <V‘37 v5>L2(Q) <(,U, 5>H1(Q)
Note that
HY(Q) = H20(Q) = DY(Q) = « AN (Q), HY(Q) = H"2(Q) = D°(Q) = « AN (Q)
and

dw:zanwdx", w € HY(Q).

Like before, Weck’s selection theorem (tangential version), stating that the embedding
(1.14) DY(Q) N e AY(Q) «» L29(Q)

is compact, holds, see [30] for bounded strong Lipschitz domains (strong cone property) and [23] for
bounded weak Lipschitz domains. The compact embeddings (1.1), (1.6) hold even for bounded weak
Lipschitz domains and mixed boundary conditions, see, e.g., the recent results [3, Theorem 4.7, Theorem
4.8]. The first proof of Weck’s selection theorem (1.14) for strong Lipschitz domains (strong/uniform cone
property), even for differential forms on Riemannian manifolds (and hence especially for @ € RY), has
been given by Weck in [30]. The first proof for weak Lipschitz domains/manifolds is due to Picard and
given in [23]. More related results and generalizations can be found in [12, 21, 22, 24, 25, 29, 31, 9, 6, §].
Note that the boundedness of the underlying domain €2 is crucial, since one has to work in polynomially
weighted Sobolev spaces in unbounded (like exterior) domains, see, e.g., [10, 11, 12, 14, 15, 17, 16, 21, 25].
As we obtain the corresponding normal version

DY() N e PAY(Q) «» L29(Q)
by applying the *-operator, see (1.11), we may concentrate on the tangential version (1.14). Especially,
(1.14) implies (again by an indirect argument) the following Maxwell type estimate: There exists ¢y 4 > 0
such that for all w € D1(Q) Ne 1 AY(Q) NHE 6(Q)L

Lf’q(ﬂ)

1
(1.15) |w|L§,q(Q) < Ct,q’6(| dw|32,q+1(9) + | (SELUlEz,q—l(Q)) ’

holds. Here, we introduce the finite dimensional (again the unit ball is compact) kernel space of (harmonic)
Dirichlet forms by

HY () = DY) N e A ().
Throughout this paper, as already mentioned, we assume that always the best possible constants are
chosen, e.g., ¢t 4, > 0 are defined by

(1 16) 1 — min ‘ dw|E2,q+1(Q) + |5€w|f2vq*1(ﬂ)
' Fge @ w2, ’
H Le ()

where the minimum is taken over D7(Q) N e 1A%(Q) N HqD7€(Q)J_L§’q(‘2>.
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The main result of this paper is Theorem 3.6, i.e., for convex 2 and for all ¢ it holds
(1.17) U< Sy, ¢y < Jam@®)
€ ™
Corollary 3.7 shows that in the case of the other (normal) boundary condition, where the boundary
condition is placed on eilﬁq(Q) and the corresponding constant is denoted by ¢, 4., the same result
holds for ¢y q,c as well. Especially for e = id we have

(1.18) cf < g, Cnyg < ¢p < diam(Q) /7.

Here and generally throughout this contribution, we skip the index e in our notations if the case € = id
is considered. We emphasize that (1.17) not only generalizes (1.8) to N-dimensions, but even improves
(1.8) in 3-dimensions to
& A
(119) Tf < Cmyte; Cmpn,e < CpE.
é
In Remark 3.12 we will present a corresponding result for a certain class of non-convex domains, so-
called one-chart or one-map domains, which are bi-Lipschitz transformations of convex domains. By a
standard partition of unity argument we obtain results for general weak Lipschitz domains as well.
To prove our main result (1.17) we will only use

e the well-known Friedrichs/Gaffney regularity and estimate for bounded and convex C*°-smooth
domains Q C RY i.e., D4(Q) N A4(Q) and D4(2) N A%(Q) are subspaces of H14(2) and
(120) Vw (S (DQ(Q)mAq(Q)) U (Dq(Q)ﬁAq(Q)) |V{§|i2(m S |dw|EQ‘q+1(Q) + |5W|Ez,q71(g),
e Weck’s selection theorem (1.14), which includes Rellich’s selection theorems as special cases ¢ = 0
orq=N,
e and some fundamental results from functional analysis.
For the regularity part of (1.20) see also [10].

Using vector proxies for the respective differential forms we get back the classical case of vector fields
in R? or RY for the special choice ¢ = 1 or ¢ = N — 1. Note that without using differential forms and
vector proxies curl E of a smooth vector field E in RY may be defined point-wise as a vector in RN -1N/2,
which is isomorphic to the skew-symmetric part of the Jacobian of E, i.e.,

curl EZ2skwVE =V E — (VE) € RVN,
Finally, (1.17) and (1.18) hold for (1.2) and (1.7) in RY as well.

2. PRELIMINARIES

Throughout this paper let 2 € RY, N > 2, be a bounded weak Lipschitz domain. Hence Weck’s
selection theorem (1.14) and the Maxwell type estimate (1.15) hold true.

2.1. Functional Analysis Toolbox. Let A : D(A) C H; — Hz denote a closed and densely defined
linear operator on two Hilbert spaces H; and Hs with Hilbert space adjoint A* : D(A*) C Ha — Hj.
Typically, A and A* are unbounded. The adjoint is characterized by

(2.1) Vo e D(A) Vye D(AY) (Az, y)n, = (z, A"Y)n, -

Note (A*)* = A = A, i.e., (A, A*) is a dual pair. This shows the trivial but helpful result
(2.2) D(A) = D((A*)*) = {a: €Hy : 3feHyVye DAY) (z,A"y)n, = ([, y)HQ}.
By the projection theorem the Helmholtz type decompositions

(2.3) Hi = N(A)@n, R(A*),  Hy= N(A")@u, R(A)

hold, where we introduce the notation N for the kernel (or null space) and R for the range of a linear
operator and @Gy denotes orthogonality in a Hilbert space H. We define the reduced operators

A= Algzey : D(A) € R(A*) = R(A), D(A) := D(A)N N(A)** = D(A) N R(A¥),
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A* = Ay s D(A") C R(A) — R(A*),  D(A") := D(A") N N(A*)**2 = D(A") N R(A),

which are also closed and densely defined linear operators. We note that 4 and A* are indeed adjoint to
each other, i.e., (A, A4*) is a dual pair as well. Now the inverse operators

A7L I R(A) — D(A), (A7 R(A*) — D(A*)

exist and they are bijective, since A and A* are injective by definition. Furthermore, by (2.3) we have
the refined Helmholtz type decompositions

(2.4) D(A) = N(A) en, D(A), D(A*) = N(A*) ®n, D(AY)
and thus we obtain for the ranges
(2.5) R(A) = R(A), R(A*) = R(AY).

Using the closed range theorem and the closed graph theorem we get the following result.

Lemma 2.1. The following assertions are equivalent:
(i) Jea €(0,00) Ve D(A) |20, < calAz|n,
(i*) Jea- € (0,00) Vye D(A") |yl < cas|A%yln,
(ii) R(A) = R(A) is closed in Hs.
(ii*) R(A*) = R(A*) is closed in Hy.
(iii) A~ ': R(A) — D(A) is continuous and bijective with norm bounded by (1 + ci)l/z.
(iii*) (A*)~1: R(A*) — D(A*) is continuous and bijective with norm bounded by (1 + CQA*)l/Q.
If one of these assertions holds true, e.g., (i), R(A) = R(A) is closed, then

A:D(A) C R(A*) — R(A), D(A) = D(A)NR(A"),
A*: D(A*) C R(A) — R(A"), D(A*) =D(A")NR(A),
and the Helmholtz type decompositions
Hi = N(A) &n, R(AY), Hy = N(A") ©n, R(A),
D(A) = N(A) &, D(A), D(A*) = N(A*) @n, D(A")

hold.

Throughout this paper we will assume that always the “best” Friedrichs/Poincaré type constants are
chosen, i.e., ca,ca+ € (0,00] are given by the usual Rayleigh quotients
1 : f |A‘I‘H2 1 R : f ‘A*y|H1

= n , = n .
CA 0£zeD(A) ||, CA~ 0£yeD(A*)  |yln,

Lemma 2.2. The Friedrichs/Poincaré type constants coincide, i.e., ca = cax € (0,00].

Lemma 2.3. The following assertions are equivalent:
(1) D(A) <» Hy is compact.

(i*) D(A*) «<» Hy is compact.

(ii) A71: R(A) — R(A*) is compact with norm ca.

(ii*) (A*)~71: R(A*) — R(A) is compact with norm ca~ = ca.
If one of these assertions holds true, e.g., (i), D(A) <» Hy is compact, then (by a standard indi-
rect argument showing Lemma 2.1 (i)) the assertions of the latter two lemmas hold. FEspecially, the
Friedrichs/Poincaré type estimates hold, all ranges are closed and the inverse operators are compact.

Now, let Ag: D(Ag) C Hyp — Hy and A;: D(A1) C Hy — Hs be (possibly unbounded) closed and densely
defined linear operators on three Hilbert spaces Ho, Hy, and Hs with adjoints Af: D(A§) € H; — Ho and
A% :D(A}) C Hy — Hy as well as reduced operators Ay, Ay, and A;, Aj. Furthermore, we assume the
sequence or complex property of Ag and Aj, that is, AjAg C 0, i.e.,

(2.6) R(Ao) C N(Ay).
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Then also AjAT C 0, i.e.,, R(AT) C N(A}), as for all z € D(Ay), y € R(AY) with y = Ajz, z € D(AY)
<y,A0$>H1 = <ATZ,A0$>H1 = <Z,A1A0.73>H2 =0.
The Helmholtz type decompositions (2.3) for A = Ay and A = A; read, e.g.,

(2.7) Hi = R(Ao) &n, N(Ag), Hy = N(A1) &n, R(A}),

and by the complex properties (2.6) we obtain
D(A1) = R(Ao) @n, (D(A1) NN(A7)), D(AG) = (D(AG) N N(A1)) @n, R(AT),
N(A1) = R(Ao) ®n, Noi, N(Ag) = No1 @u, R(AT),

where we define the cohomology group
N(),l = N(Al) n N(AS)
Putting things together, the general refined Helmholtz type decomposition

*

(2.8) Hi = R(Ao) ©n, Nox @n, R(AT),  R(Ag) = R(Ao), R(A]) = R(A))
holds. The previous results of this section imply immediately the following.

Lemma 2.4. Let Ay, Ay be as introduced before with A1Ag C 0, i.e., (2.6). Moreover, let R(Ag) and
R(A1) be closed. Then, the assertions of Lemma 2.1 and Lemma 2.2 hold for Ay and Ay. Moreover, the
refined Helmholtz type decompositions

1
N(A1) = R(Ao) ®n, No1, N(AG) = Noa ©u, R(AY),
D(Ay) = R(Aog) ©n, Noa S, D(A1), D(A}) = D(Ag) @n, No1 @n, R(A}),
D(A1) N D(A}) = D(Ag) @n, No1 @n, D(A1)

hold. Especially,

R(Ao) = N(A1) N Not, R(A}), R(A1), R(A}) = N(Ag) N No
are closed, the respective inverse operators, i.e.,
Ao~': R(Ag) = D(Ay), A7 R(AL) — D(AY),
(A)~": R(A}) = D(Ap), (AD)™": R(AT) — D(AD),

are continuous, and there exist positive constants ca,, ca,, such that the Friedrichs/Poincaré type esti-
mates
Va € D(Ao) |Z[He < caolAox|h,, Vy € D(Ay) ylH, < ca, [Aryln,,

Vy € D(A:)) |y‘H1 < CA0|A8y|H07 Vze D(Ai) |z|H2 < CAllATZ‘Hl
hold.

Remark 2.5. If, e.g., D(Ap) <» Hy and D(A;) <» Hy are compact, then R(Ag) and R(A1) are closed
and hence the assertions of Lemma 2.4 hold. Moreover, the respective inverse operators, i.e.,

Ao~': R(Ao) — R(A}), A1 R(A)) — R(AY),
(Ag) ™" : R(AG) = R(Ao), (A" R(A) = R(Ay),
are compact.

By the complex property we observe D(A;), D(A;) C D(A;) N D(A}). Utilizing the Helmholtz type
decomposition (2.8) we immediately see the following.

Lemma 2.6. The embeddings D(Ag) <» Ho, D(A1) <» Hi, and Ny 1 <» H1 are compact, if and only if
the embedding D(A1) N D(A§) <» Hy is compact. In this case, No 1 has finite dimension.
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Remark 2.7. Let us consider the sequence or complex

(29) D(Ao) C HO L D(Al) C H1 L) H2.

(1) The general assumptions on Ay and Ay are equivalent to the assumption that (2.9) is a Hilbert

complez, meaning that the operators are closed and satisfy the complex property (2.6).

(ii) The assumption that the ranges R(Ag) and R(A1) are closed is equivalent to the assumption that
(2.9) is a closed Hilbert complex.

(iii) The assumption that the embeddings D(Ap) <» Ho and D(Ay) <» Hy are compact is equivalent
to the assumption that (2.9) is a compact Hilbert complex, which is always closed.

(iv) The assumption that the embedding D(A1)ND(Af) «<» Hy is compact is equivalent to the assump-
tion that (2.9) is a Fredholm complex, meaning that the complex is compact and the cohomology
group Ny 1 is finite dimensional.

The strongest property (i) is the most desirable one, and we can realize this is our applications. By the
previous results, any property of the primal complex (2.9) is transferred to the corresponding property of
the dual complex

Ho +2° D(AZ) C Hy « 21— D(A?) C Hy

and vise verse.
We can summarize.

Theorem 2.8. Let Ay, Ay be as introduced, i.e., having the complex property R(Ag) C N(A1). Moreover,
let D(A1) N D(Af) <» Hy be compact. Then the assertions of Lemma 2.4 hold, Ny is finite dimensional
and the corresponding inverse operators are continuous resp. compact. FEspecially, all ranges are closed
and the corresponding Friedrichs/Poincaré type estimates hold.

Theorem 2.9. Let Ay, Ay be as introduced, i.e., having the complex property R(Ag) C N(A1), and let
D(A1) N D(Af) <» Hy be compact. Then

* L *
Va € D(A1) N D(A) NNy 1t Z|f, < A, AszlE, + &, Az,
Especially,
* €L * 1
Vo € D(A) N DAY N NGST Jalw, < max{ea,,ca, Y(Agz[R, + [Arzl,) .
J‘Hl

Proof. Let x € D(A1) N D(Ag) N Ny ' By the Helmholtz type decomposition of Lemma 2.4 we have

D(A1) N D(A}) N Ny = D(Ay) @, D(A;)

and hence we can decompose
x=1x0+x1 € D(Ay) ®n, D(AL), Ajx = Afxo, A1z = Ajay.
By orthogonality and the Friedrichs/Poincaré type estimates we get
el = lwoliy, + |z1lf, < X, [AGwold, + A, [Amilf, = e}, |AGeld, + <&, [Areld,,
completing the proof. O

Remark 2.10. In Theorem 2.9 max{ca,,ca, } = Ca,.a, IS the best constant (or sharp), where

L ot |Asz[f, + \Alx\E.Q.

2 n 2
€Ao,A1 0#zeD(A1)ND(AZNN, i1 [,

It is clear that ca, a, < max{ca,,ca,} holds by Theorem 2.9. On the other hand, looking at the sub-
spaces (ranges) of the Helmholtz type decompositions one obtains immediately ca, < caq.a,, if , €.9.,

max{ca,,Ca, } = CA,-
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2.2. Applications to Differential Forms. We will apply Theorem 2.9 in our differential form setting.
As closure of the exterior derivative defined on C°*4(£2) as an unbounded operator on L?(2) we get that

d, : DY(Q) C L29(Q) — L29H1(Q)
is a closed and densely defined linear operator with closed adjoint
dy = 6441 0 ATH(Q) C L29TH(Q) — L29(Q).

These operators satisfy the natural complex property aq+1 (Qiq C0,ie, R(aq) C N((Qqu), and thus also
0q0g+1 C 0, ie., R(0g41) C N(dq4). Analogously or using the *-operator we can define closed operators
for the other boundary condition, i.e.,

d, : DY(Q) C L29(Q) — L>1TH(Q), d, = Sq_H : A(IH(Q) C L2H(Q) = L29(Q),
which also satisfy the complex properties, i.e., dg41dy C 0 and Sq (OSqH C 0. Note that
D(d,) = D?(%), D(d,) = D*(), D(b,) = A%(), D(6,) = A%(2),
N(dy) = DE(9), N(dg) = DE(9), N(3,) = A4(), N(8,) = AY().
By (2.1) we get trivially the rules of partial integration, i.e.,
VweDUQ) V(e ATHQ)  (dgw, Qurani(e) = —(w, 5ga1 (2@,
VweDI(Q) Ve A (Q)  (dgw, Qrrara) = —(@,dg41 OL2a(@)-
(2.2) provides a useful characterization of homogeneous boundary conditions, i.e.,
DU(Q) = D(dy) = D((d,)") = D(3}41)
={wel®(Q) : 3¢CeL>HQ) Yy € D(0g41) = AT Q) (w0, 8411 @iza(a) = (C P)zari) }
={weD(Q) : Vo € AMHQ) (W, 8441 P)120(0) = (dgw, )20t ()
and analogously or by the x-operator we also get
211)  AYQ) = {wel®>(Q) : 3> (Q Ve e D™ (Q) (w,dg19)120(0) = (& Phza-1() }-

(2.10)

In the following we will skip the index ¢ on the operators and write just COL d and § , 0. To incorporate

the material law € we need to modify these operators slightly. For this, let us fix some ¢ =0,..., N and
let € be an admissible transformation on g-forms. Defining the closed and densely defined linear operators
Ag:=d:DIHQ) C L2H(Q) — L29(0), Ay :i=d:DYQ) C L29(Q) — L21H(Q),

we see that their closed adjoints are
Ag=d =de: T IAQ) CL2Q) = L27H(Q), AT =d =10 ATH(Q) C L2FHQ) - L29(Q).

Again these operators satisfy the complex property AjAy = dd c 0, ie., R(d) C N(col), and thus also
AjAT =0ee 15 CO,ie, R(e1d) C N(d¢). As before, analogously or using the x-operator we can also
define the closed operators
Ag:=d: D7 HQ) c L27HQ) — L21(Q), Ay :=d: DY) C L29(Q) — L21T(Q),
Af=d"=de: e TAYQ) C L29(Q) = L21(Q), Al =d"=¢15: AT(Q) c L27H(Q) — L29(Q),

which satisfy the complex properties as well.
We will focus on the operators Ay, A1, A§, A]. At this point let us note that all results of the Functional
Analysis Toolbox Section 2.1 are applicable since by Weck’s selection theorem (1.14) the embedding

D(A1) N D(A) = DUQ) N e PAI(Q) < L29(Q) = Hy

is compact, see, e.g., Theorem 2.8. Especially, all ranges are closed, the inverse operators are continuous
resp. compact, the corresponding Friedrichs/Poincaré type estimates and Helmholtz type decompositions
hold, and the cohomology group

Noi = N(A1) N N(A)) = DH(Q) N e AY(Q) = HE ()
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has finite dimension. The corresponding reduced operators are
Ag=d: DI HQ) NEAYQ) C §AI(Q) — dDT1(Q),
Ay =de: e A1 Q) NdADIH(Q) c dDTH(Q) — § AY(Q),
Ay =d:DIUQ) Ne L IAT(Q) € e 5 ATTHQ) — dDI(Q),
Al =15 ATTHQ) N dADYQ) C dDUQ) — ¢ 15 ATT(Q),

where d D771(€2) and €' § A7T(2) have to be understood as closed subspaces of L29(Q). In this case,
Lemma 2.4 and Theorem 2.8 read as follows.

Corollary 2.11. The refined Helmholtz type decompositions
L29(92) = d DY H(Q) @20y HB () Bp2a(qy € I ATTH(Q),
) = 515“@) D24(q) H%,E(Q)a
(Q) = Hp (Q) Baagg) e FATTH(Q),
D(Q2) = d DT H(Q) @y 2.0 () H () D201y (DUQ) N e 6 ATTH(Q)),
(@) = (' AUQ) N DT H(Q)) B 2y HB () B2y € FATTH(Q),
(Q) = (e 'A%(Q) NdDTH(Q)) B 2.9(q) Hp () B2 (DU(Q) ne 5 ATTH())

hold, all ranges

DE(Q) NHS ()2 = dDT () = d (DT () NS AY(R)),
AD7(Q) = d (D9(Q )ﬂe_léA‘H' (@),
§AY(Q) =0 (A1) NdDIH(Q)),
eLALQ) NHG () e = *15Aq+1(9) =15 (ATTH(Q) NdDY(Q))
are closed, the space of Dirichlet forms Hp (Q) = DI(Q) Ne LALQ) is finite dimensional, the respective

inverse operators, i.c.,
Aot :&’ :dDIHQ) — DIHQ) N EAY(Q),
Al =d 7 dDYQ) = DYQ) N et ATTH(Q),
(Ap) ™' = (5e)7": 0 AYQ) — (¢ 'AYQ) NdDTH()),
() —

(AN~ =(h0) T T IATTH(Q) » ATTH(Q) Nd DY(Q),
are continuous, and there exist positive constants ca, = éa,t,q—l,e and cp, = Cat g such that the
Friedrichs/Poincaré type estimates
VEeDITH(Q) N6 AY(Q) Elza-1(0) < Capgorel A€l 2a(qy,
Vwe DIQ)Ne 1§ ATT(Q) w200y < gl dWlzar (),
Vwe e TAYQ)Nd DI H(Q) w200 < e gl S €Wlza-1(0),

V(e ATHH(9)ndDI(Q) [Clinors@) < g e 5200
hold.

Remark 2.12. The corresponding corollary holds for the other boundary conditions on A- (Q) for the
operators Ag, AO, A4, A* as well.

For € = id just one constant for a single ¢ is needed. More precisely:
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Lemma 2.13. Let € =id. Then for all q

Ca,t,g = Gt

and the Friedrichs/Poincaré type estimates

Vw e DI(Q) N s ATTL(Q) wltz.a(@) < cgp gl dwlizar o),
V¢ e ATTHQ)NdDY(Q) ICfLza+1() < €l 0CIL2a)
hold. Applying the x-operator we have
Vwe AN=9(Q)nd DN 1(Q) Witz v—a() < €4 gl OWlL2v-a-1(0),
V(e DN Q) Nd ANTU(Q) Gl a1 () < €qq gl dClL2v-age)-

All these four Friedrichs/Poincaré type estimates hold with the same best constants Catg-
With these settings our estimate of interest (1.15), i.e.,
wlzaggy < ctae (| Ao gy + 8 ewPaa i)’
for all w € DI(Q) N e 1AZ(Q) N 'H%,G(Q)LLE’Q(“), reads
Vo € D(A) N DAY N NS Jalu, < caga, ([Asalf, + [A5ef3,)”?
and by Theorem 2.9 and Remark 2.10 we know
Ctge = CAp,A, = Max{ca,,ca, } = maX{E&,t,qq,ev c&’t’q’e}

using the notations from Corollary 2.11. More precisely, Theorem 2.9 shows:

Corollary 2.14. For allw € D1(Q) N e 'A9(Q) N H%’E(Q)l@qm)

[Py < gl deltzaniay + 8, [ewlfana
and hence
|l 20(q) < ctge] colwﬁz,qﬂ(m + |6ew|EQ,q,1(Q))l/2, Ctage =Max{Cy \ 1 1 Chr gt
3. MAIN RESULTS
By Corollary 2.14 we have to find upper and lower bounds for the constants 6&’t,q71’6 and Catger As

a first step, we take care of the dependencies on the transformation e.

Lemma 3.1. It holds
Ca,t,q—l

Cévtvq < e < c- =
& e = cdytyq,f - cd,t-,qe'

€ S ctsi,t,qfl,e S Ctsi,t,qfl

Moreover,
mm{ca,t,qfl’ cé,t,q}

€

Proof. Let £ € D9"1(Q) N6 A%(Q). By Lemma 2.13 and (1.12), (1.13) we see

é Ct,q,e = max{ca,t,q—l,e’ Ca,t,q,e} S max{c&,t,q—l’ Ca,t,q}ﬁ'

Eliza—1(0) < Chpqrl dElizaie) < gy qr€ldEli2a(g),
and hence &3, , ;. < ¢y, ;€ On the other hand, by Corollary 2.11 and (1.12), (1.13)
[€lza1() < Caggrel delizai) < Capgr EldElzae)

holds, and hence by Lemma 2.13 ¢3, , < ¢, , € Now, pick w € D(Q) Net 6 A9HL(Q). According
to Corollary 2.11 (with € = id) it holds

D9(Q) = DI(Q) Brzaq) (D1(Q) N AITL(Q))
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and we can decompose
w=wo+ws,  woeDIQ), wseDIQ)NIATTLQ)
with dw = dws. By orthogonality as well as Lemma 2.13 and (1.12), (1.13) we have
[W[Pa.0 ) = (ew, wo)iza) < €4 lewlizao)] dwlizari() < €3, € lwl 20 ()| dwlizar (o),

and thus ¢y < ¢, € On the other hand, let w € D?(€2) N § ATT(2). According to Corollary 2.11 it
holds
DY(Q) = D§(Q) & 2.0 (DU(Q)Net 5 ATT(Q))

and we can decompose
w=wo+ws,  woeDIQ), wseDIQ)NnesAT(Q)
with dw = dws. By orthogonality as well as Corollary 2.11 and (1.12), (1.13) we have

lfaa) = (@ ws)iza@) < elwlizamlwslizaq) < gt lwliza@] dwlizan ),

and thus Catg < Ca e |

It remains to estimate for all ¢ the constants cy tg" For this we need the following result about
regularity and Gaffney’s inequality in convex domains.

Lemma 3.2. Assume Q additionally to be convez. Let w € D9(Q2) NAY(Q) or w € DI(Q)NAY(Q). Then
w € HY(Q) and

|V<7)|fz(m < dwltzeri ) + [dwlPaa-1 (o)

We will give a simple proof in Appendix A, only based on the well known corresponding result for
smooth and convex domains, see (1.20). A proof of Lemma 3.2 can also be found in the nice paper
of Mitrea [13, Theorem 5.5], see also [13, Corollary 5.6]. For N = 3, partial and weaker results have
been established earlier in [26, 1.4 Satz, 5.5 Satz], [28, Theorem 3.1], [5, Corollary 3.6, Theorem 3.9], [1,
Theorem 2.17]. Note that for all w € Iillvq(Q) Gaffney’s equation

(3.1) |VLU|32(Q) = |dw‘52,q+1(g) + |(5w‘52,q71(9)

holds, and that for convex domains all cohomology groups are trivial, i.e., HqDye(Q) = {0}.

Now we can prove the key result for upper bounds.

Lemma 3.3. Assume ) additionally to be convex. Then Cartg < ¢p.

Proof. By Lemma 2.13 we may pick ¢ € AT () NdD?(Q) = AT (Q) N DI (). Hence ¢ = dw with
some w € D?(Q). Lemma 3.2 shows ¢ € HY4T1(Q) and for all @ € R and all I it holds

<C[, a>L2(Q) = <C, adxl>|_2,q+1(9) =a <aw, d.Z’I>|_2,q+1(Q) = —a (w,dde>L2,q(Q) =0.

Thus ¢; € HY(Q) N RT2@ for all I and we can apply the Poincaré estimate and Lemma 3.2 to obtain

|C|E2,q+1(g) = Z (e} iZ(Q) < Cﬁ Z |V ig(m = Cﬁ‘ vdiz(ﬂ) < C|§| 5(‘%%(9)-
I I

Hence Catg < cp. O

A proof of Lemma 3.3 can also be found in [13, Corollary 5.10], where the estimates are equivalently
formulated in terms of estimates for eigenvalues. For N = 3, the tangential boundary condition in
H(curl, Q), and smooth convex domains the result has also been established in [2, Theorem 3.1]. In both
papers, especially in [2], the proof is more lengthy and complicated than our short proof.

For lower bounds we have the following.

Lemma 3.4. Assume §) additionally to be topologically trivial. Then cyq > cf.
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Proof. As () is topologically trivial, all cohomology groups vanish. Therefore, for all u € Hl(Q) and some
I and with w :=udz! € HY(Q) c DY() N AY(Q) we compute by (1.15) and (3.1)

1/2

|U|L2(Q) = |UJ||_2,:1(Q) < Ct,q(‘ dW|Ez,q+1(Q) + |6(J~)|E2,q—1(9)) = Ct,q‘ VQ|L2(Q) = Ct7q| VU|L2(Q)

Thus cf < ¢t q. O

Lemma 3.5. Assume §) additionally to be topologically trivial. Then ¢t q.e > “.

Proof. 1t holds c,q = max{cg, , ;,c3,,} and cqe = max{Cq, , | . Cq,,.} g =cy,, 1, then by
Lemma 3.1 and Lemma 3.4

cs
~ d,t,g—1 Ct q Cf
Ct ZCitg1e L —=—"2=2—.

»q,€ d,t,g—1,e € € é

If ¢tq = ¢4, then by Lemma 3.1 and Lemma 3.4
d,t Ct Ct
Ct,q,e > Citag.e > o E > =,
ta, € € ¢

completing the proof. O

Combining Corollary 2.14, Lemma 3.1, Lemma 3.3, Lemma 3.4, and Lemma 3.5 we can formulate our
main result.

Theorem 3.6. Assume 0 additionally to be convex. Then for all w € DI() N e LA%(Q)

<l

d,t,q,e' dUJ|E2,q+1(Q) + E% | 1) EW‘Equ,l(Q)

2
|W‘L§=‘1(Q) d,t,g—1,e

S Ct2,q,€(| dW|Ez,q+1(Q) + | 56W|Ez,q71(9)).

Moreover,
c; ce
% < éavtvq_lvﬁ < Camq_lg < S, dqu < Cd,t,q,e = d,t,qg < Cp€
as well as |
% < Crge = MAX{C g 100 Cag,ed S o6 cp < dl%(m.
Especially, for e =id it holds for all q
(3:2) Cag = Cang < G cf < crg =max{Cy, , 1,Cqe .t S Cp < dIL(Q).

™

The corresponding theorem holds for the other boundary condition as well.

Corollary 3.7. Assume Q additionally to be convez. Then for all w € D9(Q) N e *A(Q)

|w|ﬁ§ﬂ(9) < Eﬁ,t,qufLul dwﬁz*f“(ﬂ) + C?‘i,t,qu,ul 66‘”'%2*4*1(9)

= C?,N—q,,u(| dw|E2w‘I+1(Q) +| 5€W|E2,q—1(9))a

a(N—

where p:= (—1) 9 x e 1x. Moreover,

ce ce
d,t,N—qg—1 ~ _ _ d,t,N—¢q
c S CieN—g-1p = Ca,N—g-1€ = GpE z S ClaN—gp S CarN—gE S CpE
as well as
s _ . diam(€2)
B S CoN—gu = WMAX{CG 4 N g1 Cae N gt S o6 % < T

Especially, (3.2) holds for e = id and for all q.

In the introduction we have denoted ¢t ny—_q,u bY Cn g e-
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Proof. Let w € DI(2) N 6—1&1(9). Then *w € AN=9(Q) and with =1 = (=1)90=9 % ¢ x we have
(i=wew = (1)1 D wexnwe DVIQ) N pANTIQ).

As € is admissible, so is (—1)9(N=9 % ex and hence also its inverse . Theorem 3.7 applied to N — ¢, ¢,
w instead of ¢, w, € shows

‘Cﬁi”*qm) = C?ﬂ,t,qu,,J dcﬁz’N*‘l“(Q) + é(gi,t,qufl,pJ 5MC|E2’N*‘1*1(Q)

< C?,N—q,u(‘ adE?,N*Hl(Q) + |6M<|EQxN*‘I*1(Q))'

Moreover, * € * has the same properties (1.12), (1.13) as € and hence, as inverse, p inherits these properties
with € and € interchanged. Note that, e.g.,

e C)LZN—G(Q) = <€_1 *(xQLza() = ‘6_1/2 * C|ﬁ2,q(g) < §2|€_1/2 * Cﬁg,q(m = §2|C|32,N—q(9)
holds by (1.13). Hence the estimates for the constants follow immediately. Plugging in
|<‘ii’N7q(Q) = <:u‘ Cv <>L27N*‘1(Q) = (_1)q(N7q) <* 671 * ok EW, * 6"‘J>L2=N*‘1(Q)
= (W, ew)i2a(e) = |wlf2a (g,
| cD1C||_2,N_q+1(Q) = | CO].* €w|L2,N—q+1(Q) = | 56w||_2,q71(9),
|6 pliem—a-1(0) = |55 xxew|izn—a(q) = |dw|izarg)
we obtain
Wlt2ai0) < G enqul de@ltzam1@) + e vyl delizam )

< CE,N—q,,L(| 56“\%%«—1(9) + |dw|E2v(1+1(Q))’

completing the proof. O

The same transformation technique or just repeating the previous arguments shows that Corollary
2.11, especially the Friedrichs/Poincaré type estimates, Corollary 2.14 and Lemma 3.1 hold for the other
boundary condition placed on e_lﬁq(Q) as well. More precisely, with p as before and defining the
(harmonic) Neumann forms by

M (Q) == D{(Q) Ne ' AL(Q)

we have the following results.
Corollary 3.8. For all w € DI(Q) Ne tA2(Q) N ’Hﬁ’C(Q)J‘Lf‘q(Q)

2 ~2 2 2 < 2
Wltzay < € n—qo1ul d@lizari@) F 65 v gl O €Wliza1(o)

< e N—gu(ldwlPzeig) + | SEWEM%(Q))W

with ¢t N—q.u = max{5&7t7N_q_17u, Ca,t,N—q,u}‘ Especially,

vE e DIHQ) NS AYQ) €l 1) < gl Q€200

Ywe DI(Q) ne t§ATTH(Q) wlizag) < Cae g1l AWz,

Vwe e 'AYQ)NdDI () wli2.a(0) < CheN—gul €Wtz a—1())

V¢ e ATH(Q) N dDY(Q) Clhizasioy < aong1pl€ 5 Clzaq,
Corollary 3.9. It holds

Cd’Leiqil < 5&,t,N—q—1,u S CileN—g-16 Cd’t’fé\riq < Cit,N—q.u < Che N—gE
and )

mln{cd,t,N—qA—lﬂ Cd,t,N—q} < N = maX{éa,t,N—q—l,u’ Ca,t,N—q,u} < max{c&,t,zv—q—p C&,t,N—q}é'

€
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3.1. Some Remarks.

Remark 3.10. Our results extend also to all possibly non-convex polyhedra which allow the HL(£2)-
regularity in Lemma 3.2 of the Mazwell spaces D7(Q) N A9(2) and D9(Q) N AY(Q) or to domains whose
boundaries consist of combinations of convex boundary parts and polygonal parts which allow the HY4(Q)-
reqularity. Such domains exist, depending on the special type of the singularities, which are not allowed
to by too pointy, see, e.g., [26, 27]. It is well known that (3.1) even holds for w € H-4(2) N DY(Q) or
w € HY(Q) N AYQ) if Q is a polyhedron, since the unit normal is piecewise constant and hence the
curvature is zero.

Remark 3.11. Let Q be additionally convex and let us recall cn g = ¢t n—q and (3.2), especially
Cf § Ct,q5Cn,q S Cp-

(i) In generell, we conjecture cf < ¢t q,Cnq < Cp.
(ii) As a byproduct, by

Kol ~

we have shown a new proof of the well known fact, that the first Dirichlet eigenvalue of the negative
Laplacian A1 is not smaller than the second Neumann eigenvalue of the negative Laplacian pso.

Remark 3.12. Our results extend to a certain class of non-convex domains, so-called one-chart domains,
as well. For this, as before, let Q@ C RN be a bounded weak Lipschitz domain and let Z C RN be a bounded
and convex domain, e.q., the unit square or unit ball. Moreover, we assume that there exists an orientation
preserving bi-Lipschitz transformation ® : Z — Q with inverse ¥ := ®~1: Q — =.

Then for w € DY(Q) N e *AY(Q) we have

P*w e DUE)Np TANE),  pi=(—1)N 14 0 x e,
with
(3.3) dd*w = o* dw, Spdw=+*xd® xew=%d"*xJew,

see Appendiz C for a proof of (3.3) in the bi-Lipschitz case. By the transformation formula, straight
forward estimates, which we will carry out in Appendix B as well, and Theorem 3.6 we get
3,02 2 /2
wiiza@) < cegel dwliz.ar1(0) + ‘66w|L2’4*1(Q))

where

Ctge < N o v Elps
and cp = is the Poincaré constant for the convex domain 2, cn depends just on N, and cy o v o just on
bounds for V® and V¥, see (B.4) in Appendiz B for more details. These constants can be refined, if
one takes a closer look at the actual dependence on q and special algebraic operations on V® and V U.
In Appendiz B.1 we will present sharper estimates for the special case N = 3 and ¢ = 1 of vector proxy
fields &.

Using a partition of unity, we can even extend our results to general bounded weak Lipschitz domains
QCRN.
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APPENDIX A. PROOF OF LEMMA 3.2

By the x-operator it is sufficient to discuss, e.g., w € DI(Q) N Aq(ﬂ). For a proof we follow the
nice book of Grisvard, see [7, Theorem 3.2.1.2, Theorem 3.2.1.3]. This proof has been carried out in [5,
Corollary 3.6, Theorem 3.9] and [1, Theorem 2.17] for the Maxwell case and N = 3. Our proof will avoid
the misleading notion of traces and solutions of second order elliptic systems. Let us note that in [1, p.
834] the proof for X (2) is wrong. One cannot work in the space Vr(§2;) due to the solenoidal condition.
Working in the space X7 (%) is needed, but this destroys their argument for the second order elliptic
system for (. Our approach corrects these unconsistencies.

Let us pick a sequence of increasing, convex, and C*-smooth subdomains (£2,) C Q converging to €,
ie.,

D CQ CQupr C---CQ, dist(Q,Q,,) = dist(9Q,09Q,) — 0,
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see, e.g., [7, Lemma 3.2.1.1]. Of course, C?-smooth is also sufficient. For €,, we find ¢,, € D971(£2,,) such
that for all p € DI71(€,)

(A1) (Cns P)Da-1(0,) = (0w, P)L20-1(0,) + (W, dP)L2.a(q,),
which is a trivially well defined problem. Note (Cn,@)pa-—1( = (G P)L2a-1(Q,) + (A, d@)12a(0,.)-
Hence

(w—=dCn,dp)iza(q,) = (Cn — dw, P)L2a-1(0,)

for all p € DI71(12,), showing by (2.11) that w, = w — d ¢, € A?(,) and dw, = dw — C,. Moreover,
w, € DI(Q,) with dw,, = dw. By (1.20) we have w,, € H4+1(Q,) with

(A.2) |V &nl? ) S < JdwnlPaariqa,) + |8wnlfea-1i,) = [dwizarig,) + 10w = Calfau-1(q,)-

L2(Qn
By setting ¢ = ¢, in (A.1) we see
\Cn|2Dq—1(Qn) = (0w, Cn)i2a-1(q,) T (W, dCn)i2a(q,)

(A.3)
< dwliza-1@)[Cnliza-1(,) + WLza(a,) L2.a(0,) < wlac@,)|Cnlpi-1(0,)
and thus
(A.4) ICnlpa-1(0,) < wlaae,) < |wla@)-
Combining (A.2) and the equation part of (A.3) we observe
wnml(g ) |wn|L2 () 1 | an| S |Wn|32fq(ﬂn) + |dw|E2>q+1(Qn) + 6w — <n|E2><1—1(Q")

= [wlf2u(q,) + |dC7l‘L2»<1(Q") +dwltearig,) + 10wz, + [altza-19,)
2(w,d Cu)L2.a(,) — 2(0 w, Ca)L2a-1(,)
= [wlBa@,ynac@n) + 1610, = 206nldaa,) < 0Bi@,)nan@,)
and therefore
(A.5) |¢3n|H1(Qn) < |wlpa(e,)nace,) < lwlbs@)naa@)-
Let us denote the extension by zero to © by = Then by (A.4) and (A.5) the sequences (), (cizn),

and (@), (V@,) are bounded in L2971(Q), L29(Q), resp. L2(R) and we can extract weakly converging
subsequences, again denoted by the index n, such that

G 2 (e L2 (@), Ba G e L),
(d¢,) e e 129(), Vi, —h 6 e 12(q).

Let ¢ € (o (©2) and n be large enough such that supp® C €,. Then ¥ € C°°( ») and we calculate for
i =1,...,N and the ¢-th component &, of & &

<ng, az ¢>L2(Q) A <wn,Z7 az 1/)> L2(Q) = <wn,Z7 az ¢>L2(Qn)
- _<8z ‘I}n,la w>|_2(Qn) = _<8i “Un,h 1/)>|_2(Q) - _<éi,€7 w>|_2(9)a

vielding @ € H(2) and V& = ©. Analogously we obtain for ¢ € &‘X”q(Q) with ¢ € € (Q,) for n large
enough

(¢, 6 B)za—1() < (Cns 0 B)za-1(0) = (Cn, 0 D12a-1(0)
(G )iz, = ~(dCn O)izai) = (& )iz,
showing ¢ € D?71(Q) and d ¢ = £. Moreover, for ¢ € Dq’l(Q) C D71(Q,) we have by (A.1)

(€, 0)pa-1() = (¢, P)1za-1(0) + (A ¢ d@)izagay + (Cor P)iza-1(0) + (Ao d@hiza() = (Cnr P)pi-1(0,)
= <5(/.)7 Lp)LQ,q—l(Qn) + <w,dg0>|_2,q(Qn) — (50.), (p>L2,q—1(Q) + <w,ng>L2,q(Q) =0,



18 DIRK PAULY

as w € Aq(ﬂ), where the last convergence follows by Lebesgue’s dominated convergence theorem. For
o = ¢ we get |(|pa-1(0) =0, i.e., ¢ = 0. Furthermore, we observe by (A.5)

D1 ) = @ D)2y T (VB VB () ¢ (B:Fn) 12y + (VG VEn)yaq
= <d),(15n>l_2(ﬂ”) + <V®,V@5n>|_2mn) < |®|H1(Q,,L)‘QR‘H1(Q”) < ‘LD|H1(Q)‘W|D‘1(Q)(‘IA‘1(Q)7
showing
(A6) |(':J|H1(Q) < |W‘D‘1(Q)QA‘1(Q)-

Finally, we have w = w,, +d(, in ,, i.e., in Q
L>9(Q)

Xa,w = @n +dC, O+de=a.

On the other hand, by Lebesgue’s dominated convergence theorem we see xq, w — w in L>9(Q). Thus
w=w e HY(Q) and by (A.6)

|wlhtao) = Icngl(Q) < wlpa@)nae (@),
especially,

|Vﬁ|fz(9) < |dw|E2='I+1(Q) + |5W|E2>q—1(9)-

APPENDIX B. CALCULATIONS FOR REMARK 3.12

For a multi index I of length |I| = ¢ (not necessarily ordered) it holds
d*daz’ = @*(da" A+ Adalt) = (@ da") A A (D da't) = (dPy,) A A(d D) = d DT

J1sedq |J|=q
and especially
O*(dxt Ao AdaN) =det(VE)da' A---Ada?.
For multi indices I, J of length ¢ we have

(@* dz!) Ax(®*da’) = Z Ox @10 ®;daf Axdat

|K|=|L|=q
= > (1% 0k @0k Dydat A-- Ada?,
IK|=q

Hence for
w = E wrdal, o*w= E or®*dat, @:= E ordat, wr i =wro®
I; I; I

we compute

*|w|2:w/\*a}:ZwI@Jdml/\*dx‘] ZZwﬂqul/\*dxl = |@2dat A AdaY,
1,J 1

$ D w2 = DA X DD = Z&I@J(q)* da?) A x(®@*dz’)

1,7
= Z Z (—1)°Kor&y Ok @10 @ydat Ao Ada?,
1,J |K|=q

|5|2 :|w|Eg,q(Q):/*|w|2:/ |c3|2dac1/\~-~/\dacN:/|cf;\2<1>*(dx1/\---/\de)
Q Q =

:/det(v¢)|é\2dx1A.--/\dmN:/det(v¢)*|w|2:/det(vq>)\5|2,
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| #|® W = > (-

I,J |K|=q

*ZZ /w;wJaKCI)IaK@J

1,J |K|=q

H —
\@*w\fz(a) = |(I)*W|Ez,q(5) = Wiy 0k oK (I)Jdl'l Ao AdaN

\
m\

Therefore, we get

mmdet(V (I)) |(.d||_2 a(@) > |CU||_2 1(Q) < maxdet(V (I)) |w||_2 a(2)»
N 2
|¢*w‘fz,q(5) S Nq(q> IIlEaX|V¢|2q \&)|Ez,q(5),

where the second estimate is quite rough. Combing both we see

N\” maxz | V &2
* 012 2 — =
(B.1) |2 wi20(z) < Cq.N,v @ |w[i20(0) €N,V ® = Nq<q> ming det(V )’
N\? maxq |V @2
* ~12 2 e
(B.2) [P ClEea0) < can v ulCliza), CaN. V¥ = Nq(q) ming det(V ¥)

and with w = U*®*w
wltza(gy < cqnv o |® wlte ), CIE2az) < Conv @ T I

Now we calculate by Theorem 3.6

wWltza) < canv ol @ W[tz < cqnvechz i (|d O w ez + [0 p@ w01 (z))

= Cq,N,V \Ifci,z ﬂQ(\‘I’* awﬁmﬂ(z) +[@" * 5€W|E2,Nﬂz+1(5))
(B.3) < cqN v uCpz i (Cor1n v ol dwliaon o) + en—gr1N v | S w[iaim1(q))

< ¢q,N,v w Max{Cq+1,N,v &; CN—g+1,N, V<1>}C2 s AQ(\ awﬁ%qﬂ(ﬂ) + | 56w|52,q—1(g))

<CNCV¢’V‘1//'L C (|dUJ|L2q+1(Q +|56w||_2q I(Q))
ie.,

2 2 -
Ctq,e S CNCY &, v w B Cp,Es

with very rough constants
max [ maxz | V ®|, maxq | V ¥, 1]N

min [ ming /det(V @), ming \/det(V ¥), ]

So, it remains to estimate fi. For this we estimate for ®*w € L*(E)

(B.4) en = NY2N1, VOV =

(@ w, P W) 2.a(z) = £(* P * ew, P w)2.0(zm) = H(P" *ew, * P W) 2 v—qm) = :I:/_(CP* xew) A (D*0)

= i/ FEWAD = (ew,w)2.a(0) < EQ\w|EQ,q(Q) < EQCq’N,V\pVb*Wﬁzq(EV
Q

(B @ w, P*w)120(z) = (ew,Wza@) = € |wliza(g) > |®* w20z,

2
€°Cq,N,V &

and observe

fo < max{€,/CqNv v, /Cqn v} < émax{,\/CoNv ¥, \/CoN VI < ECNCV OV -
Finally, this shows

3 3 .
Ctge < CNCY @,v w € Cp=-
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B.1. Classical Vector Analysis. Some of the latter estimates are very rough. Let us take a closer look
at the classical case of vector analysis, i.e., at the special case of N = 3 and ¢ = 1. By (3.3), see also
Appendix C for more details and a rigorous proof, we know that w in D?(Q2) resp. D?(Q2) implies ®*w
in D?(Z) resp. D4(E) with d®*w = ®*dw. For N = 3 and ¢ = 1 this means for the vector proxy field
& € H(curl, Q) = D'() that
*w =V ®o e H(curl, Z) = DY(T)
with
>N TE _ mw ol T g
(B.5) cur(VOow) =d®*w = 0" dw = adj (V®)curld,
where adj(A) denotes the adjunct matrix of A € R3*3. If A is invertible it holds adj(A) = (det A)A~!
For ¢ = N — 1 = 2 we have for the vector proxy field & € H(div, Q) = D?(f) that
— -
d*w = adj’ (V@) & € H(div,Z) = D?(E)
with . T T T T P
div (adj (V®)@) = d®*w = ®* dw = det(V @)div .
Thus for @ € H(curl, Q) N e 'H(div, Q) we have

V®& e H(curl, E) N~ 'H(div, 2), adj’ (V @) & adj(V ),

pe= det(V @)
with (B.5) and

div(p V@ Q) = div (adj” (V&) EQ) = det(V ®)div e .

Now we can compute (B.3) more carefully by

|&\f2 /|w|2 /det(V(ID)|w\2 [det(V@)|(V¢)’1|2|V@5|2

- [

|adj(V @) | IVoo|? < vq>|V<I>w|

)
< cv¢cmtﬂg(|curl V(I)w ||_2 =) —|—|div ,LLVCI)LIJ |L2(H))
(B.6) = CV<I>CthE( adJ (Vo) curlw‘l_2 )—i— ’det (Vo) dlvew‘l_z( ))
:CV<I>cmt,ME( ’adJ (Vo) curlw‘ /|det(V<I>)diveoD” )

<& g, 2l %/det(vq»@h/mucgetw /det(V@)\cmP)

= é2V ~1>C2m,t,/_t, (CV<I>| Cur1w|L2(Q) + cdet(V <I>)| div EOJ‘L2 (Q))
where

Cdet(V ) = Max det(V @),

évcpzzmaxw :a\/detV<I>‘V<I> ’<Cdet(vq>)max|V<I> '

= \/det(V @)

Therefore, we have
Cmite S CV @ max{Cy ¢, Cdet(V @)}Cm,t,u,E7 CmtuE S LG =,

and it remains to estimate ji. For this we compute for del? (2)

>|_2() /ﬂé'azldet(VQ)((V@) E(Vo)~ 5) &

&y
&y

(nw,

:/:det(vq>)(g(v<1>)*15)-(v<b)*15:/(ev\1/w)-v\p5:<ev\1ua,v\1/w>L2(Q)
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and estimate

52/ |v\w|2:62/det(vq>)\(vq>)*laj|2
Q

it [ =P aldl, o)

_%2/det(V<I>)|(V<I>)’1|2|5|2 <
18,8z > VUG, {2/det(V<I>)|(

det(V®) - 2= ) -
/_ |V @2 G > € Cv&/‘w‘ ‘W|L2(

1~‘2

vV
\m

where
|V 9| B 1
a det(V @)

Cy ¢ ‘= mMax
det(V @ .
( ) mlngw

IS}

Finally, we obtain
o< InaX{Eév@,gév <I>} < émax{cv D, Cv@}

<max{ey ¢, Cv &, Cdet(v &)}~ € Cp =

and hence
Cmyte < Cv e MaxX{Cy &, Cdet(v @)} Max{Cy &,Cv o} €Cp

(B.7)
Especially for ®(z) := rz with r > 0 we have
32 :/ 3|12 = /det(V®)|w|2*r\V©w| -

<7’0th (|curl(V‘1>w |L2(E) + ’le MV(I)UJ ’i?(z)

— /|adjT(V<I’)cur/\l/@”2+/ | det(V @)div e|*)

/det(V(I))|cmr/\l/o3|2+r3/det(V¢)|dlvew| )

= Tcr2n,t,u,5(r
+ 72| div ew||_2 Q))

= TZCﬁm%EO curlw||_2 @

det(V @) (6Q) - &

Euy
||
m\

and
/ /det(V Q)(VO) Te(Ve)TID) -

—

(€@)- @ =r"2%(ed, JJ’)LQ(Q),

_ 22 / det(V B)(3[> = 1232, ...

2

max{r . €, which shows

ie., i <max{\re e/Vr} < —

Cmpte < rmax{l,riemepz < rmax{l,r}ic,z < Vrmax{l,r}*écpyz
¢ V/3r="/> the less sharp

On the other hand, (B.7) gives with cger(va) = 2 éve = V32, ive =

estimate
Cmte < 3V3r? max{1, r2}3 €cpa.
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APPENDIX C. PROOF OF (3.3) IN THE BI-LipPSCHITZ CASE.

C.1. Without Boundary Conditions. For this, let w = Y ,wrda! € D¥(Q). We have to prove
®*w € DY(E) with d®*w = ®* dw. Let us first assume w € C*4(RY), i.e., w; € C°(RYN) for all I. By
Appendix B we have

d(I)j = Zaﬂbjdxi, fI)*w = Z(Z)I@*dxl = Z(:J](dq)“)/\/\(dq)zq),
i I I

dw= ZajWI(de'j) A (dah).

Ij
By Rademacher’s theorem we know that @; = w; o ® and ®; belong to C%!(Z) c H!(Z) and that the
chain rule holds, i.e., 9; 0 =3, 8 wr0; ®;. As ®; € HY(Z) we get d®; € D{(E) by
(d®j,0 p)21(z) = —(P;,60¢)120(z) =0
for all ¢ € C>2(Z). Thus by definition we see
A w =) (d@r) A (d®;,) A A Za r(da) A(d @) A A(d D)

I
=3 9,01 0; Dj(dat) A(dDyy) A+ A (d(I)iq) =30 wr(d®) A (dPy,) A A(dD;,).
I,i,j5 1
On the other hand it holds

o dw =Y 9;w(®* dx;) A (P dal) Zﬁwldq) APy A A (dDy).
1,5

Therefore, d ®*w = ®* dw. For general w € D?(Q)) we pick o c Coo’q+1(E) Standard mollification shows
that C>4(RY) is dense in D?(Q,), where Q, is smooth and satisfies ®(supp ¢) C Qs C Qy C Q. Let
(wn) € C9(RY) with w,, — w in DI(Qy,). Then

(P*w,d P)2.0(m) z/ @*w/\*éqﬁ:i/ <I>*w/\<1>*\IJ*d*¢:i/ P (WA T d*¢)
W (Q,) v () W(Qy)
::t/ w/\@*d*gﬁz:ﬁ:/ wAd\Il**(;S(—:I:/ W ANd U™ % ¢
Qg Qg Qs

= :t/ Wn Ak dxx U % = £(wn, 0 xV" * @) 12.4(0,)
Q4

= +H{dwp, *T" * ¢>|_2,q(Q¢) — H{dw, *¥" x ¢)12.0(0,) = :l:/ dwAT* % ¢
Q

¢
::t/ O (dw A T* % gb)::lz/ (@*dw) Ax ¢ = —(P" dw, d)2.041(7)
¥(Q) (Q¢)
and hence ®*w € D?(E) with d ®*w = ¢* dw.

C.2. With Boundary Conditions. Let w € D9(Q) and (w,) C C*9(Q) with w, — w in DY(Q).
By Appendix C.1 we know ®*w,®*w, € D?(Z) with d P*w, = dwn as well as d®*w = ®*dw.
Since ®*w, = > ; &y, 1P* dz! holds, ®*w,, has compact support in Z. By standard mollification we see
d*w, € DY(Z). Moreover, P*w,, — ®*w in DI(Z) as ®*w, — ®*w in L29(Z) and

do*w, =®*dw, - ?*dw=dd*w
in L29+1(Z) by (B.1). Therefore ®*w € DI(Z) with d ®*w = &* dw.
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