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PROBLEM IN EXTERIOR DOMAINS

DIRK PAULY AND SERGEY REPIN

ABSTRACT. This paper is concerned with the analysis of the inf-sup condition arising
in the stationary Stokes problem in exterior domains and applications to the derivation
of computable bounds of the distance between the exact solution of the exterior Stokes
problem and a certain approximation (which may be of rather general form). In the first
part, we deduce guaranteed bounds of the constant in the stability lemma associated with
the exterior domain. These bounds depend only on known constants and the stability
constant related to bounded domains, which are truncations of the unbounded domains.
Then we obtain computable estimates of the distance to the set of divergence free fields
defined in exterior domains, which are crucial for the derivation of computable majorants
of the difference between the exact solution of the Stokes problem in exterior domains and
an approximation from the admissible (energy) class of functions satisfying the Dirichlet
boundary condition but not necessarily divergence free (solenoidal). Estimates of this
type are often called a posteriori estimates of the functional type. The constant in the
stability lemma (or equivalently in the inf-sup or LBB condition) arises as a penalty factor
at the term that controls violation of the divergence free condition. If this condition is
violated in a bounded domain only, then the respective estimates have a simpler form
and use the constant associated with a bounded domain. In the last part of the paper,
we deduce analogous estimates of the distance to the exact solution for non-conforming
approximations, i.e., for those that may violate some continuity and boundary conditions.
The case where the dimensionality of the domain equals 2 requires a special consideration
because the corresponding weighted spaces differs from those natural for the dimension
3 (or larger). At the end of the paper, we briefly discuss this special case and deduce
analogous estimates of the distance to the exact solution of the exterior Stokes problem.
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1. INTRODUCTION

1.1. Notation and nomenclature. Throughout the paper we consider domains in R?,
d > 2, with Lipschitz boundaries. The symbol w is used for bounded domains and the
boundary of such a domain is denoted by ~ (typically, the latter is composed of two open
and disjoint parts vp and 7y associated with the Dirichlet and Neumann parts). Exterior
domains (i.e., those having the form R?\ @) are denoted by Q. By the letter D, we denote
domains which may be bounded or unbounded depending on the context (if this property
is not necessary to outline).

For Lebesgue and Sobolev spaces of functions (scalar, vector, or tensor valued) with
generalised square integrale derivatives of the first order we use the standard notation L?(w)
and H!'(w) (or L2(Q) and H'(f2)), respectively. The standard inner product, norm, and
orthogonality in L?(w) will be denoted by (-, o, || - low, and Lo . If vp # 0, then the
homogeneous Dirichlet boundary conditions are encoded in H ;D (D) defined as the closure of
compactly supported test functions. Also, for bounded domains we use spaces with vanishing
mean values'

L3 (w) := L2(w) NR» = {¢ € L}(w) : (¢, 1) =0} = {¢ € L*(w) /¢_0}
HY () = H' (@) N L2 (@) = {6 € H'(w) / — o).

To handle the special case yp = () adequately we introduce
L2 if H! if
L’QYD (W) — 2(00) 1 YD 7é Vs H’1YD (W) — flyD ((JJ) 1 YD 7& @a
Li(w) ifyp =1, H! (w) if yp = 0.

To be more precise with our definitions and to extend our spaces to exterior domains as
well, let D C R, d > 2, be a domain (an open and connected set) with (strong) Lipschitz
boundary B, which consists of two relatively open and disjoint parts Bp, By C B such that
B = BpUBy associated with Dirichlet and Neumann boundary conditions (we recall that D
can be bounded or unbounded). As before, we introduce the standard Lebesgue and Sobolev
spaces by L2(D) and H!(D), respectively. If Bp # (), we introduce homogeneous Dirichlet
boundary conditions in Hg (D) defined as the closure of

Cz, (D) = {¢|D :u € C°(RY), supp ¢ compact, dist(supp ¢, Bp) > 0}

in H'(D). As above we utilise the notations L(D) = L3 (D), Ly, (D), and Hj(D) = H} (D)
provided that D is bounded. Next, we introduce polynomially weighted spaces

L - {¢ € I-Ioc ) : pil(b € LQ(D)}7

Hl_1 —{¢6L2 D) : V¢ e L*(D)},
where the weight function p is defined by p(r) := (1 4+ 72)%/2, and r(z) := |z|. The inner
product, norm, and orthogonality in L%, (D) are denoted by

(v Vo= (p™2-, '>07D, | - l+1,0, and Liip,

respectively. In the case of a bounded domain, there is no difference between the unweighted
and weighted spaces (if we mean that the spaces coincide as sets and possess different

iThroughout this paper we do not express the respective measure in the notation of integrals, so that,
e.g., with often use notations like

/wf:/wfdA:/wfdx, /Wf:/wfdoz/wfds.
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inner products). However, in analysis of problems in exterior domains a proper selection of
weights is important (in Section 4.6 devoted to the case d = 2 we define the weighted spaces
differently). As before, if Bp # 0, then the homogeneous Dirichlet boundary conditions are
encoded in H' | 5 (D) the closure of Cg (D) in HL, (D). Finally, for the Stokes equations,
we introduce spaces of solenoidal fields

S(D) := {¢p € H(D) : divy = 0}, S, (D) :=Hg, (D) NS(D),
S_1(D) = {p e HL{ (D) : divep =0}, S_1.8,(D) :==H, 5 (D)NS_1(D).
1.2. Stability Lemma and the Stokes problem in bounded domains. The classical

stationary Stokes problem consists of finding a vector field u (velocity) and a scalar valued
function p (pressure) that solve the system

(1) —vAu+Vp=f in w,
(2) divu =0 in w,
3) U =1up on vp,
(4) on =0 on YN,

where 0 := v Vu—pl, v (viscosity) is a positive constant or a positive function taking values
in Ve, Ve, Ve, Ve > 0, and f € L?(w). The boundary conditions are defined by the vector
valued function up. Henceforth, we assume that up is given by a solenoidal vector field up,
i.e., the Dirichlet boundary condition is defined by up € S(w) in the sense that u = up on
YD, i.e., u —up € H}/D (w). If v = vp, then we additionally assume that

(5) /n-uD:/diqu:mD,l)o,w:O.
¥ w

Existence of the corresponding generalised solution follows from the well known solu-
tion theory for uniformly elliptic linear equations and the stability lemma, which plays an
important role in the theory of incompressible flow.

Lemma 1.1 (stability lemma, [22, 1, 3, 13, 14]). There exists ¢ > 0 such that for any
g € L2, (w) there is a vector field ug € HL (w) with

(6) divug =g and || Vugllow < cllgllo.w-

Henceforth, the best constants in (6) and similar inequalities for unbounded domains are
denoted by the letter x, i.e., k(w,vp) is the smallest ¢ in (6). For u € H} (w) we also have
the Friedrichs/Poincaré inequality

[ullo.w < el Vullow,

and cre(w,yp) denotes the best constant c. Hence from Lemma 1.1, we conclude that u,
satisfies the inequalities

m\\ugﬂo,w <V ugllow < w(w,yp)l divugllo,..
We notice that in the theory of electrodynamics the function v, is called a regular potential as
it admits (for Maxwell’s equations) an unphysical (high) regularity and boundary condition,
which is much stronger than the usual normal boundary condition related to the divergence
operator.

Lemma 1.1 generates several important corollaries. First, it guarantees the solvability
of the stationary Stokes problem (in the velocity-pressure posing). By setting g = divug,
Lemma 1.1 immediately yields the well known inf-sup (or LBB) condition:

<ga div u>0,w 1

in 2
€2, (@) uent (@) 9llowl Vullow — Klw;vp)

(7)

=: CLBB
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Another direct corollary of Lemma 1.1 is an estimate of the distance between a vector
field u € H! _(w) and the set S, (w) (see [35, 36])

dist (1835 () 1=, o 90 = 0o,

Corollary 1.2. For any u € H! (w) there exists ug € S, (w) such that
dist (u, S, (w)) < H V(u— UO)HO,w < K(w,vp)| div ul|o w-

Proof. For u € H) (w) solve divs = divu € L2 (w) with & € H! (w) and the stability
estimate || Vullow < k(w,vp)|ldivulow by Lemma 1.1. Note that for yp =+ it holds

(8) /Wn'uz/wdiVUZWyDO,w:Q

Then up :=u—u €S, (w) and HV(uqu)Ho’w = ||Vﬂ|| < K(w,vp)|l divul/o,u- O

0,w

In [38, 39, 40], this result was extended to vector fields satisfying non-homogeneous Dirich-
let boundary conditions (and also for vector fields in W14(£2) for g € (1,00)) provided that
such a vector field u satisfies divu € L2 (Q), i.e., the mean value condition (8), if vp = .
Moreover, it was shown that if the mean value conditions hold for a collection of subdomains
whose union of closures coincides with the closure of w, then estimates of the distance can
be based on local constants associated with subdomains. In the case of non-homogeneous
boundary conditions, a modified version of Lemma 1.2 reads as follows.

Corollary 1.3. For any u € H'(w) with divu € L2 (w) there exists a solenoidal ug € S(w)
such that ug —u € H} (W), i.e., uoly, = uly,, and

| V(a0 —w)lg., < (. ) | divullp.o-

It is worth noting that Corollary 1.3 can be also viewed as a lifting lemma, since a
boundary datum ul|,,, is lifted to the domain w. In this case lifting is performed with the
help of a solenoidal representative.

Quantitative estimates of the constant x(w,yp) has been studied in [10, 25, 29, 44, 6]
and some other publications. It is not difficult to see that the constant c¢;pp in (7) is
nonnegative and cannot exceed 1 so that x(w,yp) > 1. It is known that ¢, 5z > 0 for any
bounded Lipschitz domain (e.g., ¢.ps = 1/v/d for a ball in RY). However, the exact values
of this constant are unknown except of some very special cases (e.g., we do not know the
constant even for a cube!). In [6], simply computable and sufficiently accurate estimates of
the constant were obtained for domains in R?, which are contained in a ball of radius R and
are star-shaped with respect to a concentric ball of radius p. It was shown that

o) wn) < 22 (14 vim )",

where ¢ = p/R. For d = 3, estimates of ¢,z are known only for domains with sufficiently
regular boundaries (see [29]). A systematic numerical analysis of constants in the inf-sup
condition (7) was performed in [11], where approximate values of the constants has been
computed for a wide collection of bounded domains. Computational approaches to the
evaluation of the distance to the set of divergence free fields based on domain decomposition
are suggested in [38, 39, 40]. In our subsequent analysis, we assume that using above
mentioned results and methods we are able to find a majorant of the constant x(w,~yp) for
bounded domains w, which arise as truncations of an unbounded domain 2.

1.3. A posteriori estimates. Estimates of the distance to S,,(w) have not only theo-
retical meaning. They are important for quantitative analysis of boundary value problems
generated by incompressible media models (e.g., in the theory of viscous incompressible flu-
ids). First of all estimates of this type are necessary for getting computable bounds of the
difference between the exact solution of a boundary value problem and an approximation
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obtained by some computational procedure. The term ”computable” means that the cor-
responding estimates does not contain unknown functions and constants and indeed could
be computed by means of an approximate solution only. Estimates of this type are often
called a posteriori error estimates and nowadays are widely used in quantitative analysis of
mathematical problems. Unlike the a priori (asymptotic) convergence estimates, a posteri-
ori estimates provide explicit verification of the accuracy of a particular numerical solution.
First methods of a posteriori error control for PDEs originates from the works of W. Prager
and J. L. Synge [33] and S. G. Mikhlin [19]. The latter monograph contained a pioneer-
ing idea of a new approach to error estimation, which differs principally from asymptotic
rate convergence estimates dominated at that time and several decades subsequently. For
variational problems generated by quadratic type functionals

1
(10) J(’l}) = 5‘1(”3”) - <f,’U>, f € V;
where V' is a Hilbert space and a : V x V — R is a V—elliptic bilinear form, S. Mikhlin
deduced the principal relation

(11) %a(ufv,ufv):J(v)fJ(u).

Here u is the minimizer that satisfies J(u) = min,ecy J(w) and v € V is any function com-
pared with u. Since the exact infimum is unknown, it is impossible to use (11) directly.
In [19], it was suggested to estimate J(u) from below using a dual variational problem and
further apply the orthogonal projection method of H. Weyl [48]. Certainly these first esti-
mates were derived for a rather limited set of problems and suffered from serious restrictions
imposed on the set of functions that are admissible in the dual setting. For these reasons,
they were rarely used in computational practice. Moreover, the methods developed in 1970-
1980 years for measuring errors of finite element approximations (such as the ”gradient
averaging” and "residual” methods, see, e.g., [47] and the references therein) were based on
different grounds. These methods strongly exploit properties of a particular approximation
computed on a particular mesh. In essence, they provide certain error indicators (for mesh
adaptive procedures) rather than guaranteed error bounds. Subsequent studies focused on
the problem of guaranteed error control (performed in 1990th years) confirmed the idea
(encompassed in (11)) that the corresponding methods should be justified on the functional
level by means of the same mathematical tools that are used in analysis of PDEs without
attracting specific features of approximations and numerical methods. If we have a general
(universal) estimate of the distance between a function and the exact solution of a boundary
value problem, then it can be used with any approximation and requires no changes if one
approximation (mesh) is replaced by another. In the last two decades computable bounds
of this type has been derived and tested for a wide spectrum of problems (see [34, 23, 37, 17]
and many other publications cited in these monographs). By clear reasons, they are often
called a posteriori estimates of the functional type. They differ from others due to two
important properties: the estimates

(a) do not contain constants associated with a particular finite dimensional subspace
(mesh) and a method used to solve the problem and

(b) are valid for any approximation in the energy space and do not use special conditions
required for the exact solution (e.g., extra regularity) or its approximation (e.g.,
Galerkin orthogonality, quasi—uniformity of meshes).

A posteriori estimates of the functional type contain only global constants generated by
functional inequalities such as various embedding estimates, trace inequalities, Poincare,
Maxwell, Korn inequalities, etc. It should be noted that although constants of this type
do not appear in (11) (and in the estimates derived in [33]), the importance of studying
them was already understood by Mikhlin (see [20]). The reader can find an overview of
the history of a posteriori error estimation methods and a consequent exposition of the
functional approach to the problem in [37].
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First estimates of the distance between a function in the energy space and the exact
solution of the stationary Stokes problem in a bounded domain have been derived in [35]
(by means of the variational duality method) and in [36] (by transformations of the integral
identity that defines the corresponding weak solution). It is worth starting a short overview
of these results with the error identity

(12) v|| V(v —w)||* + v Y7s — o] = 2(I(v) — I (7)),

which can be viewed as an analog of (11) for the stationary Stokes problem. Here v € S, (w)
and
T € L?c((x}) ={rel’(w) : (nVw)ow=(fiw)w YweS,(w)},

are considered as approximations of the exact velocity field u and exact stress fiels o, re-
spectively. The identity (12) holds for any v € S, (w) and any 7y € L}(w). However, it is
not very useful for practice by the same reasons as (11), namely, the functions in S, (w) and
L?c (w) are subjected to differential relations. In [35] (see also [37]), it was shown a way to
overcome these difficulties by using computable estimates of distances to the sets S, (w) and
L? (w). As a result, the following estimates for the velocity and pressure fields were derived:

(13) 1/|| V(u— ﬂ)Ho,w <|IT+pl—=vVulow+ cre(w, )| Div T + fllo.w
+ 2vk(w, )| div o w,

1

(14) me —Dllow < |7+ P11 —v Vlow + cep(w, )| Div T + fllow

+ vi(w, 7l divallo.w

Here v is a positive constant and u € H'(w) is a vector valued function satisfying the
Dirichlet boundary conditions. The function w is considered as an approximation of the
exact velocity u. Analogously, p is a square integrable function (with zero mean value if the
Dirichlet conditions are imposed on the whole boundary ) considered as an approximation
of p and 7 € L?(w) is an approximation of the exact stress field o. The right hand sides
of (13) and (14) have a clear meaning: they contain three nonnegative terms that vanish if
the approximations coincide with the exact velocity, pressure, and stress, respectively. In
other cases, the terms can be viewed as penalties for possible violations of the three basic
relations that form (1) and (2).

It is easy to see that the constant k(w,~) plays an important role in (13) and (14) and,
therefore, it is indeed necessary to have guaranteed majorants of this constant. These con-
stants arise in a posteriori analysis of a numerical solution if it satisfies the divergence free
condition only approximately. If the constant k(w,yp) is known, then by using Corollary 1.2
we can deduce guaranteed and fully computable error estimates. For problems in bounded
Lipschitz domains the respective results are presented in [35, 36, 37, 39] and other pub-
lications cited therein. Also, it should be mentioned that explicit bounds of the constant
k(w, ) are required not only for Stokes type problems. They arise in other continuous media
problems, which are not related to viscous fluids (e.g., see [42]).

Subsequently analogous estimates for the velocity and pressure fields were obtained for
the Stokes problem in the velocity-vorticity-pressure formulation [18] and for the generalised
Stokes problem [41]. In [7], the estimates were derived for a class of stationary problems
associated with nonlinear viscous fluids and in [24] for the evolutionary Stokes problem. We
note that the approach used in these publications and in the present paper differs essentially
from the so-called residual method often used in the finite element community for getting
indicators of approximation errors (e.g., see [46]).

1.4. Outline of the paper. In the first part of the paper, we recall some known results
related to the analysis of boundary value problems in exterior domains paying a special
attention to the stability Lemma 2.3 and the corresponding corollaries.

Section 3 is devoted to computable bounds kg (£2, T'p) for the stability constant «(Q,T'p).
In Lemma 3.2, we obtain a desired estimate for kg (€, 'p), which uses known constants and
the constant k(w,~yp) associated with a bounded domain w (which is a suitable truncation
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of Q). Estimates of the latter constant have been derived in several above cited publications,
so that we consider this problem as solvable (at least in the sense that a certain guaranteed
bound of k(w,vyp) can be derived). As a result, we obtain estimates of the distance between
a vector field in € and the respective set of solenoidal fields defined in €2 and satisfying
the same boundary conditions (Lemma 3.4). These estimates are used in Section 4, we
derive a posteriori error estimates of the functional type, which are valid for a wide class of
approximate solutions to the stationary Stokes problem in exterior domains.

Estimates for the velocity are obtained in three different forms. The first (and the sim-
plest) form is valid for approximations in S(2), i.e., for solenoidal vector valued functions
that satisfy the Dirichlet boundary condition exactly (Theorem 4.1). These estimates do
not contain the constant k(2,I'p). Estimates of the second type are valid for approxi-
mations in H!(Q) still satisfying the boundary condition exactly but admit possibly non—
solenoidal functions (Theorem 4.2). They contain a term that penalises possible violation of
the solenoidality condition and has the constant £(2,I'p) as a penalty factor. Finally, the
most general form of the estimate is applicable for non-conforming approximations, which
even may not belong to the energy class H*(2) (Theorem 4.6). It contains one more term
that can be viewed as a measure of the distance to the energy class natural for the velocity
function. Also, we deduce estimates for approximations of the pressure (Theorem 4.4 and
Theorem 4.6) and the stress field (Section 4.4). In Section 4.5 we consider lower bounds and
in Section 4.6 we adapt our results to the special case of space dimension d = 2.

2. PRELIMINARIES

2.1. Exterior domain and main functional inequalities. We consider an exterior do-
main ) C R, where d > 3 (the special case d = 2 is studied in Section 4.6), with a (strong)
Lipschitz boundary I", which is composed of two open and disjoint parts I'p, I';y C T" (Dirich-
let and Neumann part) with T =T pUTl' §. Moreover, we assume that there exist 0 < r1 < 79
such that R%\ Q C B,, and denote (see Fig.1)

(15) w:=Q,.,:=QNB,,, y=TuUsS,,, 9p:=TpuUSs,,,

where B, and S, denote the open ball and the sphere of radius r centered at the origin in
R?. By 1 we denote a Lipschitz continuous cut-off function, which vanishes in the ball'! B, ,
equals to 1 in R?\ B,,, and attains values in [0, 1].

The two main ingredients for our proofs are Lemma 1.1 and a few elementary results from
the theory of V-rot-div-systems in exterior domains and especially R (see, e.g., [16, 43] or
[12, 26] and in particular [28] as well as references therein), which can be summarised in the
two subsequent lemmas as follows:

Lemma 2.1 (Friedrichs/Poincaré lemma for exterior domains). The following weighted
Friedrichs/Poincaré estimates hold:

(i) There exists ¢ > 0 such that for all v € HL, 1 (Q) it holds ||v]| 1.0 < ¢l Vvllo.q-
The best constant ¢ is called the Friedrichs/Poincaré constant and we denote it by
crp(©,Tp).

(il) If Tp =T, then cop(Q,T) = ¢ (Q) (the Friedrichs constant) and

2

=T
Hence for all v € HY| (Q) the Friedrichs estimate |[v]|_1.0 < cal| Vvllo.q holds. If
I'p =0, then cpp(2,0) is replaced by the Poincaré constant cp(). In this case the
Poincaré estimate ||[v]|—1.0 < cx(Q)]| Vv|lo,q holds for all v € HL ().

(iii) If Q = RY, then the Friedrichs and Poincaré constants coincide and, moreover,

crr(RY) = ¢ (RY) = ¢ (RY) < ¢q.

cr() <cq:

lifor the sake of simplicity we henceforth operate with the balls By, and By,. However, if necessary By,
can be replaced by a Lipschitz domain containing R? \ Q and By, by another Lipschitz domain containing
By,
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FiGURE 1. R4\ Q (gray) surrounded by the boundary T' (thin black lines),
the boundary part I'p (thick black lines), and the artificial boundary spheres
(dashed lines)

Hence for all v € HL(R?) it holds ||v||_1 ga < cal| V|l ra-

Note that no boundary or mean value conditions are needed in Lemma 2.1 (because
constant functions are not integrable in L? ;(Q)).

Lemma 2.2 (V-rot-div lemma for exterior domains). Let Q@ = R% and h € L2(R%). Then
there exists a unique v € H | (R?) such that rotv = 0 and dive = h. Moreover,

1 .
EHUH—LRd <[ Vollore = [[divollore = [|Allora-

The results of Lemma 2.2 are well known and follow directly by Fourier analysis, see, e.g.,
in [30, 31, 32, 16] or [12, 26]. Notice that the well known equation —A = rot* rot — Vdiv
implies the identity

(16) IV 0§ ga = Ir0t v]|§ ga + || divv]|§ za
for all v € C®(R?) having compact support. By density and continuity arguments it can

be extended to all v € HL | (R?). Hence the equality || V v|jg ge = || divv|[gge in Lemma 2.2
follows immediately.

2.2. Stability Lemma and Stokes problem in exterior domains. For exterior domains
we have a result analogous to Lemma 1.1 (see [9]).

Lemma 2.3 (stability lemma for exterior domains). There exists ¢ > 0 such that for any
h € L*(Q) there is a vector field up € HY | 1 (Q) with

divup =h and || Vupllo,e < cllh]oo-
The best constant is denoted by (2, T'p).
In the subsequent Lemma 3.2 we present computable upper bounds for x(Q,T'p).

Remark 2.4. In [9] only the case T'p = T is considered, but it is trivial that then the
stability lemma holds for general U'p as well. It is worth noting that unlike in the case of a
bounded domain, no mean value condition is imposed on h even if 'p =T .
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Lemma 2.3 immediately implies the inf-sup condition.

Corollary 2.5 (inf-sup lemma for exterior domains). It holds
(h,divu)o,0 S 1
@ Illoall Vaulloo = #(Q,Tp)

in sup
heL2(Q) ueHl—l,l"D
From now on, let f € L2(Q), up € S_1(2) be given data. The classical Stokes problem in
an exterior domain 2 consists of finding a vector valued function u (velocity) and a scalar

valued function p (pressure) satysfying the system

(17) —Dive = f in Q,
(18) oc=vVu—pl in Q,
(19) divu =0 in £,
(20) u=1up on I'p,
(21) on =10 on I'y,

where u additionally satisfies a proper decay conditions at infinity, so that u € S_1(Q) or
u € HL,(Q), ie.,
uwel?(Q) and Vuel?Q).

The classical (point wise) condition reads

(22) u(z)

The corresponding generalised solution w € up + S—_1,r, () is defined by the integral
identity (see, e.g., [13, 9])

(23) (vVu, Vo= (oo YeeS i1r,(Q).

Note that by (f, )00 = (p [, p_lap>0 o, the right hand side of (23) is well defined. Using the
ansatz u = up + U with @ € S_1 r, (Q) we reduce this formulation to find @ € S_; r, (Q)
such that for all p € S_; 1, ()

(vVU, Vo= (f,¥oea— (¥Vup,V)a.

Another formulation taking the pressure into account leads to the following saddle point
formulation: Find

|z|—o00

0.

(U7p) S (UD + H1,17FD(Q)) X LQ(Q)
such that for all (¢, ¢) € Hl_LFD(Q) x L2(Q)

(24) <l/vu7 \% 90>0,Q - <pa div ()0>07Q = <f7 90>0,Qv
(25) (div, ¢)o.0 = 0.

By standard arguments (see, e.g., [8, 9, 13]) and the inf-sup lemma, we know that for
f€L3(Q) and up € S_1(9) the Stokes system is uniquely solvable with u € up+S_1,r,,(Q)
and p € L2(Q). Moreover, the solution meets the estimates

V[ Villoo < cee(2,Tp)llfllLe + v Vublloa,
V[ Vuloe < cer(Q,I'p)| fll1,0 + 2v] Vupllo,e,

Ipllo.e < 26(2,Tp) (crr (2, To) | flle + v Vup

O,Q)-

3. ESTIMATES OF x(Q,I'p)

Our goal is to deduce majorants for the constant in Lemma 2.3 that contain only known
constants (such as ¢g) and stability constants for a bounded domain w generated by a certain
truncation of €.

First we discuss the simplest case of a compactly supported right hand side.
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Lemma 3.1. There exists ¢ > 0 such that for all b € L*(Q) withsupph Cw and h € L2 (w),
i.e., Joh=[,h=0ifTp =T, there exists a vector field up, € H' | 1. () such that

divup, =h and || Vuploa < c||lh]oq-
up, can be chosen with compact support in @, in particular, up € H}YD (w) C H%D (Q). In this
case, k(,T'p) < k(w,vp).
Hence we arrive at the rather obvious conclusion that for a compactly supported h the

constant (2, T'p) can be estimated by &(w,vp).

Proof of Lemma 3.1. Set g := h|, € L2 (w). By Lemma 1.1 there exist x(w,vp) > 0 and
ug € HY (w) such that divuy, = g and || Vugllow < #(w,vp)llgllo.w- Let up be the extension
by zero of uy to 2. Then wy, € H%D (©) and suppup = suppu, C w. Moreover, divu, = h
and

[ Vunllo.o =11 Vugllow < (w,vp)llgllow = £(w, 7)o,
completing the proof. O

Now we present the main result, which provides an upper bound for the best constant
k(Q,Tp) in the stability Lemma 2.3 for exterior domains as well as an alternative proof of
this lemma.

Lemma 3.2. Let Q and w be defined by (15). Then
k(0 Tp) < kg(Q,Tp) := (1 + k) (1 + caap(ra))
with (2, Tp) from Lemma 2.3, where o and x are defined in (29) and (31), i.e.,

a=a(r,r,n) = max |Vi(z)], % = min {x(w,7p), K(w,7)}-

T2 1

Remark 3.3. It is with noting that k < k(w,vp) and k < Kk(w,7) holds, where the second
bound means that k can be estimated independently of the boundary part U'p of I'. Moreover,
the constant kg(Q,T'p) depends on the dimension d, the radii r1, ro, and the Lipschitz
continuous cut-off function 1. Optimal values of these parameters (which minimise the
constant) are not known a priori and should be defined by solving an additional algebraic
problem. If n is constructed, e.g., by a simple affine function with ro =11 + 1, then a =1
and we have one possible upper bound

ke (Q,Tp) < (14 kK) (14 cay/14+13) < (14 K(w,7)) (1 + ;gm).

In some cases, this bound may be rather coarse, but anyway it presents a guaranteed upper
bound of the stability constant kg (2, T'p) associated with the exterior domain ).

Proof of Lemma 3.2. We extend h by 0 to R?\ Q and identify the extended function with
h € L2(R?). By Lemma 2.2 we have a vector field v € HL | (R?) with rotv = 0 and dive = h
in R? as well as

1 .
(26) g”UHfl,Rd < VUHO,Rd = leUHo,Rd = ||h||0,ﬂ-

We recall that our cut-off function 7 satisfies 5|, = 0 and n|ga B,, = 1. Therefore,
nv € HY} +(Q) and supp(nv) C R?\ B,,. In view of Lemma 2.3, our goal is to find a vector
valued function v, € H1_17FD (Q) such that divv, = h in Q and the stability inequality holds.
We suggest to construct it in the form

(27) Vp 1= N0+ Uy,

where v, € H%D (Q) with suppwv, C @ is the extension by zero to € of some vector valued

function wu,,, which is supported in w and belongs to H%D (w). The relation

h=divop =nh+Vn-v+divy, inQ
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imposes the condition on v, and u,. Let
gi=(1-nh-Vn-vel*(w) inw.

Notice that supp(1 — ) C B,.,, supp V7 C B,, \ B,, and hence supp g C @ (if we consider
g as a function in €2). As

g=0=nh+V(1-n) v=div((1-no)

and by the properties of n we have by Gauss’ or Stokes theorem

/g:/(lfn)nw):/n-v:f/ divv:—/ h=0.
w v r RI\Q RI\Q

Hence g has zero mean value independent of the boundary part v = «vp, i.e., it always holds

(28) /wg =0.

Now, the existence of u, = ug~, € H! (w) resp. u, = ug, € H}(w) such that divu, =g
together with the stability estimate

(29) H vuwHO,w < "f”g”O,w; K= min{"{(wv’yD)v"{(wvv)}

is provided by Lemma 1.1. Note that u, € H!(w) can also be considered as a suitable one
if the homogeneous Dirichlet boundary conditions are imposed only on a part I'p of T, so
that we can operate with one and the same constant x(w, ). Since u, = 0 on S,,,

Juy, mmw
W= 0 inRI\B,
meets our needs. Then vy, = nv 4+ v, € H' | 1 _(©2) and
divvpb =nh+Vn-v+g=~h in .

It remains to estimate || V vp|jo,o. By the properties of n we have

(30) 10 @ olloza, | Vn-viogs < alvlos 5, -
where
(31) @i=alri ) = max| Vo) = s | Vata)]
Since

lgllo.w < (X =mhl[y, + 1 V- vllow,
we find by (30)

IV vulloge = I Vtullow < #llglow < w(|(1 =mAll,, +allvlly s, 5, )
(32) < n(llhllog +allvlos, 5. ):
1700 < o + a0l 5.5, -
By (26), the second terms in the right hand sides can be estimated as follows:
(33) Ivllo,5,,\5,, < P(ra)llvll-1re < cap(ra)ll Vollors = cap(ra)l[hllo.o-
Finally, by (27), (32), and (33), we conclude that
| Vunllo,e < (1 + &) ([[Rllo,e + caap(ra)||h]lo,q) = ke (2T p)||R]o.0;

finishing the proof. O
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3.1. Estimates of the distance to the set S_; 1, (€2). Asin the case of bounded domains,
the stability Lemma 2.3 implies estimates of the quantity

dist (u.Sorp (@) = il V=)o

which is a measure of the distance between u € HELFD(Q) and the corresponding set of
divergence free vector fields.

Lemma 3.4. For any u € H'| . (Q) there exists a solenoidal ug € S_11,,(Q) such that

dist (u,S—1,r5 () < || V(u = uo)||y o < w(2,Tp)|| divulloo.

Proof. Let h = divu € L*(€). By Lemma 2.3 there exists up € HL, . (Q) such that
divup, = h and
IV unllo. < ~(2,Tp)lA]lo.q-

Then ug :=u —up, € S_1 1, () and we have
| V(u— uO)HO,Q = || V|, o < £(Q,Tp)| divulo,e.
|

It is easy to extend this result to the case where v satisfies inhomogeneous Dirichlet
boundary conditions on a part of the boundary.

Corollary 3.5. For any u € HL(Q) there exists a solenoidal ug € S_1(Q) such that
u—up € HY, 1 (Q), i.e., uolr, = ulr,, and

| V(u— uo)||07Q < k(,T'p)l divullo,q-

The latter assertion shows existence of a continuous lifting operator that lifts of the
boundary datum u|r, to the domain Q with a solenoidal representative.

4. A POSTERIORI ESTIMATES

In this section, we derive estimates of the difference between the exact solution of the
exterior Stokes problem (17)—(21) resp. (24)-(25) (presented by the fields of velocity wu,
pressure p and stress o) and respective approximations u, p, and o.

First, we introduce two more weighted spaces for tensor valued functions

D(Q) := {r € L*(Q) : Divr € L}(Q)},

where Div is the divergence operator for tensor fields acting as usual row-wise divergence.
D() is a Hilbert space with norm defined by

(2),9 + || DiVTH%,Q’

By Dr, (©2) we denote the closure of C° (£2)-tensor fields in the norm of D(£2). Then we
observe for all ¢ € H' | . (©2) and all 7 € Dr, ()

(34) (1, V)oa+ Divr,p)e.a = 0.

Notice that (Div 1, )00 = (pDivr, p~1¢)o.q, so that the second term in the above relation
is well defined.

I711% = 7]

4.1. Estimates for the velocity. From now on
Tel?,(Q) and pel?(Q)
are considered as approximations of our exact solutions
u=up+UE€up+S_1r,(Q) CS_1(Q) and peL?*(Q)

to our exterior Stokes problem (24)—(25), respectively. By

o cL*(Q)
we denote an approximation of the tensor field o0 = v Vu — pl, which can be constructed by
a certain reconstruction of w and p or computed independently.
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First, we consider the simplest case where
u€up+S_1r,(2) CS_1(Q).
Then by (24) we have for all solenoidal ¢ € S_1 p, ()
(vV(u—1), V) g = {floa—(rVE Ve

Let 7 € Dr,(Q) and ¢ € L%(Q). Using Lemma 2.1, the identity (34), and the relation
(g1, V ¥)o,0 =0 (which holds for all ¢ € S_1(£2) since I : V¢ = div ), we find that

<Vv<u - ﬂ)7v§0>079 = <DiVT + fa 90>0,Q + <7_ + q]I - I/va,vg@>o7g
35) < IIDivT + fliallel-ve+ |2 (7 + ¢l - v Va)|, o [v"* Voo
( ) 0,

< (v5"2eer (D) Div T + fllig + 072 + gL = v V)|, o) I¥/2 ¥ llo.0-
Choosing ¢ =u —u € S_1 1, (2), we arrive at the following estimate:

Theorem 4.1. Let 4 € up +S_11,(Q). Then for all T € Dr,(Q) and all ¢ € L2(Q) it
holds

||u1/2 V(u— ﬂ)Ho,Q < uél/2ch(Q,FD)|| Divr + fl1,0+ HV_1/2(T +ql— Z/Vﬂ)HO’Q.

The upper bound coincides with the norm of the error on the left hand side, if 7 = o (i.e.,
7 coincides with the exact stress tensor) and g = p (i.e., ¢ represents the exact pressure p).
In other words, we have the principal error identity

72V (=)l o
= min (V5 e () DivT + fllig + v 2 + g T - v V), )
TE]DFN(Q), ’
qeL?(Q)

and the minimum is attained at 7 = ¢ and ¢ = p. Similar identities hold for many other
linear elliptic problems. However, Theorem 4.1 has a drawback: The estimate is valid only
for those approximate vector fields @, which exactly satisfy the solenoidal condition and
the boundary condition. In practice, the solenoidal requirement is difficult to fulfil and
approximations arising in ‘real life’ computations often satisfy the solenoidal condition only
approximately. Therefore, our next goal is to extend the estimate to a wider class of non-
solenoidal vector fields. Below we extend the latter estimate to a wider class including
non-solenoidal vector functions and assume only that

uEuUp + Hl_l,pD () Cc HL (),

i.e., u is possibly non-solenoidal but satisfies the boundary condition exactly. Corollary 3.5
guarantees the existence of ug € S_1(€2) such that ug —u € Hl_LFD () and

(36) [V (uo = u)llo,0 < (2, Tp) divalo,o.

Hence up =u+up —u € up + H1_17FD (Q), ie., up € up +S_1r,(2), and by Theorem 4.1

2 900 Dl < 29l + V0~
<05 een(QTp) | Divr + fllia + [ 2 (r + 1 - VvuO)HO,Q
on 7 Vo~ D

< Vélmcpp(Q,FD)H Divr+ flho + v 2 (r +ql - Vva)HO,Q
+ 205 ?|| V(o = )| -

In view of (36), we obtain the following result.
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Theorem 4.2. Let U € up +HY 1 (Q). Then for all 7 € Dr(Q) and all q € L2(Q) it
holds

||1/1/2 V(u— ﬁ)Ho,Q < V51/2CFP(Q,FD)” Divr + flli,0 + ||1/71/2(7’+ qll — I/Vﬁ)Hoﬂ

+20/2k(9,Tp)|| div @l|o.0-

If the approximation u is solenoidal we get back Theorem 4.1 and, again, the upper
bound coincides with the norm of the error on the left hand side if 7 = o, ¢ = p. If the
approximation @ is solenoidal just in, e.g., R? \ B,, then we get trivially an estimate by
Theorem 4.2, replacing the term || div /oo by || div @l/o. But with a moderate additional
assumption on the decay of the approximation we can even do better in this case, replacing
the constant (€2, I'p) by a stability constant x(w,yp) of the bounded domain w.

For this let & = up + w € up + H', 1 (Q) with dive = divw = 0 in R? \ B,, and if
vp = 7 (i.e.,, Ip = T') then u satisfies divi € L% (w). To meet the latter condition, we
additionally assume for the case I'p =T that

(38) lw] <ecr™™, m>d-—1

for r — oo with some ¢ > 0 independent of r (notice that r=™ € L2, (R4\By) if m > d/2—1).
Indeed, it is easy to see that for r > ry

|/divﬂ}:|/divw|:‘/ n'w|§c7'd*1*m7'_>_°°>0
w w S

holds. Now we consider the ansatz

it Uy, 1IN w,
Uy ‘= U —
0 0 inRI\B,,

where u,, € H! _(w). Utilising Lemma 1.1, we find u,, € H! (w) such that
divu, = —divt inw

satisfies the boundary condition on I'p and it is a solenoidal field, i.e., ug € up +S_1 r, (92).
Using ug as an admissible vector field in (37) yields the estimate

together with the stability estimate || V w00 < £(w,vp)|| div @l|o. The so constructed ug

12 V(1 =) o < V5" e TD) | Divy + fllio+ [ 2(r + g1 - v V)|
+ 20 || V(o = @) -
=11V wello.w

Hence we have the following improved estimate for the case of a partially solenoidal approx-
imation.

Corollary 4.3. Let u € up + H' | 1 (Q) and
divi=0 inR\B,,.

If Tp =T, then we additionally impose the condition (38). Then for all T € Dr, () and
all ¢ € L%(Q)) we have

HV1/2 V(U - a)HO,Q < Vél/ZCFP(QaFD)H Divr + leQ
+ Hz/_1/2(7 +ql— VVG)HQ ot 2’/619/2“(“’77D)|| div affo,w-

Here the last term on the right hand side is a penalty for possible violation of the solenoidal
condition in w.
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4.2. Estimates for the pressure. By Lemma 2.3 there exists a vector field ¢ € Hl_ler (Q)
such that

(39) divp=p—p and [|V¥loq < k(2,Tp)llp - pllo.o-
For all w € up + Hll’FD(Q) and all 7 € Dr,, (Q) we have
p —17“(2),9 = (p —p,divep)o,0
= <I/V(U - a))vw>0’ﬂ - <DIVT+ faw>0,ﬂ + <VVﬂ_ﬁH - 7'7V¢>0,Q
< (Il V(=)o g+ e (@TD)IDiv T + flig + v Vi = 5T = Fllog ) | V ¢lo0.
where we have used Lemma 2.1 for ¢ and the relation divy) = 1: V. By (39) we obtain
lp = Pllo,o < K(Q,T'p) (1/1/2||V1/2 V(u— 17)”0 o T (2, Tp)]

1/2

HV 1/2 (r+pl—vVau) HO’Q).

In order to estimate the first term in the right hand side, we use Theorem 4.2 with ¢ = p
and arrive at the desired estimate for the pressure field.

Theorem 4.4. Let p € L*(Q). Then for all 7 € Dr(Q) and all & € up +H | 1 (Q) it
holds

Ip = llos < ~(@.T0) (05 *v2/* 4+ ewr (@I Divr + fllig

1/2

+ 2052wV (r + L - vV )|, + 2veK(Tp))| divﬂ||079).

Remark 4.5. The upper bound (40) consists of the same terms as the upper bound of
Theorem 4.2 and vanishes if w = u, 7 = o, p = p. However, in this case, the estimate
stronger depends on the stability constant H(Q,FD). Similar effect has been observed in the
estimates related to bounded domains (see [35, 36]).

4.3. Estimates for non-conforming approximations. The term non-conforming is usu-
ally applied to approximations that belong to a functional class wider than the natural energy
class of the problem in question. For example, non—conformity of approximations may arise
due to violation of continuity conditions or main boundary conditions. Nowadays such type
approximations are widely used in computational practice (e.g., mortar, finite volume, and
discontinuous Galerkin approximations) because they offer more freedom for various mesh
adaptive procedures. Application of functional type a posteriori estimates to non-conforming
approximations of elliptic problems has been earlier studied in [4, 15, 37, 45]. In this section,
we briefly discuss this question in the context of the exterior Stokes problem.
Let us now assume that we have a non-conforming approximation

T e L2(Q)
of the exact strain tensor field
T:=Vu, u:uD+ﬁ€uD+S_1,pD(Q)CS_1(Q).

E.g., T could be a “broken gradient” tensor field as output of some discontinuous Galerkin
method. By the triangle inequality, we estimate the difference between these tensor fields
using a certain conforming approximation @ € up + H! Th (©) and obtain
1/2 1/2 ~ /20~
HV (T - T)HO,Q < HV 2V (u~ u)HO,Q + HV (V- T)HO,Q'
Theorem 4.2 implies the estimate

||1/1/2(T - T)HOQ < Vé1/2CFP(Q,FD)HDiVT+f||17Q + Hlfl/Q(T—l—q]I— z/Vﬂ)HO,Q

1/2

+ 203 *K(Q,Tp)| dividlo. + |[v/2 (Vi - T)

lo.-
Using the triangle inequality and Theorem 4.4 we obtain a posteriori error estimates for
non-conforming approximations.
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Theorem 4.6. Let T € L2(Q) and p € L2(Q). Then for all 7 € Dp, (Q), ¢ € L2(Q), and
U cup+H 1 (Q) it holds

2(r - ¥ <5 e (U TD)||Divr + fllio + || Y2(r + g1 — v

Moo < Moo

+ 20/ ?5(Q, Tp) | divitloq + 2| /2(Vi = 1),
and
p =Dl < w(QTp)((v5" 21y + 1w (2, Tp) | Divr + flli0
[ lo.o < R(Q,Tp)((vg vy

+ 2?2 (r 4+ P10 + 200 k(2,Tp) | diviilo.q

oo
1/2 ~ =
+ 21’@/ Hyl/z(v“ - T)Ho,sz)'
It is easy to see that in the case where T =Vais generated by the conforming ap-

proximation u € up + H1_17FD (Q) the last term vanishes and we get back Theorem 4.2 and
Theorem 4.4.

4.4. Estimates for the stress field. Error estimates for the stress tensor field follow
directly from the above derived estimates for the velocity vector field and the pressure
function. Indeed, let & € L?(©2) be an approximation of the exact stress tensor

c=vVu—pl=vY —-pl

Moreover, let T € L%(Q) and p € L%(Q). Then, the respective error estimate follows from
the triangle inequality

15 = ollog < 115 = v +plllo.q +ve*[v"/>(X = )| o +d"llp = Blo.o-
In particular, we can set T = V&, where & € up + HL ), (©). The first term on the right

hand side contains only known tensor fields and the second and third ones are estimated by,
e.g., Theorem 4.2, Theorem 4.4, and Theorem 4.6.

4.5. Lower bounds of the error. Let U € up + H' 1 (), ie, u—u € HL, 1 (Q).
Obviously, (as the subsequent max-property holds for any Hilbert!!! space) we have by (24)

~ 12 ~—
|12 ¥ (u — ). = weHgi}; - 2V V(u—1), V) o 12V o3 .q)

>2(vVu, Vo —2wViE,Vea— V> Veliq
=2(f,¢)o.0 +2(q, divp)oo — (v V(2U +¢), Vo), g
+2(p — ¢,div p)o.0

and the maximum is attained at ¢ = u—1u € H1_17FD (). The last term can be simply (but
rather coarsly) estimated by Theorem 4.4 (p = g) what yields the estimate presented below.

Theorem 4.7. For all U,v € up +HL 1 () and all p € H' | 1 (), 7 € Dry(Q), and
q € L%(2) it holds

72V (= )|; ¢ > 2(f, o0 + 2 dive)oa — (¥ V(2 +9), V),
~ 269, Tp) | div pllo.0 (75242 + 1)eee (2. D) [ Div + fll0
+ 2I/é/2HV_1/2(T +ql—v VU)H()’Q + 2vgK(Q,Tp)| div 'l.)”O’Q).
In particular v =1 is possible. If ¢ € S_1 () then the simple lower bound
[ 2V (u =[5, > 2(f,P)o0 — (¥ V(2 +9), V)

holds. Moreover, equality is given for ¢ = u — w, provided that the approrimation wu is also
solenoidal, i.e., W € up +S_1.r, ().

HiTy any Hilbert space H it holds |z|2 = maxyen (2(z,y) — |y|?). Here H=VH! | rp ()
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To handle a non-conforming approximation TelL? (©2) we can simply utilise the triangle
inequality and apply Theorem 4.7.
Theorem 4.8. Let T € L2(Q). Then for all ¢ € HY r (), 7€ Dry(Q), ¢ € L*(Q), and
U,v € up +HL (), it holds

20T = Dl 2 72 9=~ 207 T

Moo Moo

172V (u—)||; o > 2(F, P00 + 20, div p)o.o — (¥ V(20 + ), V o)y

-1

— 25(Q,Tp)| div ¢flo.c ((u@ 202 4 D) een(Q,Tp) | Divr + g
+ 21/%5/2"1/*1/2(7 +ql— VVU)HO,Q + 2ugk(Q,Tp)| div v||07g).

4.6. Special case: 2D exterior domains. For a Lipschitz domain D C R? we introduce
somewhat different weighted spaces using logarithmic weights, namely,

L2 1(D) = {6 € L2(D) : (pln(e +p))* ¢ € LX(D)},
HY (D) i= {p € L2, u(D) : V¢ € L2(D)},

where e is the Euler number, see, e.g., [16, 43, 9]. We notice that at infinity (p In(e + p))il
behaves like (rIn7)*!. The inner product in L3, (D) is defined by the relation

(6, 1) e1mp = ((pI(e+ ) 6. )y o

All other weighted spaces and norms are modified and defined in a similar way.

The sets 2 C R? and w C R? are defined as in Section 2, i.e.,  C R? is an exterior
Lipschitz domain and w is a certain truncation of €). The situation is now different from the
case d > 3 as the constants'V will be integrable in our weighted spaces, i.e., 1 € L%l)ln(Q).
Introducing additionally

ERESE ™Y
H£1,1n,®(Q) = H£1,1n(9) AR=-tme
we have the following Friedrichs/Poincare estimate for exterior domains:
Lemma 4.9. There exists ¢ > 0 such that for all v € H1—1,1n,rD(Q)
[o]l-1,m,0 < €| Voljo.a.

The best constant c is denoted by cyo(Q,T'p). In the special case B, C R4\ Q and T'p =T
we have cpp(2,T) < 2.

This theorem follows from [27, Appendix 4.2, Lemma 4.1, Corollary 4.2, Remark 4.3], see
also [43, Lemma 4.1] and [28, 16]. It is worth noting that in this case we need boundary
or mean value conditions as in the case of a bounded domain. Now, all results from the
sections for d > 3 follow with the obvious modifications. In particular, Lemma 3.2 reads as
follows.

Lemma 4.10 (stability lemma for 2D exterior domains). There exists ¢ > 0 such that for
any h € L*(Q) there ewists up, € HY | 1 1 (Q) with

divup, =h and || Vupllo,e < c|lh]o.0-
The best constant is denoted by k(2,T'p) and satisfies the estimate
k(Q,Tp) <ke(Q,Tp):=(1+ /@)(1 + cp(R?*) a p(ry) In(e + p(rg)))
with

a=a(r,re,n) = max |Vn(z)l, r = min {x(w,yp), K(w,7)}.
$€B7-2\B7'1

VMore precisely, for 0 < e < 1 we have

(rlnr)~! € L3(B.), (rinr)™' € L2(B14e \ B1_c), (rinr)~! € L2(R2\ B.).
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If h has compact support inw and (if Tp =T') additionally fQ h = fw h =0, then up can be
chosen with a compact support in @ as well, in particular u, € HY (w) C HY (Q). In this
case, K(Q,T'p) < k(w,vp).

Estimates of the distance to the set of solenoidal fields are derived quite similarly.

Corollary 4.11. For anyu € H', | () there exists a solenoidal ug € S_11nr,, () such
that
dist (u, S_1mTp (Q)) < H Viu— UO)HO,Q < K&(Q,T'p)lldivullo,e.
For anyu € HY | || (Q) there exists a solenoidal ug € S—1 () such that u—ug € H- | | 1 (),
i.e., uo|lrp = ulr,, and
H V(u - UQ)HQQ S /Q(Q, FD)” div ’LLH())Q.
Another obvious corollary is the inf-sup lemma for 2D exterior domains.

Corollary 4.12. It holds
(h,divu)o,n 1
@ llhllogl Vullog — k(Q,Tp)’

inf sup

heL2(Q
eLx( )ueHl—l,ln,F

As in the case of d > 3, the solvability of the Stokes problem and respective energy
estimates follow. Below we remind these results. Let

L2 Q):=<¢ L 7 7
T e
and
LilmL(Q) — Liln(Q) n (RQ)lo,sz = {¢5 IS L?,IH(Q) : /Q i = 0}

Corollary 4.13. For v, f € L}, 1, (Q), and up € S_1m(Q) the 2D Stokes system is
uniquely solvable with a solenoidal vector field w = up +4 € up +S_1,1m,rp () C S_11n()
and p € L2(Q)). Moreover,

v Vilo,e < cee(, o)l fll1me + VI Vuplloa,
V[ Vulog < cer(,Ip)[fll1ma + 2] Vupllog,
Iplloe < 26(2,Tp) (cre (2. Tp) | fll1,1m,0 + 7| Vuplloge).-
Now we address the subject of a posteriori error estimation and introduce the sets

D(Q):= {r €L*(Q) : Divr € L%’IH(Q)}

and Dr () as closure of Cf° (€2)-tensor fields in the norm of D((2). For errors encompassed
in approximation of the velocity field we have the following results which repeat (with some
modifications) those derived for d > 3. First, we present an analog of Theorem 4.2.

Theorem 4.14. Let u € up + HL, 1 1 (Q). Then for all7 € Dr,(Q) and q € L*(Q)

Hl/1/2 V(u— ﬂ)HO,Q < Vélmch(Q,l"D)H Div7 + fll1,m0 + HV_l/Q(T +ql— VVE)H(LQ

+ 202 k(9, T p)|| div @0 -

As in the case d > 3, the estimate is simplified if div o = 0 in R?\ B,., and additionally (if
I'p =T') the condition (38) is satisfied. Then, in Theorem 4.14 we can replace the constant
k(Q,T'p) by k(w,vp). If the approximation @ is solenoidal in 2, then the last term vanishes
and we arrive at estimates analogous to Theorem 4.1. It possesses the same property: the
upper bound coincides with the norm of the error on the left hand side if 7 = ¢ and p = ¢
(i.e., the estimate is sharp in the sense that there is no “gap” between its left and right hand
sides).

For the approximation of the pressure function, Theorem 4.4 is modified as follows.
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Theorem 4.15. Let p € L2(2). Then for all T € Dr, (Q) and all u € up + HY o, () it
holds

Ip = llos < £, To) (5" *VE/* + Vewr(@ T Div + fllime

+2I/Q19/2||l/71/2(7'+ﬁ]1— vVau

Moo +2ver(Q. o) divilloe).

Finally, we consider a non-conforming approximation % and obtain analogs of the theo-
rems exposed in Section 4.3.

Theorem 4.16. Let T € L%(Q) and p € L2(Q). Then for all & € up + HY o, (),
7 € Dr,y (), and q € L2(Q) it holds

12 =) < v 2 eer (D) DV T + fllima + || 2(r + ¢1 - vVa)y o

+ 2082 k(Q,Tp) || div oo + [V /2(V i — T)Hw

< g e (@, Tp)| Divr + fllume + v 2(r + g1 = vT)||

+ 20/ 5(Q, Tp) | diviio + 2[/2(Vi - 1),
and
Ip = Blloe < (€ Tp) (5 *ve/* + Deer (2 To)l| Divr + fllime

+ 202l V2 (r 4+ T - Y + 20gk(Q,Tp) | divio.o

Moo
+ w2 (V- T)HO,Q).

For T = V1, where @ € up + HY ) 1r,, (92) we get back Theorem 4.14 and Theorem 4.15.
As in Section 4.4, error estimates for the stress tensor field o follow immediately by the
triangle inequality.

Finally, we briefly present lower bounds of the error derived in the spirit of Section 4.5.

Theorem 4.17. For all U,v € up +H' 1, 1 (Q) and all p € H' |} 1 (Q), 7 € Dr(Q),
and q € L%(Q) it holds

2V (@ —)|5 ¢, > 2(f, 0o + 2 dive)oa — (¥ V(2 +9), V),

— 26(Q,Tp)|| div ¢llo.0 (@;/%gz + Deen(,TD) [ Divr + £l im0

+ 21%/2“1/*1/2(7 +ql— VVU)HO,Q + 2vek(Q,T'p) div v||0’9>.

In particular, v = is possible. If ¢ € S_1 11, () the estimate simplifies to
112 -
HV1/2 V(U - U)HO,Q > 2<fa (,0>07Q - <1/V(2u + 90)’ \% (10>0’Q
and equality holds for ¢ = u — u, provided that & € up + S_11n,1r, ().

Finally, to handle non-conforming approximations T e L2(Q)) we use again the triangle
inequality to estimate

200 =)y g = 012 V= D)l = [l 2(VE =T

Moz Moz

valid for any w € up + Hlfl,ln’FD (©2). Theorem 4.17 applied to the first term on the right
hand side yields the estimate analogous to Theorem 4.8.

REFERENCES

[1] I. Babuska, A. K. Aziz, Survey Lectures on the Mathematical Foundations of the Finite Element Method.
Academic Press, New York, 1972.

[2] S. Bauer, D. Pauly, and M. Schomburg. The Maxwell compactness property in bounded weak Lipschitz
domains with mixed boundary conditions. SIAM J. Math. Anal., 48(4):2912-2943, 2016.



20

(3]
(4]
(5]
[6]

(7]

(8]

(9]

(10]

(11]

(12]
(13]

(14]
(15]
[16]

(17]

(18]

(19]
20]
(21]
(22]
(23]
(24]
(25]
(26]
27]

(28]

(29]

(30]
(31]

(32]

DIRK PAULY AND SERGEY REPIN

F. Brezzi, On the existence, uniqueness and approximation of saddle-point problems arising from La-
grange multipliers, R.A.LLR.O., Anal. Numer. R2(1974) 129-151.

S. Cochez-Dhondt, S. Nicaise, S. Repin. A posteriori error estimates for finite volume approximations.
Math. Model. Nat. Phenom. 4 (2009), no. 1, 106122.

M. Costabel. A remark on the regularity of solutions of Maxwell’s equations on Lipschitz domains.
Math. Methods Appl. Sci., 12(4):365-368, 1990.

M. Costabel and M. Dauge. On the inequalities of Babuské—Aziz, Friedrichs and Horgan—Payne, arXiv
1303.6141v1, 2013.

M. Fuchs, S. Repin. Estimates of the deviations from the exact solutions for variational inequalities
describing the stationary flow of certain viscous incompressible fluids. Math. Methods Appl. Sci. 33
(2010), no. 9, 11361147.

G. Galdi. An introduction to the mathematical theory of the Navier—Stokes equations. Volume 1.
Springer, New York, 1992

V. Girault and A. Sequeira. A well-posed problem for the exterior Stokes equations in two and three
dimensions. Archive for Rational Mechanics and Analysis December 1991, Volume 114, Issue 4, pp
313-333.

C. Horgan and L. Payne. On inequalities of Korn, Friedrichs and BabuskaAziz. Arch. Ration. Mech.
Anal., 82(1983), 165-179.

M. Kessler. Die Ladyzhenskaya-Konstante in der numerischen Behandlung von Strémungsproble-
men, Dissertation zur Erlangung des naturwissenschaftlichen Doktorgrades der Bayerischen Julius-
Maximilians-Universitat Wiirzburg, 2000.

P. Kuhn and D. Pauly. Regularity results for generalized electro-magnetic problems. Analysis (Munich),
30(3):225-252, 2010.

O. A. Ladyzhenskaya, Mathematical Problems in the Dynamics of a Viscous Incompressible Flow,
second ed., Gordon and Breach, New York, 1969.

O. A. Ladyzenskaja, V. A. Solonnikov, Some problems of vector analysis, and generalized formulations
of boundary value problems for the Navier-Stokes equation, Zap. Nauchn. Sem. Leningrad. Otdel. Mat.
Inst. Steklov., 59 (1976), 81-116 (Russian).

R. Lazarov, S. Repin, Sergey, S. Tomar. Functional a posteriori error estimates for discontinuous
Galerkin approximations of elliptic problems. Numer. Methods Partial Differential Equations 25 (2009),
no. 4, 952971.

R. Leis. Initial Boundary Value Problems in Mathematical Physics. Teubner, Stuttgart, 1986.

O. Mali, P. Neittaanmaki, S. Repin. Accuracy verification methods. Theory and algorithms. Springer,
Berlin, 2014.

A. Mikhaylov, S. Repin. Estimates of deviations from exact solution of the Stokes problem in the
vorticity-velocity-pressure formulation. Zap. Nauchn. Sem. S.-Peterburg. Otdel. Mat. Inst. Steklov.
(POMI) 397 (2011), Kraevye Zadachi Matematichesko Fiziki i Smezhnye Voprosy Teorii Funktsi. 42,
73-88, 173; translation in J. Math. Sci. (N.Y.) 185 (2012), no. 5, 698-706.

S. G. Mikhlin, Variational Methods in Mathematical Physics, Pergamon Press, Oxford, 1964.

S. G. Mikhlin, Constants in some inequalities of analysis, John Wiley & Sons, Ltd., Chichester, 1986.
S. Nazarov and K. Pileckas. On steady Stokes and Navier-Stokes problems with zero velocity at infinity
in a three-dimensional exterior domain. J. Math. Kyoto Univ. 40 (2000), no. 3, 475492.

J. Necas, Les Méthodes Directes en Théorie des Equations Elliptiques, Masson et Cie, Editeurs, Paris;
Academia, Editeurs, Prague 1967.

P. Neittaanmaki, S. Repin. Reliable methods for computer simulation. Error control and a posteriori
estimates. Elsevier, New York (2004).

P. Neittaanmaki, S. Repin, A posteriori error majorants for approximations of the evolutionary Stokes
problem. J. Numer. Math. 18(2), (2010) 119-134.

M.A. Olshanskii, E.V. Chizhonkov, On the best constant in the inf sup condition for prolonged rect-
angular domains, Mat. Zametki 67 (2000) 387-396 (Russian).

D. Pauly. Generalized electro-magneto statics in nonsmooth exterior domains. Analysis (Munich),
27(4):425-464, 2007.

D. Pauly and S. Repin. Functional a posteriori error estimates for elliptic problems in exterior domains.
J. Math. Sci. (N.Y.), 162(3):393-406, 2009.

D. Pauly and S. Repin. The Stationary Stokes Problem in Exterior Domains: Estimates of the Distance
to Solenoidal Fields and Functional A Posteriori Error Estimates. https://arxiv.org/abs/1810.12555,
2018.

L. E. Payne, A bound for the optimal constant in an inequality of Ladyzhenskaya and Solonnikov, IMA
J. Appl. Math. 72 (2007), 563-569.

R. Picard. Zur Theorie der harmonischen Differentialformen. Manuscripta Math., 1:31-45, 1979.

R. Picard. Randwertaufgaben der verallgemeinerten Potentialtheorie. Math. Methods Appl. Sci., 3:218—
228, 1981.

R. Picard. On the boundary value problems of electro- and magnetostatics. Proc. Roy. Soc. Edinburgh
Sect. A, 92:165-174, 1982.



THE STATIONARY STOKES PROBLEM IN EXTERIOR DOMAINS 21

[33] W. Prager and J. L. Synge, Approximation in elasticity based on the concept of function space, Quart.
Appl. Math. 5: 241-269, 1947.

[34] S. Repin, A posteriori estimation for variational problems with uniformly convex functionals, Math.
Comput., 69 (2000), 481-500.

[35] S. Repin, A posteriori estimates for the Stokes problem, J. Math. Sci. (New York), 109 (2002), 1950—
1964.

[36] S. Repin, Estimates of deviations from exact solutions for some boundary-value problems with incom-
pressibility condition, St. Petersburg Math. J., 16 (2004), 124-161.

[37] S. Repin, A Posteriori Estimates for Partial Differential Equations, Walter de Gruyter, Berlin, 2008.

[38] S. Repin, Estimates of the distance to the set of divergence free fields, Zap. Nauchn. Sem. S.-Peterburg.
Otdel. Mat. Inst. Steklov. (POMI) 425 (2014) 99-116, J. Math. Sci. (N.Y.) 210 (2015), no. 6, 822-834.

[39] S. Repin, Estimates of the distance to the set of solenoidal vector fields and applications to a posteriori
error control. (English summary) Comput. Methods Appl. Math. 15 (2015), no. 4, 515-530.

[40] S. Repin. Localized forms of the LBB condition and a posteriori estimates for incompressible media
problems. Math. Comput. Simulation 145 (2018), 156-170.

[41] S. Repin, R. Stenberg. A posteriori estimates for a generalized Stokes problem. Zap. Nauchn. Sem.
S.-Peterburg. Otdel. Mat. Inst. Steklov. (POMI) 362 (2008), Kraevye Zacachi Matematichesko Fiziki i
Smezhnye Voprosy Teorii Funktsi. 39, 272-302, 367; translation in J. Math. Sci. (N.Y.) 159 (2009), no.
4, 541558.

[42] S. Repin, S. Sysala, and J. Haslinger. Computable majorants of the limit load in Henckys plasticity
problems, Computers and Mathematics with Applications 75 (2018), 199-217.

[43] J. Saranen and K.-J. Witsch. Exterior boundary value problems for elliptic equations. Ann. Acad. Sci.
Fenn. Math., 8(1):3-42, 1983.

[44] G. Stoyan, Towards discrete Velte decompositions and narrow bounds for Inf-Sup constants, Comput.
Math. Appl., 38 (1999) 243-261.

[45] S. Tomar, S. Repin. Efficient computable error bounds for discontinuous Galerkin approximations of
elliptic problems. J. Comput. Appl. Math. 226 (2009), no. 2, 358-369.

[46] R. Verfirth, A posteriori error estimators for the Stokes equations. Numer. Math., 55, (1989), 309-326.

[47] Verfirth R. A Review of A Posteriori Error Estimation and Adaptive Mesh-Refinement Techniques.
Wiley-Teubner, Stuttgart (1996).

[48] H. Weyl, The method of orthogonal projections in potential theory. Duke. Math. J., 7 (1940), 411-444.

FAKULTAT FUR MATHEMATIK, UNIVERSITAT DUISBURG-ESSEN, CAMPUS ESSEN, GERMANY
& FACULTY OF INFORMATION TECHNOLOGY, UNIVERSITY OF JYVASKYLA, FINLAND
E-mail address, Dirk Pauly: dirk.pauly@uni-due.de

V.A. STEKLOV INSTITUTE OF MATHEMATICS AT ST. PETERSBURG, RUSSIA

& PETER THE GREAT ST.PETERSBURG POLYTECHNIC UNIVERSITY, RUSSIA

& FACULTY OF INFORMATION TECHNOLOGY, UNIVERSITY OF JYVASKYLA, FINLAND
E-mail address, Sergey Repin: repin@pdmi.ras.ru



