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ABSTRACT. We summarize our findings in the analysis of adaptive finite el-
ement methods for the efficient discretization of control constrained opti-
mal control problems. We particularly focus on convergence of the adap-
tive method, i. e., we show that the sequence of adaptively generated discrete
solutions converges to the true solution. The result covers the variational
discretization (Hinze) as well as control discretizations with piecewise discon-
tinuous finite elements. Moreover, the presented theory can be applied to a
large class of state equations, to boundary control and boundary observation.

1. INTRODUCTION

Convegence and optimality of Adaptive Finite Element Methods (AFEM) is a
well studied topic for linear partial differential equations. Without claiming to be
exhaustive we refer to [6, 21, 26, 3, 22, 25, 17, 5] as well as the overview article [23]
and the references therein.

In contrast, the situation changes, however, when it comes to linear-quadratic
optimal control problems with inequality constraints. Resorting to Dorflers marking
strategy [6], the first linear convergence result [7] for constrained optimal control
problems is based upon some non-degeneracy assumptions on the continuous and
the discrete problems and a smallness assumption on the maximal mesh-size of Gy.
A smallness assumption on the coarse mesh was also used in the convergence and
optimality result of [9]. However these conditions are practically not verifiable since
they typically involve asymptotic estimates with unknown constants.

A new approach was proposed by Kohls, Résch, and Siebert in [15] for opti-
mal control problems with distributed control and the variational discretization by
Hinze [11]. We emphasize that the presented theory does not require any smallness
assumption or assumptions on the boundary between active and inactive sets and
applies to rather general marking strategies. As a drawback, it does not guarantee
convergence rates.

In this paper, we will further develop this new approach for a large class of con-
trol discretizations, state equations, error estimators, and marking strategies. The
approach covers variational discretizations and piecewise discontinuous polynomial
controls as well as allows us to deal with boundary controls or/and boundary ob-
servation. The restrictions on the linear equation are very general and therefore
the results presented in this paper extend the known theory in a significant way.
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The paper is structured as follows. In Section 2 we state the assumptions and
the main result. Section 3 is devoted to the framework of a posteriori error esti-
mation. Convergence of the discrete solutions to a solution of an auxiliary problem
is shown in Section 4. Convergence of the discrete solutions to the solution of the
original optimal control problem and the convergence of the error estimator to zero
is contained in Section 5. Finally, in Section 6, we will present some illustrating
examples.

2. STATEMENT OF THE MAIN RESULT

In this article we analyze adaptive finite element discretizations for control con-
strained optimal control problems of the form

. o
min Jlu,y] = + Zlu
(2.1) g, Tl =v) + Sl

subject to yeY: Bly, v]=(f—+u, v)yxy Yv ey,

where f € Y* is a given functional. We have a particular interest in bilinear forms
B, that arise in the variational formulation of PDEs. Concrete examples of this
type of problem are provided in Section 6 below.

For a bounded domain 2 C R? with polyhedral boundary, let (Y, (-, -)y) be some
Hilbert space of functions with Y C L?(Q; R™) for some m € N. The quantity a > 0
is some given cost parameter. We consider a Fréchet differentiable, quadratic and
convex functional ¢ : Y — R and suppose that 1)’ is locally Lipschitz continuous
with constant L, i.e., [[¢'(y) — ¥ (¥)|lv=(w) < Llly — Fllv) for all y,5 € Y and
w C Q. Hereafter, we assume that the norm || - ||y = || - [ly(q) is sub-additive, i.e.,
for any measurable subsets wy,ws C Q2 with |w; Nws| = 0, we have that

(2.2a) 1013 () + 1013 () < 1013 (o 0wn)
and
(2.2b) 101500y = 0 asé—0

where Bs denotes any ball in R? with radius 6. Note that this condition is weaker
than absolute continuity of the norm and accommodates the fact that the relevant
balls will be inner or outer balls of shape regular elements or patches. We suppose
that the bilinear form B : Y x Y — R is continuous and satisfies the inf-sup
conditions

(2.3) inf sup Blo,w] Blv, w]

= in sup ————— = /> 0.
veY\{0} wev\{0} lollyllwlly — wey\{o} veY\{0} [vllvl[wlly

This is equivalent to the fact that the state equation admits an unique solution
which continuously depends on the data f 4+ u € Y*. The control space is assumed
as U = L*(I';R™) for some m € N, where I' maybe part of the domain Q or its
boundary such that Y < U = U* < Y*. The set of admissible controls U?d is
given by

(2.4) U = {u e U,uecCae inT}

with a given closed convex set () # C C R™. We shall use the notation ||ul|y :=
llu|| £2(rrw) for all measurable sets w C 2. Technically there may be some inclusion
operators like traces involved, however, they are omitted for the sake of clarity of
the presentation.



CONVERGENCE OF AFEM FOR CONSTRAINED OPTIMAL CONTROL PROBLEMS 3

Turning to the discretization of (2.1), we assume that €2 is meshed exactly by
some conforming initial triangulation Gy and denote by G the class of all conforming
refinements of Gy that can be constructed using recursive oder iterative refinement
by bisection [2, 16, 24]. For a given grid G € G, we let Y(G) C Y be a conforming
finite element space of piecewise polynomials of fixed degree ¢ € N, such that we
have the following uniform discrete inf-sup conditions

(2.5a) inf sup Bl w] B(G) >0
veY(9\{0} wev(g)\ {0} [Vllv[lwlly

or

(2.5b) inf sup Bl wl B(G) >0

we¥(G)\{0} vev(gnfoy lvllvllwlly

with 8(G) >~ > 0.
In the case of the variational discretization of (2.1) by Hinze [11], we solve the
discretized optimal control problem
a
min JIU Y] =)+ =|U|?
e o B TV = V) + S
subject to YeY(G): BY,Vl=(f+U,V) YV € Y(G).

For discrete controls, we additionally replace the control space U by a finite
element space of discontinuous piecewise polynomials of bounded degree over a
conforming, exact and shape-regular triangulation G' of I', which is subordinated
to some G € G in the sense that GT is either a subset of G or of its trace grid on the
boundary of 2. Note that the existence of G for all G € G requires that I is the
union of elements in Gy or respectively of some of its boundary sides. With a little
abuse of notation, we denote the resulting discretization of U by U(G) and assume
that it contains the piecewise constant functions over G''. Note that this readily
implies that the set of discrete admissible controls

U*(G) :==U*NU(G),
is nonempty. The disretized optimal control problem reads then as
@
min JWU, Y] =»Y)+ < |U|I3
(2.7) (U,Y)€U4 () x¥(9) Y] =9+ 51U
subject to Y eY(G): B[Y,V]=(f+U V) vV e Y(G).
It is well-known that (2.1) as well as (2.6) respective (2.7) admit unique solution
pairs (4, 9) and (Ug, Yg); compare with [18, 27].
Numerically, the discrete solutions of (2.6) and (2.7) are computed by solving
the corresponding first order optimality systems; compare also with [27]. In other

words, the control @ in (2.1) is the orthogonal projection in U onto the set of
admissible controls U2 of the adjoint state

(2.8a) peY: Blv, p| = (¢'(9), v) Vo €Y.
In the discrete settings (2.6) and (2.7) we have analogously
(2.8b) PgeY(G): BV, Pgl=(/(Yg), V) VVeY(G)

and the discrete control is the orthogonal projection of Yg onto either U (varia-
tional discretization of Hinze) or U*4(G) (control discretization). A more detailed
presentation is provided in Section 3.
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We use the following adaptive algorithm for approximating the exact solution of
(2.1). Starting with the initial conforming triangulation Gy of €2, we execute the
standard adaptive loop

(2.9) SOLVE — ESTIMATE — MARK — REFINE.

In practice, a stopping test is used after ESTIMATE for terminating the iteration;
here we shall ignore it for notational convenience.

Assumption 2.1 (Properties of modules). For a given grid G € G the four used
modules have the following properties.
(1) The output (Ug,Yg, Pg) := SOLVE(G) € U x Y(G) x Y(G) is the exact
solution of (2.6) or (2.7), respectively .
(2) The output {Eoep(Ug, Yg, Pg; E)}peg = ESTIMATE((Ug, Y5, Pg); G) is a
reliable and locally efficient estimator for the error in the norm || - |Juxyxy-
In §3 below we will formulate the detailed requirement for the estimator.
(3) The output M = M/—\RK({&,CP(ﬁg,Yg,Pg;E)}Eeg, G) is a subset of ele-
ments subject to refinement. We shall allow any marking strategy such that
M contains an element holding an indicator, which is of the size of the max-
imal one, i. e., there exists C' > 0 independent of {E,c, ((Ug, Y5, Pg); E)} peg
and G, such that

max{&.ep(Ug, Yg, Pg; E) | E € G} < C max{&,e,(Ug,Yg, Pg; E) | E € M}.

All practically relevant marking strategies do have this property; compare
with [22, 25].

(4) The output G, := REFINE(G, M) € G is a conforming refinement of G
such that all elements in M are bisected at least once, i.e., G N M = (.

The main contribution of this paper is the following convergence result.

Theorem 2.2 (Main result). Let (i,9,p) € U x Y x Y be the ezact solution
of (2.1). Suppose that {Uk,Yk;Pk}kzo C U x Y x Y is any sequence of discrete
solutions generated by the adaptive iteration (2.9), where the modules have the
properties stated in Assumption 2.1. Then we have

kli_?;o (O, Ye, Pr) — (i1, 9, D) [uxysy =0 and klirgofocp(ﬁk,?k,}sk;gk) =0.

The proof of this theorem is based upon ideas from the convergence proofs of
Morin, Siebert, and Veeser in [22] and Siebert in [25]. It is a two step procedure
presented in §4 and §5. In §4 we utilize basic stability properties of the algorithm to
show that the sequence of discrete solutions converges to some triplet (oo, Joos Doo)-
The second step in §5 then relies on the steering mechanisms of (2.9), mainly
encoded in properties of ESTIMATE and MARK; to finally prove (fioo, Joos Poo) =
(3, ).

3. APOSTERIORI ERROR ESTIMATION

In this section we shortly summarize our findings from [13, 14] providing a unified
framework for the aposteriori error analysis for control constrained optimal control
problems. In what follows we shall use a < b for a < Cb with a constant C' that
may only depend on data of (2.1), the shape regularity of the grids in G, and
properties of the discrete spaces such as the polinomial degree, but is independent
of the particular triangulation G € G. We shall write a ~ b whenever a < b < a.
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First order optimality systems. The analysis in [13] is based on the character-
ization of the solutions by the first order optimality systems; compare with (2.8).
In order to concretize this concept let S,5*: Y* — Y be the solution operators of
the state and the adjoint equation, i.e., for any g € Y*, we have

(3.1) SgeY: B[Sy, v] = (g, v) VveY
and
(3.2) S*geY: Blv, S*g] = (g, v) Yo eY.

We denote by IT: (Y < U) — U the nonlinear projection operator such that II(p)
is the best approximation of —ép in U2 ie.,

(3.3) (p) € U : (oII(p) + p, II(p) —u) <0 Vu € U,

Note that here we make use of the embedding Y < U = U*, which e.g. in the case
of a boundary control involves a trace operator. Utilizing these operators, we have
that (4, ¢) € U4 x Y is a solution of (2.1) if and only if (4, ¢,p) € U x Y x Y is
the unique solution of the coupled nonlinear system

(3.4) g=8@a+f), p=5""(9) and a=T(p);

compare with [27].

For G € G we next define Sg,Sg: Y(G)* — Y(G) to be the discrete solution
operators for (3.1) and (3.2), i.e., for any G € Y(G)* we have

(3.5) SgG € Y(G) : B[SgG, V] =(G, V) vV eY(G),
and
(3.6) SsG € Y(G): B[V, S;G] = (G, V) YV eY(G).

As for the continuous case, we have then that (Ug,Yg) € U2 x Y(G) solves (2.6)

or (2.7) iff (Ug, Yg, Pg) € U x Y(G) x Y(G) is the discrete solution of
an  9=%0Us+ 1) Py =85/ (Yg)),  and
' Ug = I1(Pg) or Ug = Tg(Pg), respectively.

Here we used the obvious embedding f € Y* — Y(G)*. The former variational
discretization of Hinze requires the evaluation of the continuous projection operator
IT for discrete functions P € Y(G). In the latter control discrete case, we have
replaced the continuous projection II : Y — U2¢ by the discrete projection Ilg :
Y(G) — U24(G) defined by

(3.8) (allg(Pg) + Pg, lg(p) —Ug) <0 WUg € U*(G).
Moreover, we define the residuals for Y, P € Y, u € U< Y* and g € Y* by
(R(Y;u), v) == B[Y, v] = (u+ f, v) = BY —S(u+ f), v, veyY
and
(R*(P;g), v) :=Blv, Y] — (g, v) = Blv, Y — S*g], veY.

Thanks to the inf-sup stability and continuity of B, we have equivalence of error
and residual, i.e.,

AIY = S(u+ Hlly < [R(Y;u)

v < IB[[Y = S(u+ f)lv
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and

BIIP — S*glly < IR*(P;g)|

v <[IB[|[[P = 57g]ly-
Similar arguments yield

BB ana sl sl < 121 < IEIL

B BG) — v

Basic error equivalence. The main obstacle in the aposteriori error analysis en-
countered for instance in [19, 10] can be explained as follows. One would like to
exploit Galerkin orthogonality in the linear state equation (3.1) and the adjoint
equation (3.2). However, we observe that the triplet (Ug,Yg, Pg) is the Galerkin
approximation to the triplet (i, ¢, p) but }A/g is not the Galerkin approximation to
the solution § of the linear problem (3.1) since we have § = Sa but not § = SUg.
The same argument applies to the adjoint states. This observation shows that we
cannot directly employ Galerkin orthogonality for single components of (3.4) and
the nonlinearity in (3.3) prevents us from making use of Galerkin orthogonality for
the system (3.4). The resort to this problem is given by the following result from
[13, Theorem 2.2].

ISTH 1571 <

Proposition 3.1 (Basic error equivalence). Let (4,p,9) € W=UxY x Y be the
solution of the optimality system (3.4). Then we have the basic error equivalence

1w, y, ) = (@, 5, 9)llw = [[(w, y,p) — (p, S(u+ f), 8™ (&' (1)) llw
for arbitrary (u,p,y) € W.

For the problem under consideration, the constants hidden in ~ depend on the
inf-sup constant f~'. Employing this error equivalence it is sufficient to construct
a reliable and efficient estimator for the right hand side || (Ug, Yg, Pg) — (@, 7, p)|lw
where the functions § and p are the exact weak solutions to the linear problems
(3.1) and (3.2) with given source Ug + f and ¢/(Yg), respectively. They play a
similar role as the elliptic reconstruction used in the aposteriori error analysis of
parabolic problems; compare with [20]. The third term has a different structure. It
is zero for the variational discretization and contains a projection error in the case
of a control discretization.
Aposteriori error estimation. We realize that Yg is the Galerkin approximation
to g and Pg the one to p. We therefore can directly employ (existing) estimators
for the linear problems (3.1) and (3.2) and their sum then constitutes an estimator
for the optimal control problem; compare with [13, Theorem 3.2].

Let us now fix the requirements for estimators of the form

1/2 1/2
(Y, u;G) = (Zs%um) and  &,(Y,v;G) = <252YUE>

Eeg Eeg

for the linear problems (3.1) and (3.2). We denote by osc, and osc, the typical
oscillation terms appearing in a posteriori analysis of PDEs. For any subset G’ C G
we set

1/2
oscy(YuQ (Zosc YuE)

Eeg’
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and analogously for osc,. For E € G, we let Ng(E) := {E' € G|[E'NE # 0} be
the set of direct neighbors and Qg(E) := UE/eN (E) E' be the corresponding patch
and extend this to sub-triangulations G’ C G via Qg(G’) := Upeg Qg (E).

Remark 3.2. In principle Q¢g(E) can be replaced by more general neighborhoods
Qg(E) of E if needed. In fact, it is only required that the Qg (E) are a connected
union of elements including F and that only finitely many of the Qg (E), E e€g,
overlap. This directly implies that the number of elements in Qg(E) is uniformly
bounded and that the corresponding set of neighbors Ng(E) := {E' € G : E C
Qg(E)} is quasi uniform. In this context, one may think e.g. of the neighbors of a
neighborhood of an element E € G, i.e., Ng(E) = Ng(Q(E)).

Assumption 3.3 (Estimators for the linear problems). We suppose that &, and
&y have the following properties:
(1) Reliability: The estimators &, and &, provide an upper bound for the
true error, i.e., for any v € U and y € Y, we have

156 (u+f) = S(u+ f)lly S &€(Sg(u+ f),u; G),
155¢" () = S*¢' (W)lly < E(Sgv’ (), ¥ (y): ).
Typically, these bounds are a consequence of the equivalence of the residual
and the error, together with proper interpolation estimates.
(2) Local Efficiency: The indicators £, and &, are local lower bounds for

the true error up to oscillations, i.e., for any Y, P € Y(G) and u € U and
y €Y, we have

£,(Y,u; ) S IV = S(u+ )lvig () + 056, (Y, 0 AG(B)),
Ep(P (y); E) SIIP = S (1) lvq (my) + 0scp (P (y): Ng (E)).
(3) Lipschitz continuity of Indicators: The indicators &, and &, are Lip-

schitz continuous with respect to their second arguments, i.e., for Y, P €
Y(G), u1,us € U and y1,y2 € Y, we have for all E € G that

Ey(Y, u1; B) = &y (Y, ug; E)| S [Jur — uzllurnr),
(P (42): E) — &, (P, (1) E)| S s — sl
(4) Regular test-functions: Testing the residual with more regular func-
tions, we expect additional powers of the mesh-size in the estimate. In

particular, we assume that there exists a dense subspace Yy, C Y, s > 0,
with subadditive norm, such that for all v € Y, and v € U, y € Y we have

(R(Sg(u+ f)iw), v) S Y by &(Sg(u+ f),u; E)
Ecg
(R*(Sgv'(y); ¥ Z b Ep(S5U" (), V' (); B)|[vlly, 00 (2))-
Ecg

(5) Oscillation: The oscillation quantifies the gap between the error and the
estimator. We assume that for all € > 0 there exists a continuous and non
decreasing m. : Ry — R with m(0) = 0, such that for Y, P € Y, u € U,
and y € Y, we have that

oscy (Y, u; E) S e + me(|E) (IY [lvauey + ullu@ ) + 1Plbere))

0scy (P (y); E) S e+ me(|E |)(||P||Y(QR(E)) + lyllvon ) + ||D\|D(Qk(E))),
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where D denotes another Hilbert space with a norm satisfying (2.2) and
D € D is given by the data of (2.1).

The estimator for the error of the control function is constructed from the indi-
cators &, (U, p; E) = ||[U — H(p)|lurne) = (U = 1I(p))xellu. We set

(3.9) U —TI(p)|[§ = E2(U,p;G) = > E2(U,p; E)
Eeg

and define the estimator of the optimal control problem by
boep(U, Y, Py E) := E,(U,P;E) + &Y, U; E) + E,(P,4/(Y); E), E€g.
The following result can be found in [13, Theorem 3.2].

Theorem 3.4 (Aposteriori error control). Let (4,9,p) be the exact solution of
(2.1), let (Ug,Yg, Pg) be the true solution either of (3.7), and suppose Assumption
3.8. Then 5ocp(Ug, Yg, Pg; G) is an estimator for the optimal control problem which
is reliable, i.e.,

(3.10a) 1T, Vg, Bg) = (@, 9, D)lluxvxv S Eocp(Ugs Yo, Pa; G)
and globally efficient, i.e.,
EOCIU(UQ7Y/Qa Pg; g) 5 ||(UQ7Y/Q, Pg) - (ﬁ7ga]§)HUXYXY

(3.10D) . .
+ OSCy(Yg7 ﬂ? g) + OSCI)(PQ7 W(Q)a g)

4. CONVERGENCE 1: TRUSTING STABILITY

In this section, we start with the convergence analysis, where we first focus on
stability properties of the algorithm that do not depend on the particular decisions
taken in MARK. Hereafter, {Gy, (Ukﬂ?}w pk)}kzo is the sequence of grids and dis-
crete solutions generated by (2.9). For the ease of notation we use for k& > 0 the
short hands Yy = Y(Gr), Ur = Ug, , Sk = Sg, etc.

Approximation of an admissible control. We start with the limit of the piece-
wise constant mesh-size function hy,: Q — R of Gy, defined by hy|p = |E|1/d, E e G,
The behavior of the mesh-size function is directly related to the decomposition

GF =9 ={E€G|EcG >k}, and GJ:=Gi\Gy.
>k

The set G, contains all elements that are not refined after iteration k and we
observe that the sequence {g,j}kzo is nested, i.e., QZ C g,j for all £ > ¢. The
set GY contains all elements that are refined at least once more after iteration k;
in particular, we have for the marked elements that My C GY. It is proved in [22,
Lemma 4.3] that hy — heo uniformly in L>°(£2).

Moreover, decomposing Q = QF U QY := Q(G;") U Q(GY), we have the following
relation to the behavior of the mesh-size function shown in [25, Corollary 3.3].

Lemma 4.1 (Convergence of the mesh-size functions). The mesh-size functions hy,
converge uniformly to 0 in QY in the following sense

lim ([ Xllooio = lim g ]locia0 =0,
k—»00 k— o0 k

where X9 € Loo(Q2) denotes the characteristic function of Q9.
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Using piecewise polynomials in combination with refinement by bisection implies
that the spaces Uy, are nested, i.e., Uy C Ugy1. This allows us to define the limiting

space
U = | J Uk
E>0
as well as the limiting set of admissible control functions
U = U N U
To handle the variational and the control discretization in the same setting, we set

Ui = U in the former case. In a first step, we will show that we can approximate
an arbitrary element of U2 in an appropriate way.

ll-llo

Lemma 4.2. Let u be an arbitrary element of U, Then there ezists a sequence
of members uy € U N Uy, converging to uw in U with the property

(4.1) up =u on I'NQY, k e N.

Proof. For the variational discretization the assertion is trivial since we can choose
up, = u for every k.
Let us investigate spaces Uy of discontinuous functions. Here we set

U forzel'N QZ,
U =
Pru  else,

where P}, denotes the L2-projection onto piecewise constant functions over (],1;, i.e.,
Prlru = |T1\ fTudF, T € G}.. Note that, thanks to the convexity of the set C, we

have that Ppu € U, Thanks to Lemma 4.1, this implies
lu — uglly = [lu — urlly@o) — 0
as k — oo. O

Going to the limit. Using piecewise polynomials in combination with refinement
by bisection leads to nested spaces Yy, i.e., Y C Ygy1. This allows us to define
the limiting space

S

Yo = JVi

k>0

which is exactly the space that is approximated by the adaptive iteration. It is
closed in Y and therefore is a Hilbert space. Consequently, the limiting optimal
control problem

. o 2

min Jlu,y] = + —llu
0r)  ai Tl = V0D + Sl
subject to Y€V Bly,v]=(u+f, v) Vo € Yoo

admits a unique solution (fieo, Joo) € U2 X Yo,. Thanks to the uniform discrete inf-
sup stability (2.5), we have that there exists solution operators So, S5 : U = Yoo
of the state respectively the adjoint state equations defined by (3.5) with Y(G)
replaced by Yo, and we have ||Sxol|, |95 ] < @; compare with [22, 25]. The

associated first order optimality system then reads as
Joo = Soo(fios + f), Poo = S5 (V' (U0)), and

4.3
(43) Tioo = I(Poo) or Uioo = oo (Poo),s respectively.
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The latter control discrete case employs the discrete projection Il : Yo, — U2d
defined by

(4.4) (log (Poo) + Poos Hoo(P) — Uoo) <0 Voo € Uig-
We shall show that (4.2) is in fact the limiting problem of the adaptive iteration
(2.9) in that (U, Y, Pr) — (lioo, Yoo, Poo ) An important ingredient for proving this

is the following crucial property of the adaptive algorithm shown in [1, Lemma 6.1]
and [22, Lemma 4.2].

Proposition 4.3 (Convergence of solution operators). For any u,g € U, we have
Sku — Secu and S;g — Si,g inY as k — oo.

Proposition 4.4 (Boundedness of solution). The sequence (U, Yi, Py) is bounded
mn W.

Proof. Take the optimal control Uy from the coarsest grid. Thanks to Proposi-
tion 4.3 we have that the the sequence {Si(Up + f)}3, is bounded in Y. Since
U, is feasible for the optimal control problem for all grids, we obtain the bounded-
ness of the optimal objective values {J[Uk, Y]}32,. The structure of the objective
readily implies the boundedness of the sequence {Uy}5%, in U. The boundedness
of {Y’k}i‘;o and {I:’k}zozo is a direct implication of Proposition 4.3. O

We next show convergence of the control functions. In this step we have to deal
with the nonlinearity of the constrained optimal control problem.

Lemma 4.5 (Convergence of the controls). The discrete controls {Uy }r>0 converge
strongly to teso, 1. €.,

k—o0
Proof. Due to Lemma 4.2, 1o, € U2 is the limit of a sequence {ug}ren with
up C U NUy, and up, = fioe on I'N Q. Using the optimality of @s and Uy, we
find

o0y, — QOOH%@ = (oo + Poos Tice — Ur) + (aUy + Py, Uy, — ug)
+ (aUk + Pr, ug, — o) + (P — Poo, tico — Uy)
< (U + Pr, wg — fioe) + (Ph = Poos floe — Up)
= (@l + Py, up, — @ioo) + (S5 (¥ (o0)) = Poos floo — Uk)
+ (Py = S5 (¢ (o0))s oo — Uk)-
We estimate the three terms on the right-hand side separately. Using Proposition
4.4 and Lemma 4.2, the first term tends to zero.

For the second term, we immediately obtain from p. = S’ (¢'(J)) by the
embedding Y — U and Young’s inequality, that

(SE W ) — oo e — Vi) = (S}~ S2) (& (o)), e — T
oo — Dull3 + 5 (57— S0 o))

. 2 * * ~
5 llitoe = Ukl + ell (S = S5) (8 (00)) I

IN

IN
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We next turn to the third term. Employing the definition of the solution opera-
tors S and S} in (3.5) and (3.6), we use P, = S;(¢'(Yx)) € Yi and goo = Soclico €
Yo to obtain

(Pr = Si (1 (§o0)), floo — Ur) = (fioe — Ux, Si(9' (Vi) = ¢/ (00)))

= B[Sk (oo — Uk), Si(@' (Vi) = %' (o))

= (' (Vi) = ¢/ (f0), Sk (@l — Uy))

= (' (Vi) =¥ () Goo — Vi) + (' (Vi) = &' (G1o0)s (Sk = Soo)(floo + )
<0+ [/ (Vi) = &' (doo) - 1(Sk = Soo) (floe + f)Iv

S Yk = oo Iy [1(Sk = Soo) (foe + f) I

S 1Sk = Soo) (oo + v,

where we used Proposition 4.4 in the last line. Combining above estimates we
obtain with Proposition 4.3 that

1Tk — oo Iy S luk — doollu + 1Sk = ) (@' (B3 + 1Sk — Soo) (fse + £)llv
—0

d)/
d)/

Y*

as k — oo. This finishes the proof. O

Convergence (Uk,ffk,ff’k) — (licos Yoos Poo) 1s now a direct consequence of the
linear theory in Proposition 4.3.

Proposition 4.6 (Convergence of discrete solutions). The Galerkin approzima-
tions {(Uk, Yk, Pi)}k>0 converge strongly to the solution (lico,Yoo,Poo) of (4.2),
i. e.,

lim ||(Uk, Yk, Pr) = (tioos Yoor Poo) luxyxy = 0.

k—o0

Proof. We already know that |Uj, — fisolu — 0 from Lemma 4.5. In combination
with Proposition 4.3, this yields for the discrete states that
15 = Goolly = 1S (Uk + f) = Soo(@ioe + f)llv
< 15k (05 — @oo)lly + [1(Sk = Soo) (doe + )l
< 1Skl 1Tk = ool + 1(Sk = Soo) (o + F)llw — 0,
since || Syl < Cp. Writing Py — poo = Si (4 (Vi) — ¥/ (Joc)) + (S — So0) (¢ (§10))
we finally deduce ||P; — Poolly — 0 with the same arguments. O

The convergence of the discrete solutions readily yields an uniform bound on the
estimators.

Corollary 4.7 (Uniform estimator bound). For all k > 0, we have
Eoep((Uk, Vi, P1); Gr) S 1.

Proof. Starting with the global efficiency (3.10b), the assertion follows from Propo-
sition 4.4 together with the properties of the oscillations in Assumption 3.3. (]

Corollary 4.8 (Indicators of marked elements). All indicators of marked elements
vanish in the limit, this is,

lim max{Eocp((Uy, Vi, Pr); E) | E € My} = 0.
k—o00
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Proof. For k > 0 pick up Ej € argmax{é’ocp((ﬁk,}}k,ﬁk);E) | E € My} # 0. We
follow [25, Lemma 3.4] and show Eoep ((Uk, Yk, Pi); Ex) — 0.
We have with the local efficiency of the estimators (see Assumption 3.3) that
gy(Yka Ui Bx) S Ve — S(Ux + Dllv@nen) + OSCy(yka Uy Ni(Er))
< 1¥e = Goolvian(m) + 9osllviu(m)) + [Sh0s = STk (24)
+ (19 (ttoo + )llv(n (i) + 05¢y (Ve Urs Nio(Ex))
—0
as k — oo for the following reasons: By Assumption 2.1(4) all elements in My

are refined in Gy41, which implies Ey € GY. Local quasi-uniformity of Gy, in com-
bination with Lemma 4.1 therefore yields |Q(Ni(Er))| < |Ek| < hel|% .0 — 0.
e

Consequently, the terms ||fo ||y (o, (2)) and [|S(tee + f)|lv(Q,(E)) vanish thanks to
assumption (2.2b). Similarly, we conclude for € > 0 from the properties of the
oscillation in Assumption 3.3(5), as well as the boundedness of ||Y||y(q,(&,)) and

||Uk||Y(Qk(Ek)) (see Proposition 4.4) that

oscy (Yi, Uns Ni(E)) < € + me(|E]) (| Uk v 50y + 1 Ye vz + 1 Dllp )
—> €.

Since € > 0 is arbitrary, this proves osc, (Vi, Ux; Ni(E)) — 0.

Finally, Proposition 4.6 implies that also the terms ||V — Uoo ll¥ (0, (m)) and
1St — SUk|\Y(Qk(E)) vanish. The same arguments apply to the indicator con-
tribution of the adjoint equation.

For the control indicator, we have

EuUk, Pr; Er) = ||Ux — T(Px) u(rn )
<Ok — tissllorne) + lico lurne,)
+ 1 (poo) — L(P)lurnm,) + Do) lurne,)-
Similar arguments as before can be used to prove that all but the penultimate term

on the right-hand side vanish. It thus follows that Eu(Uk7 Py E;) — 0 as k — oo,
observing that

[T (pc) — T(PR) [ = (aT(Poc) + Poc, T(Poc) — TI(Fr))
+ (II(Py) + Pp, TI(Py) — T (joo))
+ (Poo — Pr, TM(poc) — TL(P))
< llpoe — Prllul(Poe) — T(Ps) [y — 0
thanks to Proposition (4.6). Concluding, we have proved Eoep((Ur, Vi, Br); Ex) — 0
as k — oo. O
5. CONVERGENCE 2: MAKING THE RIGHT DECISIONS

In this section we verify the main result, Theorem 2.2, by showing (ﬁk, ffk, Pk) —
(4, 9,p) and Socp(Uk,fkaADk;gk) — 0. Error convergence requires appropriate de-
cisions in the adaptive iteration, which we have summarized in Assumption 2.1.
Estimator convergence is then a consequence of local efficiency as stated in Theo-
rem 3.4.
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Convergence of the indicators. We first show that the maximal indicator of all
elements vanishes in the limit.

Lemma 5.1 (Convergence of the indicators). The mazimal indicator vanishes in
the limit, this is,

lim max{focp(UkﬂAfmpk;E) | E € Gy} =0.

k—o0

Proof. Combining the assumption on marking in Assumption 2.1(3) with the behav-
ior of the indicators on marked elements, which we have analyzed in Corollary 4.8,
we find

max{é’ocp(ﬁk,?k,Pk;E) | FE e gk} <C max{Socp(Uk,Yk,Pk;E) | FE e Mk} —0
as k — oo. O

Convergence of the residuals. We next show that the residuals of the state and
the adjoint equation of the limiting first order optimality system (4.3) vanish. The
proof adapts the techniques from [25, Proposition 3.1] to the situation at hand.

Proposition 5.2 (Convergence of the residual). For the residuals R of (3.1) and
R* of (3.2), we have

R(Yooi lios) = R* (B3 ¥ (Joo)) =0 in Y™
In particular, we have oo = S(lico + f) and poo = S* (V' (§o0))-
Proof. We prove the claim for R. The assertion for R* follows along the same lines.
Using a density argument it suffices to show (R(§o; o), v) = 0 for all v € Y for
some s > 0; compare Assumption 3.3(4).

Suppose any pair k > ¢. Then we have the inclusion Q; C g,j C Gk and
the sub-triangulation Gy \ G, covers the sub-domain QY = Q(GY), i.e., we have
Q9 = Q(Gx \ G;). Moreover, ||thoo;QZ' S Land [[helaeino < [helloosno-

Let v € Y, with |lv||y, = 1. We next utilize the improved bound in Assump-
tion 3.3(4), decompose G, = G U (G \ G;), and recall Corollary 4.7 to bound

<R<Y/k;Uk), U>2§ Z h%g(c,’;(}}k,ﬁk;E)-i- Z h%vsgg(}}k,ﬁk,E)
EeG/ EE€Gi\G,

g Sfcp(Uk, Yk’ Pk; g;) + ”thio;Qgggcp(UM ffkﬁ pk; o \ g;)

N ~ ~ !
<SE (U, Yi, Py G) + ||h€Hio;Qg < 2

ocp

for any € > 0. The last inequality can be seen as follows: By Lemma 4.1,
we may first choose £ large such that ||he]|? < e. After fixing ¢, the “point-

oo;Q? —
wise” convergence of the indicators in Lemma 5.1 and #QZ' < oo implies then
Egcp((ﬁk,?k,ﬁk);g;) < ¢ for sufficiently large k > ¢. This yields for any fixed

v € Y, that
(Rl i), 0) = lim (R(Vi U, v) =0,

observing that R is continuous with respect to its arguments and recalling the
convergence (Uy, Vi) — (fioo; o) shown in Proposition 4.6. It follows from the
density of Y, in Y, that R(Joo;@eo) = 0 in Y*. This in turn implies oo = Stco
and finishes the proof. O
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Convergence of error and estimator. We are now in the position to prove the
main result, where we again use the abbreviation W =TU x Y x Y.

Proof of Theorem 2.2. Combining Propositions 3.1 and 4.6, we have

Jim Uk, Y, Pe) — (i, p, )| w
~ Jim {|(Uk, Y, Pe) = (0(Px), S0k + ), 8" (' (Vi) Iw
= ||(’aooa goc’f)oo) - (H(ﬁoo)a S(ﬁoo + f)a S*(¢,(yw))||w

Thanks to Proposition 5.2, in order to prove limy_s o ||(Uk, Y, I:’k) — (4, p,9)|lw =0,
it suffices to verify that @i, = II(peo). This is trivially satisfied for the variational
discretization of Hinze and we can thus concentrate on the control discrete case.
Let £ € N, then combining Proposition 4.6 and Lemma 5.1, we conclude for all
E € G, that

H'&oo - H(ﬁoo)”U(E) S lim gocp((Ugab7pf);E) = 07
£— 00

ie., oo = II(Pos) on Q). For arbitrary u € U let

oo on Q;
ug = .
Pru otherwise,

where P}, denotes the L?-projection onto the piecewise constant functions over g};.
Obviously, uy € U2 and we have that ||(u — ur)xoo lu — 0 as k — oo; compare
also with the proof of Lemma 4.2. Therefore, we have

Poo + Qtlloo, u — uy)
Poo + oo, (U — ur)Xq9) + (Poo + lioo, (v — uk)Xqy)

> (Poo + Qlloo, (U—U,k)XQg> -0

as k — oco. Here we have used that (u — ukx)xqo € U2 and Gee = H(Poo)
on Qz Since u € U was arbitrary, this implies toc = Ips and therefore
hmkﬁoo ||(Uk?a Yk:a Pk) - (aaﬁv Z))HW =0.

In order to prove convergence of the estimator, we decompose &, for k > £, as
in the proof to Proposition 5.2, i.e.

&2 (Uk, Vi, Py; Gr) = E2 (UkJAkas}c;ng)+536p(Uk,?k,Pk;gk\ng).

ocp ocp

We first estimate the second term on the right hand side. The local efficiency in As-
sumption 3.3(2) in combination with the finite overlap of the patches Ny (E), (2.2),
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and the basic error equivalence (Proposition 3.1), allows us to bound
&2 (U, Yi, Pr; G\ G))
< 1O Vi By) — (WO SO + 1), @ )y 00100,
+ Z OSCgQJ(Y/k,UMNk(E)) + OSCZ(Pk,W(Yk);Nk(E))
E€Gi\GS
S (O, Vi, Pe) = (@, 9) I3
+ Z oscz(?k,ﬁk;Nk(E)) + osci(ﬁk,w’(yk);Nk(E))
EE€Gi\G)
SN (O, Y, Pr) = (0,5, 9) |3
+ €+ me(llhell %00 (1115 + 101G + | Plly + IDIIR)

using Assumption 3.3(5) for arbitrary but fixed € > 0, as well as the fact that,
thanks to shape regularity, we have [|hk ;0. (g, \g+) S [1hellociag- Since 1Vill3 +

1Tl + |1 Pell? < 1 (Proposition 4.4), we find

&2 (Uk, Vi, Pr; Gr)

ocp

S EZ Uk, Vi, s GF) + | (Un, Yie, Pr) — (4,5, 9) |3 + €2 + me(|[he]| % )2

00;92

By Lemma 4.1 and Assumption 3.3(5), the last term me(||he[|% o) can be made
ep

small by choosing ¢ large. After fixing ¢, we may choose k > ¢ (as in the proof
to Proposition 5.2) such that &2 (Uk,Yk,Pk;g;) is small. Moreover, the above

ocp
established error convergence implies that the term ||(Ug, Yy, Px) — (4, p,9) |3 is
also small possibly after a further increase of k. In summary, we find that

gocp(Uk7}A/kapkr; gk) S/ €

for sufficiently large k. Since € > 0 was arbitrary, this yields Eocp(Uk, Yk, Pk; Gr) =0
as k — oo and finishes the proof. |

6. APPLICATIONS

In this section, we shall demonstrate how the general framework from the pre-
vious sections can be used to obtain convergence for specific optimal control prob-
lems. To this end, we shall verify Assumption 3.3 for residual based estimaters in
the particular cases of an reaction diffusion problem with boundary control and for
the Stokes problem with distributed control, and provide a framework, which allows
to easily generalise the results to multiple other kinds of estimators. For numerical
computations, we refer the reader to [12, 13].

6.1. A diffusion-reaction problem with boundary control. We consider the
following problem:

u+ fi on T,

—-A = in Q, Vy-n =
yry=, i yom {0, on 9N\ T,

where I' C 99 has positive d — 1 dimensional Hausdorff measure, and f; € L?(T")
and fo € L%(Q) are given data.
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For the state space, we choose Y = H'(Q) with || - ||y = | - ||z (0 and for
the control space we let U = L*(T') and || - |lu = || - | z2(r). Under the additional
assumption that 9 is Lipschitz, the embedding Y < U — Y* is naturally given
by the trace operator.

The bilinear form

Bly, v] = /QVv-Vy—&-Uydx

of the weak formulation is continuous and coercive with |B|| = § = 1 and setting
(fs vy == (f1, v)r2(0) + (f2, V) L2(r), we have f € Y* = (H'(Q))*. Finally, for given
g € U and desired state y; € L?(2), we define the objective

a 1 «a
Tu,y] = ¢(y) + 5”“”% = 5”3/ - yd||2L2(Q) +4(9, Y)r2(r) + 5”““%
Consequently, the Fréchet derivative of 1 is given by ¢'(¢) = (y — ya, -)r2() +
(9, -)z2(r) € Y*, which is Lipschitz continuous with constant L = 1.
Discretization. We concentrate on the case of discretized controls. Let the initial
triangulation Gy € G of £ be such that
GE:={ENT:ENTisa (d—1) sub-simplex, E € Go}

meshes I' exactly. For G € G, we use piecewise polynomials of degrees ¢, ¢, > 0
for the state and control discretization, i.e.

Y(G):={V eC’Q): Vg P (E),E€qG}
and
U(G):={VeL*D):Vip P, TG}

The control indicators are then given by &, (U, P; E) := ||U —II(P)| r2(gnr), E € G;
compare with Section 2. In order to obtain a posteriori estimators for the optimal
control problem, we have to complement &, with estimators for the state and adjoint
state.

Residual based estimators. For G € G, the standard residual based a posteriori
estimator for the state and the adjoint state are given by

E,(Y,u; E) = hpl| = AY +Y — fol|L2(p)

+ R NVY ] 2y + hid 2 IIVY] = (U + f)l 2 0mnr)s
E(PY(Y);E)=hg||-AP+ P — (Y —ya)l r2(m)

+ b2V P c2omvry + b NIV P] = gl L2omnr)-
The estimators &, and &, are reliable and locally efficient with oscillations

oscy(Y,u; E) = hg _ inf Y — fo — c‘QEHLz(E)

cy €P2py 2
+h? Y it U+ A =l
SeCr ScE ey €P2gy 1
oscy(P,y/(Y);E) =hg _inf  ||P— (Y —ya) — cF|l2(m)

E
cq €P2qy 2

1/2 .
+ hE/ Z s 11;11" lg = 9%l 21y
segl,scp? vt
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compare e.g. with [13, 3, 30]. Moreover, &, and &, are obviously Lipschitz con-
tinuous. Concluding, we have that they satisfy Assumptions 3.3(1)—(3). Assump-
tion 3.3(5) follows with (fa, f1), (Y4, 9) € D = L*(Q) x L*(T") and m.(|E|) = |E|'/??
independent of € > 0. In order to verify Assumption 3.3(4), we shortly recall the
derivation of the upper bound. Since the estimators for the state and the adjoint
state have exactly the same structure, we shall restrict our considerations to the
former case. Recalling the definition of the residual and using Galerkin orthogonal-
ity as well as integration by parts, we obtain with v € Uand Y = Sg(u+ f) € Y(G),
that

(R(Y;u), v) = (R(Y;u), v—V)
< Z | =AY +Y — folleemyllv = V2
Eeg
+ VY]l 2oy lv = VL2 (0E\1)
+ VY] = (U + fi)llz2@oenny lv = VL2980

for all V € Y(G). Using scaled trace and inverse inequalities and choosing V' to be
a suitable interpolant of v (see e.g. [4]), yields

(R(Y5u), 0) S D D&y (Y u; E)[[o]l g ()
Ecg

for all v € H$(Q), s € [0,1]. Therefore, Assumption 3.3(4) follows with Y, =
H*5(Q).

6.2. The Stokes Problem with distributed control. As an example of a non
coercive problem, we shall next consider the following Stokes equations with dis-
tributed control:

—Ay+Vg=Ff+u inQ, divy=0 inQ, and y=0 ondQ,

where f € L?(;R%) is some given data. The state y = (y,q) is the velocity
and the pressure of the fluid and consequently we have for the state space Y =
HYHORY) x LE(Q) = HHQ;RY) x {qg € L3(Q) : (g, 1)z2(q) = 0}, which is a Hilbert
space with norm [|y||§ = [[Vyl|72q) + l¢ll72 () thanks to the Friedrichs inequality
lyll2(2) < CrlIVYllL2(q)- The control space is U = L?(Q; R?) with norm || - [y =
|- lz2(0) and the embedding Y < U < Y* is given by H}(Q;R?) < L*(;RY),
i.e., y = (y,q) € Y implies y € L*(;RY) or equivalently (g, y) = (¢, y)r2(q) for
q € L*($;R%). The resulting bilinear form

Bly, p] = B((y,q), (p,7)] :== /QVy :Vp —q divp +r divydz,

is continuous and inf-sup stable; compare with [8]. We choose box-constraints for
the control i.e.,
U ={ucU:ucCae inQ} with C={veR’:a<v<b},

where a,b € R? with a < b and the inequalities are understood componentwise.
This implies

[(p)(z) = max {a, min{b,p(z)}},  p=(p.q) € Y.
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We define the objective by

Tyl == Sll2 + Ll
2 2

In other words ¢(y) = %|ly[|3, which is obviously Fréchet differentiable and its

derivative v’ is locally Lipschitz continuous with constant L = 1.

Discretization. Since we are dealing with a saddle point problem, we need to
resort to an inf-sup stable discretization of Y. For G € G, a possible choice is e.g.
the common Taylor-Hood element of degree ¢, > 2 where Y(G) = V(G) x Q(G) with

V(G) ={V € CO(uRY): V|5 € B, (E), E € G},
QG) ={Q e C™N): Q€ Py, _1(E),E € G and (Q, 1)12(0) = 0}.

We choose to discretize the control with discontinuous polynomials of degree £,, > 0,
i.e.,

U(G) ={U € L*(4RY): U|p € P, (E)Y, E € G}.
Consequently, we have that
U(G) =U(G)NU™ ={U cU(G): a<U <b ae. in Q}.

Thanks to the use of box constraints, we have that the restrictions decouple com-
ponent wise and thus we have e.g. for £, =0 and x € F € G, that

Hg(P)(x):max{a,min{b,|1E|/EPd:C}}, P=(P,Q)cY(Q),

where the maximum and the minimum is taken componentwise.

Residual based estimators. We are now concerned with complementing the con-
trol indicator &,(U, P;E) = [|[U — II(P)||2(g) by residual based estimators for
the state and the adjoint state satisfying Assumption 3.3. For E € G, G € G,
Y=(Y,Q),P=(P,R)€Y(G), and u € U let

E,(Y,u; E) = hg| — AY +VQ — f — ul|2(g)
+ hle‘/2||[[VY]]HL2(6E) + [ divY | z2(m)
and
Ey(PY'(Y); E) = hg| — A(P = Y) 4+ VR|| 12(p)
+ 2 NIVP = VYT z20m) + | dVY = Qll2(m)-

It is well known [29, 30], that these estimators satisfy Assumptions 3.3(1)—(2) with
oscillations

oscy(Y,u; E) = hg inf |f —u—cgllr2p and oscy,(P, ¢/ (Y); E) =0.

CE EPZy—Z

Assumptions 3.3(3)—(5) follow then similarly as in Section 6.1 for the diffusion
reaction problem; compare also with [13].
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6.3. Other types of estimators. We summarize, that the convergence of an
AFEM for an optimal control problem (2.1) essentially hinges on the properties of
estimators for the state and adjoint state equations. Nowadays, for each of count-
less PDEs, there is a large zoo of estimators available. Of course Assumption 3.3
could be checked for each estimator separately. However, for many of these estima-
tors it is well known that they are locally equivalent to the corresponding residual
based ones. We illustrate this principle with the help of the hierarchical estima-
tor in Example 6.1 below. Local equivalence for e.g. estimators based on local
problems, on the equilibration of fluxes, or on gradient recovery as well as robust
estimators for singularly perturbed reaction diffusion problems can be found in [17];
compare also with [30]. We shall now show convergence of an AFEM’ using error
estimators c‘fy, é'p, which are locally equivalent to error estimators &£,, &, satisfying
Assumption 3.3.

To this end, suppose that the estimators c‘:}, and é'p are organized by some index
set T =17(G), G € G, which can be either the elements G or the nodes or the sides
of G. Additionally, we assume that we have for G’ C G and Z' C T the following
local equivalence

€,(Y5,Uq:G") $&,(Y5,Ugs: (G)) and &, (Yg,Ug:T') S €,(Ye, Ug: G(T'))
and corresponding relations for &,. Here G(Z') C Z and Z(G’) C G, such that
(6.1) ¢ CG(Z(9)) CNg(G"),  #G(T') S#I', and  #I(G) S#7,

and only finite many of the G(I),I € T overlap. Similarly as before, we use the
convention &, (Yg, Ug;Z')? = 3" ;7. €y(Yg, Ug; I)?. Obviously, this implies

Ey(Pg, ¥/ (Yo);T) = &,(Lg, ¢ (Y5): G)
and we have for E € G with #Z(FE) < 1, that
&,(Y5,0g; E)* < €,(Yg,Ug; T(E))? S max {€,(Yg,Ug; 1)* : T € T(E)}.
We shall now consider an AFEM” of the form (2.9) with £, (U, Yg, Ug; E) replaced
by
gOCP<Ug7 Yg, Ug; I) = 5U(Ug, pg; ]> + ‘c:’y(f/ga Ug; I) + gp(Pg7 wl(}}g% I)
and assume that the marking strategy
M = G(Tp) = MARK({€ocp(Ug, Yg,Ug; I} ez, I) C G
satisfies
(3) max{Eoep(Ug, Yo, Ugi I) | I € I} < Cmax{Eoep(Ug, Y5, Ugs 1) | I € Tpa};
instead of Assumption 2.1(3). Then we have
max {gocp(Ug, i/g, Ug; E) :E e g} < max {éocp(Ug, Yg, Ug; I) : I e I}
5 max {goep(Ug, Yg, Ug; I) :E e IM}
< max {&)Cp(Ug,Yg,Ug;E> 1 E e M},

In other words, M satisfies Assumption 2.1(3) for &,¢, and thus Theorem 2.2 implies
that the AFEM’ converges to the exact solution.
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Ezample 6.1 (Hierarchical estimators). We reconsider the problem of Section 6.1
and restrict ourselves to ¢, = 1. The idea of hierarchical estimators is based
upon evaluating the residual on a sufficiently enriched discrete space Y(G)' 2 Y(G).
Suitable enrichments contain e.g. element and side bubble functions of higher order
or on a finer mesh; compare e.g. with [28, 30]. For given (y,u + f) and (p,y), the
residuals of the primal and dual problem from Section 6.1 are given by

(R(y,u+ f), v) = Bly, v] = (f1 +u, v)L2(r) — (f2, V) 12(0)
and

(R*(ps 1//(9))7 v) = Blv, p| = (Y — Ya, U>L2(r) — (g, U)Lz(m)-

As index-set for the hierarchical estimators, we use the set S of all sides of G and
define

S(G"):={SeS8:SCEforsome F €7’}
and

G(S'):={E€G:S CE for some S € §'}.

Obviously this choice satisfies (6.1). For a fixed S € S, we let zg be the barycenter
of S and consider an enrichment Y(G)" of Y(G) that provides for any S € S a
function ®g € Y(G)' \ Y(G) with

Vs (zs) >0, supp(®s) Cws, and || Ps|lpi) =1,

where wg = Q(G(S)). The side oriented hierarchical indicators on S € S are then
given by

gy(Yg,Ug;S) = <R(Yg,Ug +f)> q)S>

+hslV = fall ) + b5 it [0g + fi = eFll2(snom)
€1

and

En(Pg, ¥ (Yg): 8) = |(R" (Pg, v/ (Yg)). s)
+ his | Po = (Vo = ya) 2o + b inf llg = ol z2(sno)-
Similarly as in [17], it can be shown that the indicators are locally equivalent, i.e.,
we have
gy(Ygu Ug; E) S.z gy(Yg7 Ug; S(E)) and éy(f/g7 Ug; S) 5 Sy(ffg’ Ug; g(S))7
and corresponding relations for the indicators of the adjoint state.
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