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Abstract

In this note we are concerned with interior regularity properties of the p-Poisson
problem A,(u) = f with p > 2. For all 0 < A < 1 we constuct right-hand sides f of
differentiability —1 + A such that the (Besov-) smoothness of corresponding solutions u
is essentially limited to 1 + A/(p — 1). The statements are of local nature and cover all
integrability parameters. They particularly imply the optimality of a shift theorem due
to Savaré [J. Funct. Anal. 152:176-201, 1998], as well as of some recent Besov regularity
results of Dahlke et al. [Nonlinear Anal. 130:298-329, 2016].
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1 Introduction and main results

In what follows we deal with interior regularity properties of solutions u € W, (£2) to the
p-Poisson problem

—Ay(u) = f (1)

on bounded Lipschitz domains Q@ C R? for d € N and 1 < p < oo. Here the p-Laplace
operator A, is given by

Ap(u) == div(A(Vu)), where  A(Vu) == |Vu|' 7 Vu
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is called the naturally associated vector field. For distributions f € Wp_,l(Q) = (W,(Q)),
with 1/p+ 1/p’ = 1, the corresponding variational formulation is given by

/Q (A(Va)(x), Vib(2))ga da = f(), 1 € D),

where D(Q) := C°(€2) is the set of test functions on €, the space W, (€2) is the closure of
D(2) w.r.t. the first order L,-Sobolev norm, and (-, ). denotes the usual inner product on
R

Equations of type (1) arise in various applications such as non-Newtonian fluid theory,
rheology, radiation of heat and many others. In fact the quasi-linear operator A, has a
similar model character for nonlinear problems as the ordinary Laplacian (i.e., the case
p = 2) for linear problems. Meanwhile, many results concerning existence and uniqueness of
solutions are known. For details we refer to [16] and the references therein. However, most
of these results deal with fairly classical function spaces like Holder spaces and BMO, or
Lebesgue-Sobolev spaces of non-fractional smoothness s € Ny; see, e.g., [4, 5] and [6, 13]. On
the other hand, in view of strong relations to nonlinear approximation classes and adaptive
numerical algorithms, regularity results in more general Sobolev-Slobodeckij and Besov type
spaces of fractional smoothness became more and more important in recent times; cf. [8, 11].
For the p-Poisson equation (1) and related quasi-linear problems only few results are known
in this direction, see [3, 9, 12], as well as [1, 10, 19, 21].

Let us recall that for 0 < 0,¢ < oo and s € R Besov spaces BS (R?) on the whole of R?
are quasi-Banach spaces which can be defined as subsets of tempered distributions f € &'(R%)
by means of harmonic analysis. The corresponding spaces on domains €2 (i.e. connected
open subsets of R?) are then defined by restriction such that we obtain subsets of D'(2), the
topological dual of D(£2).

Remark 1.1 (Function spaces). We assume that the reader is familiar with the basics
of function space theory as it can be found, e.g., in the monographic series of Triebel
23, 24, 25, 26] or in [7, Appendix A]. Anyhow, let us mention that by now various equivalent
characterizations, embeddings, interpolation and duality assertions for the scale of Besov
spaces are known. Without going into further details, let us recall the following results, valid
for bounded Lipschitz domains  C R or 2 = R itself:



(i) For 0 < 0,q < oo, and s > d max{0,1/¢ — 1} the Besov space Bj (f2) can be
characterized as collection of all g € L,(2) for which

( T 7 4t 1/q
(/ |:t_5 sup HAZQ ‘ LQ(Qh7k)||:| T) , 0<q< oo,
0 heR?,

19lp: (@) = Izt
9,9 —
sup t~% sup ||Aﬁg ‘ LQ(thk)” , q = 090,
0<t<t heRr?,
L |hly<t

is finite [25, Sect. 1.11.9]. In fact, the expression
9] B = llg| LoDl + 1915, (@)

provides a quasi-norm on B3 (€2). Here we assume ¢ > 0 and k > s to be fixed. Further,
A¥g denotes the k-th order finite difference of g with step size h € R? and

Qr={r €R |z +lheQ forall £=0,... k}.

(ii) For 0 < s ¢ N we have B3, () = C*(£2) (Holder spaces) and
W5 (Q) = B;,(Q) forall 1<9<o0,

(Sobolev-Slobodeckij spaces) in the sense of equivalent norms.

So, roughly speaking, in B; (€2) we collect all g such that their weak partial derivatives D%g
up to order s belong to the Lebesgue space L,(€2). The third parameter 0 < ¢ < oo acts as a
minor important fine index. 0

In his seminal paper [19] Savaré developed a variational argument which allows to show
the following shift theorem for the p-Poisson problem:

Proposition 1.2 (see [19, Thm. 2]). For d € N let Q C R" be a bounded Lipschitz domain.
For2 <p<ooand f € Wp71(Q) let u be the unique weak solution to (1) in W, (). Then
for all X € (0,1/p) the following implications hold:

14+-2

FEW, " NQ) = uweW, "1(Q) (2)
and D
1+ L 1/p
feBNT@Q = uweBT(Q).



In addition, Savaré argues that (2) is “optimal” [19, Rem. 4.3] and refers to Simon [21].
But Simon’s optimality results refer to a (slightly) different equation on the whole of R?
with right hand sides in L, or C'"*™ and hence they unfortunately do not cover Savaré’s claim.
However, as we will see in Theorem 1.3 below, it is possible to use similar ideas in order to
show that for p > 2 and all 0 < A < 1 there are right-hand sides of smoothness —1 + A such
that the smoothness of corresponding solutions to the p-Poisson problem (1) is essentially
limited by 14+ A/(p — 1). Moreover, this actually holds independently of the integrability
parameter. That is, in sharp contrast to point singularities, we do not gain smoothness when
derivatives are measured in weaker L ,-norms!

For a (constructive) proof of the following main result of this paper we refer to Section 2.2
below.

Theorem 1.3. Let d € N and 2 < p < oo be fized. Further let 2 C R be either R? itself, a
bounded Lipschitz domain, or an interval (if d =1). Moreover, assume 0 < e < 1/p. Then
foralle(p—1) < A<1l—¢eand 1< u < oo there exists a right-hand side

f=hu€B NN W H(Q)

with compact support in €2 such that the corresponding weak solution u € Wpl,o(Q) to (1) is
compactly supported as well and satisfies

142 1+-25 _
Bog” () \ Boo" ' (Q) if ulp—1)<o <oo and 0 < q < oo,
Y Y
WES Bynd N(Q) \ Bay’ Q) if o =plp—1) and 0<g<oo, (3)
Y AL
B:;”’l(Q) \ B:,:;p’1+ Q) if 1<po <upulp—1) and 0<q< 0.

In addition, the naturally associated vector field satisfies

(Bo5(2) \ Bg‘,q(Q))d if w<o <oo and 0<q< o0,
AVu) € (B2 (@) \BLQ)  if o=p and 0<g< o, (4)
(B, () \ Bg‘,f;E(Q))d if 1<p<p and 0<qg<oo.
Before we proceed some general comments are in order:
Remark 1.4. First of all, let us stress the point that, due to the compact support of f and u,
Theorem 1.3 is of local nature.
Moreover, we note that the restriction to o > 1 is for notational convenience only. Using

standard embeddings (see Proposition 2.2iii below) and complex interpolation (see, e.g.,
Kalton et al. [15, Theorem 5.2]) we can easily extend (3) to

A A
1 +CQ€

u € B;;”j(ﬁ) \ BZ,:;” (Q) for all 0<o<l1 and 0<¢g< o

with some ¢, ~ 1/p. Likewise, the same arguments can be used to extend also (4). O
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Observe that Theorem 1.3 applied for i := p’ indeed shows optimality of Savaré’s result
in some sense:

Corollary 1.5. In Proposition 1.2 the smoothness of w w.r.t. L, cannot be improved without
strengthening the assumptions on f.

Proof. Choosing A\ := X+ (p — 1)0 with some )€ (0,1/p') and 0 > 0 arbitrarily small,
Theorem 1.3 allows to find a right-hand side f € B, (Q) — B,2MA(Q) = W '*(Q)

P P
such that the corresponding solution of the Dirichlet problem for the p-Poisson equation
1+ 2546 142546
satisfies u ¢ Bp;p_lJr (Q) = I/Ver”_lJr (Q). Similarly for A := 1/p’ + 6 with § > 0, there
: . ~1+% 1+ 25 1412 15 :
exists f € B, () — B, " () such that u ¢ By¢"" (Q) <> Bpod™" (2). In view of
Remark 1.4, these examples remain valid also on smooth domains. [

Furthermore, Theorem 1.3 shows that regarding regularity questions it seems better to
look at the the mapping f +— A(Vu), rather than f +— u. In fact, in view of the case o = u
in (4), one might conjecture the existence of a p-independent mechanism which (for some
range of parameters) locally transfers exactly one order of regularity from the right-hand
side f to the naturally associated vector field A(Vu). For the case d = 2 this already has
been verified in [2, 3]. In other words, Theorem 1.3 shows that also their results cannot
be improved. Let us note in passing that in the linear case (p = 2) the vector field A(Vu)
reduces to Vu. In this situation, it is well-known that f € W5 1(Q) implies u € W51 ()

o,loc o,loc
and hence Vu € (W@SJOC(Q))d, at least for some 1 < o < oo and s > 0. However, the seminal
work of Jerison and Kenig [14] shows that there are C'' domains for which a global analogue of
this shift mechanism fails if the smoothness parameter s is too large w.r.t. the integrability o.
For corresponding assertions in Besov spaces, see, e.g., [17, Thm. 3.1]. Further, we refer to [7,
Sect. 3.1] for an extensive discussion of these results.

Theorem 1.3 is complemented by

Theorem 1.6. Let d € N and 2 < p < oo. Further let Q C R? be either R itself, a bounded
Lipschitz domain, or an interval (if d = 1). Moreover, let 0 < ¢ < min{1/(p—1),1—-1/(p—1)}.
Then for all 1 < p < oo there exists a compactly supported right-hand side

O<v<p if < oo,

_ -1
f=FfueL(@NW,(Q) forall {0<V§OO if p=o0,

such that the corresponding weak solution u € W])l,()(Q) to (1) is compactly supported as well

and satisfies (3) with A = 1. Moreover, then for 1 < o < oo there holds

A(Vu) € (Wl(Q))d if and only if 0 < pu.

e
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Here Remark 1.4 applies likewise. Moreover, also this result implies certain optimality
statements:

Remark 1.7. At first, let us mention [6, Thm. 2.4] which shows that under some boundary
regularity assumptions f € Ly(€2) implies A(Vu) € (W3 (Q))d.

Secondly, setting i := p := oo in Theorem 1.6, we recover the well-known assertion that
for bounded right-hand sides the local Holder regularity of the gradient Vu of solutions to
the p-Poisson equation (1) with p > 2 is bounded by 1/(p — 1).

Last but not least, in [9] it has been shown that for p > 2, bounded Lipschitz domains
Q C R?, and right-hand sides f € L(€2) the unique solution u € W, () to (1) satisfies

1 1 1
weB? _(Q) forall 0<o<zi=1+—— and — =24
ot p—1 Te 2 D
In view of Theorem 1.6 and Remark 1.4, & cannot be replaced by any larger number. 0

The rest of this note is devoted to the proofs of Theorems 1.3 and 1.6, respectively.
Section 2.1 collects some quite technical preparations. Afterwards, the statements are proven
easily in Sections 2.2 and 2.3.

Notations: In the sequel N denotes the natural numbers without zero and we use R,
for the set of strictly positive real numbers. For families {a; | j € J} and {b; | j € J} of
non-negative real numbers over a common index set J we write a; < b; if there exists a
constant ¢ > 0 (independent of the context-dependent parameters j) such that a; < c- b,
holds uniformly in 57 € J. Consequently, a; ~ b; means a; < b; and b; < a;. In addition, the
symbol < is used to denote continuous embeddings.

2 Proofs

Our main proofs given in Sections 2.2 and 2.3 below require some preparations. The basic
idea will be based on a construction given by Simon [22]; cf. also Remark 2.4 below.

2.1 Preparations

For 1 < # < oo define the sequence



Then for all n > 3

d=a9p <...<anp < Qpi19 = Anp +4n < ... < Uoop = lim a9 =4((0) < o0,
n—o0

where ¢ denotes the Riemann zeta function. Further, with o € Ry let w,9: R — [0,00) be
defined piecewise by

(5 - an,@)a if an,@ é 5 < an,@ + n—9’
—0o : —0 —0
) n if  a,p+n'<E <apg+2n7Y,
Wag(§) = (ano+3n~9 = ¢&)° if a,9+2n0<¢ <apg+3nY, (5)
0 if anpg+3n? <& <apiie,

on [ang, ant1,0), 7 > 2, and

Wep(§) =0 on R\ [agg, txp).

Moreover, let us define . := [4,4((0)] C R, as well as the set of transition points

Py = {5 € [az,g, a0 p) ‘f = app + kn=? for some n > 2 and k € {0,... ,3}} U{awe} CR.
Lemma 2.1 (Properties of w,g). Let c € Ry and 1 < 0 < o0, as well as 0 < p < co. Then

(1) weg is continuous with compact support supp(wyg) C S.

(i) Py is countable and w,.g is continuously differentiable on R\ &, i.e., w;’g exists almost

everywhere.
(1) Waep = (We )" twyp for all v € Ry.
(iv) 0 < wye(€) <279 for all € € R.

Proof. All statements are obvious consequences of the definition of w, . In order to see (iv),
note that 0 < w, (&) < n~7% on [a,g, any1e] with n > 2. [ ]

In the sequel, we will need sharp regularity assertions for w, . Before we state and prove
them, let us recall some more or less well-known embedding results for Besov spaces which
are proven here for the sake of completeness.

Proposition 2.2 (Embeddings). For d € N let Q C R be either R? itself, a bounded
Lipschitz domain, or an interval (if d = 1). Further let 0 < 0,00, 01,9, 90,1 < 00 and
s, 80,51 € R. Then



(i) There holds By#(Q) = {g € B: (Q) | Vg € (B ()4} with

lg| Boi* @[ ~ > [[D°g| B; (|-
aGNg,
o]y <1

(ii) If sy < so, then g € B () implies g € B3 ().

9,90 0,91

(iii) If 01 < 0o and g € BS () has compact support in RY, then g € BS ().

©0,9 01,9

Proof. Assertion (i) is a special instance of [26, Prop. 4.21].

So, let us prove (ii). By means of Rychkov’s extension operator [18] we can w.l.o.g. assume
that Q = R%. Further, we let c¢(g) denote the sequence of wavelet coefficients of g w.r.t. a
sufficiently smooth Daubechies wavelet system on R?. Then the wavelet isomorphism from
25, Thm. 3.5] implies that ||g | B (RO ~ [|c(9) | b: (V)| for all 0 < g,q < o0 and s € R
with b5 (V) being suitable sequence spaces. Now (ii) follows from the standard embedding
b (V)= bt (V) if s; < so which can be found, e.g., in [27, Prop. 2.5].

00,90 00,91
In order to prove assertion (iii), we note that the compact support of g implies that

o) | 53 (V)]] eauals |le(g)] | 53,(V)]

space for some bounded domain. For these spaces there holds the embedding bzg7q0(%) —

b2 (V) if o1 < g0, see [27, Prop. 2.5] again. [ |

01,90

, where b;vq(ﬁ) refers to the corresponding sequence

Lemma 2.3 (Regularity of w,p). Let 0 € Ry and 1 < 6 < oo, as well as 0 < p < co. Then
(Z) wUﬂ € LQ(R);

(i4) w4 € Ly(R) holds if and only if
l—0o 1

o>1, or 0<o<1l and 1_1/9<E. (6)

(iii) Additionally assume 0 < o < 1/6 <1 and

1 1—0
< = in< 6 (1 —_— .

0_Q<m1n{ ( —i—a),l_l/e} (7)

Then weg € By ,(R) holds if and only if

1-1/6 1—-1/6

s=0+ Q/ and q = o0, or s<o+ Q/ and 0 < q < .



Proof. In view of Lemma 2.1(i) assertion (i) is obvious.
Let us show (ii). Clearly w, € Ly(R) is equivalent to 0 > 1. On the other hand, for
0 < 0 < o0 we have

00 an79+n*9 an,g+3n’9
b @l =3 ([ et e [ ool o
n—>2 an.o an,0+2n~

0 n—0
=20° Z/ 2@V dy.
n=2"0
The latter integral is finite if and only if 1 4+ (¢ — 1)p > 0. In this case, there holds
chlrﬁ ‘ LQ(R)HQ N Zn—0(1+(a—1)9) — C(Q(l + (0 — 1)9)) -1
n=2
which is finite if only if the argument of the zeta function ( is strictly larger than one. Thus,

for 0 < ¢ < oo we have w; , € L,(R) if and only if 1 + (0 —1)¢ > 0 and §(1+ (¢ — 1)o) > 1
which is equivalent to

1l—0o 1
1— < -. 8
max{ 0,1_1/0} . (8)
For o > 1 this condition holds for all o. On the other hand, if 0 <o < 1,then 0 <1 -0 <1
and 1/(1 —1/0) =60/(0 — 1) > 1 implies that the maximum in (8) is attained by its second
entry. Hence, w; 4 € L,(R) is equivalent to (6).
It remains to show assertion (iii). We split its proof into several steps.
Step 1 (Preparations). Note that for (iii) it suffices to show that w, € Bj (R)\ B; ,(R)
for
1-1/6
0
Indeed, according to Proposition 2.2(ii), wsg € B; (R) implies w,y € BZ:q(R) for all &' <'s

s=0+ and all qeR,.

and 0 < ¢ < oo. Similarly, w, € BZ’ZZ(R) for some s” > s and some 0 < ¢ < oo would yield
UJO-79 6 BZ71(R).
From (i) we know that ||weg | L,(R)|] < 0o, so that it remains to prove that

|w0',9 Bg,q(R) < 0 lf and Only lf q = 00.

To this end, note that 0 < o and 1/6 < 1 implies s > 0, while 1/p < 6 (1 + o) holds if and
only if s > 1/p — 1. Moreover, the assumption 1/0 < (1 —0)/(1 —1/60) is equivalent to s < 1.

Hence,
1
max{O,——l} <s5<1,
0
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so that we can use first order differences. Therefore it is enough to show that
[Apweg | Ly(R)|| ~ [R|7TOYD7e forall heR with |h] < (1/6)" =%,  (9)

because then
t7% sup ||Apweg | Ly(R)|| ~ 1, 0<t<t.
heR,
|h|<t
Of course, we may assume w.l.o.g. that h > 0.
Step 2 (Case p = 00). We prove “<” for p = oo in (9). For this purpose, it suffices to
show that
|Weo(x) — wep(y)| <2 |z —y|” forall z,yeR with z<uy. (10)

Solet z,y € R with h := y—x > 0 be fixed. Note that it is enough to consider az g < = < oo,
because x < ag g implies

(We0(2) — Wep(y)| = |wop(x + h)] <A forall h>0,
while & > a9 would lead to wyo(z) = wye(y) = 0. For = € [asg, axyp) the quantity
M = M(x,0) := max{n > 2|a,y < x}
is well-defined. In case h =y —x > MY, we have
|wo.0(2) = wog(y)] < |weo(x)] + |wep(y)| < 2(M7°)7 < 217,
as claimed. So let us turn to the case 0 < h < M~ If y > ay+1.0, then again wye(z) = 0.
Moreover, in this case ap19 <y = +h < ayy10 + h, ie,
|wo0(2) — wap(y)| = [wes(y)| < A7
Similarly, if y € [ayr10 — M™% apri16], then w,4(y) = 0 and

|we0(2) = wap(y)| = [wo ()| < A7

Hence, we are left with the case ayg <2 <y < amp + 3MPPand0<h=y—2< M,
but for this situation (10) is obvious.
For the corresponding lower bound let 0 < h < . Then

|Apwep | Lo(R)|| > esssup  |wop(z + h) — wep(x)]
z€(ag,p—h,a2,)

= esssup  |wep(y)|
y€(ag,g,a2,0+h)

= Wy g(azg + h)
= hC.
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Step 3 (Case o < o0). In order to prove (9) for p < 0o, consider the disjoint union

n=2

R=%U (U (Lo U TpeU 93%)) U %,

where we set %p 1= (—00,4), %y = [4((0), ), as well as
Lo = [ang,ang+ 1), Tnp:=lang+n"% ang+3n7"),
and o = [ane+3n"% apng+4n7%) for alln € N withn > 2. Now let 0 < h <t = (1/6)"
be arbitrarily fixed. Then N(h,6) := [h~'/?/3] € N satisfies N(h,6) > 2 and
N(h,0) —1> Lo e (L g > Ly-e
3 3 6
due to the assumption # > 1. Further, for all n € N with 2 < n < N(h,0) it holds
n<h /341, ie.,
1
O<h< ———-< 1)
~3%(n-1)7 — (n+1)
In this case,

anyg+4n_9
8000 | Lo(@aa) = [ fualé + 1)~ wna©)1 a6
An,p+3n~
an+1,9+h
= / wo,@(y)gdy
An+1,0
h
= / y’¢ dy
0
_ L jeen (11)
oo+ 1
which yields the desired lower bound
N(h,0) ¢
| Anweg | Le(R)||® > [|Apweg | L U Pn0
n=2

(h,0)
= > 1 Awog| Ly (%00
n=2

1

hGQ-i-l
oo+1

> (N(h>9) - 1)

> hUg—i—l—l/G‘
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Let us show the corresponding upper bound. Using Step 2 and log-convexity of L,-norms,
we see that the bound for L, implies the respective bound for all L, with 0 < 1/p < 1/p:

_ P
|Anttos | LRI < (180000 | Lo(R)IZ? | Aptgs | Loo(R)['27)

= [[Anwo g | Lo(R)[|® [[Anwe,p | Loo(R)[["~*
< hg<7+1—1/9 (ha)p*.g

_ hpa—i—l—l/e'
Therefore, since (1 —0)/(1 —1/0) > 1 if and only if o < 1/, we may assume w.l.o.g.

<1 tzo
“o 1-1/6

So, let 0 < ¢ <1 and consider 2 < n < N(h,0). Then Holder’s inequality (with 1/r:=1—p

and 1/ = p) and the monotonicity of w, s imply

an’g—i-n*e
| Anwog | Lo(Zo)| < (nfe)l/gfl / (Wop(€ + h) — wap(€)) A€

n,0

; an79+n_9+h an,9+n_€
ooy ( wnal)dy— [ wal)d
a7L,9+h An,0

Qp,0+h
_ ,—001/e-D) (hn_ea —/ W9 (&) df)
an,0

<h n—H(U—&-l/g—l)’

Le., [[Apweg | Lo(Zp)l|® < h? n=0etl=0) ag well as

an79+3n_‘9

_p\1/0—1
1A wwag | Lo( Tl < (2070)"° / ) (wo,0(€ + h) = wep(€)) A€
Ap,0+n~—
o1 . Gn,0+3 n—? an’g+3n’0+h
Sartwe ([ ) de - wro(€) A€
an,6+n70 an,0+n79+h

an’g—i-nfe—i-h an79+3n*9+h
) _
e | f w,0(6) dE 10,(6) ¢
app+n—? ~—— an,o+3n=0 ~——

—n—0o =0
—h n—9(0+1/g—1)
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so that [[Apweg| Ly(Ze)||¢ < hen0et1=0) Further we have oo + 1 — o > 0 because
1/o>1>1—0. So, (11) and h < n~? yield that also

||Ahwcr,0 ‘ LQ(‘%’R,Q)HQ ~ hcrg—i—l — he hcrg—i—l—g 5 he n—@(a@-‘rl—g)'

Combining the latter estimates shows that
e

N(h,0) N(h,0)
Apweg | L, U (LU TnoURnp) < h? Z n-0@etl=e) forall 0<p<1.
n=2 n=2

(12)
Now additionally assume 1/0 < (1 —¢)/(1 —1/60). Then there holds 0 < #(cp+1—p) <1

and hence

N(h,0) N(h,0)
Z n0lcoti—o) < / p0oet1—0) 1,
n=2 1

1

_ N h7e 1-6(co+1-p) _ 1 :
1—0(09+1—g)( (h,6) )

where
1 1-6(c0+1—0)
N(h,0)'70loeti=0 _ 1 < (3 Y0 4 1) —1
1 1-60(co+1—p)
—\3
~ hngranglfl/H.
Therefore, we arrive at
N(h,0) ¢
Ahwmg Lg U (gn,(g U %79 U %n,g) 5 hggﬂ*l/e.
n=2
Moreover, (10) and 6 > 1 yield that also
- 0
Apweg | L, U (ZhoU ThoUPne)
n=N(h,0)+1
= Z HAhwme ‘Lg([anyg,amg —|—4n_9])Hg
n=N(h,0)+1
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is bounded by

S oanterr sk [ oot
n=N(h,0)+1 N(h.,0)

1
— hoo N 1-6
h 71 (h,0)

< hag—i—l—l/@'

Finally, we clearly have w,g(z) = 0 on £y U %, and hence ||Apw,yo | Lo(%)|| = 0, as well as

az g+h
| Antno | Lo(20) ¢ = / woo(y)? dy

az,6

h
< / z%%dx
0

1

— hO'QJrl
co+1
< hag+171/6‘

Altogether, this shows (9) and thus the proof is complete. [ |

Remark 2.4. As already mentioned, the piecewise construction of w,p in (5) goes back to
Simon. In [22, Sect. 4] he used first order differences to show that for fixed o there exists
some 0 such that w,y satisfies certain Sobolev regularity assertions independently of the
integrability parameter o (restricted to [1,00]) of the spaces. However, for the application we
have in mind, stronger results in Besov spaces are needed which required a more detailed
analysis. Note that indeed our characterizations in Lemma 2.3 reveal a fairly complicated
interplay of the parameters of w, g and its smoothness and integrability which is not visible
in the results of Simon.

Further, we like to stress that some parameter restrictions in Lemma 2.3(iii) are stronger
than required. If p = oo, our proof actually works for all 0 < 0 <1 < 8 < co. Moreover, the
upper bound on 1/p in (7) seems to be an artifact of our proof technique. At least for the
“only if” part it can be dropped, as can be seen easily using complex interpolation.

In order to proceed, again let 0 € Ry and 1 < 6 < oo. Then, based on w, ¢ as defined
in (5) above, let us set

Vso: Ry — R, = Ve (1) 1= wog (16 C(0) 1 — 4¢(0)) — wep(16 ((0) r — 8C(6)),

" 13
Ugp: Ry — R, T Ugg(r) 1= / Vg p(€) dE. (13)
0
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Lemma 2.5 (Properties of v, and u, ). Let 0 € Ry and 1 < 6 < oco. Then
(1) the supports of uy,p and v,y are contained in 579/:: [1/4,3/4].
(i1) Vyop = ’?nggp—l Vg for all v € Ry
(i) ugp € CH(Ry) with u, 3 = vp.
(iv) for all 0 < p,q < 0o and s < 1 we have

Upp € B;;S(RQ if and only if  wsp € By

0,9

(R).

(v) for all 1 < o < 0o we have

Usg € WHRy)  if and only if  wep € W,(R).

Proof. We use supp(w,g) C S = [a20, 0000 = [4,4((0)], as shown in Lemma 2.1(i), to
deduce the representation

L t+dc) [t 11
wealth T 150) ;'{1*12@5’5]’
Vop(T) = § _ ' . t'+ 8((0 1 ;% 14
Oty it =P e [ ) Y
0 else.

This proves (i) for v, 9. Moreover, for 0 < r < 1/4 we have uqo(r) = [ 0d¢ = 0, while for
r > 3/4 we may write

r 1/2 3/4
mmma/%MM&ﬂ+/ voo(€)de — [ —vns(€)de+0=0
0 1/4 1/2

which shows (i) for u, . Further, (ii) directly follows from (14) and Lemma 2.1(iii).

We are left with proving the regularity assertions (iii)-(v). The fact that u,¢ € C'(Ry)
with ug, 4, = v, is a consequence of the fundamental theorem of calculus and the continuity
of vy, cf. (13) and Lemma 2.1(i) again. This shows (iii).

If we assume that w, ¢ € B; (R), then also

Vgp 1= wg79(16§(9) . —4C(9)) — wo,9(16g(0) : _8C<8)) € B; ,(R)

because B; (IR) is invariant under diffeomorphic coordinate transformations; see, e.g., Triebel
[23, Sect. 2.10.2]. Since v,9 = E;E‘th this yields v,9 € B (Ry). On the other hand,

15



Voo € B, ,(Ry) implies that there exists g € B, (R) such that v,y = g g, Now let
x € C*(R) with

Then, according to a multiplication theorem by Triebel [24, Sect. 4.2.2], we conclude that
wsp = x g € By ,(R). Due to (iii), this shows that for all 0 < 9,¢ < 0o and s € R

u, € By (Ry) if and only if  w,p € B, ,(R). (15)

In addition, we may extend u,y € C*(R;) by zero in order to obtain u,, € C*(R). Using the
characterization of Besov spaces in terms of first order differences (cf. Remark 1.1(i)), we see
that this gives uy, 9 € B;; 2(R) for all 0 < & < 1. Choosing € small enough such that s <1 —¢
then shows ugsg € B}, (R) — B; (R), i.e., usp € B (R, ), where we used Proposition 2.2
and the compact support of u,g. Therefore, (iv) follows from Proposition 2.2(i).

Since Sobolev spaces WQ’“ can be identified with special Triebel-Lizorkin spaces F ;2, we can
argue similarly for this case. Instead of (15) we now have that for every k € Ny (particularly
for k= 1) and 1 < ¢ < oo there holds u,, € W} (Ry) if and only if w,s € W} (R). Further,
from (i) and (iii) we clearly have uy,9 € W, (Ry). Together this shows (v) and hence the
proof is complete. [ |

Next, for d € N let Q C R? be either R? itself, a bounded Lipschitz domain, or an interval
(if d = 1), and assume that 2 contains the Euclidean unit ball

Bi(0) := {z € RY| |z], < 1}.

Given 0 € Ry, as well as 1 < p, 0 < oo, for all test functions ¢» € D(Q2) we then let

U alth) = / top(|2ly) ¥(z)dz and  fP) () = / v(p1)0,9<|x|2>< i

|x\2’

V¢(x)> dz.

R4

(16)

Since Lemma 2.5(iii) implies tsg, Vp—1)00 € Loo(Ry), it is easily seen that these integrals are
bounded linear functionals of 1 such that we actually deal with distributions v, 4 and f}f (],7 d
from D’(§2). Moreover, these functionals are closely related:
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Lemma 2.6. Let d € N and 1 < p,0 < oo, as well as 0 € Ry.. Further let Q C R? be either
R? itself, a bounded Lipschitz domain, or an interval (if d = 1), and assume B1(0) C €.
Then

(i) we have
supp (Us.g,4), Supp( £ 4) € Buss(0),

(i1) for all x € § it holds

A(Vgga)(r) = vp-1)00(|2],) — = VUp-1)e64(T), (17)

(i1i) there holds f%d € Wp71(Q) and uggq € W, () constitutes a weak solution u to

—Ayu = %,d and  ulgq = 0.

Proof. In view of Lemma 2.5 assertion (i) is obvious. Further, it is clear that the distribution
Ugpa € D'(2) is regular and can be identified with the function (umg o Td) }Q € C1(Q), where
we set

rq: RT = R, = rg(x) = |z,. (18)
With this interpretation we have

3Uo,0,d

8xj

Lj

IR jzla"'>d7
|,

(2) = 0 = v54(]],)

for all € By/4(0), while on  \ By /5(0) the chain rule and Lemma 2.5(iii) give

8ug,9,d . a(ug’g @) ’I“d) . Grd
(996]- N 3:16]- N UO’,O(TCZ( )) 835]-’

where L2 o
Orq ) Zd ) 1 Zd ) z;

Together this shows

Ou, j
04 < yal) B oral j=d wd veR (1)
J

17



and hence

8u0',0,d
a.ij

d
ltoa| WA = | L@ + 3 me)H < o0
j=1

since Uy g, Vo9 € Loo(Ry) with compact support and |z;/ |z|,] < 1. So, we can conclude
Ugp.a € W,(Q). Further, as a direct consequence of (19), we obtain

Ounsa [P\ w0 (lolle) s~ o)

Us,0,d (19) Vo, 0\ |T

oz, @)‘) :< : Zw) = [vro(|zl,)|
J

2
|$|2 j=1

d

Vgpa()], = (Z

j=1

such that by Lemma 2.5(ii) with 7 := p — 1 we have that
A(Vgp.0)() = [Vitgga(@) 5% Vg a(z)

~1)—1 T
|(p ) Voo (|2]5) W
2

X

= [vgo(|2],)

= V(p-1)0,0(|7]5) m
2

holds for all = € Q. Together with (19) this proves (17), as well as

vw<x>> de = 7 () (20)

Rd

[ (AT t0.0(0) 0@ o = [ wimaliel) (]

|5U’27

for each ¢ € D(2). In other words, there holds —A,(u.4) = fE }g,d in the weak sense. Finally,
Holder’s inequality on B;(0) C € proves

78340)| < [ opmaallal)] [V, da
Q

< otpyno | Ew®o| | L I9U@), ds
S ve-ve0 | Lo(RO|| [[@| W (Q)]], ¥ € D(Q).

Since by definition D(€2) is dense W, ((£2) we therefore have fﬂvd € (Wyo() = W)

P
and the proof is complete. [ |

In order to provide further regularity assertions for u,gq and ftgp é 4> we will need the

subsequent result which characterizes the smoothness and integrability of rotationally invariant
functions. Therein r; has the same meaning as in (18).
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Proposition 2.7. Let 0 < a < b < oo. Assume that g: Ry — C is measurable with support
supp(g) C [a,b] and let g4 := gory. Then
(i) gq4: R? — C is well-defined almost everywhere.

(ii) for 0 < o,q < o0 and s > d max{0,1/0 — 1} there holds
ga € L,(RY) if and only if g€ Ly(Ry), (21)
as well as

94 € B ,(RY) if and only if g€ B3 (Ry).

(iii) for 1 < o < oo and k € N there holds
ga € WQ’“(Rd) if and only if g € WQ’“(RJF).

Proof. With g and r4 also g, is measurable such that it can be represented as an almost
everywhere convergent pointwise limit of simple functions. This proves (i).

If d = 1, the equivalences in (ii) and (iii) are trivial, as g vanishes in a neighborhood of the
origin. So let us assume d > 2. Then for p < oo the first assertion in (ii) follows from a simple
transformation into (generalized) polar coordinates x = r¥(¢) with (r,¢) € [0,00) x ®:

loa | 2 = [ latratant? do = [ [ latr) 1471 T0) dr do~ g Lo((0,00))

where we used that supp(g) C [a,b] and that T is some tensor product of trigonometric
functions defined on ® C [—7, 7]%"!. For ¢ = oo the equivalence (21) is obvious.

It remains to prove the equivalences for multivariate Besov and Sobolev spaces. In case
of By, and ¢ = oo, this follows from results due to Sickel et al. [20, Thm. 2], while the case
0 < 0 < o0 is covered by [20, Cor. 1 & 2]. However, [20, Cor. 1 & 2] also covers the assertion
for Sobolev spaces since WQ"“ = F;Q if 1 <p< . [

Lemma 2.8 (Regularity of uy 94, A(Vtspa), and f%,ﬁ- Letd e N and 1 < p,0 < o0, as
well as 0 € Ry. Further let Q C R? be either R? itself, a bounded Lipschitz domain, or an
interval (if d = 1), and assume B1(0) C Q. Moreover, let 0 < p,q < 0o and s € R with
d max{0,1/p—1} <s < 1. Then

(i) there holds
Usp.d € B;ZS(Q) if and only if  wsp € B; ,(R)

and 1 < p < oo implies that

Upp,d € WQQ(Q) if and only if  wyp € ng (R).
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(ii) we have
A(Vugga) € (B;q(Q))d if and only if Wp-1)00 € B ,(R)
and 1 < p < oo implies that

A(Vu,9.4) € (ng(Q))d if and only if Wip-1)o,0 € ng (R).

Additionally assume that min{o,q} > 1. Then
(iii) A(Vugpq) € (B3, ()" implies f7) , € By (Q),

(iv) W, 1,9 € Lo(R) implies £} ; € Ly(9).

Proof. Recall that u,gq € D'(Q2) can be identified with the function u, g o ry restricted to 2.
Hence, uygo0 1y € B;fgS(Rd) implies Uy 04 € Béfgs(ﬂ). On the other hand, if u, 94 € B;;S(Q),
then by definition there exists u € B;;S(]Rd) with @ ‘Q = Uy 9.4. Now let y € C®(R?) with

X =00 i s er\ By0).

{1 if € Bys(0),
Then ugg o rq = xu € Bj}*(RY) due to [24, Sect. 4.2.2]. Therefore, us94 € By:*(Q) is
equivalent to uqg 074 € Byt*(R?). By Lemma 2.5(i) and Proposition 2.7(ii) this holds if and
only if usy € By*(Ry). Since we assume s < 1, we can use Lemma 2.5(iv) to see that this
in turn is equivalent to w, 9 € B, ,(R). Thus, we have shown (i) in the case of Besov spaces.
For Sobolev spaces we can argue similarly.

Next we apply (i) to deduce that wg,_1)50 € B ,(R) is equivalent to u(,_1)50,4 € B;;S(Q).
By Proposition 2.2(i) this holds if and only if u(,—1)6,0.4 € B3 ,(Q) and Vup_1)e9.q € (B ,(2))7.
Since we assume that s < 1, the first condition is always fulfilled (cf. the proof of Lemma 2.5!),
and by Lemma 2.6(ii) Vu(y_1)s,9,4 is nothing but A(Vuggq). Also here the proof for Sobolev
spaces is essentially the same.

Let us prove (iii). To this end, we note that A(Vuyg4) € (B;q(Q))d implies that for
every 7 = 1,...,d we have

A(Vuypa)j € E;yq(ﬂ) = {g€D'(Q) ‘ 37 € B; ,(R?) with g = g|, and supp(g) C Q}
according to Lemma 2.6, where we set

g\és (Q)H .= i 7| B (RY)
H o 5eBg,q(Rd):g:§|n,H B2
supp(g) 2
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cf. Triebel [26, Def. 2.1]. Further from [26, Thm. 3.30] and min{p, ¢} > 1 it follows that
B; ,(Q) = (B,’,(€2))" such that for all j =1,...,d we can estimate

[A(Vuooa)i(@)l S |0 | Byt (@), v € D).

Therefore the representation formula (20) together with Proposition 2.2(i) yield that for all
¥ € D(R) there holds

0
UGd ‘_|Z/Avu‘79d >a¢()d
o (2)

o)

8%
1- s
N Hw‘BQ q’ >H
<[lv] Bz
Now we again employ [26, Thm. 3.30] to see that D(£2) is dense in E;f »(£2) and hence we

conclude
nl—s / —1+s
o g€ (BLa@) = B (),

as claimed.
It remains to prove (iv). For this purpose, note that for f%d € L,(Q2) = (Ly(2)) it is
sufficient to find f; € L,(€2) such that

since D(€2) is dense in Ly () if 1 < ¢’ < co. We claim that this f,; is given by the restriction
of fg = foryto 2, where

d—1
for a.e. r > 0.

F(r) i= =t 1)0.0(r) = Vp-1)00(r)

Recall that, due to Lemma 2.5, v(,_1)0,9 is continuous with support in the interval [1/4,3/4].
Hence, the function r — g(r) := v-1)0,0(r) /7 belongs to L,(R;). Moreover, it is clear that
our assumption wy, ;) € Lo(IR) implies that also v(, ), , € L,(R+). Therefore, we have
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f € L,(Ry) and from Proposition 2.7 we conclude f; € L,(R%). This shows that indeed
fa € L,(2). Thus, we are left with proving (22). To this end, let ¢ € D(2) be arbitrarily
fixed and assume for a moment that d > 2. Then B;(0) C © and a transformation into polar
coordinates x = r9(¢) with (r,¢) € [0, 00) x P, yields

3/4
/Q fule) ¥(z) dz = / / | TR T arag (23)

(cf. the proof of Proposition 2.7). Since Uzpq)a,e belongs to L;(R.) and % is smooth, we may
use integration by parts to see that

3/4
/1/4 UEP*I)U,@(T) P(rd(g)) HA-1
4 3/4

= [U(pfl)a,e(ﬂ Y(rd(e)) rd_l]iil/zl - /1 Vip-1)o,0(T) di (¢(T 9()) Td—l) (1) dr

/4 r
is finite, because the boundary term vanishes and

S 00) #) (1) = S (@l 9(8)) (1) (d = 1)l () 1

dr
= (T 9(0)), 26 7+ T 0 9(0))

as well as v(,_1)s,9 are bounded on [1/4,3/4]. Hence, for the inner integral in (23) we find

3/4

» F(r)(ro(e)) r'="dr
3/4 " )
:_/ U1y (r) Y 9(@)) v dr - / Vo) S bl () v d
1/ 1/4
3/4
— [ sl (Tor0@), ")t
1/4 r i
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and thus (20) shows that we indeed have (22):
3/4
[ty v@yas= [ [ f0) o o) T(0) dr o
Q ®J1/4

= /q>/1Z4 V(p-1)0,0(T) <V2/1(T19(¢)),M>Rd r=UT(¢) dr do

”
x
= | Vp-vooa(z) (VU(2), 7 ) dx (24)
Q %5 / ga
= fpal®).
Finally, a similar calculation shows that (24) remains valid also for d = 1. So, the proof is
complete. ]

Now we are well-prepared to give profound proofs of our main results stated in Theorems 1.3
and 1.6.

2.2 Proof of Theorem 1.3

Proof. Let d € N, as well as 2 < p < 00, and 0 < £ < 1/p be given fixed. Further let Q C R?
be either R? itself, a bounded Lipschitz domain, or an interval (if d = 1). Since 2 is open it
contains inner points. By a simple translation and dilation argument (see, e.g. [9, Sect. 4]) we
may w.l.o.g. assume that the Euclidean ball of radius one, B;(0), is contained in €. In what
follows we will choose specific values o € (0,1) as well as 6 € (1,00) and define u := uy 4
and f := f([f(];,d according to (16). From Lemma 2.6 it then follows that u € W,,(Q) is a
weak solution to (1) with right-hand side f € Wp71(Q) and that the supports of u and f are
contained in By/5(0).

Given l < p<ooande(p—1) <A< 1—¢e wechoose fsuchthat 0 <1—-e<1/0<1
and define

A 1-1/6
o= — .
p—1 (—Dn
Then it is easily seen that
0< A <o<(p—1l)o< ! <1 (25)
—_8 —_ —_— .
b1 o< (p o 0
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Indeed, the lower bound on A shows that A\/(p — 1) — ¢ is strictly positive. If 1 < p < 0o, we
note that p > 2 implies 1 —e(p — 1) u < 1 —e < 1/6 and hence

A A l—e(p—1pu—1 A 1/0 —1

— —¢
p—1 p—1 (p—=Dp p=1 (p—Dpu
while the corresponding estimate for p = oo is trivial since € > 0. Moreover, 1/0 < 1 yields

Y

1
0§(p—1)0§/\<1—5<§<1

which completes the proof of (25).
Next we note that (25) particularly implies that

min{€(1+a),11__—1;0} > 1.

So, we can employ Lemma 2.3(iii) to see that for 1 < p < oo there holds
wsp € B, (R) if and only if s=3s, and ¢=o00, or s<s, and 0<¢q< o0, (26)

+1—1/6 A +(1 1 )(1 1)
S, . — 0 = - — .
¢ 0 p—1 o (p—1)p 0

Note that our assumptions imply that 0 <1 —1/0 < ¢,

1 1 (—1,0) if p—p<o <oo,

——We {0} if o={p—-1u,

¢ Wweas (0,1) if l<o <(p—Dp,
aswell as 0 < A\/(p—1) £e < 1. If g is large, we have A\/(p — 1) —e < s, < A/(p—1). Thus
(26) and Lemma 2.8(i) prove

where

142 — 1+ 225
U=1Uspd € Bog"™" E(Q) \ Bog" ' (), 0 < g < o0,

for this case. The regularity statements for v in the remaining cases are obtained likewise.
Similarly, (25) and Lemma 2.3(iii) show that for 1 < p < oo there holds
Wp-1)00 € B (R) ifand only if s=35, and g =00, or s<3, and 0< ¢ < oo,
where now (depending on the relation of ¢ and p to each other)

3, = (p—1)0+1_01/9:>\+<%—%> <1-%) € (A—e A +2) C (0,1).

Therefore, we can use Lemma 2.8(ii) to deduce the regularity statements for A(Vu). In
particular we have A(Vu) € (B;"OO(Q))d such that, by Lemma 2.8(iii), f = fy,)]o,d € B, 1 MQ),
as claimed. ]
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2.3 Proof of Theorem 1.6

In order to show Theorem 1.6, we essentially follow the lines of the proof of Theorem 1.3. So
let us focus on the necessary modifications only.

Proof. Given 1 < 4 < oo and 0 < e <min{l/(p —1),1 —1/(p — 1)} (note that this time
p > 2!) we choose 0 such that 0 <1 —¢ < 1/0 < 1 and define
1 1-1/6

o= — .
p—1 (p-1p

Then there holds

O<a<%<(p—1)a§1.
Indeed, p > 1 and 0 < 1/0 < 1 show that 0 < (1 —1/6)/u <1—1/6 < 1. This proves 0 < o,
as well as 1/60 < (p — 1) o < 1. Hence, we also have 0 < 1/(p—1) <1 —¢ < 1/6 due to our
assumption on €.

Now the claimed regularity of u follows exactly as in the proof of Theorem 1.3, where
this time our restrictions on € ensure that 0 < 1/(p — 1) e < 1.

In order to prove the regularity statement for A(Vu) we like to apply Lemma 2.8(ii).
To this end, we have to show that w_1y50 € ng (R) for 1 < ¢ < oo if and only if o < p.
By Lemma 2.3(i) this reduces to the claim wy, ), , € L,(R). If p = oo, then we actually
have (p — 1) 0 = 1. Therefore, from Lemma 2.3(ii) it follows that w{, , ,, € L,(R) for all
0 < 0 < oo. On the other hand, if p < oo, then 0 < (p — 1) o < 1. Hence, in this case we
have w(, ), € L,(R) if and only if

l1-(p—1)o

1
-1/ u°

1
.
In conclusion, A(Vu) € (W;(Q))d for 1 < o < oo is equivalent to ¢ < p, as claimed.

It remains to prove that f = f}fgvd belongs to L,(£2). If v > 1, this follows from
Lemma 2.8(iv) and the calculations above. However, in view of the compact support of f,
this lower bound on v can be dropped. [ |

References

[1] B. Avelin, T. Kuusi, and G. Mingione. Nonlinear Calderén-Zygmund theory in the limiting
case. Arch. Ration. Mech. Anal., 227(2):663-714, 2018.

25



2]

A. K. Balci, L. Diening, and M. Weimar. Higher order regularity shifts for the p-Poisson
problem. Preprint, 2019.

A. K. Balci, L. Diening, and M. Weimar. Higher order Calderén-Zygmund estimates for the
p-Laplace equation. J. Differential Equations, 268(2):590-635, 2020.

D. Breit, A. Cianchi, L. Diening, T. Kuusi, and S. Schwarzacher. Pointwise Calderén-Zygmund
gradient estimates for the p-Laplace system. J. Math. Pures Appl., 114(9):146-190, 2018.

D. Breit, A. Cianchi, L. Diening, and S. Schwarzacher. Global Schauder estimates for the
p-Laplace system. Preprint, 2019.

A. Cianchi and V. G. Maz’ya. Second-order two-sided estimates in nonlinear elliptic problems.
Arch. Ration. Mech. Anal., 229(2):569-599, 2018.

P. A. Cioica-Licht and M. Weimar. On the limit regularity in Sobolev and Besov scales related
to approximation theory. J. Fourier Anal. Appl., 26(1):Art. 10, 1-24, 2020.

A. Cohen, W. Dahmen, and R. A. DeVore. Adaptive wavelet methods for elliptic operator
equations: Convergence rates. Math. Comp., 70:27-75, 2001.

S. Dahlke, L. Diening, C. Hartmann, B. Scharf, and M. Weimar. Besov regularity of solutions
to the p-Poisson equation. Nonlinear Anal., 130:298-329, 2016.

F. De Thelin. Local regularity properties for the solutions of a nonlinear partial differential
equation. Nonlinear Anal., 6(8):839-844, 1982.

F. D. Gaspoz and P. Morin. Approximation classes for adaptive higher order finite element
approximation. Math. Comp., 83(289):2127-2160, 2014.

C. Hartmann and M. Weimar. Besov regularity of solutions to the p-Poisson equation in the
vicinity of a vertex of a polygonal domain. Results Math., 73:41, 2018.

T. Iwaniec. Projections onto gradient fields and LP-estimates for degenerated elliptic operators.
Studia Math., 75(3):293-312, 1983.

D. S. Jerison and C. E. Kenig. The inhomogeneous Dirichlet problem in Lipschitz domains.
J. Funct. Anal, 130(1):161-219, 1995.

N. Kalton, S. Mayboroda, and M. Mitrea. Interpolation of Hardy-Sobolev-Besov-Triebel-
Lizorkin spaces and applications to problems in partial differential equations. In L. De Carli
and M. Milman, editors, Interpolation Theory and Applications (Contemporary Mathematics
445), pages 121-177. Amer. Math. Soc., Providence, RI, 2007.

P. Lindqvist. Notes on the p-Laplace equation. University of Jyvaskyla, Department of
Mathematics and Statistics, 2006. ISBN 9513925862.

S. Mayboroda and M. Mitrea. Sharp estimates for Green potentials on non-smooth domains.
Math. Res. Lett., 11(4):481-492, 2004.

V. S. Rychkov. On restrictions and extensions of the Besov and Triebel-Lizorkin spaces with
respect to Lipschitz domains. J. London Math. Soc. (2), 60(1):237-257, 1999.

26



[19]

[20]

[21]

[22]

G. Savaré. Regularity results for elliptic equations in Lipschitz domains. J. Funct. Anal, 152:
176201, 1998.

W. Sickel, L. Skrzypczak, and J. Vybiral. On the interplay of regularity and decay in case of
radial functions I. Inhomogeneous spaces. Commun. Contemp. Math., 14(1):1250005-1-60,
2012.

J. Simon. Régularité de la solution d’une équation non linéaire dans RYV. In P. Bénilan and
J. Robert, editors, Journées d’Analyse Non Linéaire (Proc. Conf., Besan¢on, 1977), volume
665 of Lecture Notes in Math., pages 205-227. Springer, Berlin, 1978.

J. Simon. Regularité de la composée de deux fonctions et applications. Boll. Un. Mat. Ital. B
(5), 16(2):501-522, 1979.
H. Triebel. Theory of Function Spaces. Birkhauser, Basel /Boston/Stuttgart, 1983.

H. Triebel. Theory of Function Spaces II, volume 84 of Monographs in Mathematics. Birkhauser
Verlag, Basel, 1992.

H. Triebel. Theory of Function Spaces III. Birkhauser, Basel, 2006.

H. Triebel. Function Spaces and Wavelets on Domains, volume 7 of EMS Tracts in Mathematics.
European Mathematical Society (EMS), Ziirich, 2008.

M. Weimar. Almost diagonal matrices and Besov-type spaces based on wavelet expansions.
J. Fourier Anal. Appl., 22(2):251-284, 2016.

27



