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Abstract

Let A be an m-T-accretive operator in L' (Q) and B the realization of a subdif-

ferential 9 in L'(Q). In this paper we obtain sufficient conditions for the range
condition R(I + A (A + B)) = L'(Q) for A > 0 to hold and investigate their neces-
sity.
The central statement is that finiteness of the underlying measure space Q and a
maximum principle satisfied by the operator A ensure the validity of the preceding
range condition if j is independent of the space variable x € Q, or j(-,r) € L' (Q)
for any r € R. Then we prove that the maximum principle can be replaced by
the condition D(B) 2 D(A) and the finiteness of Q by o-finiteness and a closed-
ness requirement on A. We confirm these conclusions by some examples showing
the necessity of the provided constraints. We apply the abstract results to a con-
crete nonlinear diffusion convection problem with absorption, including problems
of obstacle type.

Keywords: T-accretive operator, subdifferential, perturbation, range condition,
maximum principle
AMS subject classification: 47H06, 47H14, 47TH04, 46T99

1 Introduction

The present paper treats a particular problem from perturbation theory of m-accretive
operators in L'(Q). The question for m-accretivity of sums of m-accretive operators
has been studied in the past by several authors in a more or less general context. Since
m-accretivity of an operator A in a Banach space X is an essential criterion for the
existence and uniqueness of mild solutions of the evolution problem

W' +Au> f, u(0)=uy € D(A) for feL'([0,T]:X),

it is of particular interest to examine under which conditions a perturbed operator A + B
is still m-accretive. It is a well-known fact that the accretivity of A and B does not guar-
antee automatically the accretivity of A + B unless the underlying Banach space pos-
sesses a certain geometrical structure like uniform smoothness for example. In general
Banach spaces, however, the sum fails to be accretive for arbitrary accretive pertur-
bations B. Moreover, even if not, the sum is not necessarily m-accretive. Thus, the
main problem in perturbation theory is to determine useful conditions under which the
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sum of m-accretive operators satifies the range condition. Results in this direction have
been established first by Lescarret [20], Browder [13] and Rockafellar [25]. For further
important results see, among others, [11], [16], [18], [19] and [23].

In this paper we concentrate our attention on the Banach space L!(Q), which is
not uniformly smooth. Since L' (Q) plays a prominent role in many applications, it is
important to develop appropriate perturbation results also in this space. The problem
of its lacking geometrical structure can be compensated by restricting to certain classes
of m-accretive operators and perturbations.

In [4], [7] and [26] there have been obtained positive results for m-completely accre-
tive operators in L' (Q), perturbed by subdifferential type operators. In view of this, we
want to develop analogous results for m-T-accretive operators in L' (). In contrast to
the completely accretive case, we are still confronted with the problem that the sum of
T-accretive operators fails to be (T-)accretive in L!(Q).

Thus, the present problem is not actually the m-T-accretivity of the sum of two m-T-
accretive operators A and B, but more generally, the verification of the range condition
R(I+A(A+B))=L'(Q) for A > 0, independently of the T-accretivity of A + B.

In the case of an arbitrary Banach space and an m-accretive operator A there already
have been established perturbation results in [19] and [23] for single-valued and con-
tinuous perturbation operators B with D(B) D D(A), which have even been extended by
Bothe in [8] to multi-valued upper-semicontinuous perturbations with convex compact
values. We will discuss the relationship of our results with his ones in Section 6 of this

paper.

In the first section of the paper we restrict ourselves not only to m-T-accretive op-
erators A in L' (Q) satisfying a maximum principle and to a finite measure space Q,
but also to perturbations of subdifferential type B ~ dj. Although such sums are not
T-accretive in general, we are able to prove that they satisfy the necessary range condi-
tion, i.e., R(I+A(A+B)) = L' (Q) for A > 0. Moreover, we also prove the above range
condition for x-dependent functions j which satisfy the extra condition j(-,r) € L' (Q)
for all » € R. In both cases the idea is to construct an adequate bi-monotone regu-
larization B; , of the perturbation operator B, by means of Yosida approximations,
such that the associated problem uy , + Auy , + By, y(uy,,) > f is solvable for all
f € L7(Q). Subsequently, we show that its solutions uy, y converge to a solution of
u+Au+Bu > f for f € L”(Q). Passing to f € L' (Q) by bi-monotone approximation
through L (Q)-functions, we finally prove the assertion. According to [26] we have
additionally verified that in the general case, i.e., the function j does not satisfy the con-
dition j(-,r) € L'(Q) for all r € R the operator A ; := li{njng + B, is an m-T-accretive

extension of A + B, where A is an m-0-T-accretive operator in L' (Q).

In the following section we examine our assumptions for necessity. On the one hand,
we state that the maximum principle can be replaced by a restriction D(B) D D(A)
on the domain of the perturbation operator. On the other hand, we will see that the
finiteness of the measure space can be reduced to o-finiteness if A is closed in a certain
sense.

Then, we study an application of the abstract results to a nonlinear diffusion-convection
problem with absorption, including problems of obstacle type.

The following section is dedicated to the study of the relation of our results with the
results of Bothe. We verify that our result can not be deduced from the results in [8].
Finally, the last section presents open problems which will be studied in future work.



2 Preliminaries

In the following let (Q,X, i) be a o-finite measure space and L (Q) = LP(Q,X, i),
1 < p < oo, be the classical Lebesgue space with the usual norm || || P

Furthermore, we will make use of the Banach space L'"*(Q) = L' (Q) N L*(Q), en-
dowed with the norm ||u||jre = max{||u|1,]||u|l~}. Note that Lm‘”( ) is a common
subspace of L'(Q), L?(Q) and L™(Q) which is dense in L' (Q) and L*(Q).

According to [2], [5] and [14] we introduce the following definitions. An operator
AinL! (Q) is a multivalued mapping A : D(A) — 2-' (@) with effective domain D(A) =
{ueL'(Q) | Au+# 0} and range R(A) = Uuep(a)Au. Each operator A can be identified
with its graph {(u,v) | u € D(A), v € Au}.

An operator A in L' (Q) is called accretive if all (u,v), (it,9) € A verify

lu—idli <|lu—d+A(v—")|; forevery A >0,

or, equivalently, if there exists a k € L*(Q), k € sign(u — @) such that

/ K(v—7) > 0. (1)
Q
Moreover, A is called T-accretive if for all (u,v), (4,7) € A we have

lw—a)* <||u—d+A(v—9))"|1 forevery A >0,

or, equivalently, if there is a k € L*(Q), k € sign™ (u — 1) such that (1) holds.

A is called 0-T-accretive if for all (u,v), (4,7) € A the inequality (1) is satisfied for
Kk =signg (u— ). A is called s-T-accretive if for all (u,v),(4,7) € A and for all k¥ €
sign™ (u— 1)

/Qx(v—ﬁ)zo.

s-T-accretive operators are O-T-accretive and O-T-accretive operators are T-accretive
which, in turn, are also accretive in L'(Q). Sums of 0-T-accretive operators are 0-
T-accretive again. An accretive or T-accretive operator A is called m-accretive or m-
T-accretive, respectively, if A verifies the range condition R(I +AA) = L!(Q) for all
A >0.

If A is accretive, then its resolvents J5 = (I+AA)~', 2 > 0, are single-valued contrac-
tions and vice versa. A is T-accretive if and only if its resolvents are T-contractions,
that is, le‘ is an order-preserving contraction for every A > 0. The so-called Yosida
approximation of an accretive operator A is the single-valued Lipschitz-continuous op-
erator A, , defined by Ay = A~ 1(I— Jf) for A > 0. If A is m-accretive, then A, is also
m-accretive and liminfy oA, = A.

We consider the class
Jo={j:R—[0,00]| jis convex, lower-semicontinuous and j(0) =0}

and define the subdifferential of j € _#, as the multivalued mapping d;j : R — 2R,
satisfying

yedjlr) < j6)zj()+yE—r) forallgeR.

In addition we define the class _#(Q), i.e., the class of functions j: & x R — [0, 9]
satisfying



i) j(-,r)is measurable inx € Q for all r € R,
ii) j(x,-)is convex, Ls.c. in r € R for a.e. xin Q,

iii) j(-,0)=0ae.in Q.
According to [24], in the case j € _#, every subdifferential dj is a maximal monotone
graph in IR, that is, for all y € dj(r), § € dj(?) it holds that (r — #)(y — §) > 0 and
dj has no proper monotone extension. If j € _#,(Q) the subdifferential d j(x,-) is a

maximal monotone graph in IR for a.e. x in Q. In the case j € _# the realization of the
subdifferential dj in L' (Q) is an operator B in L' (Q) with

wEBu <= u,weL'(Q)andw(x) € dj(u(x)) forae. x € Q.
and in the case j € _#y(Q)
weBu <<= u,weL'(Q)andw(x) € dj(x,u(x)) forae. x € Q.

In both cases we write B ~ d j. Note that every B ~ d j is m-0-T-accretive in L!(Q).

Following [4], we introduce further a relation on LP(Q), 1 < p < oo, by means of
the class _#j through

ULy <= / Jju) < / j(v) forall je #.
Q Q
It is clear that u << v implies ||ul|, < [|v||, forall 1 < p < oo,

An operator A in L'(Q) is called completely accretive (ca for short) if all (u,v),
(@,7) € A verify
u—d<<u—ad+Av—7) ford>0.

Moreover, ca operators in L!(Q) are T-accretive and also accretive in L' (). Thus,
B~ djis T-accretive in L' (Q) forany j € #pand j € _#)(Q).

If A is m-completely accretive (mca for short) in L' (Q), i.e., A is ca and R(I + AA) =
L'(Q) for all 2 > 0, we denote by A% for u € D(A) the unique element in Au with
minimal norm. In this case we have limy, oA u = A% for every u € D(A).

3 Perturbation theorems

As already referred to in the introduction, it is a well-known fact that in general, the
sum of accretive operators fails to be accretive again. Furthermore, the following ex-
ample shows that even the sum of an m-T-accretive operator and a subdifferential type
perturbation operator in L' (Q) does not necessarily have to be accretive.

Example 1: Let Q = { @, @, }, endowed with the counting measure. Hence, L' (Q) can
be identified with the Banach space R?, endowed with the norm || (x,y)||1 = |x| + [y.
Further, let j € _#, such that

2 for r > 0,
dj(r)=<[-4,2] forr=0,
—4 forr <0



and B ~ dj its m-T-accretive realization in L'(Q). Let A be the operator in L' (Q),

defined by
D(A) = { (2) |x1 <0,x, > 0}

0 for x; < 0,x, > 0,
A@>: A0 120l JufR) +A(1) 1420} form=0,0>0,
A 1A €0, —xlfu{(2)+A (1) 12 =0} forx <0,x,=0.

and

Using elementary but tedious distinction of cases, which we omit at this place, one can
prove that A is indeed m-T-accretive in L' (). In order to show that the sum A + B fails
to be accretive, consider u, v, w € L (Q), given by

(o (o (4)

Since v € Bu, w € Au, we obtain in consequence v+w = —u € (A+ B)u and 0 € A0,
0 € B0 yields 0 € (A+ B)0. Thus, we have

lu—0+A(—u—0)||i = (1—A)|ull; <|lulli ford>1

and therefore A + B is not accretive.

Remark 1 Note that a T-accretive operator A in L'(Q) is O-T-accretive in L' (Q), iff
for all j € _#,(Q) the operator A+ B is T-accretive in L'(Q), where B ~ dj is the
induced operator in L' (Q) by the subdifferential dj (see [3]).

Moreover, even if A+ B is T-accretive, we still do not know anything about the
m-T-accretivity of A+ B. The question under which conditions A + B, independently
from its accretivity, verifies the range condition, leads us to the first main result of the
present paper.

Theorem 1 Let (Q,X, 1) be a finite measure space and let A be an m-T-accretive op-
erator in L' (Q) with 0 € A0, satisfying the maximum principle

[fulle < Nl forue L}(2), A > 0. (Mo)

Furthermore, let B = dj for j € _#y be a maximal monotone graph in R with realiza-
tion B~ B in L' (Q).
Then
RUI+AA+B)=L"(Q) ford>0.
If, in addition, A is 0-T-accretive or B is single-valued, then A + B is m-T-accretive in

LY(Q).

Proof. In the following we assume A = 1. For A # 1 the proof remains almost the
same but for notational convenience we only give the proof for R(+A + B) = L (Q).



Step 1: Approximation of the maximal monotone graph.
We start by decomposing the monotone graph 3 into a positive and negative part as
follows:

B(r) forr>0 0 forr>0
B4+ (r) = ¢ [0,supB(0)] forr=0, B—(r) = ¢ [infB(0),0] forr=0.
0 forr <0 B(r) forr <0

Considering the realizations B, ~ B, B_ ~ B_ in L' (Q) and their Yosida approxima-
tions (B4 )y, (B—)y for A, v > 0, we define a pointwise bi-monotone approximation of
the m-T-accretive operator B ~ f3 by

By (u) = (B)a (1) + (B_)y(u) foru e L'(Q).

Then

xlinfoBl’V(u) =B% (u) +B° (u) = B°(u) foru € D(B)
,V

and
lim inf By , =B, +B_ =B.
Av10 AV +

Obviously, By , is single-valued, m-accretive and Lipschitz-continuous. The graph
Biv: R — R, where By, ~ B, . is increasing and therefore we obtain for all u,
i € L'(Q) and each Kk € sign™ (u— 1)

S kB —Bru@)ax= [ By o)~ fy(@)ax >0

Consequently, A + By ,, is T-accretive. Due to well-known results from pertubation
theory, cf. e.g. [5], the Lipschitz-continuity of B, , yields the m-accretivity and hence
the m-T-accretivity of A+ B; , in L' (Q). Thus, A+ B; , verifies the range condition

R(I+A+B;,)=L"(Q) 2 L*(Q)
and the problem

uyy +Aul,v +B)L,v (u/l,v) > f 2

admits in particular for every f € L*(Q) a solution uy ,,.

Step 2: Boundedness of (u; )z, and (By ,(up v))4.v-
We want to prove now that the maximum principle (M) and the m-T-accretivity of A
imply the boundedness of the sequences (3 y); , and (B ,(u; y))a,y in all LP(Q)-
spaces, that is, for all f € L*(Q) the following estimates hold:

luavllp < |fll, and HB)L,V(”A,V)”p <|Ifll, forl1<p<eo.

In a first step we show that u << u+ yv for all (u,v) € A and v > 0. For this purpose
letu e D(J?) =L'(Q) and let w € L' (Q) with w(x) = k > 0 for a.e. x € Q. Then the
maximum principle (Mp) yields

J{}w(x) < ||J§,‘w(x)\|o<, <|wx)|l« =k a.e.onQ.

Since A is T-accretive, this implies

Auﬁ-@+g/u@-ﬁm*gé@-m*:/m—m#

Q Q



Let w € L' (Q) with w(x) = —k for a.e. x € Q. Then we have
/Q(J;*Hk)* = /Q(—J;‘u —k)t < /Q(—J§u+1?w)+

< [ = [w=w) = [ @b,

Hence, according to [4], Lemma 1.3, it follows J{}u << u and consequently u << u+7yv
for all (u,v) € A and y > 0. Following [4], Prop. 2.2, this is equivalent to [ p(u)v >0
for all (u,v) €Aand pe Py={pecC*(R)|0<p <1,suppp is compact and 0 ¢
supp p}. Due to (2), we obtain in particular for all f € L*(Q)

[ Pl ) =~ By (uz,) > 0,
JQ

that is,
| ptwfac= [ p s [ pln)Bmde )
Q Q Q

Since B, , and p € & are both monotone and contain the origin, we have

/Qp(uk,v)ul,vdeO and /Qp(ul,v)ﬁl,v(u/l,v)deO- “4)
The combination of (3) and (4) implies

Upy <<uyy+ Y(f—upy)=(1- Y)WL,V +yf forally>0

and consequently u, , << f which yields ||u; ||, < || f]|, forall 1 < p < eo.
Moreover, due to [4], Prop. 2.2, the inequalities (3) and (4) imply by approximation

L) =Bl x> [ (b )= Bro(iaa))) dr ()

for all increasing functions p : R — R with p(0) = 0. Thus, this is also true for p =
po By .y, thatis,

LBy )= Br(wa)) dv= [ (p(Bry () =B lia.)))

As a result of this, we obtain for all y > 0

By y(up,y) << By y(upy) +v(f = Byy(upy)) = (1—=7)Byy(up,y) +7f

and consequently ||By,  (uy, )|, < ||f]|, forall 1 < p < eo.

Step 3: Convergence of (uy )z v and (By y(ua.y))1.v-
We show first the monotonicity of the approximative solutions (uy )4 and (uy_y)y. For

this purpose let v > 0 be fixed and A > A > 0. For f € L*(Q) consider the according
equations

uy vy +Auy y +Bl,v(uk,v) 5 f and uj —&—Auz’v +B717v(“71,v) >f.
Note that the second inclusion is equivalent to

uy ,+HAug 4By (g )3 f+ (Bo)alug ) — (By)y(ug )



Then the T-accretivity of A + B, , yields
(5, — ) Tl < (B )a(ug ) — (B )z (uz )i =0,

since (B ), is increasing in 4 > 0. Consequently, we have u; , > uz , a.e. in Qand
hence (uy, )y is increasing in A > 0. In exactly the same way one concludes that the
sequence (uy )y is decreasing in v > 0.
According to the monotone convergence theorem, there exist uy, u € L' (Q) such that
A .

Up.y 20, Uy YO0y inL! (Q).
As (u, y) v are uniformly bounded in L*(Q), and (Q,X, i) is a finite measure space,
convergence in Lz(Q) follows, i.e., we have

240 0 .

uyy 20, Uy Y0y in LY(Q) and L*(Q).

Moreover, due to the fact that L! () is a separable Banach space and (Bj , (u3.y))a.y
is bounded in L*(Q), the theorem of Banach-Alaoglu implies that this sequence pos-
sesses a weak*-convergent subsequence in L*(Q), i.e., there exists by € L(Q) such
that B;kav (u;%v) —, by for A | 0.
Since this yields ||by|[. < liminfy, g [|By, v (2 v)]le < [|fll, (by)v also possesses
a weak*-convergent subsequence, that is, by, —. b € L=(Q) for some subsequence
v, 1 0.
For notational convenience we identify in the sequel the subsequences (By, v (uz, v))2,

and (by, )v, with (B, (u3,)) and (by)y. Summarizing our results with the new no-
tation, we obtain the weak™*-convergence

Byy(uz) . by X b inL7(Q).
Since (Q,X, i) is a finite measure space, L™ (Q) < L?(Q) — L' (Q) where — denotes
continuous injection, hence the weak*-convergence of By , (uy ) in L*(€) (resp. of
(by)y) implies its weak convergence in L?(Q) as well as in L' (Q) to the corresponding
same limits. It remains to verify that b € B(u). For this purpose we prove in a first step
that by € By (uy) + (B_)y(uy).
Since by is the weak limit of B, , (1, ) = (B)2 (up,v)+ (B-)v(uy ) and the Lipschitz-
continuity of (B_)y already implies (B_)y(uy.,) — (B-)v(uy) for A L 0in L' (Q), it is
only left to show that b} = w-L?*(Q) — limy, o(B+); (ua,y) € By (uy). More precisely,
we want to show that b} (x) € B (uy(x)) = 9 ji+(uy(x)) for a.e. x € Q. According to
the definition of (B ), (u3 v(x)), we have

(7+)2(2) = (G)a(uay () + (B)a (uny (%)) (z —up v (x))  forall z € R.

Now, let E C Q be a measurable set, yz € L! (Q) the characteristic function and Ay > 0
be fixed. For all A9 > A > 0 it holds that

LU0 @rede= [ Gl () mdet [ (B2 ly(0)( — a6z dx.

Then (B4 )5 (15 v) — by and uy , — uy for A L0 in L*(Q) lead to

LB 2 ()= () 25 [ 5 (6) = s ()



Moreover, as (j1)(z) = j+(z) and (j4 ), (uz v) = (j+ )z, (uv) for A L 0in L'(Q), we

have
[ @ax= [ Gl () e+ [ b (3)(c =y () .

Letting Ay | 0, the monotone convergence theorem yields

[ i@ ax= [ i) e [ by ) () ds
for all measurable sets E C Q. As a result we obtain for all z € R
j+(2) 2 J(uy (0) +b3 (¥) (c—uy (1)) a.e. on Q.
Thus, by (x) € djt(uy(x)) a.e on Q and by € B (uy).

On this basis we are now able to prove b € B(u) = B (u) +B_ (u), where b = w-limy o (b} +
by) =bT +b~ in L?(Q). The monotonicity of B, and (uy,b}) € B, yield

0<(y—by,w—uy) V—w> {(y—b",w—u) forall (w,y) € By,

hence we can immediately deduce b € B (u) from the maximality of B..

To complete the proof, we only need to show that b~ € B_(u), or to be more precise,
b~ (x) € B_(u(x)) = dj_(u(x)) for a.e. x € Q. Using the definition of (f_)y (uy(x)),
we obtain in analogy to the first part b~ (x) € d j_ (u(x)) for a.e. x € Q and consequently
b=b"+b" €Bu).

Step 4: Transition from A + B, , to A + B.
In order to show that R(I+A + B, ,) 2 L*(Q) implies R(/ +A + B) 2 L*(Q), let
f € L=(Q). Exploiting the maximal accretivity of A, we prove in a first step f —uy —
by € Au,. For this purpose we have to verify the accretivity of AU {(uy, f —uy —by)},
that is, for all (z,w) € A we have to show the existence of k, € sign(u, — z) satisfying

/Kv(f—uv—bv—w)ZO.
Q

Since A is accretive and (uy, v, f —uy v — By, v (uyv)) € A, there is for every (z,w) € A
a Ky .y € sign(uy , —z) with

/Q K (f —upy =By y(uy y) —w) > 0. (©)
According to step 3, we have the weak convergence
A10 . 1
f—upy—Byy(uyy)—w= f—uy—by—w inL(Q). @)

Since k; y € sign(uy_, —z) is obviously bounded in L=(Q) = (L!())*, it follows that
(a subsequence of) (Ka,v)a converges weakly* to a certain ky € sign(uy —z) in L*(Q)
for A J 0.

In order to prove the convergence of the integral in (6), we decompose £ in the follow-
ing way:

. Q) ={xeQ|uy(x)>z(x)}
Since uy, y, | uy for A | 0, we obtain u ,(x) > uy(x) > z(x) on Q; and there-
fore k) (x) = 1 a.e on Q. For this reason we even get the strong convergence
Kp.v — Ky = 1in L”(Q;) which implies

240
(Kav, [ —upy—Byy(uyy) *W>L°°(Ql),L'(Q,) - /Q Ky (f —uy —by —w).
1

10



2. Q={xeQuy(x) <z(x)}
Due to the fact, that for all x € Q; there exists an index N(x) with uy(x) <
Uy (x) < z(x) for 0 <A < Ay(y), it follows &, (x) = —1 for 0 <A < Ay(y) and
for a.e. x € Q,. Since (& ), is bounded in L*(€) and (7) holds, we obtain
therefore

A0
/ K)L,v(f_“lﬁv_B)L,v(“l,v)_w) —>/ Ky (f—uy—by—w) :/ —(f—uy—by—w).
@ Q) Qy
3. 03 = (€ Q| wy(x) = 2(v)}
Asuy (x) > uy(x) =z(x) for a.e. x € Q3, it seems to be promising to decompose
Q3 again in
O = {re @ up y(x) > uy(x) = 2(x) VA >0} and
Q3 = {x € Q| Tindex N(x) : 3y (x) = uy (x) = 2(x) YO < A < Ay }-

(a) On Q3, we are nearly in the same situation as on €, since K).v(x) = 1 for
a.e. x € Q3. Thus, we obtain the strong convergence of (k; )z to ky = 1
in L= (3) which yields

A0
/Q K)L,v(f_ul,v_Bl,v(ul,v)_w) —>/fz Ky(f —uy —by —w).
3 3

(b) On £~23, however, we are confronted with the problem that we are not able
to make any statement about the strong convergence of (k;, ), in L*(Q3).

Nevertheless, we have for a.e. x € 523 and for every 0 < A < 7LN<X) the
pointwise convergence

(B:) (v (x)) = (B4)a (1 (x)) = (B (v (x))-

Since |(B1)2(upy(x))| <|| f |l for ae. x in Q3, Lebesgue’s dominated
convergence theorem immediately yields also the strong convergence of
(B+)3 (uy.y) in L'(Q3). Thus, we obtain the L'-convergence

210
By (uny) = (B1)a(uzy)+ (B )v(uzy) == (B1) (uv)+(B-)v(uy) = by
and as a result of this

. o
/§ K (f —up,y — By y(upy) —w) — /ﬁ Ky (f —uy —by —w).
3 Jas3

Thus, we have proved the accretivity of AU{(uy, f —uy —by)} which implies f —u, —
by € Auy by virtue of the maximal accretivity of A.
In exactly the same way one concludes f —u —b € Au.

Step 5: Transition from L*(Q) to L' (Q).
In the previous steps we demonstrated how the existence of solutions of the approxi-
mative equations

Upv JFA”)L,V JFB)L,V(“A,V) >f
yields the solvability of

u+Au+b> f with b€ Bu. )
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for all f € L™(Q). Now, we are going to show that (8) even admits for every f € L' (Q)
a solution. The idea is to approximate f € L' () through a sequence of specific L*(Q)-
functions. For this purpose consider the truncation map 7;, : R — R, m > 0, defined
by
m for r > m,
Tu(r)=<r for |r| < m,
—m forr < —m.

Due to dominated convergence, it holds that T,,g — g for m — oo in L' (Q).
Further, we assign to every f € L'(Q) a sequence (f™"),,,, C L*(Q), given by

fm,n — Tm(f+) _ Tn(ff) form,n € N,

where " — f+— f~ = fin L'(Q) for m,n — c. Moreover, since f"™" € L*(Q),
there exists for all m, n € N a solution u™" of

W™ Ay 4 p S fm,n with »™" ¢ Bum,n’

with " = L1 (Q)-limy , o1} and 6™ = w-L=(Q)-limy o By, (i},
In order to prove their strong convergence in L!(Q), we check the sequences (f™") .1,
(" )mn and (By y(u5",))mn for monotonicity and boundedness in L'(Q). For this

purpose let m > m > 0 and n be fixed. Apparently, it holds that 7,,,(f) > T;(f ) and
thus

P =Ta(f) = Ta(f ) 2 Ta(f ) = T(f ) = £
For the monotonicity of (u?ﬁ)mn, consider the approximative equations
Ay + By (uhy) 3 /™ and
W+ Ay + By () S
Then, by virtue of the T-accretivity of A+ B ,,, we have

N =yl < ™ = )l =0

m,n m,n .
and hence Uy > Uy ae. in Q.

m,n

Thus, the monotonicity of B ,, implies immediatly B;L)v(u;L":'\i) > Bj y(u),) ae. on Q.
Since the passage to the weak*-limit in L*(Q) for A, v — 0 is order-preserving, we
obtain ™" > b™"_In exactly the same way one proves that " < ™/, uZ’: < uZ’:

and ™" < ™" for n > i1 > 0 and m fixed.
Further, applying the result from step 2 to the present case yields

a5 Sl < 1™l and [[By ()1 < 7™
which lead to
= tim [l <A1 and

6™y <timinf (1B (50 1 < [1£1l,

12



because of ™" — |f], u'}fc — u™" and Blv(u;“‘f) — p™"in LN(Q).
Hence, monotone convergence yields the following convergence behavior in L' (Q):
W™t IS 0 e LYQ)
P IS B S b e LN(Q).
Since A and B are both m-accretive and therefore closed in L' (Q), we obtain b € Bu
and consequently the desired result f —u —b € Au.
Additionally, O-T-accretivity of A implies T-accretivity of A + B, since B is also 0-
T-accretive and hence also the sum. Moreover, if B ~ f is single-valued, it follows
immediately by the monotonicity of 3, that B is s-T-accretive and therefore A + B is
T-accretive. O

Theorem 2 Under the assumptions on Q and A of Theorem 1 and if j € _Zo(Q2) satis-
fying the integrability condition j(-,r) € L' (Q) for all r € R, then the same conclusions
as in Theorem 1 hold.

Proof.

The proof goes along the same lines as the proof of Theorem 1, with the exception that,
in the x - dependent case, we do no longer get the estimate

| By (upv) Ip<|l f || forall 1 < p <eo(see Step2) but only the estimate

| B,y (uz v) [1<|| f [|1 which is not sufficient to get weak convergence, say at least in
L', but only ( for a subsequence ) weak*-convergence in Mj,(Q), the space of bounded
Radon measures. Under the additional integrability condition j(-,r) € L!(Q) for all r €
R, however, in Step 3, weak convergence of (B, (u; y)); v in L' can be established
and we can conclude as in the x-independet case. ' ' O

Remark 2 It is clear that, combining the arguments of the two preceding proofs, a
corresponding perturbation result holds for subdifferential perturbations of the form
J=h+jpwith j1 € 2, jo € Zo(Q) s.t. the integrability condition is satisfied.

As we have mentioned in the introduction the sum of m-accretive operators A + B
is not necessarily m-accretive again. Hence, we introduce the concept of generalized
solutions.

Definition 1 Let A be an m-T-accretive operator in L' (Q) and B ~ 9 the induced
operator by the subdifferential d j in L' (Q) with j € _Zo(Q). Moreover, let f € L'(Q).
A function u € L' (Q) is called generalized solution for the equation

u+Au+Bu> f,
if for uy, := (I+A+B;)~' f we have

lim = in L' (Q).
A—0 “a v ( )

Theorem 3 For every f € L' (Q) there exists a generalized solution u € L' (Q) accord-
ing to Definiton 1. (see [3])

Note that the proof of the existence of a generalized solution in the case of a completely
accretive operator A [Théoreme 1.1, [26]], which is also T-accretive can be transfer to
the proof of Theorem 3.

13



Theorem 4 Let A be an m-0-T-accretive operator in L' (Q) and B ~ dj the induced
operator in L' (Q) by the subdifferential dj with j € _Zo(Q). Then, the operator
Aj= liin i(r)lfA + B, is an m-T-accretive extension of A+ B, i.e.,

—

A+BCA;.
Proof of Theorem 4 Note that it is sufficient to consider the case j € _#o(Q) with

Jjx,r)=0
forall » <0 a.e. in Q and the case j € _#p(Q) with

Jjlx,r)=0
forall » > 0 a.e. in Q. If

A+By CA;,
with By ~ dj, then we obtain
A+B=(A+By)+B CAj +B C(A).); -

Moreover, we have
Aj = (Aj+)j— = (Aj—)j+'

(see for a proof in [3], [26] and [27]). Consequently, we may consider without loss of
generality a function j € _#o(Q2) with

jlx,r)=0
forall r <0a.e. in Q. Let (u, f) € L' (Q) x L' (Q) be a pair s.t.
u+Au+w> f, ©))

where w € Bu. For m € N we define the function

e r) = /'inf(m, (9)°(x,s))ds
0
a.e. in Q and for all r € R. We obtain j” € #,(Q) and
™ (x,r) =dj(x,r) Am
a.e. in Q and for all r € R. According to (9) we have

u+Au+wAms f+wAm—w) (10)

with w(x) Am € dj™(x,u(x)) a.e. in Q. In the following we denote with B" ~ d j™ the
induced operator in L!(Q) by the subdifferential dj”. Due to the fact that j”(-,r) €
L'(Q) for all r € R, according to Theorem 2 there exists a unique solution u,, for

U + AU +Wiy D f (11D
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with wy,, € B"u,,. The combination of (10), (11) and the accretivity of A + B" yields
| u—tm [ @) < f = (FHwAm—w) [y =llwAm—w {1 q—0
as m — oo, Consequently we have
Uy —> U
in L!(Q) as m — co. Thus, we obtain
A-+B CliminfA+B™.
m—yeo
Now, we are going to verify that

A+B" =liminf A+ B}
A0

with B} ~ d(j,)™. For this, we consider for A > 2. >0, m € N the solutions ', s of

4 A+ ()" (i) > f
i +Aug +9(j3)" (. uz) 3 f
Since A + 9(j; )™ is T-accretive, we obtain for A > A >0
uy > ug
a.e. in Q. Moreover, we have for all A > 0
I @) <Il flliq) -
For A | 0 the monotone convergence theorem yields
uy Lu™ (12)
a.e. in Q and in L' (Q). Furthermore, we have for all 2 > 0 and for all m € N
190)" Coud) M@y <N f Il -
Due to the fact that
9(ja)" (x,r) =dja(x,r) Am<m
a.e. in Q and for all r € R, we obtain for all A > 0
A(ja)" (- uf) <m

a.e. in Q. According to the theorem of Dunford-Pettis and the theorem of Banach-
Alaoglu-Bourbaki there exists a subsequence such that for A | 0

A(j)"(,uy) — b™ in L' (Q) and
d(ja)" (- uy) =« b™ in L7(Q). (13)

Now, we are going to prove that for m € N

b" € dj" (- u™)
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a.e. in Q. For this purpose let £ C Q be an arbitrary and measurable subset. Then, we
have for all Ag > A > 0 and for all r € R

LG = [ ) () +9(72)" (] () (= ()
> [ )" ot () + 00) " i ) (r =), (14)
where we use the fact that for all 4 > 1 >0
9 jag(x,5) < 9 (x,5)

a.e. in Q and for all s € R.
Moreover, the function (j; )™ : Q X R — [0, c] satisfies the Carathéodory condition.
Hence, we have for A | 0

(Jag)™ (s u) = (fag)™ (™)
a.e. in Q. Due to the fact that
aj?t ()C,S) > 0
foralls >0andfor g >A >0
u’/{’{) > uy
a.e. in © we obtain
(Jag)" (ouy) < (fag)™ (- uy,)

a.e. in Q.
For A | 0 Lebesgue’s dominated convergence theorem immediately yields

(Jag)" Cou) = (iag)™ (™) (15)
in L!(Q). For A | 0 we obtain
dja(x,5) Am 1 (9))° (x, ) Am
a.e. in Q and for all s € R. Furthermore, we have for ) > A >0
(Jag)™ (x,r) < (ja)" (x,r) < j™(x,7)

a.e. in Q and for all r € R.
For A | 0 the monotone convergence theorem yields

()" (e r) = j" (x,7)

a.e. in Q and for all r € R. According to (12) and (13) we obtain for A | 0 in (14)

/Ejm(x, r)> /Ig(jlo)m(x, u™ (x)) + 0" (x)(r —u™(x))

for all r € R. For Ay | 0 we obtain again with the monotone convergence theorem

/Ej'"(x,r) Z/Ej’"(x,u’"(x))+b’"(X)(V*M"’(X))
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for all » € R. Consequently, we obtain

" edj"(-,u™)
a.e. in Q. Since A is 0-T-accretive we have for all (v,w) € A
| =g =30 () =w) = 0
for all A > 0, where
Ky, = signd (uf —v).
Now, we are going to prove that
f—u"=b" € Au".

For this purpose we are going to prove that for an arbitrarily chosen couple (v,w) € A
there exists a function k € L*(Q) with k € sign™ (u™ —v) such that for A | 0

|t =g =a0" ) =w = [ k(—uwm—pm—w). a6)

According to the theorem of Banach-Alaoglu-Bourbaki there exists a subsequence
s.t. forA [0

Ky —x K
in L= (Q) with k € sign™ (u™ —v).
In order to prove (16), we decompose Q in the following way:
1)Q ={xeQ:u"(x) >v(x)}
For A | 0 we have ' | u™. Thus, we obtain
uy (x) > u™(x) > v(x)

in Q). Due to the fact that k; = sign] (uf —v) we have k) (x) = 1 a.e. in Q. Addi-
tionally, k € sign™ (u™ —v), i.e., K(x) =1 a.e. in Q; s.t.

Ky — K
in L*(Q,) for A | 0. The combination of
=i =a0)" () —w = f—u" = b" —w
in L!(Q) for A | 0 and
K), — K

in L*(Q,) for A | 0 yields

(ka, f—ug = ()" (uy) = w)i=,).01 (@) —>/Q K(f—u"=b"—w)= A f—u"=b"—w
1 Va4
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for A J 0.

2) Q0 ={xeQ:u"(x) <v(x)}
Due to the fact that for A | 0 we have ' | u™, for x € Q, there exists an index N(x) € N
s.t. forall 0 < A < Ay

u™(x) < uf (x) < v(x).
As aresult of k) = signg (u v —v) and k € sign™ (" —v) we obtain for 0 < A < AN
11, (x) — ()| = 0
and consequently for A | 0
K2 (x) = K (x)
a.e. in ;. Moreover, we have for A | 0
f=ug =00)" () —w— f—u" =" —w
in L' (Q) and for all A > 0
|f = ui = 90a)" Gl < | fI+ |h 4 m

a.e. in Q, where h € L' (Q).
Thus, we obtain for A | 0

0= [ ks =it =00t =) = [ x(F =) =0,

3) Q3 ={xeQ:u"(x) =v(x)}.
We decompose the set Q3 in the following way:

a) Q3 = {x € Q:uf (x) > u™(x) = v(x) YA > 0}
und
b) Q3 ={x€Q:3IN(x) € Ns.d. uy (x) = u"(x) = v(x) VO < A < Ay(y}-

a) On the set Q3 we have & (x) = 1 a.e. in Q3. Going along the same lines as in 1.) we
obtain for A | 0

|l =)~ [ b w) = [,
Q3 Q3 Q3

b) Forall 0 < A < Ay(y) we have the pointwise convergence

. m m . m m 2’ 0 . m -m m
A(j)" (1 (x) = D (2)" (e, (1)) 5 () (" (1)) Am = 9" (x,u" (x))
a.e. in Q3. Furthermore, we have for all 0 < 1 < XN(X)

1902)" (i) = 190a)" (- u™)| <m
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a.e. in Q3. The dominated convergence theorem of Lebesgue implies immediately the
strong convergence of d(j )" (+,uy) in L'(Q3) s.t. for A | 0 we have

()" (uz) = b

in L!(Q3). As a result of this we obtain for A | 0

/fhmf—ua"—am'"(»uz’)—w)ﬁ k(=" = —w).

Q3

Consequently, the cases 1.), 2.) and 3.) imply the T-accretivity of the operator A U
{(™,f —u™—b")} s.t. we obtain with the m-accretivity of A the desired result f —
u™ —b" € Au™. All in all, we have shown that

A+B" =liminf A + B
A0

Furthermore, we have
u=I+A+B) " 'f=lim(I+A+B")"'f
m—yoo
1 : my\—1
_”111_1}301)3?(}(1-1—144—3&) f

— inf inf(J4+A+B™)"!
Jnf, nfU+A+B7) S

= inf inf (I+A+B7")"!
/1>0meN< +A+BY) f

=limlim (I+A+B")"!
lim lim (I+A+5B7)"f

=lim(I+A+B;)"!
}31101( +A+B,) f

=(I+A)7'f

Hence, we obtain

A+BCA;.

4 Necessity of conditions
In order to justify the necessity of the maximum principle in the preceding theorem,
the following example demonstrates that there actually exist m-T-accretive operators,

not satisfying (M), for which the conclusion of Theorem 1 fails to hold.

Example 2: Let Q = (0, 1) and consider the operator A in L' (0, 1), defined by

A{(kle/;c,m< k21ﬁ>)|/01fk,kem,m>o}.

Then A is m-0-T-accretive but does not verify the maximum principle.
In order to prove these assertions, let (u,v), (4,7) € A and k € sign (u — ). Since
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u > 1 iff k > k, it holds that {x € (0,1) | u(x) > @i(x)} = (0,1) and hence we obtain

[ o1 o 155) #155)
_m/f m/z / +mk/ 2%

= mk — mk[ ]—karmk[ ]

Moreover, since by definition (( [, f )2 o —(Jo f ) ) € A, the equation u+Au > f

admits for every f € L'(0,1) the solution u = ( f ) =~ € D(A). Thus, A is m-0-T-
accretive.

In order to demonstrate that A does not satisfy the maximum principle (M), we give a
trivial counterexample:

Ifm:k:landf( ) =1 for a.e. x € (0,1), then we obtain (z\f’f 2\[)

JAf= 2\[ and in consequence [|J7 fleo = sup,(q 1) |2ﬁ| > 1 =||f]le-
Furthermore, consider the monotone graph 8 in R, given by B(r) = r|r| for r € R, and
its realization B ~ f3 in L'(0,1)

€A,

B={(u,v) | u,veL'(0,1), v(x) = u(x) |u(x)| for a.e. x € (0,1)}.

As already mentioned in the preliminaries, it is well-known that the realization of a
monotone graph in L!(0,1) is m-0-T-accretive. Hence, also the sum A + B is 0-T-
accretive.

But A + B is not m-0-T-accretive. To see this, let g € L'(0,1). Since D(A)ND(B) =
{0}, the inclusion u+ Au+ Bu > g admits only the solution u = 0 which implies mf > g
with m > 0 and fol f =0. Thus, the inclusion is only solvable for those g € L'(0,1)
which also satisfy fol g = 0 and therefore the range condition R(/+A + B) = L'(0,1)
is not fulfilled.

With regard to the previous example, there arises the question which of the condi-
tions in Theorem 1 are really indispensable for its conclusion and whether they can be
substituted by other reasonable constraints.

As a first result, we claim that the maximum principle (Mp) can be replaced by a simple
restriction on the domain of the pertubation operator B ~ dj.

Proposition 1 The requirement (My) in Theorem 1 can be substituted by the condition
that D(A) C D(B).

Proof. Indeed, (My) is used in step 2 to prove the boundedness and in the following
the convergence of the sequences (u )3y and (B ,(u3y))a,v- But, as we will see
below, the boundedness in L' () as well as the convergence of (i ), are just direct
consequences of the accretivity of A.

Let f € L*(Q). Since 0 € A0 and f — By \(u; ) —uy vy € Auy, , there is a Ky, , €
sign(uy, ) such that '

/Q Kl,v(f_BLv(”)L,v) _ul,v) > 0.

Due to the monotonicity of By, ,, we have k3 B;, , (3 ) = |Bj, v (13, )| and hence we
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obtain the boundedness of (uy )2y and (Bj (3 v)) v in L' (Q) by

1B )+ = [ Basn)l+ [ o]
:/ K)L.,VBA,V(M},,V)—F/ Ky vUp v
Q Q
< [ knf < [ 11= 1110
JQ JQ

Thus, in virtue of the monotone behavior of (u, ), . the monotone convergence the-

orem yields

A .
Up.y A0, Uy YO0y ing! (Q).

In contrast, the verification of the weak convergence of (B y (13 y))2.y in L' (Q) with-
out (M) will indeed require the new condition D(A) C D(B). For this purpose we
compare the solution u, ,, of

uyy +Aul,v +B)L,v(”l,v) > f
with the solutions v and w of
v+AVD —f" and wH+AwS fT.

In order to show that v < Uy <w holds a.e. on Q, we consider the approximate
perturbed inclusions

Vao.v +AVA,V +BA,V(V)L,V) >—f" and Wy +AW)L,V "’B)L,V(Wl,v) > f+-

Since A+B A is T-accretive, we obtain on the one hand

1ay =) e <M= =A== h =0,

on the other hand

lay =wa) I <N =FD) T =11(=f)"h=0

and in consequence vy , < uy , < wy y a.e. on L.

Moreover, observe that since 0 € A0 and B 2.v(0) =0, uy , =0is an admissible solution
for uy, y +Auy \, + By v(uy ) 0. Applying this to the result above, yields vy , <
0 <wy y ae. on Q which implies By (v y) <0 < By ,(wy ). Now, due to the T-
accretivity of A, we are able to compare the solutions v and w with vy,v and wy y, that
is,

[ =van) " < I(=f" = (=f =Bay () i = |(Bay(iy) "Il =0
and
[way =w) e < I =Bayway) =)l = [(=Bay(way) i =0.

As a result of this, we obtain v < v, ,, <0 <w , <w and hence finally the desired
inequality v < uy , < w a.e. on Q. Along with the monotonicity of By , and v, w €
D(A) C D(B), this leads to

0> Bl,v(ul,v) > By (v) =By(v) duio BO(V) and
0 < By y(uzy) < Biy(w) =Ba(w) a0 B (w).
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Since v, w € D(B) C L'(Q) there exist g, h € L'(Q) such that g € Bv and h € Bw
and consequently by definition ||[B°(v)|; < [|g|l1 < e and [|B®(w)||1 < ||A|l1 < oo, the
sequence (By y(u3.y))a.v is enclosed by the L'-functions B°(v) and B°(w). Thus, the
theorem of Dunford-Pettis implies the weak relative compactness of (Bj , (13 )3,y in
L'(Q) and we obtain with the simplified notation

MOy —by—w inL'(Q).

i uyy *Bl,v(“k,v) -w
In exactly the same way as in the primary proof follows f —uy — by € Auy and f —u —
b € Au. O

Remark 3 We present now a particular case of the preceding proposition. If we re-
place the maximum principle (My) by a specific linear growth restriction on the sub-
differential pertubation term, that is,

3C>0 |B°%r)|<C(1+|r]) VreR, (Wo)

then the requirement D(A) C D(B) is trivially fulfilled. Indeed, since (Wy) implies
BO(u) € LY(Q) for all u € L(Q), it holds that B°(u) € Bu for every u € L'(Q) and in
consequence D(B) = L' (Q) D D(A).

The second result in our discussion is that the measure space (Q,X, 1) does not
have to be necessarily finite if the m-T-accretive operator A satisfies a certain sort of
closedness condition.

Proposition 2 Let (Q,X, 1) be an arbitrary o-finite measure space. Then Theorem 1
holds if the operator A is additionally closed in the following sense:

(un,vn) € AN(L™(Q) x L7(Q)),
(t4n)n, (V) are bounded in L*(Q),
Up — win LY (Q) for n — oo, = (u,v) €A. (Co)
Vi = vin L*(Q) for n — oo,
(u,v) € L'I"™(Q) x L'"*(Q)

Proof. The first problem we are confronted with, is that the inclusion L=(Q) C L' (Q)
does not have to hold for a possibly infinite measure space Q2. However, we can simply
replace L*(Q) by the Banach space L'™*(Q) and thus the problem

Up.v JrA”)L,v JFB?L,V(”A,V) > f

admits in particular for every f € L'"(Q) C L!(Q) a solution u, , € L'"™(Q).

We are going to show that f —uy , —B; ,(uy ) € Auy, ,, implies f —u —b € Au with
b € Bu and using (C) instead of |Q| < co.

Since L'™(Q) is a subspace of LP(Q) for p = 1, 2, o0, we obtain in almost the same
way as in the proof of Theorem 1 for every f € L'"*(Q) the estimates

luayllp <IN, and |[Biy(uay)llp <|Ifll, forp=1,2,ece.

Thus, the monotone convergence theorem and the Holder inequality yield again the
convergence of (u ,); , as follows:

wy 2%y Y% 4 in LY(Q) and L2(Q).
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Moreover, according to the theorem of Banach-Alaoglu, (uy, )3 v also converges weakly*
in L=(Q), that is,
Uy /l—\w* Uy @* u inL7(Q).
Furthermore, the theorem of Eberlein-Smulyan, resp. of Banach-Alaoglu, yields
the weak convergence in L%(Q), resp. the weak*-convergence in L(Q), of (Bj, , (u Av))Avs
ie.,
Bay(uiy) "0y b in13(),

as well as

Bay(y) ™ by ™ b inL2(Q).

Since we have just shown that

210 0 . oo
f—upy—Bjv(upy) N fmu b, ™ fmu—b inL7(Q),

the sequence (uy ,,f —uyy — By v(upv))s,y €A complies with the requirements of
the closedness criterion (Cp) which implies f — u, — by € Au,. In an analogous man-
ner one applies (Cop) to deduce f —u —b € Au.

Using the weak-L?(Q)- and weak*-L*()-convergence of (Bj v(uy,y))a,v» We obtain
b € Bu in exactly the same way as in Theorem 1.

The remaining step, the transition from L!™(Q) to L'(Q), proceeds almost like the
transition from L*(Q) to L' (Q) in the primary proof.

To prove this, let f € L' (Q). Since the approximative sequence ( f") nex = (T (f 1) —
T.(f~))mnen is part of L' (Q), the problem

W Ay 4 P S fm7n

admits therefore the solution " = w*-L*(Q)-1lim,, u}"ﬁ where

b = W*'Lm(Q)'limx,v—mBk,v(“T:b € Bu™".

Due to the monotone convergence, we obtain similarly u”" — u in L' (Q) for m,n — co.
But, in contrast to the primary proof, we can not apply the monotone convergence
theorem to (b™"),, , since in this case it is not generally bounded in L!(Q). However,
in order to prove f —u — b € Au, we can make use of the new condition (Cyp) again.
First of all, note that («™"),,, and (f™" —u™" — b"™"),, , are bounded sequences in

L>(Q) because of
4"l < Timin 467 o < 17" o < v

157" o < i By (15 ) oo < ™ o < [l

In addition, the theorem of Banach-Alaoglu implies the weak*-convergence
fm,n e m—ee fn Wt — bt n—ee f—u—b in L= (.Q.)

and thus (Cp) immediatly yields the desired result f —u —b € Au.
It only remains to show that " € Bu" and b € Bu. For this purpose consider b™" €
Bu™", or more precisely, b™"(x) € dj(u™"(x)) for a.e. x € Q. Thus, we have by
definition

J@) = j™"(x)+ ™" (x)(z—u™"(x)) forall z € R.
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Now, let £ C Q be an arbitrary measurable set and yz € L (Q) its characteristic func-
tion. Then

Li@eac= [ jarmdss [0 @e-w @)zeds. a7)
Q JQ Q

Since b™" —, b" in L=(Q) and u™" — " in L'(Q) for m — oo, we obtain also the
convergence

/Eb"“"(x)(z—u'"’"(X))dxm/Ebn(x)(z_”n(x))dx'

Moreover, due to the fact that the mapping j € _# is nonnegative and lower-semicontinuous,
the lemma of Fatou implies

liminf .j(um’"(x))dx > [ liminf j(u™"(x))dx > /E](u”(x))dx

m—oo g E m—oo

Applying this to our integral inequality (17) for m — oo, leads to

Li@ac= [ et [ 56— 0)ds

E E E

for all measurable sets E C Q and consequently we have a.e. on Q
Jj@) = j*(x)+b"(x)(z—u"(x)) forallz€R.

Thus, we obtain by definition 4" (x) € dj(u"(x)) a.e on Q and hence b" € Bu".
To complete the proof one concludes b € Bu in exactly the same way. O

Remark 4 Note that in the case Q = RY the operator

A= {(u,v) € L'™™(Q) x L'™(Q) s u € Wy P (Q), v=—(A,(u) +div F(u)) in D'(Q)},

2
where F : R — RY is locally LIPSCHITZ continuous with |F (r)| < C|r|? forall r € R
and a constant C > 0 satisfies the condition (Cy).

S Application to nonlinear diffusion-convection prob-
lem with absorption

We consider a bounded LIPSCHITZ domain Q C RN with N > 1. Furthermore, let 1 <
p < oo. We study the following nonlinear diffusion-convection problem with absorption

EGj.f) {”AM —div F(u)+9j(-,u) 3 fin Q,

U0 =0,

where f € L'(Q). The function F : R — R is locally LIPSCHITZ-continuous, i.e.,
for all M > 0 there exists a constant L(M) > 0 s.t. for all ,7 € R with || < M and
|?| <M we have

|[F(r) = F(F)] < L(M)]|r —7].
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Moreover, let j € _#o(Q) which satisfies the integrability condition j(-,r) € L(Q) for
all r € R. We define the operator

Ag = {(u,v) € L(Q) x L™(Q) : u € W, P (Q), v = —(Ap(u) +div F (1)) in D'(Q)}
which is the associated operator of
u— —Ap(u) —div F(u).
in L=(Q).
Proposition 3 The operator Ay is O-T-accretive in L' (Q) and satisfies the condition
R(I+AAg) =L7(Q)
Sorall A > 0.

(@)

|
Corollary 1 The operator A := A" Y is m-T- accretive in L! (Q).

Later, we verifiy the m-0-T-accretivity of the operator A. According to Theorem 4
we obtain that the solution of

u+Au+Bu> f

is also a unique generalized solution. For this purpose we introduce first the concept
of entropy solutions and later the concept of renormalized solutions. It is well known
that A can be characterized by means of entropy solution equivalently renormalized
solution. (see [6] and [22])

Recall that a measurable function u : Q — R is called entropy solution for £ U, ),
if there exists a function w € L!(Q) with

w(x) € dj(x,u(x))
a.e. in Qs.t.
i) Ti(u) € WP (Q) for all k > 0 and
ii) forall @ € D(Q) and forall k >0

/uTk(u—fp)JrIVuI”’zVu VTi(u— @)+ F(u) VTk(u—fp)erTk(u—fp)S/ka(u—w)
Q Q

respectively a measurable function u : Q — R is called renormalized solution for
E(j,f).if
i) ue L' (Q) and T (u) € W, 7 (Q) for all k > 0.

ii) For k — oo we have

/ [Vul? =0
{k<|u|<k+h}

for all & > 0.
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iii) For all h € C!(R) and for all & € C°(Q) we have
/ h(u)é 4 (|VulP2Vu+F (u +/wh )€ = /fh

with a function w € L' (Q) and w(x) € 9 j(x,u(x)) a.e. in Q.

It is well known that the notions coincide.
With the concept of renormalized solutions we obtain the following comparison
principle s.t. we are able to verify the m-0-T-accretivity of the operator A.

Theorem 5 Let u, ii be renormalized solutions of E(j, f) and E(j, f) with f, f € L'(Q).
Then, we have

=iyt < [ signf (u=i(r =)
Q Jo
Sketch of proof. Consider
[+ (Va2 F)V )] = | fhiug 1s)
and
[ (@ + (v 2Va+F@)Vin@E) = | e 19)
for all & € C}(R) and for all & € C°(Q). In (18) using for k,I > 0
T;
&=L u—T@)"
and in (19) for k,I > 0
T;
&= (Tilw) —a)".
Consider for m > 0 the function h = h,, where h,, : R — R is defined by
My (r) :=min((m — |r[)*, 1).
Subtraction of (18) and (19) yields
Az,z +Bz,1 = Cllcl,lv
where
T T;
ALyi= [ uhlu) 3 k Hu—1@)"* ~ [ ah(d) (T )"
T;
kl'—/fh —(u—T)( /fh le()—“)

B’,z.l = [V Vut F@]VIG) = @)~ [ (Va2 F@)VG) (T - ),
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The limits [ — oo, k — 0T and m — oo yield with Lebesgue’s theorem
Al / u—i)",
b= [ =)
Bi,—0
and
Cly— [ (= Fosign (u—a).
Hence, we obtain

=< [ sign (w—a)* (£~ ).

(®)

g1
Corollary 2 The operator A = AOL is m-0-T-accretive in L' (Q).

Remark 5 Note that the preceding results also hold for functions j € _# of obstacle

type, e.g.
. +oo L|r|>1
r):=
Jir) {o Jr < 1.

Definition 2 Let j € _7o(Q) and f € L'(Q). A function u € L' (Q) is called general-
ized solution for E(j, f), if

lim uy, = u in L'(Q),
lim uy, =uin (Q)

(@)

gl
whereas uy := (I—I—A—|—Bx)’lfwithA:A0L and B ~ d].

Theorem 6 There exists a generalized solution for E(j, f).

The following theorem is a characterization of bounded generalized solutions for
E (j,f)- The characterization is motivated by the results in [9]. Note that in the case
F = 01in [28] bounded generalized solutions have been characterized in a similar way.
Due to the fact that for the characterization we have used some results of capacity
theory (see [17]) let us first introduce some further notations and recall some classical
results of capacity theory.
Given a set E C Q, ¢ ,(E) denotes the capacity of E with respect to the norm of
Wl*”(Q). Recall that, if O C Q is open, then

Cl,p(O) = lnf{” ¢ ||pwl‘p(9_): ® € W()LP(Q)?(P Z Xo a.e. Q}

It is well-known that any element u € WO1 7 (Q) admits a unique (in the sense of quasi-
everwhere (q.e.for short), i.e., unique up to a set of capacity 0) quasi-continuous repre-
sentative, i.e., a function i : Q — R such that u = i a.e. on Q and, for any € > 0, there
exists an open set O C Q with ¢; ,(O¢) < € and such that 4|0\0, is continuous. More-

over, given (i, )nen,u C WO1 P(Q) with u, — u in Wol’p (Q), there exists a subsequence
(ni)k such that i, — i q.e. Given j € _#(€2), we define

WP (Q)NL7(Q) — [0,]
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Note that ¢ is convex, L.s.c. on (WOI"’(Q)OL‘”(Q),max{H Ao || lleo}) with _#Z (0) =

0. Moreover, C := D( I ) e is a convex bilateral set, i.e., C is a closed convex subset
of Wol’p(Q) satisfying

uweC=uAwuVweC.

According to [1] there exist unique (in the sense g.e.) functions y_, ¥, which are quasi-
u.s.c. and quasi-l.s.c., respectively, such that

W“-Hl,p ={ueW,”(Q);y. <a<y qe. onQ}.

Moreover, v_(x) = inf,, &, (x) = lim, (inf <4<, ik (x)) q.e. x € Q (respectively the cor-
responding analogue for ;) for any || - ||; ,-dense sequence (u,), € D(_#). Recall
that the subdifferential 2 = d _¢ is the monotone operator 2 C (WOl P(Q)NL(Q)) x
(W17 (@) + (L(Q))°), given by

T € BusuecWy(Q)NL7(Q),T e W7 (Q)+ (L°(Q))",
I (W) > 7 (u)+ (T, w—u) for all w € W, ”(Q) NL"(Q),

where, here (-,-) denotes the duality between Wo1 P(Q)NL*(Q) and its dual. Finally,
given a bounded Radon measure u € .#, (L), we denote by p, and y the regular and
the singular part of u, respectively; 4™ and pu~ denotes the positive and the negative
part of the Jordan decomposition of p.

Theorem 7 Let j € _#)(Q), f € LY(Q) and u € L*(Q). Then, u is a generalized
solution for E(j, f), iff u € WOI P(Q) and there exists a bounded Radon measure |1 €
M, (Q) S.L.

u—Ap(u)—divF(u)+u=finD'(Q)
with iy (x) € 9 j(x,u(x)) + Iy (x) . (v (u(x)) a.e. in Q,

d=7v p, —ae inQandii="y, u —ae. inQ.

6 Related results

So far, we have studied a rather particular perturbation problem, namely the pertur-
bation of m-T-accretive operators by operators of subdifferential type in L!(Q). It is
also possible to achieve perturbation results for m-accretive operators in arbitrary Ba-
nach spaces X by providing more restrictions on the perturbation term. Consider for
example the following result about continuous perturbations, which has been proved
independently by Kobayashi [19] and Pierre [23] and generalizes a result of Barbu [2]:

Let A be m-accretive and F : D(A) — X be continuous such that A + F is
accretive. Then A 4 F is m-accretive.

In [8] this result has been extended to even multivalued perturbations:

Theorem 8 (Bothe) Let X be a real Banach space, A : D(A) C X — 2X\ 0 be m-
accretive and F : D(A) — 2% \ 0 be upper-semicontinuous with compact, convex values
such that A+ F is accretive. Then A+ F is m-accretive.
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Here, an operator F : D(F) C X — 2%\ 0 is called upper-semicontinuous (u.s.c. for
short) if F~1(B) := {x € D(F) | F(x) "B # 0} is closed in D(F), for all closed subsets
B C X. In the case of F being single-valued, upper-semicontinuity coincides with the
classical notion of continuity and hence Theorem 8 reduces to the result mentioned
above.

Certainly, we are particulary interested in the question whether Theorem 8§ will be
applicable to our case as well. In other words, does the realization B of a subdifferential
dj,j€ Ho,in L'(Q) comply with the requirements of Theorem 8?

First, note that since the monotone graph d j in R, possesses convex values and the con-
vexity carries over to L (Q), B also has convex values. But, B does not have compact
values in general, as shown in the following example.

Example 3: Consider the monotone graph

0 for [r| > 1
) (=0,0] forr=—1
pir)= 0 for |r| < 1

[0,00)  forr=1

and its realization B ~ f3 in L' (Q) for a finite measure space (Q,%, ). Then B is ob-
viously not bounded since Bu = L'(Q), for u = 1. Thus, although every B ~ 9 has
closed values, in this case, B does not possess compact and not even weakly compact
values.

Consequently, since subdifferential type perturbations in L! () do not have neces-
sarily compact values in general, our result in Theorem 1 is not just a particular case of
Theorem 8.

In Example 2 we already justified the necessity of the maximum principle (My)
in Theorem 1. With regard to Bothe’s result, it now remains to show that also the T-
accretivity of A is indispensable for the conclusion of Theorem 1. For this purpose
we would like to find an example of an m-accretive, but not T-accretive, operator A
in L' (Q) and a subdifferential operator B ~ @ with D(B) O D(A) such that A + B is
accretive but not m-accretive in L' (Q).
Unfortunately, we had difficulties not only to construct such an example but even to
find an accretive operator in L' (Q) which is not already T-accretive. Consequently, the
question arises whether there actually exist such operators in L' (Q). Since we could
not find an answer to this in the literature, it is necessary to concern ourselves with this
fundamental problem.

For this, we construct in the following example a linear single-valued accretive op-
erator in L' (Q) which satisfies the maximum principle (M) but fails to be T-accretive.

Example 4: Let Q = [0, 1] and consider the linear mapping defined by

S:L1([0,1]) = L'([0,1]), Su= —/01 u(x) dx.
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Then S is a contraction since

Isully = dy = < [ fuw) e = -
[ e as=| [Fua < |

However, S is not order-preserving and therefore not a T-contraction. In fact, for
u=—1we get Su=1and thus ||(Su)" [} =1>0=|ut|;.

Now, according to [5], the contraction S induces the linear single-valued s-accretive
operator A = I —Sin L'(]0, 1]).

In order to verify (M), note that every f € L'([0,1]) can be approximated by appro-
priate continuous functions to which we restrict ourselves in the following. Thus, also
u = J4 f is continuous for A > 0 and takes therefore its maximum on [0, 1]. That is,
there is a xo € [0, 1] such that either u(xp) = ||| OF u(xp) = —||ut||. Consider further
the equation

Fut AI=S)u=(1+1) u+7L/ x)dx ford > 0.
Since —||u|e < fol u(x) dx < ||u/|, we obtain in the first case

1
f(xo)=(1+7t)\|ullw+7t/0 u(x)dx > (1+2)[ulle — A |0
and in the second case
1
fxo) = —(1+7L)||u|\m+7t/0 u(x)dx < —(142)|[ul]oo + A f|ut] -

Hence
[ulloe < flx0) <[ flle 0or  —[lufleo = f(x0) = —[|flles

which yields in both cases the desired result ||u/|e < || f]]c-
It remains to prove that A, however, is not T-accretive.
For this purpose consider u € D(A) = L'([0,1]) and k € sign™ (u), defined by

1 for x € [0, 1) 1 forxe(0,1)
) = 02 = s
—10 forx e [5,1] 0 forxe[5,1].

Then we obtain

./(;IK(I_S)”_/ ( +/ dy)dx /(u(x)—l—/olu(y)dy)dx
—/ —4.5)dx=— /35dx<0

Consequently, the accretive operator A = I — S is not T-accretive in L' ([0, 1]).

Although the operator A in Example 4 is not T-accretive, its lack of order structure
can be compensated by its special structure A =/ — S and the fact that S is strongly
continuous, i.e. u, — u implies Su, — Su. Hence it will be impossible to find an
appropriate operator B ~ d j such that A 4+ B does not verify the range condition R(I +
A+B) =L'(]0,1]). In fact, similarly to Theorem 1, one can prove the m-accretivity of
A+ B via the convergence of the solutions of the regularized problem u, + (I — S)u; +
Bj uy > f, using the strong continuity of S.
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7 Open problems

In Theorem 7 we were able to characterize bounded generalized solutions of E(j, f).
It is an interesting question if there is a characterization of unbounded generalized
solutions, i.e. u € L' (Q).

Due to the fact that the p-Laplacian regularized the problem E(j, f) it would also be
interesting to study

EG.f) u+divF(u)+9dj(-,u) > fin Q,
g U =0,

where f € L1(Q), j € Zo(Q) and F : R — RY is a locally LIPSCHITZ-continuous
function. This equation will be studied in future work. Note that certain unilateral
problems for time-dependent conservation laws have already been considered in [21].
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