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Abstract. The finite element approximation on curved boundaries using parametric Raviart-
Thomas spaces is studied in the context of the mixed formulation of Poisson’s equation as a saddle-
point system. It is shown that optimal order convergence is retained on domains with piecewise
C**2 boundary for the parametric Raviart-Thomas space of degree k > 0 under the usual regularity
assumptions. This extends the analysis in [3] from the first-order system least squares formulation
to mixed approaches of saddle-point type. In addition, a detailed proof of the crucial estimate in
three dimensions is given which handles some complications not present in the two-dimensional case.
Moreover, the appropriate treatment of inhomogeneous flux boundary conditions is discussed. The
results are confirmed by computational results which also demonstrate that optimal order convergence
is not achieved, in general, if standard Raviart-Thomas elements are used instead of the parametric
spaces.
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1. Introduction. This paper continues our study of parametric Raviart-Thomas
finite elements for domains with curved boundaries which were studied in [3] in the
context of first-order system least squares methods. Parametric Raviart-Thomas ele-
ments are defined on the basis of the continuous piecewise polynomial mapping known
from the isoparametric finite element framework. In the context of mixed variational
formulations posed in H(div, §2), they allow a more accurate resolution of flux bound-
ary conditions posed on curved boundary surfaces or curves. The purpose of this paper
is to provide a convergence analysis of parametric Raviart-Thomas finite elements on
curved domains in the context of the mixed formulation of Poisson’s equation. In
particular, it will be shown that under sufficient regularity assumptions, the optimal
order of convergence is retained on curved domains if a parametric version of Raviart-
Thomas elements based on a polynomial mapping is used near the boundary. In
the lowest-order case, this result establishes optimal order convergence if a piecewise
C? boundary is interpolated by a polyhedral surface or polygonal curve and the flux
boundary conditions are appropriately prescribed on that boundary approximation.
Of course, the basis for parametric edge- and face-based elements are the well-known
transformation rules with respect to coordinate changes (see, e.g. [17, Sect. 3.9], [6,
Sect. 2.1.3]). We will also implicitly make use of connections to exact sequences of
parametric edge- and face-based finite element spaces (see e.g. [16]). The framework
for the implementation of parametric Raviart-Thomas elements provided in [18] is also
related to our work although their focus is on the case of a piecewise affine mapping.

The convergence analysis relies crucially on an estimate for the discrepancy of
the normal flux associated with the parametric Raviart-Thomas spaces on the curved
boundary if it is set to zero on its piecewise polynomial approximation. This esti-
mate was already proved in [3] for the two-dimensional situation (and even earlier in
[4] for the lowest-order case) and is extended here to three dimensions where some
additional complications occur. Additionally, the treatment of inhomogeneous flux
boundary conditions will be addressed based on a suitable interpolation operator for
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the parametric Raviart-Thomas space. This issue should also be of much interest
in the context of reconstruction of fluxes or stresses in Raviart-Thomas spaces in
the presence of curved boundaries. To this end, the mapping techniques suggested
here can be combined with the popular reconstruction or equilibration approaches (cf.
[8, 13, 14, 10] and references therein). Due to the lack of optimal order approxima-
tion if standard Raviart-Thomas elements (of degree higher than 0) are used instead
of the parametric ones, the efficiency of a posteriori error estimators based on such
reconstructions is also expected to be deficient.

Clearly, the applicability of parametric Raviart-Thomas spaces is not restricted
to Poisson’s equation but can be adopted in a straightforward way, e.g., to stress-
based mixed methods in elasticity (cf. [6, Chp. 9]). Another important application
field is the area of interface problems where curved surfaces arise in a natural way. A
promising approach which works in the isoparametric framework for the primal for-
mulation and performs local modifications in the vicinity of the interface was recently
studied in [11] and may be worthwhile to pursue in the dual framework with para-
metric Raviart-Thomas elements. The definition of the parametric Raviart-Thomas
elements carries over to other simplicial H (div)-conforming spaces like those studied
in [6, Sect. 2.3]. For example, for the Brezzi-Douglas-Marini elements BDMy, k > 1,
being a subset of the Raviart-Thomas space RT}, a similar estimate for the normal
flux on the curved boundary also holds true. On the other hand, Theorem 5 does not
hold if RT}, is replaced by BDMj, since the required approximation order for div u is
not valid in the polygonal case. We restrict our attention to the RT elements since
our focus lies on the optimal-order convergence in H(div) which can be achieved with
fewer degrees of freedom than for BDM elements. Parametric H (curl)-conforming
finite elements may also be examined using the covariant mapping instead of the con-
travariant one (cf. [6, Sect. 2.1.3], [16], [17, Sect. 3.9]) but the details will be different
from our approach, particularly for higher order elements. We also restrict ourselves
to simplicial elements since the quadrilateral case is more complicated even without
a higher-order parametric mapping (cf. [2]).

In the next section, the parametric Raviart-Thomas finite element spaces needed
to approximate fluxes in H(div, Q) with sufficient accuracy will be introduced and its
properties, in particular, in connection to mixed methods of saddle-point type will
be studied. Section 3 contains an estimate for the normal flux associated with para-
metric Raviart-Thomas elements on interpolated boundaries which will be crucial for
our convergence results. All of this will be described for the three-dimensional case
in contrast to the presentation in [3] where a two-dimensional setting was assumed
for simplicity. An interpolation operator for parametric finite element spaces will be
introduced in Section 4 before all of this is put together to prove optimal order conver-
gence of the saddle-point type mixed method using the parametric Raviart-Thomas
spaces in Section 5. The practical issue of handling inhomogeneous flux boundary
conditions is treated in Section 6. Finally, computational results illustrating our the-
oretical findings and demonstrating the necessity of using the parametric variant of
the elements are presented.

2. Parametric Raviart-Thomas finite element spaces. Throughout this
paper,  C R? (d = 2,3) will be a bounded domain with Lipschitz continuous and
piecewise C**2 boundary I' = 99 for k > 0. Optimal order approximation with
respect to H(div, ) is achieved by Raviart-Thomas finite elements on domains with
polygonal or polyhedral boundary (see, e.g. [6, Sect. 2.5]). On curved domains,
however, this is only true for the lowest-order elements and already fails to hold in
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the next-to-lowest-order case. This is similar to the situation with continuous finite
elements for H'(Q) approximations where the isoparametric setting is needed if the
polynomial degree exceeds one. The same piecewise polynomial approximation of the
boundary will be used to define suitable parametric versions of the Raviart-Thomas
finite element spaces which retain the optimal order of approximation in the higher-
order case.

To this end, €2 is approximated by a domain {2, which is the image of a polygonal
or polyhedral reference domain {2, under a piecewise polynomial mapping of degree
k + 1. In the lowest-order case, 2, = 2, and the standard finite element approach is
recovered. Associated with 2, is a triangulation 7}, consisting of elements which are
the image of straight triangles or tetrahedra under a polynomial mapping of degree
k + 1. The boundaries of 2;, and Qh will be denoted by I'y, and Fh, respectively.
Related to the triangulation T, of ) are triangulations 771 and ’77I of Q and Qh,
respectively, which have all the vertices in common. For the finite element space Vi,
defined with respect to 7, the polynomial function v, € Vj may be extended to
T € 7Ty, by using its polynomial representation on the corresponding element T" € Tp,.
However, Vj, ¢ Hr(div,Q) (which denotes the subspace of H(div,2) with vanishing
trace of n - v on I'), in general, since n - v;, does not vanish on T' for v, € V.
Instead, the condition ny - v, = 0 on I'y, is imposed on the space Vy, where ny, is the
outward normal with respect to I'y. It is necessary to keep track of the effect that
this inexactness of the boundary condition has on the overall accuracy of our finite
element approximation. N

For the sake of simplicity, the assumption is made that the triangulation 7}, of Q
is such that each boundary side (edge or face, respectively, in two or three dimensions)
of elements in 7}, is completely contained in one of the g’”i patches of I'. Moreover,
we restrict ourselves to the situation that each element 7' € 7}, has at most one curved
side. This assumption is also reasonable from a practical point of view and can always
be achieved by an additional refinement step. N

The piecewise polynomial mapping of degree k + 1 from Qp to (2, is denoted by
F}, and coincides with the one used in the isoparametric finite element framework (see
e.g. [7, Sect. 10.4]). For k > 0, the piecewise polynomial mapping F}, differs from
the identity map only on triangles adjacent to curved boundary edges. Under our
assumptions on the smoothness of I', the distance between I'y, = F},(T'y) and T' = 02
is of the order h**2 (see [7, Sect. 4.7]). Moreover, the Jacobian Jr, of the mapping
F}, satisfies |\Jph\|W§o+1@h) < C with a constant C' which is independent of h. For
sufficiently small h, the mapping Fj, is invertible and ||J ;;HW;H(Q}L) < C holds for
the associated Jacobian (cf. [7, Sect. 4.7], [15]).

The standard Raviart-Thomas space of degree k > 0 with respect to the triangu-
lation 7j of a polyhedrally bounded domain €2, is given by

R R Pr(X) I
(1) Vﬁ = {Vh S H(diV, Qh) : Vh|f = qk(ﬁ) + | 22 Sk(ﬁ)}
T}c(i) i‘g

with polynomials py, qx, rr and si of degree k. Based on this, the parametric Raviart-
Thomas space is defined as

1

(2)  Vi={vi: =R :vi(x) = det Jp, (%)

Jp, (X)V5(X) with v, € VE}

with x = Fj,(X) where V,’i denotes the standard Raviart-Thomas finite element space.
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It is worth mentioning that the transformation in (2) is in fact the contravariant Piola
mapping for the transformation of vector fields (see e.g. [18], [6, Sect. 2.1.3]). We
also introduce the subspaces

(3) \Afﬁyoz{vhE\A/Z:ﬁh-thoonfh},
Vﬁﬁoz{vh EVFi:in, v, =00nT}}.

This is motivated by the fact that \7270 C Hg, (div, Q) ensures Vi o C Hp, (div, Q)
(see [6, Sect. 2.1.3]). More precisely, (2) leads to

(4) (div v3,) (F (X)) (div ¥4)(X) for all X € Q,

= det Jp, (X)

(where div denotes differentiation with respect to X) and that n, - v, = 0 on fh is
equivalent to ny, - vy, = 0 on I'j,. Of course, VO = \A/'?l holds in the lowest-order case.
As approximation space for the pressure, the standard space of piecewise, possibly
discontinuous, polynomials of degree k, combined with the parametric mapping,

(5) Sk ={Gno F;;": Qn — R®: Gu|, polynomial of degree k} ,

is used which may be regarded as a subspace of L2(€), L2(Qp,) or L2(1).

Concerning the implementation of parametric Raviart-Thomas elements, some
remarks seem to be appropriate at this point. The usual way for setting up the vari-
ational problem in the discrete spaces consists in the use of quadrature rules which
are exact for all polynomials of a certain degree on the individual elements. For stan-
dard isoparametric finite elements that degree of exactness is then inherited simply
by appropriately mapping the quadrature points. This is not possible, however, for
the parametric Raviart-Thomas elements since the function Jg, (X)vy,(X)/ det Jg, (X)
on the reference element is no longer polynomial. On the other hand, J, is close to
the identity (cf. [7, Sect. 10.4] and [15, Prop. 2]) and therefore the quadrature error
is usually marginal under practical circumstances (cf. also [9, Sect. 4.4, particularly
Remark 4.4.3]). The effect of numerical quadrature on the finite element approxima-
tion can then be controlled in the usual way by viewing this as a variational crime
(see [9, Theorem 4.4.1]).

3. An estimate for the normal flux on interpolated boundaries. Through-
out this section, the subspace V,’i,o of parametric Raviart-Thomas elements on 7;, with
boundary conditions ny,-v;, = 0 on I', is considered. As already discussed, VZ’O is not
a subspace of Hr(div, (), in general, for a curved boundary I' = 9. In other words,
the use of parametric Raviart-Thomas elements on a domain with curved boundary
constitutes a variational crime, in general, in analogy to the standard isoparametric
case [7, Sect. 10.4]. For the purpose of controlling the effect that the inexactness of
the boundary representation has on the error associated with the finite element ap-
proximation, an estimate for the approximated normal flux n-v, on I for v, € V,’j)o is
needed. We will use the following common shorthand notation: a(€) 2 b(€) stands for
the existence of a constant C' > 0 which is independent of the parameters involved (in
our case, the local or global mesh-size hy or h, respectively) such that a(¢) > Cb(€)
holds for all admissible £. Moreover, a(§) ~ b(§) stands for both a(§) 2 b(§) and
b(&) Z a(€) to be satisfied. Norm estimates of the form

(6) Vil 2 2 hrllvilld or » 1div vall§ 7 2 hrlldiv vl o
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which hold for all v, € V¥ will be used repeatedly. Similarly, the norm equivalences
(7) IVallg.e, = Ivillg.q s Idiv vilg o, = lldiv vallg o

hold for all v;, € Vﬁ if Q, is sufficiently close to 2 such that it admits an invertible
mapping between 25, and 2. Such a mapping will be introduced and used in the proof
of Theorem 5.1 in Section 4 and is a standard tool in the context of isoparametric
finite elements (cf. [7, Sect. 10.4] and [15]).

The following estimate lies at the heart of our convergence analysis of the para-
metric Raviart-Thomas method.

THEOREM 1. Assume that T' = 0 is a piecewise C*+2 boundary, k > 0, and that

the triangulation Ty, is such that no boundary side of elements in Ty, belongs to more
than one of the C**2 patches of I'. Then, for any o > 1/2,

(8) (0 va, gor| S H*Hvallaivellalar

holds for all vy, € V§ ; and g € H*(T).

In the two-dimensional case, one can actually set & = 1/2 in Theorem 1 as we
already proved in [3, Thm. 3.1]. However, for our purpose in Section 5, the above
statement suffices. In fact, we could even set & = 3/2 under our regularity assumptions
in Section 5. Since the three-dimensional case contains some additional complications,
we will present a complete proof below.

Proof. Let us consider a fixed curved boundary face I'r C I' and the adjacent
tetrahedron T € 7}L By 7T and 7°T we denote the corresponding boundary faces
of T € T, and Te 7}“ respectively. For the fixed curved boundary face I'r C F with
adjacent tetrahedron T' € 7}, we need in addition the curved triangle I‘T = I, (I‘T)
and adjacent tetrahedron T = F ( ) The corresponding parametrlc face 'yoT crly
is, by definition, mapped onto the straight face 'yOT = I, ( OT) with its adjacent

Fic. 1. Notations for curved surface triangles
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triangle 7' = F~YT). The coordinate system may be shifted and rotated in such a
way that the straight face VOTA“ is located on the (z1, z2)-plane and the longest edge
of 49T on the interval [0, 7] of the 21 axis (see Figure 1). With respect to these
coordinates, fT may then be parametrized as

(9) T = {(Ué)) €€ vof} .

When it is convenient, we will also denote by E the point on the surface parametrized
with &, ie. &€ = (&n(€))". Following the standard construction associated with
isoparametric finite elements (cf. [15]), we have that n(&) does in fact vanish for all
points in the set

1

k7[f>21) c0<j<k—i,0<i<k)},

J o

where (151, ﬁ’g) denotes the vertex of Vof opposite to the longest edge (located on the
x1-axis). This implies for all £ € 4T that

(11) V@)l < hy™ and [n(€)] < hy™

holds. Since, by construction, n-v, = 0 on *yof, the functions in the Raviart-Thomas
space of degree k are of the form

(12) Va(R) = (ako(ﬁ)) + (5;“(%)) X = (;j;,f%)

with a scalar polynomial v, and two-dimensional polynomials a and 3;, of degree k.
This implies, that on 't (with normal direction 1),

I 1 B .VAV
(13) AV, = (HW@Q)UQ( Vi(€) - Wn(€) + m(En(E))

holds which, for ¢ € L2(T'7), leads to

(14) D-Vh,q)o5, = /

~

- (C9) T @)+ (En(€) ) a(®) g

From (v1)3(€) = n(€)7v(€) we deduce that
(15) ail’fl(vh)i%(g’ao) = (l + 1)85)7]6(57 0) 1=0,1,.. k.

and therefore

k

_ !
nEm@ =ne) > BED ey
(16) =

k9 (9,)5(€,0) = 35 (Vn)s(£,0)
957 (Vn)s(&,0) () eyt _ ; SRS (€)'

— (I+1)!
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Using the Cauchy-Schwarz inequality and (11), it follows from (14) that

(0-Vh,q)op, < K/Wf (—Vn(g) "’A"h(g))Q d£>1/2 i ([yof W€ 0l dg)m]

_ 1/2
S [hi;“ ([, @ )
v
k+1 1/2
+( [ > @ nale 0203 ds) ]uqnm
T =

k+1

k ~ 1(k+2 1/~

< [h#nwhno,m +3 O nf >||63<vh>3||0,wf] lallo 5,
=1

holds. Using (6) and inverse estimates (cf. [7, Lem. 4.5.3]) this turns into
~ ~ k+1/2 ~ ~
@ Fnaor, S (W7 (1)o7 + 1@0):ll07)
k+1 i
(17) + > by *””ﬂaé(vh)gm] lallo.5,

=1

<200 2lldllo 7,

which etablishes the desired bound with respect to L? (fT)
Starting again from (14) and integrating by parts,

@ ndos, = [ (-0 .@) 0@ + w@n(©a(®) de
= [, 11&) (& ©a(@) + 7 @n(©)a(®) de
[ @@ (np @) de
o(~°T)
— [ (&) (@) (div (@ + (®) + 50 &) - V4(®) de
YT
N R CIGICR R AG)
is obtained, from which by using the Cauchy-Schwarz inequality and (11),
B N 1/2
@Sy, < ([ €2 (aven@® + @) de)  lalyr,
N 1/2
(18) ([ nerm@Pag)

+

/8 g, MO (07 90(©) e
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For the last term in (18) assuming, for some § > 0, ¢ € H1+5(fT) which implies
q(§) € HY?*+9(9(4°T)) and noting that In_oz| =1, we get

/a(vof) n(€)a(€) (mwf . vAvh(E)) dé

N 1/2 o, 1/2
< HQ(E)”Lw(a(WOf)) </8(7°7A“) 77(5)2(16) </{)('\/Uf) ‘VAVh(g)’ d&)

-~ k+5/2 1~ /%
g orrs.000m i 2 IFn E)lg 07
/ (v°T) (v°T)

<
k _
S b llaligs g, 1Wnllos,

where we have used (the one-dimensional version of) the Sobolev imbedding theorem

(cf. [1, Thm. 4.12]) and the trace theorem (cf. [12, Thm. 1.5.1.2]). This allows us to
deduce from (18) that

. 2 1/2
@-Fnddor, S5 ([ (avan®+ @) de)  lalyr,
Y

B 1/2
(19) il ([ n@P ag) lar,
8l

1/2
T pr ( [ @r dg) lal 55,
d(+°T)
holds. For the first term in (19) we have

- ~ k. otdiv W
div Wi (€) + &(€) = div W (£,0) + > a‘°’d—h(£’0)(n(€))l

I
=1

and thus,

~ ~\ 2
[ (15 90@ 4 20®) e < e g

k
/. ((as,(vh)g(e,w + D2 (Ohdiv W (€, 0))° + (D57 (Fa)s (€, 0)°) d£>

=1

k
PN 20(k+2 .o~ 141/~
S i 9nll2 oz + S0 AFE (0hdiv woul?_op+ 1057 @a)sl2 )
=1

k
.~ 20(k+1)—2 )~
SN Ful2 oz + 2 AF IR o
=1

PN ~ — PN k—1~
< Ndiv Tl o+ B3EIIZ, o < Bt v Fall? 7+ W21 92 7

where inverse estimates (cf. [7, Lem. 4.5.3]) and (6) were used. For the second term
in (19) we obtain

/OT Wa(€)? A& < [9nl2 5, S b9l 7 -
.
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Combining all this leads to
1/2
~ A k+3/2 .~ ~
(200 @I a)or, S A (laiv Il s+ 1902 2) T gl -

Using the fact that, with o = (1+9)/2, H® (fT) is an interpolation space of type 1/2
between L?(I'r) and H'*9(I'r) (cf. [1, Thm. 7.23)),

PR R =R 1/2
(21) @ Vn 0o p, S B (IdivOnl2 2+ 19027) " Nl g,

holds as a consequence of (17) and (20) for any a > 1/2.
Using the fact that the definition of the parametric Raviart-Thomas elements in
(2) implies that, for I'r = F},(I'r),
<n *Vh, (Z>0,FT = <ﬁ ' Gh7 a>07fT
holds with a suitably scaled ¢ = wr(q o Fy) (cf. [6, Lem. 2.1.6]), together with the
mapping properties of Fj, leads to
1/2
lal

(22) (- vi, oy S htt (ldiv valld - + [vall3 )

Summing over all boundary faces,

a,I'p -

. 1/2
(23) (Vi ghor S W (divvala, + Ivala,) " lallar

is obtained and, finally, using (7), we end up with the desired estimate (). d

4. An interpolation operator for the parametric Raviart-Thomas finite
element space. We will now construct an interpolation operator for parametric
Raviart-Thomas elements which generalizes the one introduced in [3] to the case
of inhomogeneous boundary conditions. Moreover, the interpolation bound below
constitutes an improvement over the one in [3, Theorem 4.1] since it is stated on
Q instead of Q. This is required for the refined convergence analysis in the later
sections.

THEOREM 2. For the parametric Raviart-Thomas space V,’j C H(div,y), there
is an interpolation operator Ry, : H(div,Q) N L*(2) — V¥ (with some s > 0, see [6,
Sect. 2.5]) satisfying {Rpv : v € Hp(div,Q)} C VZ,O such that
v = Ravllo.e S A VIlk1e

(24) ) .
|div (v — Rpv)llo,0 S hk+1||dlv Vk+1,0
holds for all v.€ H*1(Q)4 with divv € HFT1(Q).

Before we turn to the proof of Theorem 2, we state and prove an auxiliary result
that we will repeatedly make use of. To this end, under the assumption from Theorem
1, a mapping F' : ) —  exists which inherits the smoothness and approximation
properties of 012, in particular,

(25) [ Eh — FHLoo(ﬁh) S hA IR, — JF”Loo(ﬁh) S [ )

~

where Fj, : (Alh — Qp, is the piecewise polynomial mapping introduced in Section 2.
Furthermore,

(26) ||JF||W;+1(§,I) § 1, ||JEI||W§O+1(Q) 5 1
holds (see [7, Sect. 4.7], [15]).
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LEMMA 3. Under the assumptions from Theorem 1 on 052,
(27) lgn o Fn = an o Fllgq, Sh* " lano Fullya,

holds for all g, € S, (where the constant depends on 'l € N).
Proof. The decomposition of ﬁh by the triangulation ﬁ leads to
1/2
(28) lgn o Fr —aqno Flly g, = Z llgn o Fi —QhOFH(QJf
TeTh

For any fixed element T € 7Tj,, we have, for all X € T, that
(B (5) ~0u(F(R)| = \ [ Lanr )+ mis) - P a
/ Vau(FR) + HEW(R) — FR)| dt[Fa(R) — FR)
< [Van(PE)| 1B (R) - F&)|+ / £V 20 (x(8)| dt |Fu(®) — FR)P

holds with () € conv(Fy,(T)UF(T)) for all t € [0,1]. Squaring and integrating leads
to

lan o Fn = an o Fllg 7 < [(Van) © Fllg 71 Fn — Fll o (7

+ HV qhHLoc(conv(Fh(T)uF(T)))”Fh - FHLoo(f)HFh — FHO T
SV (g 0 Fu)llg 7+ RN (qn 0 F)l o iy S B5 lan © Fally 7

where inverse inequalities (see [7, Theorem 4.5.11]) were used in the form

N =2 _o_d .
I¥anllo7 < B M ldnllo. s and 1V dull o gy S 2 Ednlly 7

for the piecewise polynomial function ¢, = g o Fj,. Summing over all triangles, we
get from (28) the desired estimate (27). 0

Proof of Theorem 2. The construction of Ry, will be derived from the standard

interpolation operator Ry, : H(div, Qh) N LS(Qh) — Vh on a polyhedral domain ),
(cf. [6, Sect. 2.5]). For v € H(div,Q), we define v : Q;, — R by

(29) V() = (det Jp(X)) Jp(X) "' V(F(X))

and note that v € H(div, ﬁh) With respect to boundary conditions, we also have
V € Hg, (div,Qp) if v € Hr(div, Q) (see [6, Sect. 2.1.3] for details). The interpolation
operator Ry may now be defined for x = Fj,(X) € ), by

1

Ttin @ & %) (Ri¥)(X)

(30) (Rpv)(Fn(X)) =
and extended to Q by the piecewise polynomial representation. Since v € Hr, (div, Q)
implies R,V € VZ’O, the same argument as above can be used to show that R,v €
V,’j’o for v € Hp(div, Q).
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For the first estimate in (24) we may use the mapping ®;, = Fj, o F~! from € to
Qp (see [7, Sect. 10.4], [15]) and bound the two terms in

(31) [v—=Ruvloa < [[v—(Rnv)o@pllo+ [[(Ruv) o ®n — Rpvloe

separately. For the first term in (31), the definitions (29) and (30) lead to

[v — (Rpv) o @rllo0 = JF,L (th)> (det Jp)'/?

L 1
—_— vV —
det Jp F" T det Jp,

o (R

0,2

< ll(det s, ) 5, ¥ = RV g, -

1
=l|l——sJr (V-
H (det JF)1/2 r < det Jq)h 0,0

Since || Jo, — I||p(@) S T (as a consequence of (25)), this implies

k41| o Do k41|
32) v —=(Rav) o ®uloo S P Vg, + IV = RaVloe S P V] g, -

where the interpolation estimates for the standard Raviart-Thomas elements from [6,
Chp. 2.5] are used. For the second term in (31), Lemma 3 applied (component-wise)
to qn = (RyV) o F, ! together with (30) gives

[(Rnv) o ®p —

Ti, (Ri¥) 0 F~1 = (Ry¥) o ;)

ey
(33) <I(Ru¥) o F71 — (Ry¥) o F; o0
=llano Fro F~' —anlloo S llan o Fr —ano Fllyg,

S lan o Fullg g, = W HIReV]g 6, S 9L g,

0,0

where the interpolation estimate for the standard Raviart-Thomas elements on ﬁh
is used once more. The proof of the first inequality in (24) is completed by the
observation that

910, = I(det Jp) Tt (v o )l yy g, S IVIlkt1

holds due to the transformation rules and the properties of Jg in (26).
For the second inequality in (24), we start from

|div v — div (RpV)]0.0

34 : ) . :
(34) < ||div v = (div (Rav)) © Ppllo.0 + ||(div (RpV)) 0 @p, — div (Rev)|lo.q -
We may bound the first term in (34) using the relations

div ¥(X) = (det Jp(R)) (div v)(F())
div (Ra¥)(®) = (det Jp, (X)) div (Rav) (F (X))

which follow directly from (29) and (30), respectively (cf. [6, Sect. 2.1.3]), to obtain

”0,?2,1

(dTv v — div (ﬁhv)) .

|div v—(div (Rpv)) 0o @pllo.0 S |[(div v) o F' — (div (RpVv)) o Fy,
d
h 0,82y,

1 1 T
_ divv
(det Jr det JFh> vy 0,05

< hk“HdiVGHo,ﬁh + RF Y div Via, S hk+1||div9||k+17§h :

det Jp,



12 F. BERTRAND AND G. STARKE
The second term in (34) can be treated in a similar way as in (33) using Lemma 3
with g, = div (RpV) o F, ! and (4) which gives

(35)
H(diV (th))oq)h —div (th)llo’g S ||diV (RhV)HO,Q”(I)h — idHLoo(Q)

B 1

~ || det Jr,
< [[div(RAV) 0 F~H = div(Ra¥) o F, o

= lgn o Fro F' —gnlloo S llgn © Fn — ano Flly g,

S an o Fullg g, S R IAV(RAY) g g, S Idiv Yl g,

(dTv(ﬁ,ﬁ) o F~1 — div(Ry¥) o F,;l)

0,9

where the well-known fact was used that al\v(ﬁ;ﬁ) = ﬁh((ﬁ;f V) with Py, being the
L%(Q)-orthogonal projection onto S¥ (cf. [6, Prop. 2.5.2]). The proof of the second
inequality in (24) is completed using the transformation rules again to obtain

|V 9,410, = | (det T2) (div v) © Fllirro S div vliessa.

O

Remark. The second inequality in (24) implies that the interpolation operator Ry,
associated with the parametric Raviart-Thomas finite elements maps the divergence-
free subspace H(div,) into VZ’O = {v;, € VF :divv, = 0}. Contrary to the
situation for the standard elements it is not possible to replace the norm on the right-
hand side in the second line of (24) by the semi-norm. Even if divv is indeed contained
in the space SF defined in (5), then div (Ryv) ¢ SF, in general.

For completeness, we also provide estimates for the projections associated with
the scalar finite element space SF which will be needed in the later sections.

THEOREM 4. Let the projection Py, : L*(Q) — SF be defined by

(36) ((Prp) o Fryqn o Fr)y g, = (det Jo,) ' (po F),qn 0 Fr)y g,
for all g, € SF. Then, if p € H*TY(Q) is satisfied, the estimate
(37) lp = Puplloo S B Ipllesr0

holds true.
Proof. Noting that (36) implies

(Pup) © Fi = Pr((det Jg,) ™ (po F)),

we obtain

Ip = Prpllo.e SN0 —Pup) o Fllgg, < [[(1—(detJa,)™") (o F)llyg,
(38) +||(det Ja,) 7 (po F) — Py ((det T, ) ! (9o F))|

+ [(Prp) © Fr — (Prp) © Flly g,

0,Qp

and may handle the three terms separately.
For the first term in (38), we immediately get

(1= (det Jo,) ) (0o F)||o.q, S P I@o F)llog, S P Iplloo
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using the properties (25) and (26) of Jr and Jp,. For the second term in (38),
the approximation property of the standard L?(Q)-projection P}, together with the
transformation rules and properties (26) leads to

(det Ja, )" (po F) = Pu ((det Ja,) (o F) llg g,
SHE|(det Jo, )T (0 Pl 8, S H PO Fllys g, S B IPlkso -

Finally, for the third term in (38) we may use (27) which implies
[(Pup) © Fn = (Pup) © Fllg 6, S P I Pupllga, S HHI(Pup) o Fullg g,
S WPy ((det Tp)(p o F)) g g, S H*HI(det Je)(po F)llg g,

Shpo Fllog, SH ploa

~

where (26) was used repeatedly. Combining all of these estimates finishes the proof
of (37). |

5. Saddle point mixed formulation with parametric Raviart-Thomas
elements. We consider the use of parametric Raviart-Thomas elements in a mixed
formulation of saddle point type for the Poisson equation: Find (u,p) € Hr(div, Q) x
L2() such that

(u,v)o,0 — (p,divv)po =0

(39) —(divu, q)o,0 = —(f,2)o,0

is satisfied for all (v,q) € Hr(div,Q) x L?(Q), where the latter subspace is defined
as L2(Q) = {qg € L*(9) : (¢,1)0.0 = 0}. For the moment, it is sufficient to assume
that the right-hand side satisfies f € L?(Q). The discretized version of (39) reads as
follows: Find (uy,pr) € V,’i)o x Sf such that

(un, vi)oa, — (Pr,div va)oq, =0

40
( ) —(diV um%)o,m = —(fh,%)o,szh

holds for all (vi,qn) € Vo x SF with SF = SF N L*(Q). For the right-hand side
fn € L2(,), it is natural to use f, = (f o ®;")/(det Jg,) or a sufficiently good
approximation thereof. The difficulty associated with the investigation of the approx-
imation error of (40) with respect to the exact solution defined by (39) comes from
the non-conformity due to the different domains €2 and €2 on which the variational
problems are posed. Using our estimate (8) for the normal flux in Theorem 1 allows
us to derive the following result.

THEOREM 5. Assume that, for some k > 0, the right-hand side in (39) satis-
fies f € H*(Q) and that u € H*H(Q)? holds for the exact solution. Then, the
(parametric) mized finite element approzimation (up,pp) € V,’z’o x S¥ defined by (40)
satisfies

hk+1 (

(41) [u—unllaiv.e + [P = prlloo lallk+i0 + [ fllkr1.0) -

Proof. We start with the observation that the solution (u,p) € Hp(div, Q) x L2(9)
of (39) satisfies

(u,vi)oo — (p,div vi)oo = (u+ Vp,vi)oo — (p,n - Vi)r = —(p,n- vi)r



14 F. BERTRAND AND G. STARKE

for all v, € V} . With the interpolation operators Ry : Hp(div,Q) — V} ; and
P 2 L2(Q) — Sf defined in section 4, this implies that we have

(42) (Rru,vp)o.a — (Prp,div vy)oa = o(vh) for all v, € VZO
where the functional o is given by
o(vp) = (Rru—u,vp)oa — (Pup—p,divvp)oa — (0 vi)r .
We may now switch from € to €, by re-writing (42) as
(43) (Rnu,vi)o.o, — (Prp, div vi)o.o, = o(vi) + p(vy) for all v, € Vf%o
with
p(vr) = (Ruu, vi)o,o\e, — (RaW, vi)o,a,\o = (Pup, divvi)o o\, +(Prp, divva)o,o,\o-
Moreover, the definition of R}, in (30) implies
(44)  (det Jg,) div (Rpu) o Fj, = div (Rut) = Py (div i) = Pp((det Jp)f o F)

where 73h denotes again the orthogonal projection onto S}’f with respect to L? (ﬁh)
Combining this with (43) and (40) leads to the system

(Rrpu —un, vi)o,o, — (Prp — pu,div vi)o,.0, = o(vr) + p(vi) ,

45
(45) —(div (Rpu — ), gn)o,, =0

for all v, € V’,§70 and g;, € S¥. The second equation in (45) is derived from (40) and
(44) leading to

(div uy, — div (Rpu), gn)o.a, = (fr Pu((det Jp)f o F) o Fyt qn)oq,

 det Jp,

(46) — <det1JFh ((det Jg) foF —Py((det Jr) foF)) th_l,qh>

0,
= ((detJF)foF—’IS;L((detJF)foF),th>0ﬁ =0.

™ éh

The terms on the right-hand side of the first equation in (45) may be bounded in the
following way:

lo(vi)| < (Jlu = Rpul

0,0 2 = Prllo.e) [Villaiv,o + (P, - vi)

SH (lullkgse + Pl + 12ll/20) Vallav.e
where we have used (24), (37) and (8), and

O\Q Qp\Q
|p(Vh)|,$| \ hlgl h\ |

S HH (lalle + [lp

(IRrullo.llvrllo.e + [Prpllo.qlldiv valloq)

O,Q) HVthiv,sz )

where we have used (24). Using [6, Theorem 4.2.3] the above estimates imply

(47) [IRnu = upllaiv.e + 1Pup = palloe < A (lullire + lpliere + [pls/2r) -
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The proof is completed using

lu —upllaiv.o + 2 — prllo,e < lu—Rpullaiv,o + [|[p — Prpllo,o
+ [[Rru — up|laiv.2 + |Pap — prlloo

combined with (24) and (37) again and noting that, due to u = —Vp, p inherits the
necessary regularity from u. 0

Remark. From a theoretical point of view, using the space

o 1 . -~ =R .
SF={=———qnoF; ' : @u|p polynomial of degree k}
det Jp,
instead of S ,’j would be more satisfactory with respect to the conservation properties
(cf. [16]). Since both spaces possess almost identical approximation properties for
sufficiently small h, we work with the space S;f which is less costly to implement.

6. The treatment of inhomogeneous flux boundary conditions. So far,
we have restricted ourselves to homogeneous boundary conditions n-u = 0 on I
in this paper. The more general case n-u = g with g € H_l/Q(F) satisfying the
compatibility condition
(9, L)r = (f, 1)0,9

may be treated in the following way. Construct u’¥ € H(div, Q) such that n-u”" =g
and divu®¥ = f is satisfied and set u)) = R,u. Then (39) is replaced by the problem
of determining (u, p) = (u’¥ +u°,p) with u® € Hr(div,Q) and p € L?(f2) such that

(u®,v)o.a — (p,divv)ea = —(u,v)oa

(48) . .
—(divu,q)o.q = —(f —divu®,¢)oq

holds for all (v, q) € Hp(div,Q)x L?(Q). Similarly, the corresponding discrete problem
(39) consists in finding (up,pr) = (up + up,ps) with up € V§  and p, € Sf such
that

(W), vi)o,, — (P, divvi)oq, = =y, vi)oq,

(49) . . N
—(divup, qn)o,, = —(fn — divuy,’, qn)o.,

is satisfied for all (vp,qp) € VZO x Sk.
An estimate for the approximation error which takes into account inhomogeneous
boundary data can be obtained in the following way. Starting from

U — Uplldiv,Q < [[U — Uy ||div,Q U — U lldiv,Q
(50) | | < Jlu™ —u)| + [[u® —ug|

= [[u” — Rpu™ |laiv,0 + u® = uj [|div,0 ,

we estimate the second part in a way similar to the proof of Theorem 5. Going through
the steps of the proof, one observes that (45) is replaced by

(Rpu® —uyp,vi)o.o, — (Pup — pr,div vi)o.o, = 0°(va) + p(va) ,

51
(51) —(div (Rpu = up), qn)o,, =0

to hold for all vy, € V}’“L’0 and g, € SF, where

o°(vi) = o(vi) = (u¥ —u}, vi)oa -
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The second equation in (51) follows from (46) with fj, replaced by f; —divul and f
replaced by f — divu”. That indeed

(divud — Pr((det Jp)(divu™) o F) o F;Y gn)o.a,

b
det JFh

= (detljF ((det JFh) div (’RhuN) — ﬁh((det JF) (diV uN) o F) o Fh_l) ,qh)

0,2
= (&fv@hﬁN) — Py (div aN>,ah) =0
0,0

is fulfilled for all g, € SF (with GV := (det Jr)Jz'(u o F) and gy, := g5, o F},) follows
from the transformation rules (29) and (30) combined with the relation between the
interpolation operator R, and the L?(Qy)-projection Py,.

All this means that an extra term needs to be added on the right-hand side of
(41) which bounds |[u® — Rpu® | giv,o. Theorem 2 implies

[u™ = Rpu™|aiv,0 = [[diva™ — div(Ryu™)lo.0 + [0 = Rpu™o
SEE ([ f ke + 0N ks10)

which leads us to the following approximation result in the inhomogeneous case.

THEOREM 6. Assume that, for some k > 0, the right-hand side in (/8) sat-
isfies f € H*(Q), g € H*VY2(T) is satisfied for the boundary data, and that
u € HY(Q)? holds for the evact solution. Then, the (parametric) finite element
approzimation (up, pp) = (Rpu® +up, pp) with (uj,pn) € VF ;X Sk defined by (49)
satisfies

(52)

[u—upllaiv.o + [P — palloq

53
(58) < W (|

k1.0 + [ f k1.0 + l9lles1/2,0) -

For the implementation of the method in the presence of inhomogeneous boundary

conditions, a function g, = uly |Fh in the trace space of V¥ has to be constructed in

such a way that it is consistent with uhN = Rpu”. To this end, we perform the steps
given by (29) and (30) in the definition of the interpolation operator to the boundary
values g =n-u” on T and n- u;LV on I'y,. We will use the transformation rules for the
normal vectors

Jp'n

175, 8]

T~
Jp n

nof =-——-—a
17"

nd no Fh
on I' and I'y, respectively (cf. [6, Sect. 2.1]), where n denotes the (piecewise constant)
outward normal on I';,. Based on the standard L?(T'j,)-orthogonal projection 77}1; onto
the piecewise polynomials of degree k on I'j, (the trace space of V’,fL), we obtain

1 . o~ ~R T~
—gp, with g, = P}f((det Jr) |JFTn\ qg) -

(54) Ih =
(det Jph)\JFth|

Since the implementation of parametric elements is carried out on the polyhedral do-
main Qy, g, is what actually needs to be computed. This involves the knowledge of
the mapping F' at least to the extent that is needed for sufficiently accurate approx-
imation of the integrals involved in the computation of 73,5 This information needs
to be extracted from the parametrization of the boundary T'.



PARAMETRIC RAVIART-THOMAS ELEMENTS ON CURVED DOMAINS 17

Before we present our computational results in order to confirm the theory of
the previous sections, we need to discuss how to measure the approximation error
appropriately in the absence of an explicit analytical expression for the exact solution
of (39). There are several a posteriori error estimators available for this saddle point
formulation, see [19, Sect. 4.8] for an overview. However, these estimators were all
studied on polygonal meshes and it is beyond our scope here to investigate their
behavior for the parametric case on curved boundaries. Instead we take the following
more costly approach in order to assess the accuracy of our parametric finite element
approximation. It goes without saying that we do not want to advertise this approach
as a reasonable a posteriori error estimator to be used in practical computations.

102 —
—e— RTO0-PO
—+—RT0-DG1
—ea— RT0-DG1{param)
0%
104
=
c
2
o5
c10;
w
7]
e
m
=
F108k
L
7]
e
-
107F
108
10°°

Degrees of Freedom

F1c. 2. Reduction of least squares functional Gy, (uy,) for f(x1,z2) =sin x1

For measuring the approximation error, we use the functional
(55) Gn(up) == inf |[lup + Van|g o, + divun — falld g, »
thS;f
which involves the solution of the linear variational problem of finding p;, € S,’j such
that

(56) (Vpn, Van)o.a, = (un, Van)o,a, for all g, € SF

holds. That this functional does in fact constitute an estimator for the approximation
error of uy, is the statement of Proposition 7 in the appendix. Proposition 7 also
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asserts that the optimal convergence order |[u — upllaiv,0 ~ h**1 is reached if and
only if Gy (up) = h2(k+1) A numerical comparison of the convergence behavior for the
functional and for the true error will also be presented for a simple radially symmetric
problem with prescribed analytical solution.

We will now study the convergence numerically based on this quantity in order to
confirm the theory presented in the previous sections. To this end, we consider (39)
on the unit disk Q = {(z1,22) : 22 + 23 < 1} with boundary conditions n-u = 0 on
0 as in [3]. The right-hand side is chosen to be f(z1,22) = sin(z1) which, due to its

symmetry, satisfies
/ fdx=0
Q

and is therefore compatible with the boundary conditions. Alternatively, we may
consider the solution u with inhomogeneous boundary conditions n - 1 = 1 cos(z1)
on 9N and right-hand side f(z1,22) = 0. It is easy to see that the solutions to these
two examples are related by 1 = u?¥ + u with u’V = V(sin(z1)).

Figure 2 shows the convergence behavior for mixed finite element approximations
of different polynomial degree in terms of the functional Gj(uy) vs. the number of
degrees of freedom N. The upper curve (with solid circles) illustrates a behavior of
Gn(uy) = N1 for the lowest-order case. The middle curve (with diamonds) shows the
results for the combination of standard RT} spaces with discontinuous piecewise linear
pressure on a polygonal approximation of 2. Obviously, the order of convergence is
suboptimal in this case. Finally, the lower curve shows the optimal convergence
behavior of Gp(uy) ~ N ~2 if parametric RT; elements V}L’O are used instead in
accordance with Theorem 5.

Appendix. Equivalence of Functional and Error Norm.

We state and prove the proposition concerning the equivalence of the functional
(55) and the error norm.

PROPOSITION 7. Assume that, for some k > 0, the right-hand side in (39) satis-
fies f € H*1(Q) and that u € H*1(Q) holds for the exact solution. Then, for the
(parametric) mized finite element approximation uy, € Vﬁ,o defined by (40),

(57) u —unlFiv.0 S Gnlun) + B2 110

and

(58) Gn(up) S lu—wnlFiy 0 + 22 (J[ullf 10 + 117 410)
holds.

Proof. Due to the finite dimensionality of V ; x SF, we have that

(59) Gn(wn) = inf [l + Varllg.e + [1div up — fullg o =: G(ur)
qn€S5Y,

holds and we may therefore prove (57) and (58) for the functional G instead of Gj.
Inserting the exact solution and using the triangle inequality gives

G(up) < lu—wpllg o+ nf [[Vp—=Vallg o+ If = fallf e
(60) prESE
k
S lu—=wildivo + 22 (lullerie + 1 f171.0)
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which proves the upper bound (58). The coercivity of the least-squares functional (cf.
[5, Sect. 5.5]) implies that, for any p;, € S¥,

(61) [u— uh||c21iv,Q +lp —ph||§,9 Sllu—u,+V(p —ph)||c2),s2 + [|div (u — uy,)| 3,9
= [lun + Vpnllg o + If — divus |3 o
holds. Inserting for p;, € S’,’f the solution of
(Von, Van)o.a = (un, Vai)o,q for all g, € SF,
(61) becomes
A e L R T
SGw) +[1f = falloo S G(an) + 22| 710
which also finishes the proof of the lower bound (57). |
10° . .
ool (1)
- (i (1) (param)
P \ —— |U: uy, |§i‘. N
10 L —o—|ju — iy, (param)[
: —4-llp—mliy
— &= |[p — i3 param)
1021
1031
104
10°E
108
107k
.8 | 1
10 102 10° 10* 108

Fic. 3. Error vs. functional for radially symmetric solution

In order to illustrate the closeness of the functional and the actual error norm, we
include a final example with a prescribed solution which we already considered in [4].
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Again on the unit disk with homogeneous Neumann boundary conditions n-u = 0
on 9, we choose f(x1,x2) =8 — 16(2% + 23), leading to the exact solution

_ (4o (1 = xf — x3) _ 2 22 1
(63) u(zy, x2) = (4952(1 . x% . x%) , Py, 20) = (1 — 27 —23)" — 3

Figure 3 shows that the functional G} (uy) and the H(div) norm of the error u — uy
are very close, both for the standard and for the parametric finite elements. In the
standard case, the two lines are almost on top of each other. For such a radially
symmetric problem, the deviation from the optimal order of convergence is, however,
also rather hard to observe, as we have noticed before in [4] for first-order system
least squares. This is not so surprising if one keeps in mind that not only n-u but the
entire u is set to zero on the boundary, therefore leaving much less room for effects
of the inexactness of the boundary conditions.

Acknowledgement. We are grateful to both referees for their insightful com-
ments and suggestions.

REFERENCES

[1] R. A. Apawms AND J. F. FOURNIER, Sobolev Spaces, Academic Press, New York, 2nd ed., 2003.
[2] D. N. ArNoLD, D. BorFi, AND R. S. FALK, Quadrilateral H (div) finite elements, SIAM J.
Numer. Anal., 42 (2005), pp. 2429-2451.
[3] F. BERTRAND, S. MUNZENMAIER, AND G. STARKE, First-order system least squares on curved
boundaries: Higher-order Raviart-Thomas elements, SIAM J. Numer. Anal., 52 (2014),
pp. 3165-3180.
[4] F. BERTRAND, S. MUNZENMAIER, AND G. STARKE, First-order system least squares on curved
boundaries: Lowest-order Raviart-Thomas elements, SIAM J. Numer. Anal., 52 (2014),
pp- 880-894.
[5] P. BOCHEV AND M. GUNZBURGER, Least-Squares Finite Element Methods, Springer, New York,
2009.
[6] D. Borri, F. Brezzl, AND M. FORTIN, Mized Finite Element Methods and Applications,
Springer, Heidelberg, 2013.
[7] S. C. BRENNER AND L. R. ScoTt, The Mathematical Theory of Finite Element Methods,
Springer, New York, 3rd ed., 2008.
[8] Z. Ca1 AND S. ZHANG, Robust equilibrated residual error estimator for diffusion problems:
Conforming elements, SIAM J. Numer. Anal., 50 (2012), pp. 151-170.
[9] P. G. C1ARLET, The Finite Element Method for Elliptic Problems, North-Holland, Amsterdam,
1978.
[10] A. ERN AND M. VOHRALIK, Polynomial-degree-robust a posteriori error estimates in a unified
setting for conforming, nonconforming, discontinuous Galerkin, and mized discretizations,
SIAM J. Numer. Anal., 53 (2015), pp. 1058-1081.
[11] S. FrREI AND T. RICHTER, A locally modified parametric finite element method for interface
problems, SIAM J. Numer. Anal., 52 (2014), pp. 2315-2334.
[12] P. GRISVARD, Elliptic Problems in Nonsmooth Domains, Pitman, Boston, 1985.
] A. HANNUKAINEN, R. STENBERG, AND M. VOHRALIK, A unified framework for a posteriori error
estimation for the Stokes equation, Numer. Math., 122 (2012), pp. 725-769.
[14] K.-Y. KM, Fluz reconstruction for the P2 nonconforming finite element method with applica-
tion to a posteriori error estimation, Appl. Numer. Math., 62 (2012), pp. 1701-1717.
[15] M. LENOIR, Optimal isoparametric finite elements and error estimates for domains involving
curved boundaries, STAM J. Numer. Anal., 23 (1986), pp. 562-580.
[16] P. J. MATUSZYK AND L. F. DEMKOWICZ, Parametric finite elements, exact sequences and
perfectly matched layers, Comput. Mech., 51 (2013), pp. 35-45.
[17] P. MONK, Finite Element Methods for Mazwell’s Equations, Oxford University Press, New
York, 2003.
(18] M. E. RocGNES, R. C. KIRBY, AND A. LOGG, Efficient assembly of H(div) and H(curl) con-
forming finite elements, SIAM J. Sci. Comput., 31 (2009), pp. 4130-4151.
[19] R. VERFURTH, A Posteriori Error Estimation Techniques for Finite Element Methods, Oxford
University Press, New York, 2013.



