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The Maxwell Compactness Property
for Bounded Weak Lipschitz Domains with Mixed Boundary Conditions in ND
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ABSTRACT. It is proved that the space of differential ¢g-forms with weak exterior- and co-derivative,
is compactly embedded into the space of square integrable g-forms. Mixed boundary conditions on
weak Lipschitz domains are considered. Furthermore, canonical applications such as Maxwell estimates,
Helmholtz decompositions and a static solution theory are proved.
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1. INTRODUCTION

The aim of this contribution is to prove a compact embedding, so called Weck’s selection theorem
[12, 13] or (generalized) Maxwell compactness property [12, 13, 10], of differential ¢-forms with weak
exterior- and co-derivative into the space of square integrable g-forms, i.e.

D& (Q)ne AL (Q) < L>9(Q)

subject to mixed boundary conditions on bounded weak Lipschitz domains 2 C R". This generalises the
results from [1], where bounded weak Lipschitz domains in the classical setting of R? were considered.
The essential ingredient for its prove is Theorem 4.2. Similar results for strong Lipschitz domains can
be found in [4, 2]. For a historical overview of the mathematical treatment of Weck’s selection theorem
(Maxwell compactness property) see [1, 6]. The central role of a compact embedding of this type can for
example be seen in connection with Hilbert space complexes, where the embedding immediately provides
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closed ranges, solution theories by continuous inverses, Poincaré-type estimates, and access to Hodge-
Helmholtz-type decompositions, Fredholm theory, div-curl-type lemmas, and a-posteriori error estimation
see, [7, 8]. We elaborate on some of these applications in our Section 5. Finally we note that by the same
arguments as in [10] our results extend to Riemannian manifolds.

2. NOTATION, PRELIMINARIES AND OUTLINE OF THE PROOF

Let © € RY be a bounded weak Lipschitz domain. For a precise definition of weak Lipschitz domains,
see Definitions 2.1 and 2.3. In short, Q is an N-dimensional C%!-submanifold of RY with boundary,
i.e. a manifold with Lipschitz atlas. Let I' := 0, which is itself an (N — 1)-dimensional Lipschitz-
manifold without boundary, consist of two relatively open subsets I'; and I',, such that I'; UT,, = I" and
I' NT, = 0. The separating set I'» N T, will be assumed to be a, not necessarily connected, (N —2)-
dimensional Lipschitz-submanifold of I". We will call (2,I';) a weak Lipschitz pair. The vector space

Co4(Q) is defined as the subset of C°4(€2), the set of smooth alternating differential forms of rank g,
having compact support in 2. Together with the inner product

<E, H>|_2,Q(Q) = E/\*H
Q

it is an inner product space!. We may then define L>%(€) as the completion of C°4(€2) with respect to
the corresponding norm. L*9(Q) can be identified with those q-forms having L2-coefficients with respect
to any coordinate system. Using the weak version of Stokes’ theorem

(1) (A B, H)2at1(q) = —(E,§ H) 2000, E € C>9(Q), H € C1H1(Q),

weak versions of the exterior derivative and co-derivative can be defined. Here d is the exterior derivative,
§ = (=1)N@=D xd x the co-derivative and + the Hodge-star-operator on . We thus introduce the Sobolev
(Hilbert) spaces (equipped with their natural graph norms)

DY(Q) == {E € L>(Q) : dE € L>TN(Q)}, AYQ):={FEel>(Q):6EecL> 1 (Q)}
in the distributional sense. It holds
*D?(Q) = AN79(Q), *A?(Q) = DN 7UQ).
We further define the test forms
(Oﬁl‘fi’q(Q) ={p e ém’q(RN), dist(supp , ;) > 0}
and note that é;o’q (2) = C°4(Q). We now define boundary conditions. First let

D(R) A1(Q)

(2) DL (@)= EN@) L AL ()= ENQ)
as closures of test forms. For the full boundary case I'r =T (resp. I'), =T') we set

DY(Q) := D} (Q), AYQ):= AL ().
Furthermore, we introduce the weak spaces
ﬁ%T (Q) = {E c DQ(Q) . <E’6(p>L2,q(Q) = —<dl§7 Q0>L2,q+1(Q) fOI' all (%2 € é?i’q-‘rl (Q)},
AL (Q) = {H € AYQ) : (H,d @) 2a(0) = —{(0 H, ) 20-1(q for all p € CH(Q)},
and again for I'; =T (resp. I, =T') we set

DY(Q) := D (Q), AY(Q) = AL (Q).
We note that in definitions (1) and (2) the smooth test forms can by mollification be replaced by their
respective Lipschitz continuous counterpart, e.g. CICiOT 1(Q) can be replaced by C(I)Jrl’q(Q). Similarly, in
definition (3) the smooth test forms can by completion be replaced by their respective closures, i.e.

&Icii’qH(Q) and éiioT’q*l(Q) can be replaced by A%jl(Q) and 51@:1(9), respectively. In (2) and (3) homo-
geneous tangential and normal traces on I';, respectively I',,, are generalised. Clearly

DL (Q) c DL (Q), AL (Q) C AL (Q)

and it will later be shown that in fact equality holds under our regularity assumption on the boundary.
In case of full boundary conditions the equality even holds without any assumptions on the regularity of

3)

IFor simplicity we work in a real Hilbert space setting.
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FIGURE 1. Mappings ¢ and v, between a ball U and the cube B.

the boundary, as can be seen by a short functional analytic argument, see [1], but which is unavailable
for the mixed boundary case. We define the closed subspaces

DI(Q) :={E D)) :dE=0}, AlQ):={EecAiQ):6E=0}

as well as 5§T70(Q) = D%T () N DE(2) and A%MO(Q) = A%U () N A(Q2). Analogously for the weak
spaces

61‘17,0(9) = '5%7 (Q) N DY(Q), A;&WO(Q) = Agu(g) NAL(Q).

Note that by switching I'; and I',, we can define the respective boundary conditions on the other part of the
boundary as well. Furthermore, let € be a bounded, symmetric, uniformly positive definite transformation
on L*%forms. Transformations of this type will from now on be called admissible.

2.1. Lipschitz domains. Let Q C RY be a bounded domain with boundary I' := 9. We introduce the
setting we will be working in. Define (cf. Figure 2)
B:=(-1,1)Y c R", By :={x € B:+xy >0}, By:={z € B:xy =0},
Bo,i = {Sﬂ € By:tx1 > O}, BO70 = {Z €EBy:x1 = 0}
Definition 2.1. Q is called weak Lipschitz, if the boundary I is a Lipschitz submanifold, i.e., if there is
a finite open covering Uy, ..., Ux C RN of T' and vector fields ¢y : Uy — B, such that fork=1,..., K
(i) ér € COY(Uy, B) is bijective and ¢y, := ¢, ' € C¥Y(B,Uy),
(li) ¢k(Uk n Q) = B_
hold.

Remark 2.2. Fork=1,...,K we have ¢ (U \ Q) = By and ¢ (Ux NT) = By.

Definition 2.3. Let Q be weak Lipschitz. A relatively open subset I of I is called weak Lipschitz, if T,
is a Lipschitz submanifold of T, i.e., there is an open covering Uy, ...,Ux C RY of T' and vector fields
o = U — B, such that for k =1,..., K and in addition to (i), (ii) in Definition 2.1 one of
(iii) Uy NI, =10,
(lill) UnNnl', =U, NI = ¢k(UkaT):Bo,
(iii”) (ZJ;AUkﬂFT U, Nl = (bk(UkﬂF-,—) = By, —

holds. We define T, :=T'\ T, to be the relatively open complement of T.
Definition 2.4. A pair (Q,I';) conforming to Definitions 2.1 and 2.3 will be called weak Lipschitz.
If (Q,T';) is weak Lipschitz so is (Q2,T,).

Remark 2.5. For the cases (i), (itd') and (i )in Definition 2.8 we further have
(iii) U.NT, =0 = U,NT,=U,NT = gi)k(UkﬂFy) = By,
(iii/) UkﬂFT:UkﬂféUkﬁFV:(Z), o
(iii") 0 # UpnDy # UpnD = 0 # UpnL, #£ UpnD = ¢ (UpNTy) = Bo. and ¢y (UxNT,NT,) = Bo.
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In the literature a bounded domain Q C RY is called (strong) Lipschitz, if there are an open covering
Ui,...,Ug C RY and rigid body motions R, = Ay + ai, Ay orthogonal, a, € RY, k= 1,..., K, such
that with & € COY(IN-L 1), k=1,...,K,and I = (—1,1)

Ry(UxsNQ)={z € B:ay <& (2}, 2 =(v1,79,...,28_1),

holds. Then Ry (Up NT) = {x € B : zy = &(2)}. A relatively open subset I'; C I' is called (strong)
Lipschitz, if with ¢, € CO*(IN=2 1)

@#UkﬂFT#UkﬂF = Rk(UkﬂFT)={$€B:$N=fk($/), X1 <Ck(a:2,...,a:N_1)}
holds.With this R (U \ Q) = {z € B:an > & (2)} and for § # U, N T, # U NT
Rk(Uk N FV) = {ZZJ €B: TN = gk(x/)a Ty > Ck(zQa "'7'IN—1)}7
Ry(UyNT,NT,) ={z € B:ay = &(2'), 21 = (22, .. an_1)}

Clearly it holds

e () strong Lipschitz = {2 weak Lipschitz,
o O strong Lipschitz and I'; strong Lipschitz = (Q,T;) weak Lipschitz pair.

For later purposes we introduce special notations for the half-cube domain

(4) HE:=B_, v:=0Z

and its relatively open boundary parts v, and 7, := v \ 7;. We will only consider the cases
(5) =0, v =DBo, W =DBox

and we note that = and -, are strong Lipschitz.

2.2. Outline of the proof. Let (,T';) be a weak Lipschitz pair for a bounded domain 2 C R¥.

o As a first step, we observe H%Tq(Q) = HllﬂTq(Q)7 i.e., for the H%-spaces the strong and weak
definitions of the boundary conditions coincide.

o In the second and essential step, we construct various H?-potentials on simple domains, mainly
for the half-cube E from (4) with the special boundary constellations (5), i.e.,

DI, 4(E) =DI () =dH}7 ' (B), A} ((E)=Af ((B)=sH ()

Potentials of this type are called regular potentials.
e In the third step it is shown that the strong and weak definitions of the boundary conditions
coincide on the half-cube Z from (4) with the special boundary constellation (5), i.e.,

(6) DL (2)=DL (2), AL (2)=AL ().

v

e The fourth step proves the compact embedding on the half-cube = from (4) with the special
boundary constellations (5), i.e.,
(7) DL (B)Ne AL (2) < L*I(Z)

-

is compact.
e In the fifth step, (6) is established for weak Lipschitz domains, i.e.

DL (@) =D} (), AL () = A} (@).
e In the last step, we finally prove the compact embedding (7) for weak Lipschitz pairs, i.e.,
DL (Q)ne AL (Q) < L>9(Q)

is compact.
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3. REGULAR POTENTIALS

In this section the compact embedding is proved on the half-cube = C RY. This will be achieved by
constructing H'-potentials for d-free and é-free L?9-forms, which will enable us to use Rellich’s selection
theorem. The special domain =, together with the global identity chart, is an N-dimensional manifold.
Hence ¢-forms E € L% "1(Z) can be represented in cartesian coordinates by their components Ey,ie. (using
summation convention) E = Erdx!. Here we use the ordered multi index notation da! = dz®t A--- Adzts
for I = (i1,...,i4) € {1,...,N}?. The inner product for E,H € L2’q(E) is, using their representations
FE = Ejdxy and H = Hjdzy, given by

(B, H)\2.4(z) :/_E/\*H:Z/_EIHI:Z(EI,H1>L2(E) = (B, H) 2z
= I =

I

where we introduce the vector proxy notation
N
E=[E/]; € *(5RY), N, := ( )
We can now define the Sobolev space H*4(Z) as the subset of L*9(Z) having each component E; in H.

In these cases, we have for |a| < k

=> 0°Erda’ and (B, H)yum = », (0“E,0°H)2qc,

Hk-1(Z)
0<]a|<k
and we use the vector proxy notation also for the gradient, i.e.
VE = [0,E]ns = [..VEr..]r € L2(5;RV*Na),
Hence, for E, H € HY4(Z)

N
(B, H)ypogzy = (B H) 2 Z (OB, 0 H) 20z = Y ( /EIH1+Z[6nE18nHI)
n=1 I = n Y=

= Z ((Er, Hi)2zy + (VE;, VH) 2(z)) = (E, H)\2z) + (VE,VH) 2=y = (E, H)
I

H1(Z)"

Boundary conditions for H%-forms can again be defined strongly and weakly, i.e., by closure
_  HLa
o1 a e vy
() = CE)

and by partial integration

-

HRY(E) == {E € HY(E) : (E,div @) 12(z) = —(VE, &) 2(z) for all ¢ € C709(2)}.
We also introduce the following spaces
DH(2) ;= {B e H™(2) 1 d B e KM (3)],
Ab(E): = {B e HH(Z) 10 B € Wb ()}
One of the main tools in the following arguments is a universal extension operator for the Sobolev spaces
DF4 given in [3], which is based on the universal extension operator for standard Sobolev spaces H*
introduced by E.M. Stein in [11]. ”Universality” in this context means that the operator, which is given

by a single formula, is able to extend all orders of Sobolev spaces. More precisely the following theorem,
which is taken from [3, Theorem 3.6], holds

Theorem 3.1. Let Q C RN be a bounded strong Lipschitz domain, k € Ny and 0 < ¢ < N. Then there
exists a universal extension operator with the following properties:

£ : DM(Q) — DMY(RY)

satisfying
(i) EE=F a.e. in Q.
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(ii) The extension operator € is continuous, i.e.
Je>0 VEe€DM(Q) B praqay < €I Elpra@n
Note that ¢ depends on Q, N, k, and q, but not on E.

)

We start out with a density result for H!:9-forms, i.e., the strong and weak definitions of the boundary
conditions coincide for H"9-forms. This is an immediate consequence of the corresponding scalar result,
whose proof can be found in [4, Lemma 2, Lemma 3] and with a simplified proof in [1, Lemma 3.1].

Lemma 3.2. Let Q C RY be a bounded domain and (Q,T';) be a weak Lipschitz pair as well as
HE9(Q) := {u € HY(Q) : u|p, =0}.
Then HE?(9) = HR/(Q) = HRY(Q).
3.1. HY%-potentials without boundary conditions. The next two lemmas ensure the existence of

H:%_potentials without boundary conditions.
Lemma 3.3. Let Q C RN be a bounded strong Lipschitz domain. Then there exists a continuous linear
operator
Ta : L29(Q) = HY Y RY) 0 ALY RY),
such that for all E € DE(Q) NHL Q)+
d(TaE) = E in Q.

Especially D{(Q) = dH»~1(Q) = d (H-71(Q) N Ag_l(Q)) and the ‘reqular’ potential depends continu-
ously on the data. Particularly, these are closed subspaces of L2’q(Q) and Tq is a right inverse to d.

Here H% () := D(2) N Ag(ﬂ) are the harmonic Neumann forms and -+ denotes orthogonality with
respect to the L>7(Q) scalar product.

Proof. Suppose E € D§(Q) NHL (2)1(Q). As Q is bounded and strong Lipschitz, we have by Helmholtz

decomposition and with closed subspaces (see [9, Lemma 1, Lemma 3 and Korollar 3.2])
- L27(Q) = dDI"H(Q) ® AL(Q) = DL(Q) @ § AT (Q)
= dDIHQ) ® HL(Q) @ § ATTH(Q),

where @ denotes the orthogonal sum in L?%(Q). Hence there exists an H € D?'(Q) with d H = E in

Q. Let mg be the Helmholtz projector onto § A?(Q). Then we have moH € D971(Q) N § A%(Q) with
dmqH = d H = E and by the Friedrichs-Poincaré-type estimate, see [9, Lemma 2]

|7TQH‘L2,q—1(Q) § c ‘d’]TQHh_Q,q(Q) =cC |E|L2'q(ﬂ) .
Let £ : DT71(Q) — D9} (RY) be the Stein extension operator from [3], i.e., E(mroH) € DI~HRY) with
compact support. Projecting again, now onto Agfl(RN), we obtain a form
v E(noH) € DITYRY) N AL (RY).
Using regularity in the whole space, see [5], we conclude
v E(moH) € HHLRY) 0 AT (RY)
and dmpnE(moH) =dE(rqH) =dngH =dH = E in Q. ]
By Hodge-x-duality we get a corresponding result for the d-operator.
Lemma 3.4. Let Q C RN be a bounded strong Lipschitz domain. Then there exists a continuous linear
operator
T5 - L29(Q) — HY P HY(RY) 0 DI (RY),
such that for all H € AZ(Q)NHp(Q)*+
0(TaH) = H in Q.
Especially A3(Q) = SHY1(Q) = 6 (HYH1(Q) N DI (Q)) and the ‘regular “potential depends continu-
ously on the data. In particular these are closed subspaces of L2’q(Q) and Ts is a right inverse to §.

Here H% () := DI(Q) N AZ(Q) are the harmonic Dirichlet forms.
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3

[

FIGURE 2. The half-cube E = B_, extended by E to the polygonal domain =, and the rectangles v, = By and
Yv = Bo,+.

3.2. HY9-potentials with boundary conditions on the half cube. Now we start constructing H9-
potentials on = with boundary conditions. Let us recall our special setting on the half-cube

E=DB- and 7, =0, Y =By or 7, = Bo+.
Furthermore, cf. Figure 2, we extend = over =, by

= —int(EUE) {‘TGB:xN>O}:B+ , if v, = B,
T {xeB:ay>0,21 >0} ={xeBy:21 >0} =By ,ifv, =DBy;.

1>

Theorem 3.5. There exists a continuous linear operator
Sq: DI ((B) = HVHR?) nHLH(E),

such that for all H € 63U,O(E)

d(Sq¢H)=H inZ=.
Especially If)fmo(E) = IOD,qYWO(E) =d Iil,lqu’l(E) =d Dg:l(E) =d f)?/:l and the ‘reqular’ ﬁ}y;q’l(E)—potential
depends continuously on the data. In particular these are closed subspaces of Lz’q(E) and Sq 1is a Tight

inverse to d.

Proof. The case vy, = () is done in Lemma 3.3. Hence let v, = By or 7, = By 4. Suppose H € 63V70(E)
and define H € L>%(Z) by

- H inZ=
(9) H::{ o

It follows d H = 0 in =, i.e. H € D{(Z). Because = is topologically trivial, Lemma 3.3 yields E = TqH €
HLe~L(RN) N DI (RN) with dE = H in Z. In particular E € H"¢"(Z) and dE = 0 in Z. Using
Lemma 3.3 again, we obtain F € H-472(2) with

dF =Ein E.
Since E € H“41(2) we have F € D"4"2(Z). Let £ : DM42(2) — DY 2(RN) again be the Stein
extension operator. Then

Sa o8 — HLa—L(RN)

S0
H — E—d(EF)
is linear and continuous. Since S4H = 0 in =, we have SyH|,, = 0, which means SqH € Ei,ly;qfl(E).
Hence SqH € lil,ly;qfl(E) C [03‘1{:1(5) C If)g:l(E) by Lemma 3.2. Moreover
d(SqH) = H in E,
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and we immediately see
dHL1(E) ¢ dDI7N(E) € DL o(2) € DY, 4(2) c dHLI7H(Z),
completing the proof. O
Again by Hodge-x-duality, the following theorem follows.

Theorem 3.6. There exists a continuous linear operator
S5 AL ((B) » HMH(RN) n L (),
such that for all H € A?VV,O(E)
0(SsH)=H inZ.
Especially A% ((Z) = Al ((E) = dHLITHE) = §ALTHE) = §AL! and the ‘regular’ HL9H (2)-
potential depends continuously on the data. In particular these are closed subspaces of L2 (2) and S5 is

a right inverse to 9.

Remark 3.7. Inspection of the above proof shows that the latter theorem holds for more general domains.
Let Q C RN be a bounded strong Lipschitz domain, such that RN\ Q is connected, and let T, = Ule Ly,
K € N, with disjoint, relatively open and simply connected strong Lipschitz surface patches Iy C T,
where dist(T', 5, Tyy) > 0 for all 1 < k # £ < K. Now extend Q over I, by Qk, let Q denote the
interior of QU U---U Qg and define H like in (9). Then H € DY(Q). Lemma 3.3 yields ToH €
HLa= L (RY) N AL YRN) with A(ToH) = H in Q. Again d(TgH) =0 in Q fork=1,..., K. Continuing
analogously and since the Q. are simply connected, there exist unique potentials Fy, ..., Fx € Hl’q’z(Qk)
with TgH = d F, in Q.. As before Fy, € DY472(€y,). Let & : DV472(€y,) — DY 2(RN), k =1,..., K,
be Stein extension operators. By cutting off appropriately it can be arranged that supp(Expr) N Qp =10
foralll <k+#/{< K. We define
K
SaH = TaH — > d(&xFy) € HY 1 (RY),
k=1
Again from SqH = 0 in Qp, k = 1,..., K, SqH|r, = 0 follows, which means SqH € Ijllaf_l(Q) and
therefore
SqH € HR 1 (Q) € DLH(Q) € DL Q).
Moreover d(SqH) = H in Q, as d(SqH) = d(TgH) = H even in Q.
3.3. Weak equals strong for the half-cube in terms of boundary conditions. Now the two main

density results immediately follow. We note that this has already been proved for the H%()-spaces in
Lemma 3.2, i.e., H}’f(Q) = Hllﬂ’Tq(Q)

Theorem 3.8. D¢ () = DY (2) and A? () = Al ().

Proof. Suppose E € IODq L(E) and thus d E € Dq+1( ) By Theorem 3.5 there exists H = Sgd E € H1 4(2)
with d H = d E. By Theorem 3.5 we get E — HGD o(B) = DA/ o(Z) and henceEqu (B). O

4. THE COMPACT EMBEDDING

4.1. Compact embedding on the half-cube. First we show the main result on the half-cube = = B_
with the special boundary patch

T = 07 T = By or T = BO,+
from the latter section. To this end we consider the densely defined and closed unbounded linear operator
di=di™ DN E) C LM E) - L2Y(E)
and its adjoint
— 6= =09 = (dT Yy :5*1A?Y (2) C L2YE) — L>1(2).
Note that by Theorem 3.8 we have Agy(E) = Affyy (Z). Here, L2(Z) denotes L>(Z) equipped with
the inner product (-, '>L§‘Q(Q) = (&, - )L2a(q)- Let @c denote the orthogonal sum with respect to the

Lz’q—scalar product. The projection theorem yields
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Lemma 4.1. L>(Z) = dDI-1(2) @ e 1AL ((Z) = dHLI(E) @. e 1 oHLI(E)
Proof. By the projection theorem
L29(2) = dDY ' (F) @, e AL 4(2).
It holds d DY, *(Z) = dD4-'(2) = dHLY1(E) by Theorem 3.5 and A?, ((2) = A?
by Theorem 3.6. ]
Theorem 4.2. The embedding If)‘Z/T E)n 5_1A2YV(E) — L%9(2) is compact.
Proof. Let (Hp)nen be a bounded sequence in IODEYT Sa 5_15(1@ (2). By Lemma 4.1 we can decompose
Hy,=H}+H)=dEj+c '6E} € (dHY" H(E)ne'AL (2)) @, (e dHLIT(E) N DI (),
with ng =dH, and Jng = §eH,,. Furthermore, we can estimate
d d
’EW|H1’LI*1(E) <c ’Hn’LM(E) < C‘H”|L2*q(5) )
s §
|20l ) S g < Ml

HL.a+1 (=2 L29(=

By Rellich’s selection theorem (E9) and (E2) w.l.o.g. converge in L>?~!(Z) and L*?"*(Z) respectively
and

m? m

= _<55(Hrd1 - H%),ES - ES@>LQY‘1—1(E) <c |Eg - E%|L2,q—l(5) .

2
|H7(11 - Hgm||_gv(1(3) = <HS — Hj d(ES - Ej )>L§"7(E)

Thus (HY) converges in L*9(Z) and an analogous computation shows the convergence of (H?). Altogether
(H,,) converges in L>(Z). O

Remark 4.3. The use of Helmholtz decompositions and regular potentials in the proof of Theorem 4.2
demonstrates the main idea behind an elegant proof of a compact embedding. This general idea carries
over to proofs of compact embeddings related to other kinds of Hilbert complezes as well.

4.2. The compact embedding for weak Lipschitz domains. The aim of this section is to transfer
Theorem 4.2 to arbitrary weak Lipschitz pairs (2,T';). To this end we will employ a technical lemma,
whose proof is sketched in [10, Section 3] and [14, Remark 2]. We give a detailed proof in the appendix.
Let us consider the following situation: Let ©, © be two domains in RY with boundaries T := 90,
YT:=9O0 and Yo C Y relatively open. Moreover, let

$:0 — 0, pi=¢"1:00
be Lipschitz diffeomorphisms, this is, ¢ € C%1(©,0) and ¢ = ¢! € C%(0,0). Then © = ¢(O),
T = ¢(T) and we define T := (o).
Lemma 4.4. Let E € If)qTo(@) resp. E € If)qTO (®) and H € 6715%0 (©) resp. H € Eilﬁqro (). Then

V'E € D%O(é) Tesp. E)qTO (©) and dy*E =v¢*dE,

Q/J*Heu_liq,fo(é) resp. /flﬁqfo((:)) and Spyp*H = £ xdop* xeH = £xp* xdecH,
where pi := (—1)1N"1xp*xedp* is an admissible transformation. Moreover, there exists ¢ > 0, independent
of E and H, such that

W*EIDq(é) <c |E|Dq(@) ) |w*H|u—1Aq(é) <c |H|5—1Aq(@) .
From now on we make the following

General Assumption: Let (2,T;) be a weak Lipschitz pair as in Definitions 2.1 and 2.3. In particular,
Q is bounded.

We adjust Lemma 4.4 to our situation: Let Uy, ..., Uk be an open covering of I" according to Definitions
2.1 and 2.3 and set Uy := €. Therefore Uy, ..., Uk is an open covering of 2. Moreover let x; € éoo(Uk),
k € {0,...,K}, be a partition of unity subordinate to the open covering Uy,...,Ux. Now suppose
ke{l,...,K}. We define

Qp :=Up N, I'y =UnNT, F‘r,k =U,NT;, Py’k =U,NT,,
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Ty =0y, Spo=I5\T, [, = int(T,, USy), Ly = int(T, 1, USy),
o =7\ B, Ar = int(y, UT), Ay = int(y, UT).
Lemma 4.4 will from now on be used with
O = Oy, (:):zE7 Q=0 Q= 2, Y= 22— Qg
and with one of the following cases
Yo:=T7rk, Yo:= IA“TJC, YTo:=Ty,r or To:= f,,yk.

Then Y = f’k and T = (bk(fk) =~ as well as (depending on the respective case)

Yo = ou(Trk) =, Yo = ¢u(lrk) = 4, ¥r € {0, Bo, Bo,- }, Yo =7\ 7rs

Yo =¢xTor) =, To = ér(Tuk) = A, Y € {0, Bo, Bo,+ }, Yr =7\ V-

Remark 4.5. Theorems 3.5, 3.6, Remark 3.7, as well as Theorems 3.8, 4.2 hold for v, = By,— without
any (substantial) modification as well.

It is straightforward to show
Lemma 4.6. Let k€ {1,...,K}. For F € D%T(Q) and H € A%U(Q) we have
EeDl (%), xFEe 6;T,k(9k), HeAl (%), xiHe Agm(ﬂk).
Theorem 4.7. DL () = D (Q) and AL () = AL (Q).
Proof. Suppose FE € If)%T (Q). Then xoE € DY(Q) C IOD%T (Q) by mollification. Let k£ € {1,...,K}. Then
Ee DqFT’k(Qk) by Lemma 4.6. Lemma 4.4, Theorem 3.8 (with v, := v;) and Remark 4.5 yield
WEEDI (2)=D1 (), 7 = dk(Trr) € {0, Bo, Bo,_}.
Then E = ¢}¢;E € DL (%) and thus xzE € f)l‘gT () € DE_(9).

ok k

Hence E =), xxE € If)%T (). A%u Q) = A%V (92) follows analogously or by Hodge-x-duality. O
Remark 4.8. By Theorem 4.7, Lemma 4.6 also holds for the spaces |5qu (Q) and A%V (). More precisely,
for E € D%T(Q) and H € A%V(Q) we have for k€ {1,...,K}

FEe quﬂr’k(Qk), xxF € D%T,k(ﬂk)’ He A%V’k (Qk), xxH € A%mk(ﬂk).

Now the compact embedding for weak Lipschitz pairs (2,T';) can be proved.
Theorem 4.9. Let € € L>(Q) be an admissible transformation on q-forms. Then the embedding
DL () ne AL (Q) < L>9(Q)
18 compact.
Proof. Suppose (E,) is a bounded sequence in [O)qFT QN 5_1A%V(Q). Then by mollification
Eon = xoEn € D1(Q) Ne TAY(Q),

Eo., even has compact support in ©, and by classical results (Ep.,), see [12, 13, 10], contains an L*9(Q)-
converging subsequence, again denoted by (Ep ). Hence Ep,, — Ep in L2’q(Q) with some Ey € LQ"’(Q).
Let k € {1,...,K}. By Lemma 4.6 and Remark 4.8

Ek,n = xxFn € D%T’k (Qk), 5Ek,n € A%Vk(Qk)

and the sequence (Ej ;) is bounded in D;{ (Qx) N 5_15% k(Qk) by the product rule. By Lemma 4.4

k

‘@Z}ZEk,MDq(E) <c ‘Ekﬂl

showing that (¢} FE} ) is bounded in IOD%T (). Analogously, (¢} E ) is bounded in u;lﬁgu(E) with the
admissible transformation iy := (—1)"V =1 x ¢f x e¢i. Thus (¢} Ef,,) is bounded in

D%T (E) N :ulzlAgy,, (E> C DgT (E) N MI;IA%V (E)a Y € {07 BO7 BO,+}7 ﬁ/‘r = ’7\71/'

D4 ()’



THE MAXWELL COMPACTNESS PROPERTY 11

Therefore, w.l.o.g. ¥t Ey, —— B, in L*4(Z) with some Ej, € L>%(Z) by Theorem 4.2. Now
Epn € L29(Q),  Ep = ¢jEp € L2(Q)
and Lemma 4.4 yields

|Ek,n - Ek|L2‘q(Qk) <c '(/)ZEk,n - Ek

L2a(z)
Hence Ey, ,, 27 By in L2’q(Qk) and Ey 27 By in L2 1(Q)) for their extensions by zero to 2. Finally
En =33 XkEn =3 B =253, By in L29(Q). 0

5. APPLICATIONS

From now on let  C RY be a bounded domain and let (£2,I';) be a weak Lipschitz pair as well as
e : L(Q) — L>%(Q) be admissible. This sections’ results immediately follow in the framework of a
general functional analytic toolbox, see [7, 8].

5.1. The Maxwell estimate. A first consequence of the compact embedding Theorem 4.9, i.e.,
DL (Q)ne AL (Q) < L>9(Q)
is that the space of so-called ‘Dirichlet-Neumann forms’
HI(Q) = Ii])111“,,0(9) n 5_1A%,,0(Q)

is finite dimensional because the unit ball in #I(?) is compact. By a standard indirect argument Theorem
4.9 immediately implies the so-called Maxwell estimate:

Theorem 5.1. There exists a constant cm > 0, such that for oll E € D%T(Q) N 5‘1A%U(Q) NHL(Q)Le

2 2 1/2
|E|L§’q(£2) < Cm (|dE|L2v‘1+1(Q) + |5(5E)|L2‘q*1(9))

Here we denote by -< orthogonality with respect to L%7(Q)-scalar product.

5.2. Helmholtz decompositions. Applying the projection theorem to the densely defined and closed
unbounded linear operators

d:=di" DL Q) C LPH(Q) = L29(Q)
with adjoint, see Theorem 4.7,
— 0" = =00 = (A7) e TAL (Q) C L2Y(Q) —» LPTH(Q)
and )
eto =7l T ALY (Q) C LPTH(Q) — L29(Q)
with adjoint .
—d:=—dl= ("6 : DL (Q) C L2Y(Q) - LPIH(Q)
we obtain
L>(Q) = dDL Q) @ e AL (Q)
and
L>9(Q) = DL ,(Q) @. e LS AL ().
Hence D{._(Q) = dDE ' (Q) @. HI(R), where H(Q) = DL () ne AL ((Q). Altogether
L29(Q) = d DL (Q) @ HI(Q) B e~ L S ALT(Q).
We arrive at
Theorem 5.2. The following orthogonal decompositions hold:
L>9(Q) = dDE ' (Q) @ e TAL () =D& () B P SALT(Q)
= dDLH(Q) B HI(Q) B e SALT(Q).

Furthermore
dD4 (Q)=d (DL () Ne ' dALT(Q)) =d (DL () ne AL o )rmq( )+e),
6 AL () =8 (AL (@) NedDE (@) =6 (AL (@) ne(DL (@) NHAD) )
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and
dDE () = Df o() NHIQ)™, SALN(Q) = Af, o() NHAD™ .
The ranges d D%:l(Q) and 5A%+1(Q) are closed subspaces of L*9(Q). Moreover, the d- resp. d-potentials

are uniquely determined in D%T(Q) N 671&%%0(9) NHI(Q)Le and Aqru Q)N 5(51{70(9) NHIQ)=),
respectively, and depend continuously on their respective images.

Proof. Theorem 5.1 implies closedness of the ranges and continuity of the potentials. O

5.3. Static solution theory. As a further application we turn to the boundary value problem of gen-
eralized electro- and magnetostatics with mixed boundary values: Let F € L>"1(Q), G € L*»71(Q),

E, € DY(Q), E, € e7'A9(Q2) and ¢ be admissible. Find E € D(Q) Ne~tA%(Q) with
dE =F,
0eE =G,
E - E, € D} (),
e(E - E,) € AL (Q).
For uniqueness, we require the additional conditions
(11) (eE,Dg)izaiqy = €R, £=1,...,d,

where d is the dimension and {D;} an e-orthonormal basis of HZ(€2). The boundary values on T'; and
T',, respectively, are realized by the given forms FE. and F,, respectively.

(10)

Theorem 5.3. (10) admits a solution, if and only if
E, €DYQ), E,ce tAYQ),
and
(12) F—dE, LALT(Q), G-deE, LDL ().
The solution E € D4(Q) N e tAY(Q) can be chosen in a way such that condition (11) with o € RY

18 fulfilled, which then uniquely determines the solution. Furthermore the solution depends linearly and
continuously on the data.

Note that (12) is equivalent to ' —d E; € dIOD%T (Q) and G —d€E, € 551‘13 (©). For homogeneous
boundary data, i.e., B, = E,, = 0, the theorem immediately follows from a functional analytic toolbox,
which even states a sharper result: The linear static Maxwell-operator

M : DL (Qne AL (Q) —  dDL (2) x §AL () x R?
E — (dE,5€E,(<€E,D@>L2‘q(g))g:1)

is a topological isomorphism. Its inverse M ~! maps not only continuously onto D%T(Q) N E_IA%V (),
but also compactly into L*9(Q) by Theorem 4.9. For homogeneous kernel data, i.e., for

My : D (Q)Ne'AL (QNHIQ)S — dDE (Q) x AL ()

E — (dE,dcE)
we have | M, | < (2 +1)'/2.
APPENDIX A. PROOF OF LEMMA 4.4

We start out by proving the assertions for the exterior derivative.

A.l. Without Boundary Conditions. Let £ =3, E;dz! € DY(0). We have to prove ¢*E € D(O)
with d*E = ¢* d B.
(i) Let us first assume ® € C%19(0), i.e., ®; € C®1(O) for all I. In the following we denote by - the
composition with ¢». We have

Aoy =Y O0pda’, o= ®tda’ = dp(de;,) A A(dey,),
i I I

d® =" 0;®;(dz;) A (da’).
1,5
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By Rademacher’s theorem we know that i)[ = ®; 09 and 9, belong to C%1(6) c HY(O) and
that the chainrule holds, i.e., 8;®; = > 9,0, i P10y, As ;€ H(O) we get dy; € D(©) by

<d¢ja5¢>L2~1(é) = *<7/1ja5590>|_2~0( &) = =0
for all ¢ € C>2(0). Thus by definition we see

Ay ® = (D) A(de,) A+ A(dey,) Z(’)(I)Idx (i) Ao A (de,)
I
= 3" 0;®10,(da’) A (deps) A A (dap,) = 3 80 (d ) A (ddhy,) A A (ddy,).
I,i,j I

On the other hand it holds
PTAd® =Y 9,0 (¢ day) A (YT da’) = 9,0 (duy) A(dhi,) A A (de,).

1,5 1,5

Therefore, *® € Dq(é) and d¢*® =*d .

(ii) For general E € D?(0) we pick ® € C>4+1(8). Note supp® cC © = ¢(0). Replacing 1 by ¢
n (i) we have ¢* x ® € DN=971(0) with d ¢* x ® = ¢* d*® and since ¢* x @ =Y, (x®);¢* dz’
holds, supp ¢* * & CC ©. By standard mollification we obtain a sequence (¥,,) C éOO’N_q_l(@)
with ¥,, — ¢* « ® in DV~971(0). Furthermore «¥,, € éoo’q"'l(@). Then

<1/)*E,5(I)>|_2,q(5)=/~1/J*E/\*(5(I>::|:/~¢*E/\w*¢*d*q>::|:/~w*(E/\(b*d*q))
S) © ©
::t/E/\d)*d*(I)::I:/E/\d(f*@(—:l:/E/\de
S} (C] S}
::t/ ENxxdxx W, = +(E,6%V,,) 2.4(0)
::t<dE,*\I/n>|_2,q+1(@) —):t(dE,*qS**fI)>|_2,q+1(@) ::IZ/ dENQ*x®
(C]

:i/é)w*(dEAqs**@):i/é(zz;*dE)/\*q):,w*dE,@)Lz,qﬂ(é)

and hence ¢¥*E € DY(0) with d¢*E = ¢* d E.
(iii) Let E € D9(©). By (ii) we know ¢*E € D9(0) with d¢*FE = ¢* d E. Hence

*E22q~ _ * B “E— *h* B * )
6 Bl = [0 EAsE = [ g0

- :t/ E Ax(x¢" V" )E < ¢|Elf2u(e) »
e
and
|d w*E|L2,q+1(é) = |1/}* dE|L2,q+1(é) <c ‘d E|L2,q+1(@) .

A.2. With Strong Boundary Condition. Let E € DqTO(@) and (E,) C COTOO(I(@) with E, — F
in DY(©). By Appendix A.1 (ii) we know ¢*E,¢*E, € DY(O) with d¢*E, = ¢*dE, as well as
dy*E = ¢*d E. Furthermore, ¥*E,, has compact support away from Y. By standard mollification we
see V*E, € DqTO (©). Moreover, by A.1 (iii) ¥*FE, — ¥*E in DY(©). Therefore Y*FE € D%O(@) with
dy*E =9y*dE.

A.3. With Weak Boundary Condition. Let £ ¢ If)qTO(@) and ¢ ¢ é%o’q+1((:)), where T; = T\ Ty.

1

By Appendix A.1 (ii) we again know ¢*E € D9(0) with d¢*E = ¢*d E. Moreover by Appendix A.2
P x® ¢ D?;q_l(@) and hence x¢* x® € A(ﬁ'l(@). We repeat the calculation from Appendix A.1 (ii) to
arrive at

<¢*E,§(I)>L2,q(é) = /édj*E AxdD = :l:<E,*¢* d*¢>|_2,q(®)

::|:<E *dgb**q)>|_2 q(@) = <E 5*¢**(I)>L2 q(@)
— :|:<dE *QS *(I)>L2 q+1(@ <¢ dE (b>L2 q+1(® <dw E (b>L2 q+1(@)
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and therefore ¢¥*FE € D% (©).
0

A 4. Assertions for the co-derivative. It holds by Appendix A.1 (ii)

eHeA(O) & »xHeDV910) & ¢ xepv*HeDV9O0) < mw*H e AY0).

Moreover, using Appendix A.1 (iii) p is admissible since for all H € L2%(©)

<[IJH, H>L2*‘1(C:)) = :|:<*f¢* *5¢*H7 H>L2*‘1(C:)) = :|:<1/)* *g¢*H7 *H>L2’N*q(é)
=t [t H A =% [ et H nwgH
e S)

= +(e¢"H,¢"H) 2.0(0) > ¢|¢" H[{20(0) > ¢|H {2006 -

Furthermore

Opp™H =+ xdyp* xeH = £ x9p* xdeH.

The remaining assertions now follow by Appendix A.1 - A.3 and Hodge-x-duality.
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