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History - Ulm's Theorem

Definition

For a group (or module) G, @ € ON and p a prime define
uy(a, G) := dim(p*Gp]/p* T G[p]) (as a Z,-vector space),

the (a'") Ulm-Kaplansky invariant of G and

up(o0, G) = dim(p>™G/p]).

Theorem (Ulm)

For G and H countable, reduced p-groups the following are
equivalent:

1 G=EH;

2 up(a, G) = up(a, H) for all ordinals c.



Model-theory

We consider the language Lo .

Definition

Ls :={¢ € Locw | qr(p) < 0}

Contains atomic formulas; closed under (L1)-(L3):
(L1) ¢ € Ls = —p € Ls;

(L2) @ C Ls = NP,V P € Ly;

(L3) ¢ € Lg(B < §),v a variable = Jv ¢, Vv ¢ € Ls.

A =5 B iff A = =B = o for all sentences ¢ € Lgs and vice versa.

Lemma (Barwise-Eklof)
A=, B =A=B.



more Model-theory

Theorem (Karp)

For models 2l and B of the same structure, the following are
equivalent:

1 Q[E(; %,’

2 For each ordinal o < 0 exists a non-empty set I, of isomorphisms
on finitely generated substructures of A into finitely generated
substructures of B such that:

(a) 1o C I for B < a;
(b) Ifa+1<¢6 and givena € A and f € I,,1, there exists g € 1,
such that f C g and a € dom(g);

(c) Ifa+1<¢ and givenb € B and f € 1,11, there exists g € I,
such that f C g and b € rng(g).

((b) & (c): "back-and-forth property”)



he generalization by Barwise-Eklof

g : X — cardinals; g(x) := g(x), if g(x) < Vg, g(x) = oo otherwise.

Theorem (Barwise-Eklof)

For G and H p-groups and 6 € ON: If
() Up(a, G) = tUp(a, H) for all @ < w9,
(b) I(G) < wd & 7(Gy) =7(Hy),

then G =5 H.
If 6 € LORD the converse also holds.

Preserving heights "up to o'":

ha(z) < a= hg(f(x)) = hg(x)
hg(x) > a= hg(f(x)) > a.



History - Warfield's Theorem

We consider Zp—modules.

Theorem (Warfield)

For two countable Warfield modules M and N the following are
equivalent:

1 M =N ;

2 up(a, M) = up(a, N) for all « € ON, up,(00, M) = up(co, N),
and wys(B) = wy(B) for all Ulm-sequences 3.



History - Warfield’'s Theorem

Definition

m For a module M, X = {x;};cr € M is called a decomposition
basis for M, if
(i) X is independent;
(ii) o(x;) = oo for all i;
(iii) M/(X) is torsion;
(iv) (X) = @D, (i) is a valuated coproduct in M.

m (X) is a nice submodule of M (and thus X a nice
decomposition basis), if p*(M /(X)) = (p*M + (X)) /(X).

m For two decomposition bases X, X’ of M, call X’ a subordinate
of X, if every element of X’ is a nonzero multiple of an element

of X.

m A module is called simply presented if it can be defined in
terms of generators and relations so that the only relations are of
the forms px = 0 and px = y.



History - Warfield's Theorem

A Warfield module, M, is a direct summand of a simply presented
module

& possesses a nice decomposition basis X with M /{X) simply
presented.

Ulm-sequence 3 = (§;: i < w),3; € ON U oo, 3; < Bit1
p*B = (Bitk 1 i <w)

B~ if3kl<w: p*3 =p'y

upy(2) = {Ip'z] i < w}

m M(3)={x € M :|p‘z| > B for all i <w}

m M(B*) = (xz € M(pB) : |p‘x| > B; for infinitely many values of ),
if 3; # oo for all 4, otherwise M (3*) = tM(f3).



History - Warfield’'s Theorem

Definition
wyr(B) = dzm(M(B)/M_(B*)) the 3-Warfield invariant of M
(= H{z € X 1 up,(z) ~ B}, X a decomposition basis)

Theorem (Warfield)

For two countable Warfield modules M and N the following are
equivalent:

1 M =N ;

2 up(a, M) = up(a, N) for all « € ON, up(00, M) = up(c0, N),
and wy;(6) = wy(8) for all Ulm-sequences 3.



An extension result by Warfield

Extension Theorem (Warfield)

Let X and Y be any decompositon bases of modules with identical
Warfield invariants.

There exist subordinates X' of X and Y’ of Y such that there exists
a bijection X' — Y', which induces a height-preserving isomorphism
(X" — (Y"). It follows:

If AC X', B CY’ finite and f : (A) — (B) is a height-preserving
isomorphism with f(A) = B, then:

forallz € X' (y € Y') there existsy € Y' (x € X'), such that f
extends to a height-preserving isomorphism (A, x) — (B,y).



A generalized extension result

m 3=, 7 if min{B;,a} = min{~;, a}

mwf(8)= Y wum(@)=|{z e X :uy(r)=q B}
ﬁ:aﬁaﬁEU

Extension Theorem (Gobel-L-Loth-Striingmann)

Let M, N be modules with decomposition bases X and Y, such that
WS (8) = w%(B) for all Ulm-sequences 3 where « is a fixed ordinal or
the symbol oco. Then there exist subordinates X' of X and Y’ of Y
such that:

If A and B are countable subsets of X' and Y’ and f : (A) — (B) is
an a-height-preserving isomorphism with f(A) = B, then for every
re X (yeY')thereisy €Y' (x € X') such that f extends to an
a-height-preserving isomorphism f': (A, x) — (B,y) by sending x
onto y.



A model-theoretic Lemma

Lemma (Gobel-L-Loth-Striingmann)

Let M and N be modules and M =, N where A € LORD. Then:
m (3) Up(a, M) =1dp(a,N), if a < wA.
(b) Ifl(M) < wA and I(N) < wA, then t,(c0, M) = t,(co, N).
m /f M and N have decomposition bases and if « < w\ where
A =wvy and v € LORD, then w$;(3) = w%(8) for all
Ulm-sequences [3.



A first generalized classfication result

Theorem (Gobel-L-Loth-Striingmann)

Let M and N be modules with nice decomposition bases and let
0 € ON. If

1 Up(a, M) = Gp(c, N) for all ordinals o < wé;
2 [(tM) < wé = tp(o0, M) = tp(co, N),

3 w4 (B) = wy¥(B) for all ordinals v < § and all Ulm-sequences 3,

then M =5 N.
The converse holds if § = w~vy where v € LORD and if

w0 (B) = 0% (B) and for all v < 4 and all Ulm-sequences 3 holds

wiy (6) < Vo = wiy' () < Ro.



Further invariants and another classification

Let G be a module over Z, a group.

Definition

A system C is called partial decomposition basis for GG if
1 C#£0, X eC=|X| <N,
2 X € C= X is a decomposition set;
3 Xecl,zeG= Y eC: XCY,zec (Y.

m Ulm-matrix of z: U(x) = (u,)(7))pep
m A and B are compatible if 3m,n € N: mB > Aand nA > B



Further invariants and another classification

Definition

Warfield invariant:

w(c,p,e,G) = |{r € X : U(x) € c,up(z) € e}

(c a compatibility class of Ulm-matrices, p a prime, e an equivalence
class of Ulm-sequences, X a decomposition basis of G)

m A=, B if min{ay;,a} = min{b,,;,a} for all primes p and
i< w

mc~,cifdAecec Bed:A=,B

me~y e ifdBceyee =47

mW,(c,p,e,G)=min{ > = w(d,p€e,G),w}

e/ ~qe,cl~qc



A second generalized classification theorem

Theorem (Jacoby-L-Loth-Striingmann)

Let G and H be groups with partial decomposition bases C and D
and let ) € ON. If

1 Up(a, G) = Up(ar, H) for all primes p and o < w9,

2 Wy(vt1)(C D, €, G) = Wyt1)(C, D, €, H) for every compatibility
class ¢ of Ulm-matrices, prime p, equivalence class e of
Ulm-sequences and v < 0,

3 [(t(Gp)) < wd = Up(00, G) = Up(oc0, H),
then G =5 H.



