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ABSTRACT

Let T be an abelian group and A an uncountable regular cardinal. We consider the
question of whether there is a A-universal group U among all torsion-free abelian
groups G of cardinality less than or equal to A satisfying Ext(G,T) = 0. Here
U is said to be A-universal for T if, whenever a torsion-free abelian group G of
cardinality at most A satisfies Ext(G,T) = 0, then there is an embedding of G into
U. For large classes of abelian groups T" and cardinals X it is shown that the answer
is consistently no, that is to say there is a model of ZFC in which for pairs T and
A there is no universal group. In particular, for T torsion, this solves a problem by
Kulikov.

1. Introduction

Given a class C of objects it is natural to ask for universal objects in C. A universal
object is an element C' € C such that every other object of the class C can be em-
bedded into C. The existence of universal objects clearly simplifies the structure
theory for C.

On the other hand, if there are no universal objects in C, this indicates that the
class C has a complicated structure. Since the definition of universal objects is
formulated categorically the search for universal objects appears - as well known -
in any field of mathematics.

In the present paper we focus on abelian groups and begin with the class 7 F of all
torsion-free abelian groups G of rank less than or equal to A, where X is a fixed car-
dinal. We consider the subclass C = TF,(T) of all G € TF with Ext(G,T) =0
for some fixed abelian group 7. Here Ext(_,T) denotes the first derived functor
of the functor Hom(_,T). In 1969 Kulikov raised the problem whether or not
there are universal groups in 7F (T for all (uncountable) cardinals A and torsion
abelian groups T'. If the group T is cotorsion, that is Ext(Q,T) = 0, then for any
A there is a universal group in 7 F(T'), namely the torsion-free divisible group of
rank A. Surely, the restriction to classes of groups bounded by some fixed cardinal
A is necessary to find universal objects. We want to consider Kulikov’s problem
and its solution in context of recently investigated cotorsion theories.
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Cotorsion theories for abelian groups have been introduced by Salce in 1979 [10].
Following his notation we call a pair (F,C) a cotorsion theory if F and C are
classes of abelian groups which are maximal with respect to the property that
Ext(F,C)=0forall Fe F,C eC.

Salce [10] has shown that every cotorsion theory is cogenerated by a class of tor-
sion and torsion—free groups where (F,C) is said to be cogenerated by the class
AifC = At = {X € Mod-Z | Ext(4,X) = 0 forall A € A} and F =
L(AY) = {Y € Mod-Z | Ext(Y,X) = 0 for all X € A+}. Examples for cotor-
sion theories are (£, Mod-Z) = (+(Z*),Z*) where L is the class of all free groups,
and the classical cotorsion theory (7F,CO) = (+(Q1),Q*) where 7 F is the class
of all torsion—free groups and CO is the class of all cotorsion groups. If (F,C) is a
cotorsion theory, then C is called cotorsion class and F is called torsion-free class.
We put (F,C) < (F',C’) for cotorsion theories (F,C) and (F',C’) if C C C’'. We say
that (F,C) is singly cogenerated if C = G+ for some group G. Clearly Z* and Q*
give rise to the maximal and minimal cotorsion theories. Moreover, Gobel, Wallutis
and Shelah have shown in [4] that any partially ordered set can be embedded into
the lattice of all cotorsion classes. Hence there is no hope to characterize cotorsion
theories. But if we restrict ourselves to torsion-free groups in 7F»(T'), then the
existence of a universal group provides a step towards classification. The existence
of universal groups also contributes information about the size of singly cogenerated
cotorsion classes G*. If G is torsion-free of rank at most A and T € G provides a
universal group Cr for TF,(T) then CF C G*.

In a first contribution to Kulikov’s problem Striingmann [16] showed that in Godel’s
universe (V = L) for every cardinal A and torsion abelian group T there exists a
A-universal group G € TF»(T) if T has only finitely many non-trivial bounded pri-
mary components. Moreover, if A is finite, then this characterizes those T’s which
give rise to universal groups even in in ZFC.

In this paper we shall prove that there is a model of ZFC in which the generalized
continuum hypothesis GCH holds with the property that for every abelian group T'
which is not cotorsion and every uncountable regular cardinal x there is a cardinal
A > k such that the class 7F,(T) has no universal object. Moreover, for torsion
abelian groups 7' (not cotorsion) of cardinality less than or equal to X; there is no
uncountable regular cardinal A such that 7 (T") has universal groups. This shows
that the result in [16] is not provable under ZFC and it answers Kulikov’s problem
consistently in the negative.

The notations are standard and for unexplained notions in abelian group theory
and set theory we refer to [3] and [1], [7]. For uniformization see [9] or [12].

2. A-universal groups

In this section we introduce the notions of A-universal groups for a given group T’

and obtain some basic properties. We are mainly interested in the case when our

group T is torsion but leave T arbitrary whenever this is possible. Let 7F be the

class of all torsion-free groups. For a cardinal A we denote by TF,(T) the class

of all torsion-free groups G of rank at most A such that Ext(G,T) = 0. Moreover,

we let TF(T) = JTFA(T) be the class of all torsion-free groups G satisfying
X

Ext(G,T) =0.
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We recall from the introduction that G € C is universal in the class C if any group
in C embeds into G. In particular we shall use the following

DEerINITION 2.1. If T is a group and A a cardinal, then a group G is called A-
universal for T if G is universal in the class TF5(T).

Kulikov [8, Question 1.66] asked the following problem.

PROBLEM 2.2. Do A-universal groups exist for all uncountable cardinals and for all
torsion groups ?

The starting point of this paper are the following results obtained recently by
Striingmann [16]. For this we recall that a completely decomposable group is just
a direct sum of subgroups of the rational numbers Q.

PROPOSITION 2.3 ([16]). Let T be a torsion group and A a natural number. Then
there exists a A-universal group G for T if and only if T has only finitely many non-
trivial bounded primary components. In this case, G is completely decomposable.

THEOREM 2.4 ([16], V = L). If T is a torsion group with only finitely many non-
trivial bounded primary components and A is a cardinal, then there is a A-universal
group for T which is completely decomposable.

We want to omit the case A\ = Xy and therefore restrict ourselves to uncountable
(regular) cardinals A.
It is well-known that any torsion group 7 has a basic subgroup B C T which is
pure, a direct sum of cyclic groups and has divisible quotient T'/B; We have the
following immediate

LEMMA 2.5. Let T be a torsion group, B a basic subgroup of T and X\ a cardinal.
A torsion-free group G is A-universal for T if and only if G is A-universal for B.

ProoOF. Since Ext(H,T) = 0 if and only if Ext(H, B) = 0 for any torsion-free
group H the lemma follows straight (see for example [16, Lemma 1.2]). O

PROPOSITION 2.6. If A is a cardinal, then a torsion-free group G is A\-universal for
T if and only if G is A-universal for the reduced part of T.

PROOF. Decompose T'= D @ R into the maximal divisible subgroup D and
the reduced part R. Then the lemma follows from Ext(H, D) = 0 and Ext(H,T) =
Ext(H, R) for any group H. O

Thus it is enough to consider reduced groups. We may reduce the question about
the existence of A-universal groups for T further and by Lemma 2.7 we also assume
that T is not cotorsion. Recall that a group T is called cotorsion if Ext(Q,T) = 0.

LEMMA 2.7. There is a A-universal group for every cardinal A and any cotorsion
group T'.

PrROOF. We have D = @@ Q € TF(T) for any cotorsion group T and cardinal
X

A, and D is A-universal because any torsion-free group of rank at most A embeds
into D. O

From [16] we also note.

LEMMA 2.8. Let G be any group and T a torsion group. Then Ext(G,T) = 0 if
and only if Ext(G,T") =0 for all pure subgroups T" of T such that |T'| < |G].
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Thus it is no restriction to assume |T'| < A and we will even assume |T'| < A in the
sequel of this paper.

3. (T, A\, v)-suitable groups
Let v < A be fixed regular infinite cardinals.

DEFINITION 3.1. Let T be a group with |T'| < A. Then a group G is called (T, A, ~)-
suitable if the following conditions are satisfied
() Ext(G,T) #0;
(ii) There is an increasing chain (Fj : ¢ < ) of free groups such that
(a) |Fi| < |i] + Ro for all i < ~;
(b) F,/F; is free for all i < ;
) ) U R,
1<y
Our next lemma shows that for any group 7' not cotorsion there is a (T, \,w)-
suitable group.

LEMMA 3.2. Let T be a group with |T| < X and G a countable group such that
Ext(G,T) # 0. Then G is (T, A\, w)-suitable. If T is not cotorsion then Q is
(T, \,w)-suitable.

PRrROOF. Choose a free resolution
0-K“2F G-0

of G. We may assume that K and F have countable rank and write K = @ Ze;.
i<w
Then each F,, = @ e;Z is a direct summand of F and hence G is (T, A\, w)-suitable.
i<n
If T is not cotorsion, then Ext(Q,T) # 0 and hence the same arguments show that
Q is (T, A\, w)-suitable. O

Next we show the existence of (T, A, y)-suitable groups for uncountable cardinals ~.
Recall that a group G is almost-free if all subgroups of smaller cardinality are free.

LEMMA 3.3. If T is a group with |T| < A and G is almost-free with |G| = v such
that Ext(G,T) # 0, then G is (T, A, ~y)-suitable.

PRrOOF. Choose a 7-filtration G = |J G, of G such that each G,, is free. By
a<y
[1, Lemma 1.4, page 346] there is a free resolution associated with this filtration.
This is to say there are free groups F = @ F, and K = @ K, such that the
a<y a<y
short sequences

0—K—F—G—0

and
0—>@Ka—>@Fa—>Gg—>0
a<p a<p
are exact for all § < . Since each Gg is free it follows that G is (T, A, y)-suitable.

O

LEMMA 3.4. Let H be an epimorphic image of the group T. If G is (H, A, ~)-suitable
then G is (T, \,~y)-suitable.
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ProOOF. The claim follows immediately noting that Ext(G,T) = 0 implies
Ext(G,H) = 0. U

PROPOSITION 3.5. Let S C v be stationary non-reflecting such that cf(a) = w for
all « € S and assume that g holds. Let T be a group which has an epimorphic
image of size at most v that is not cotorsion. Then there is a strongly ~v-free group
of size v which is (T, \,~)-suitable.

The proposition has an immediate corollary.

COROLLARY 3.6. Suppose v and S satisfy the conditions in Proposition 3.5. If T
is not cotorsion and torsion or |T| < 7 then there is a (T, \,y)-suitable torsion-free

group.

PRrROOF. If |T| < 7 then the corollary follows from Proposition 3.5. If T is
torsion then we choose a basic subgroup B’ of T' and a countable unbounded direct
summand B of B’ which is therefore not cotorsion. Note that B exists since T is
not cotorsion. It is well-known that B is an epimorphic image of T (see [3, Theorem
36.1]), hence Lemma 3.4 applies and it is enough to construct a (B, A, y)-suitable
group which follows from Proposition 3.5. O

PrROOF. (of Proposition 3.5) Let B be the epimorphic image of T' as in the
Proposition. Then by Lemma 3.4 it is enough to construct a (B, \,~)-suitable
group. Therefore, we may assume that |T'| < . By Lemma 3.2 there is a countable
torsion-free group R which is (T, A\, w)-suitable. If A, > Xy (n € w) are cardinals
then as in [1, Corollary 1.2, page 182] there exist free abelian groups K C F and
an ascending chain K, (n € w) of subgroups with K = |J K, and F/K, is free

new
for all n € w, Ky is free of rank A9 and K, 11/K, is free of rank A,y;. From

F/K = R follows Ext(F/K,T) # 0. As in the proof of [1, Theorem 1.4, page 185]
we can construct a torsion-free group G of cardinality v which has a ~-filtration

G = |J G, satistying the following conditions for all « < 3 < 7.
a<ly

(i) Gy is free of rank |a| + No;
(i) if « is a limit ordinal, then G, = |J Gs;
o<
(iii) if o ¢ S, then Gg/G, is free of rank |3| + Ro;
(iv) if @« € S, then Ext(G3/Gq,T) # 0.
From <g follows that Ext(G,T) # 0 (see [1, Theorem 1.15, page 353]), hence G is
(T, A\, ~y)-suitable by Lemma 3.3. O

4. The uniformization

Besides regular cardinals g < v < A we also fix a stationary subset S of A consisting
of limit ordinals of cofinality . To prove Theorem 4.6 and Theorem 4.9 we shall
use a construction developed in [2]. Thus we shall concentrate on the basic steps.

DEFINITION 4.1. A ladder system 7} on S is a family of functions 77 = (15 : § € S)
such that ns : v — § is strictly increasing with sup(rg(ns)) = 9, where rg(ns)
denotes the range of n5. We call the ladder system tree-like if for all §,v € S and

every a, 3 € 7, 5(a) = 0, (8) implies a = B and ns(p) = n,(p) for all p < a

For a ladder system 7] = (15 : 6 € S) on S we can form a tree B; C =7\ of height ~:
Let By = {ns [a: 0 € S, <1(n5)}, where 1(n5) denotes the length of 15. Note that
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Bj; is partially ordered by defining n < v if and only if n = v [y().

From the ladder system 7 and a group G which is (T, A, v)-suitable for some group
T we want to find a new group Hj. Fix a chain (F, : o < ) for G as in Definition
3.1. Hence F,/ |J F. = G. For each ) € By we let H, = Fy(;;) and if n <v € By

a<ly
then let i,, be the inclusion map of H, into H,. Finally, let H; be the direct

limit of (Hy,4,, : 7 < v € By). More precisely, H; equals @{H, : n € B;}/K
where K is the subgroup generated by all elements of the form z, — y, where
yy € H,,z, € Hy, n <v and i, ,(z,) = y,. Canonically we can embed H, into Hj
and we shall therefore regard H, as a subgroup of Hy in the sequel.

DEFINITION 4.2. Let x be an uncountable regular cardinal. The tree By is called
k-free if for every X C S with |X| < k there is a function ¥ : X — ~ such that

{{ns la: ¥(0) <a<~v}:0€ X}

is a family of pairwise disjoint sets. The ladder system 7 is called s-free if By is
k-free.

We now state some properties of the constructed group Hy.

LeMMA 4.3. If k is an uncountable regular cardinal and By is a k-free tree, then
Hy is a k-free group.

PROOF. See [2, Lemma 1.4]. O
LEMMA 4.4. If S is non-reflecting, then Hy is A-free but not free.

PROOF. Since S is non-reflecting 7 is A-free and by Lemma 4.3 the group
Hpy is A-free. However, if 6 € § there exists v > ¢ such that for all p < 7,
My [w€ {Na Tu: o < 6}. Thus [2, Lemma 1.5] applies and Hj is not free. O

We recall p-uniformization for a ladder system 7 and a cardinal p.

DEFINITION 4.5. If i is a cardinal and 7 is a ladder system on S we say that 77 has
p-uniformization if for every family {cs : & € S}, where ¢5 : rg(ns) — u, there exist
U:XA— pand U*: S — psuch that U(ns(a)) = es(ns(a)) with U*(§) < a <y for
alld € S.

THEOREM 4.6. Let T be a group with |T| < A and G be (T, \,~)-suitable. If S is
non-reflecting and 7 is a tree-like ladder system on S with 2UT") —uniformization,
then there exists a torsion-free group H of size A such that
(i) H has a X-filtration (Hy : oo < \);
(i) if a € S, then Hoy1/Ho =2 G;
(iii) if o & S, then Hg/H, is free for all o < j3;
(iv) Ext(H, W) =0 for all groups W with |W| < |T.

PROOF. Let T', S, 7 and G be as stated and choose the group Hy = @{H, :
n € B} /K as constructed above. Then Hj is almost-free but not free by Lemma
4.4. From [2, Theorem 1.7] follows that Hj satisfies Ext(Hgz, W) = 0 for every
group W of size at most |T'| and it is easy to see that H has a A-filtration as stated
letting H, = U{(H, + K)/K : n € By,sup(rg(n)) < a}. O

We want to apply Theorem 4.6 in models of ZFC to ladder systems which have
p-uniformization for all g < A. This is possible for many regular cardinals as
long as |T| is small enough to obtain 2071") < X\ which is the case when \ is



KULIKOV’S PROBLEM ON UNIVERSAL TORSION-FREE ABELIAN GROUPS 7

strongly inaccessible or the successor of a singular cardinal. The case A = x* with
~v = k regular is not covered by Theorem 4.6, which explains our intention to show
Theorem 4.9 next.

DEFINITION 4.7. Let  be regular and A = x*. A ladder system 7 = (15 : 0 € S)
has strong k-uniformization if for every system P = (P, : a < A) such that
(i) 0 # Ps C{f|f :rg(ns) — 6Nk} ifd € S;
(i) if 6 € S and i <, then Py = {f lrgms1sry) |f € P}
(iii) if 6 € S and ¢ < + is a limit ordinal, then for every increasing sequence
(fj 27 <1i), fj € Py there exists f; € P, ; which extends the union

U fi
1<t
there exists a function f : A — & such that f [,4(,,)€ Ps for all § € S.

PROPOSITION 4.8. Let A =T for some regqular cardinal v and let 7j = (ns : § € S)
be a tree-like ladder system on S such that n has y-uniformization and <. holds.
Then 7 has strong vy-uniformization.

PROOF. Let P be given as in Definition 4.7 stated and let J be a stationary
subset of v such that <, (J) holds. We may assume that J = . Thus there exists
a system of diamond functions h = (hs :  — 7|§ < ) such that for every function
h:~v — ~theset {6 <~v:hls=hs} is stationary in . For each § € S and i < v

we define

ho xg(ns 1) — 7, (15(3) — hi(4)) -

If 6 € S then let Es = {i < v : h? C f for some f € P5} and choose g0 € Ps such
that g9 Mg (ns )= h? for i € Es. Define f5 : rg(ns) — H(y) for 6 € S as follows

fs(ns (i) = <9§S leg(nstsn):d <10 € E5>-

Here H(vy) denotes the class of sets hereditarily of cardinality < . Note that H(v)
has size < v. By the y-uniformization of 7 we can find F : A\ — H(v) such that
for all § € S there exists as < v with f5(ns(i)) = F(ns(i)) for all a5 < i < . For
1<y let

F(ns(i)) = <G;-75(Z) j<i,j€ Ené(i)>
for some E, ;) C . Note, that F'(ns(i)) depends only on the value 7s(i) and not

on §. Moreover, F' is well-defined since 7 is tree-like.

We now define f: A — v on |J rg(ns) and arbitrarily on the complement. We use
6es
induction on ¢ < 7. For i = 0 choose any member u € P, and put f(1s5(0)) =

u(15(0)). Now assume that f(n5(j)) has been defined for j < i and § € S such that
for j <'i, f Tig(nst 01 € Pnsi)- Put fs = {f(ns(j)) : j < i} and let

T =17 € Byygiy G Teatorn € Jo}-

If 9 = min(J?) exists then let f(ns(i)) = G;’g(i)(ng(i)). If min(J?) does not exist,

then we distinguish between two cases: if ¢ is a limit ordinal, then Definition 4.7

(iii) implies that there is f; € P, ;) which extends | f [ig(nst If 7 is a
j<i

successor ordinal, then Definition 4.7 (ii) ensures that tilere is fi € P;(;) extending

I Trg(nsti)- In both cases put f(ns(i)) = fi(ns(i)). Note that f is well-defined since

7 is tree-like, hence min(J?) exists if and only if min(JY) exists for 75(i) = 1,(j)

G+1)"
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(0,v €8, i,j < 7). It remains to check that f [.4(,,)€ Ps. By the uniformization

we have G = g% [u0 0 forall j < i, j € By, i > ag and § € S . We
define
h:y—, = fns(5)))-

By <, there exists 35 > as such that h [g,= hg; and hence

) )
f lvg(ns Pas) = hﬁs lrg(ns las) = hﬁs'
Thus g5 € Jgé and f(ns(7)) = G?‘S(i) as above. Therefore

)
f rrg(nﬁ[(ﬁ§+1))7 985 rrg(ﬁsf(géﬂ))

by definition of f. By induction on i > fs it follows that f [.g(,s)= 925 € Ps and
this finishes the proof. (I

The extension of Theorem 4.6 is now immediate.

THEOREM 4.9. Let A\ = 4T and assume <. holds. Moreover let 7] be a tree-like
ladder system on a non-reflecting stationary subset S of A whose elements have
cofinality . If T is a group with |[T| < X and G is (T, \,~)-suitable, then there is
a torsion-free group H of size \ such that

(i) H has a A-filtration (Ho : o0 < A);

(i) if a € S, then Hyoyq/Hy = G

(iii) if o € S, then Hg/H, is free for all o < j3;

(iv) Ext(W,T) =0 for all groups W with |W| < |T|.

PROOF. (which is similar to [2, Proposition 1.8]) Let S, 7 and G be as in
Theorem 4.9 and choose the direct limit H; = {H, : n € Bz}/K as constructed
above. Inspecting the proof of Theorem 4.6 we see that Hj is an almost-free non-
free group of size A\ which has the desired M-filtration. It remains to show that
Ext(Hy, W) = 0 for all groups W with |[IW| < |T'|. We must show that any short
exact sequence

(%) 0-WXNIH, -0
has a splitting map ¢ : H; — N such that ¢m = id [g,. Choose any set function
u: Hy — N such that ur = id [g,. As in [2, Proposition 1.8] the splitting maps ¢
of 7 are in one-one correspondence with set mappings h : H; — W with h(0) = 0
such that for all z,y € Hy and 2z € Z the following hold.

(i) zh(x) — h(zz) = zu(z) — u(zz) and

(if) (z) +h(y) = h(z +y) = u(@) +uly) —u(z +y)
It is customary to denote Trans(H, W) to be the set of all these maps h for a fixed
subgroup H C Hj. Thus (*) splits if and only if Trans(Hjy, W) is non-empty.
Fix a chain (F, : a <«) for G as in Definition 3.1. For 6 € S, i < vy and h €
Trans(Hp,,, W) let

sea(h) : xg(ns 1) = W (ns() = h ny,, ) (<))

For 6 € S let Ps = {seq(h) : h € Trans(H,,,W)} and for i < v put P, =
{seq(h) : h € Trans(H,,,,,,W)}. Let P, = () if it has not been defined yet
(a < A). By Proposition 4.8 the ladder system 7 has strong y-uniformization and
it is easy to check that the system P = (P, :« € \) satisfies the conditions of
Definition 4.7 since F,, and F, /F,, are free for m < n < . Since |W| < v there
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exists a function f : A — W such that f [y, € Ps for all § € S. We now define
h: Hy — W by putting h [p,, = [ Trg(ns) and clearly h is well-defined and belongs
to Trans(Hy, W) and therefore (x) splits. O

5. The Forcing Theorem

Before we state the main theorem of this section we describe our strategy. Using
class forcing we shall construct a model of ZFC satisfying GCH in which for
every regular cardinal \ there exists a sequence of stationary non-reflecting subsets
S, of A of length AT on which we have ”enough” uniformization for some ladder
system. Using this and the existence of (T, A, v)-suitable groups (for some particular
) we can then construct, for a given group T, a sequence of torsion-free groups
Go (a0 < AT) of cardinality \ satisfying Ext(G,,T) = 0. These G, will have
Miltrations (Ga,5: 0 < A) whose quotients satisfy Ext(Ga.5+1/Gas,T) # 0 for
0 € S,. We shall show that all these groups are not subgroups of a single group
G € TF(T) since this would force Ext(G,T) # 0. Thus there can not be any
A-universal group for the group 7.

THEOREM 5.1. Let V be a model of ZFC in which GCH holds. Then for some
class forcing P not collapsing cardinals and preserving GCH the following is true
in VP:

Case A: If X >« are infinite reqular cardinals such that v = cf(u) for A = u* then

) there is a normal ideal J = Ji‘ on \;
) there is a stationary subset S = Sf/‘ of A such that S ¢ J;

(i) if 6 € S, then cf(d) =~;

(iv) S is non-reflecting, i.e. SN« is not stationary in « for every a < A;

) if 8" C S is stationary in A, then there is a stationary S* € J such that

S*C S’

(vi) if " C S and S’" & J, then Ogr holds;

(vii) if S C S is stationary and S’ € J, then there exists a tree-like ladder
system on S’ which has p-uniformization for all up < k if X\ = k¥ and K
is singular, and for all p < A otherwise;

(viii) there are S = S:Y\)E € J for e < A\t such that
(a) if n < e< AT, then S,\Se is bounded;

(b) if € < AT, then Sey1\Se is stationary;
(c) J={8"CS:3e< AtVe<v <At S'\S, is not stationary }.

Case B: If A = cf(\) > =, then there is a stationary S* = S;\’* such that

(1) if a € S*, then cf(a) = 7;
(2) S* is non-reflecting;
(3) ©s« holds.

The proof of Theorem 5.1 will be divided into several steps. First we deal with a
fixed regular cardinal A and then use Easton-support iteration to put the forcings
together. We assume knowledge on forcing and our notation will follow [9] with
the exception that p < ¢ means that the condition ¢ is stronger than the condition
p. Recall that a poset P is called A-complete if for every cardinal k < A, every
ascending chain

Po<p1 < - <pa (a<k)
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has an upper bound. Moreover, P is said to be A-strategically complete if Player 1
has a winning strategy in the following game of length x for every x < A. Players
I and IT alternately choose an ascending sequence

po<p1 < <pa (<k)

of elements of P, where Player I chooses at the even ordinals; Player I wins if and
only if at each stage there is a legal move and the whole sequence, (p, : @ < k) has
an upper bound (see also [13, Definition Al.1]). Note that, if P is A-strategically
complete and G is generic over P, then V|[G] has no new functions from « into V/
for all kK < A, hence cardinals < X\ and their cofinalities are preserved.

PROPOSITION 5.2. Let \ be a reqular cardinal with A<* = X. For any reqular
K < A, there exists a poset Q of cardinality < \ which is \-strategically complete
(and hence preserves all cardinals and preserves cofinalities < \) with the following
property: For G generic over P, in V|G| there exists a non-reflecting stationary
and co-stationary subset S of A such that every member of S has cofinality k.

PROOF. The proof is similar to the proof of [2, Lemma 2.3]. We let @Q be the
set of all functions ¢ : @« — 2 = {0,1} (o < A) such that ¢(p) = 1 implies that
cf(u) = k and such that for all limits § < «, the intersection of ¢~![1] with 4 is not
stationary in §. Then, for G generic over P,

S=J{a']:qeG}

will be the desired set. We have to prove that S is stationary and co-stationary in
A. Hence, assume that g forces f is the name of a continuous increasing function
f A= X; choose an ascending chain

Go<qa < <qa (@<K)
such that for each o there exist (3, V4 such that go IF f(Ba) = 7o and
dom(qa) > 7o > dom(g,,)
for all 4 < a. Let § = sup{7a : @ < k} = sup{dom(q,) : @ < k} and let

g = Jdo : 0 < s} U{(5,0)},

for i = 0,1. Then ¢; € Q (i = 0,1) since q[l[l] is not stationary in §, because ¢§
has cofinality x. Moreover, ¢; IF 6 € rg(f) NS and go IF d € rg(f) N (A\S).

Since @ has cardinality < ), it preserves cardinals > . To show that all cardinals
< X are preserved (and their cofinalities), it suffices to prove that @ is A-strategically
complete. Let 7 < A be a limit ordinal. Let Player I choose ¢, for even « such
that dom(q,) is a successor ordinal, say d, + 1, and ¢o(do) = 0. Moreover, at
limit ordinals « he chooses ¢, to have domain = sup{ds : § < a} + 1. Then
¢ = U{do : @ < p} is a member of @ because {d, : @ < p, even } is a cub in
dom(q) which misses ¢~1[1]. This is a winning strategy for Player I and thus Q is
A-strategically complete. O

The next proposition is a collection of results from [12], [13] and [14] (see also
[15]).

PROPOSITION 5.3. Let A > v be reqular infinite cardinals. Moreover, assume A< =
X\, 2* = AT and let S be a non-reflecting, stationary and co-stationary subset of A
such that each member of S has cofinality y. Furthermore, let v = cf(k) if A = k7.
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Then there exists a poset P of cardinality < AT which is \-strategically complete,
satisfies the AT -chain condition, adds no new sequences of length < X\ and has the
following properties:

(i) S is non-reflecting, stationary and co-stationary in X as element in VE;

(ii) 4f A is inaccessible, then every ladder system on S has p-uniformization
for all p < X; in particular, there exists a tree-like ladder system on S;

(iii) if Ng < X\ = kT and & is regular, then every ladder system on S has -
uniformization for all p < X; in particular, there exists a tree-like ladder
system on S;

(iv) if A = Wy, then there is a tree-like ladder system on S which has p-
uniformization for all p < X;

(v) if A= r" and K is singular, then there is a tree-like ladder system on S
which has p-uniformization for all p < k.

PRrROOF. For A inaccessible the proof is contained in [13, Case A] and also for
the case of A = k™, k regular (see [13, Case B|). For A = XN; see [12, Theorem
1.7] and for A = k™, k singular see [14, Theorem 2.10, Theorem 2.12]. Moreover,
simpler versions with less complicated and comprehensive proofs can be found in
[11] for all cases if we drop the requirements ”for every ladder system...” which is
in fact not needed for our purposes. Finally, let us remark that co-stationarity is
only needed when A is inaccessible or a successor of a regular cardinal. O

THEOREM 5.4. Let \ be a reqular cardinal such that A< = X\ and 2* = \*. Then
there is a poset P of cardinality < A\t satisfying the \*-chain condition which is
\-strategically complete and adds no new sequences of length < \ such that in V¥
for every reqular v < X with v = cf(k) if X\ = kT the statements of Case A and
Case B of Theorem 5.1 hold.

First we deduce Theorem 5.1 from Theorem 5.4.

PrROOF. Let V be a model of ZFC with GCH. For any ordinal « let P, =
<Pj7 Q;, j<ai< a> be an iteration with Easton support; this is to say we take
direct limits when X, is regular and inverse limits elsewhere or equivalently we have
bounded support below inaccessibles and full support below non-inaccessibles. For
any ordinal i, let @, be the forcing notion in V¥ described in Theorem 5.4 for
A = N; if N; is regular and let Q be 0 elsewhere. Let P be the direct limit of
the P, (o an ordinal). We claim that P has the desired properties. The proof is
very similar to [2, Theorem 2.1] and hence we shall only state the main ingredients
which are needed.

(i) For every k and Easton support iteration <Pj, Qz k<l j<Lla,rk<i< a>,

if each QZ is k-strategically complete, then so is P,.
(ii) P = Po * P>q, where, in V', P54 is the direct limit of P§ (6 an

ordinal), with P§ the Easton support iteration <Pj°‘, Qf‘ (i< B < ﬂ>

where Qf‘ = Qa+i'

(iii) |Pn| =1 (for n € w); if Ny is singular, |Ps| < R8s and |Ps| < Ngyq if Ny is
regular, hence inaccessible.

(iv) Psq is R,-strategically complete, and P>q41 is even R, - strategically
complete for all n € w.
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By construction (i) to (viii) and (1) to (3) of Theorem 5.1 are now satisfied in V.
Note, that stationarity is preserved in the iteration because P, is R,-strategically
complete. It remains to prove that V'’ is a model of ZFC satisfying GCH and
preserving cofinalities (and hence cardinals). This follows as in [2, Theorem 2.1]
and hence we will omit the proof. (I

It remains to prove Theorem 5.4.

PROOF. The proof follows from results in [13] and [14] but for the convenience
of the reader we shall give some details. If A\ = x* is a successor cardinal, then
the proof is immediate. There is only one v with v = cf(x). We choose P to be
the two step iterated forcing of the two forcings from Proposition 5.2 and from
Proposition 5.3 with v = cf(k). Moreover, we may assume that P also forces the
sets S* = S)+* satisfying Theorem 5.1 (1) to (3) by an initial forcing. Note that the
assumptions on A in Theorem 5.4 are satisfied by [6, Exercise 12, page 70]. If A is
inaccessible, then the argument is more complicated since we have to deal with all
regular cardinals v < A. But this was established in [13, Case B] where a stronger
version of Proposition 5.3 was shown. It was proved that there is a forcing notion
P such that for all regular v < A and given non-reflecting stationary, co-stationary
subsets S, of A consisting of ordinals of cofinality +y, every ladder system on S, has
p-uniformization for all 4 < A. Using this stronger result and again forcing the sets
S2* satisfying Theorem 5.1 (1) to (3) it remains to show that we can define the
ideal J = J3 satisfying Theorem 5.1 (vi) and (viii) (Theorem 5.1 (vii) is clear).
Our forcing P (from [13] and [14]) is the result of a (< A)-support iteration of
length A*, say <Pi,Qj i< AT, i< /\+>. Let us assume that P, forces the set

S = Sf/‘ and the tree-like ladder system 7 on S. In V' there exists a sequence
<SE = S,)Y‘E te< )\+> such that

(i) Se C S;

(i) 7 < e < AT implies S, \Se is bounded;

(iii) € < AT implies Sc11\S. is stationary.
Now we define J = J} as J = {S' C §: Je < A\Ve < v < AT S'\S, is not
stationary }. For each i < AT, Ql forces p;-uniformization for the ladder system
(A;, f,) where f, = <f§ NS SZ> Here S; and fi are Pi-names for a member of

~—

45 (u;). Thus we obtain IF © S; C S is stationary and there is € < AT such that
(Ve < m < AT)(S; N SU\SE) is not stationary ”. A condition in Qi is for instance
given by g : @ — pu; such that § € S’Z-, § < o implies fi C* g.

It remains to show that g holds for S’ € J. Choose i < AT such that S’ comes
from V%i. For some j € (i, A"), Q; is adding A Cohen reals and we can interprete
it as adding a diamond sequence (p. : e € S’) by initial segments. Trivially, in
VPit1, &g holds and we may work in VFi+1 now. For x large enough we can
find for every z € H(x()\)) an increasing continuous sequence N = (N; : i < \) of
elementary submodels of H(x()\), e, <*) of cardinality less than A such that z € Ny,
5" € No and N [(;51)€ Nigq for all i < X, Let E = {6 < A : NyN A =4} which
is a cub in A. Thus, for § € E, for every p € (P/Pj;+1) N N5 there is a condition
p < ¢ € P/P;y1 which is (N5, P/Pj;1) generic and forces a value to G N N;. It
is known that we can now replace the diamond sequence on S’ which we have in
VP/Fi+1 by one that is preserved by forcing with P/P;;; since P/Pj;; adds no
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new subsets of A\ of length less than A and by the strategically completeness. This
finishes the proof. O

6. Application to Kulikov’s question

Finally we show that there is a model of ZFC and GCH in which Kulikov’s question
has a negative answer, this is to say that for a given group 7T and any cardinal A
large enough there is no A-universal group for 7". This is in contrast to the results
in Godel’s universe V = L, see [16].

DEFINITION 6.1. Let T, H be groups, H torsion-free with |T'| < A = |H| where H
has a Afiltration {H,, : a < A}. Moreover, let S be as in Theorem 5.1 (ii). Then

SHH,T) = {6 € S: Ext(Hs11/Hs,T) # 0}.

Note that Si‘ [H,T] depends on the filtration of H, which could be traded into an
invariant of H, namely I'7;(T) = {E C S : there exists a cub C C A such that EN
C =S}H,TInCY.

THEOREM 6.2. Let T, H be groups, H torsion-free with |T| < A = |H|. If S =
S,/Y\[H, T] and $g holds, then Ext(H,T) # 0.

PRrROOF. The proof is standard and can be found for instance in [1, Theorem
1.15, page 353]. O

We shall now work in the model V' obtained in Theorem 5.1. Thus all results shall
be consistent with ZFC and GCH. The symbol (V7)) indicates that the statement
holds in our model V.

THEOREM 6.3 (V7). Let T be an abelian group with |T| < X and G be (T, \,7)-
suitable for v < X\ reqular, v = cf(p) for X = pt. If X\ > 2UT1) or 4 is regular,
then there is no A-universal group for T'.

PROOF. Assume that there is a A\-universal group U for T. If A > 2(T1") then
for € < AT we apply Theorem 4.6 to S;\VC, T, G and the tree-like ladder system
fle on S which comes from Theorem 5.1 (vii). Note that no S3 . reflects in any

5

a < X and that 7, has 2071")_uniformization since A > 271" (and p > 20717
if A = p*, u singular). If g is regular, then we apply Theorem 4.9 instead of
Theorem 4.6. Note that <,, holds in V” by Theorem 5.1 (1) to (3). Hence for each
€ < AT we obtain a torsion-free group H, = |J H., satisfying Ext(H.,T) = 0
acA
and Ext(He o1/Heo,T) # 0 for all o € S}[H,T] = S, . The universal group
U allows an embedding i, : H. — U for all € < AT. We claim that S,’;E[HE,T] -
S3[U,T] modulo a non-stationary set for each e < A*. To see this choose a A-
filtration U = |J U, of U such that Ext(Uyt1/Ua,T) = 0 if and only if for some
1PN
B > a we have Ext(Ug/U,,T) = 0. Fix € < AT, then there is a cub C. C A such
that for all o € C. we have H. o, = U, N H,. Thus for o < g € C, it follows
that He g/He o = (Us N He)/(Uoa N He) C Ug/U, and hence Ext(H, g/He o, T) #
0 implies Ext(Ug/U,,T) # 0. Therefore also Ext(Uapt1/Uq,T) # 0 and C. C
S2[U,T). Thus by the definition of the normal ideal .J (see Theorem 5.1 (viii))
we have S = S}[U,T] ¢ J and therefore ¢z holds by Theorem 5.1 (vi). Hence
Ext(U,T) # 0 by Theorem 6.2 - a contradiction. (]
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From (V' IF GCH) follows 2U™1") < max{y**, |T|**} for any group T.

COROLLARY 6.4 (VP). Let T be a group not cotorsion with |T| < \. If X is strongly
inaccessible, then there is no A-universal group for T.

PROOF. Since A is strongly inaccessible it is a limit ordinal and we may choose
v = w. Moreover, for every o < A we have 2% < X, hence A > 2(71"), Lemma 3.2
implies that there is a (T, A, w)-suitable group for 7" and hence Theorem 6.3 shows
that there is no A-universal group for 7. (Il

CoroLLARY 6.5 (V). Let T be a group, not cotorsion such that |T|T < \. If
A= pt and cf(u) = w, then there is no A-universal group for T.

PROOF. There is a (T, \, w)-suitable group by Lemma 3.2. Since cf(u) = w,
we have X > 2U71") and hence we may choose v = w and apply Theorem 6.3 to see
that there is no A-universal group for 7. O

COROLLARY 6.6 (VP). Let T be a group, not cotorsion and H an epimorphic image
of T such that |T| < X and |H| < cf(u) if X = p*. If p exists and is singular let

2071 < X and 2UT1) < X otherwise. Then T has no A-universal group.

PROOF. We choose v = w if X is a limit ordinal and v = cf (u) if A = p+. By
Theorem 5.1 (1) to (3) there exists a stationary non-reflecting set S C v consisting
of limit ordinals of cofinality w such that &g holds. By assumption we may apply
Proposition 3.5 to S, H and A,7 to obtain a (T, \,7)-suitable group G. Since
A > 2UT1") or 4 is regular we apply Theorem 6.3 to see that there is no A-universal
group for 7. O

COROLLARY 6.7 (VF). For any group T, not cotorsion and any cardinal \ there
exists a reqular uncountable cardinal § > X such that there is no §-universal group
forT.

COROLLARY 6.8 (VF). If T is a torsion group, not cotorsion with |T| regular, then
there is no A-universal group for T for any regular cardinal X > |T|.

PROOF. Let T and X\ be as stated. If X is strongly inaccessible , then Corollary
6.4 applies. Hence assume that A\ = ™. Thus |T| < s and by Proposition 3.5 there
exists a (T, A, cf(k))-suitable group G for T. If k is regular then Theorem 6.3 shows

that there is no A-universal group for 7. If x is singular, then & > |T|*" since

|T| is regular. Hence A > 2071 and again Corollary 6.8 follows from Theorem

6.3. (]

COROLLARY 6.9 (V). There is no A\-universal Whitehead group for all A > Rs.
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