SURPRISINGLY SHORT
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ABSTRACT. This note is a compilation of several results in set theory
which has surprisingly short proofs. From time to time (e.g., whenever
I write down notes for my tutor lectures), more results will be added to
this compilation.
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2 ASSAF RINOT

1. JENSEN’S DIAMOND PRINCIPLE IS (NEARLY) A CARDINAL
ARITHMETIC STATEMENT

Recall that for a cardinal 6 (of uncountable cofinality) and a stationary
set S C 6, g is said to hold iff there exists a collection {Ss | § € S} such
that for any Z C 6, the set {0 € S| S5 = Z N ¢} is stationary.

Evidently, if A is a cardinal and {S5 | 6 € AT} is a collection witnessing
Oat, then AT]SA = {X C AT | |Z] < A} C {Ss | 6 € AT} In particular,
Oy implies 24 = AT,

The result of this section was announced in [3] and deals with the inverse
implication. The simplified presentation is due to Péter Komjath.

Theorem (Shelah). Suppose \ is a cardinal satisfying 2* = \*.
Then s holds for any stationary S C {6 < AT | cf(d) # cf(N)}.

Proof. Fix a stationary set S as above. In particular, A is uncountable. To
avoid trivialities, we may also assume that S N A = () and that S contains
no successor ordinals. Set & := cf()\). For each § € S, let {A? | i < K} be
an increasing chain of elements of [§]<* satisfying § = | J,_, A?.

For all § € S, since cf(d) < A, we may also assume that sup(A3) = 4.

Notation. For X C I xY and i € I, write (X); ={y | (i,y) € X}.

Lemma 1.1. Suppose {X3 | 3 < AT} is an enumeration of [k x (A x A7),
Then there exists some i < Kk such that for all Z C X\ x A*, the following
15 stationary:

Siz = {5 cS|sup{ac A2 |3IBeA(ZN(Axa)= (Xp)i)} = 5}.

Proof. Suppose not. Then for all i < k, we may find some Z; C A x AT and
a club D; C At that avoids S; z,. Define f : AT — AT by:

fle) = min{8 < X* | X5 = U} x (20 (A x a))}.
<K
Let D C ()., D; be a club such that f(a) < ¢ for alla < § € D.
Clearly, for § € D:

A ={aec A)| 3B < Vi < k(Z;Nn (A x a) = (Xp);)}.
Fix 0 € DN S. For i < k, write:
Bl i={ac A)| 33 € AVj < k(Z;N (A x a) = (Xs);)}.

By A = U, B?, sup A) = 6 and cf(d) # x, there must exist some i <
with sup(B?) = §. In particular:

sup{a € Af | 36 € Af(ZZ- NAxa)=(Xg))} =0,
ie., 0 € S;z. A contradiction to d € D;. O
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Corollary 1.2. There exists a sequence (A° € [0]<* | 6 € S), and an
enumeration {Xg | B < AT} = [A x AT|=* such that for all Z C X\ x AT, the
following set is stationary:

Sy:={6€S|suplac A’ |IBe A(ZN(Axa)=Xs)}=6}.
Proof. Take i as above, and consider (A9 | § € S) and {(Xp); | B < AT} O

Let us fix such sequence (A° | § € S) and enumeration {Xs | 3 < AT}.
We shall now recursively define a sequence of subsets of AT, (Y, | 7 < \),
and a C-decreasing sequence of clubs of AT, (E, | 7 < \).

Notation. Whenever (Y, | 7 < ) is defined, we shall denote for 6 € S:
Vj ={(a,B) € A" x A’ |V <y (Y;Na=(Xs),)}-

We start the recursion by letting Fy = Yy = A™. Suppose now (Y, E,) |
7 < ) has been defined for some v < A. Clearly, for any set Y,, and any
0 € S, we would have Vf D) Vfﬂ. If there exists a set Y, C A" and a club
E, €, E- such that for all 6 € £, N S:
sup{ow < 6 | 33 < 6 (v, 3) € V') } = 6 implies V) # V2,4,

then continue the recursion with such Y, and E,. Otherwise, terminate the
recursion.

Claim 1.3. The recursion must terminate at some v* < \.

Proof. Suppose not, and let (Y; | 7 < A), (E; | 7 < A) be the output
sequences. Put E = () __, B, and Z = {J,_, {7} x Y-.
Fix 6§ € ENSy. Then by definition of Sz:

sup{a € A° | 3B € A°(ZN (A x a) = X3)} = 0.
In other words:
sup{a € A° | 3B € AVr < A(Y,Na = (Xp),)} = 0.

It follows that sup{for < & | 33 < 0 ((o, B) € V)} = 6 for all v < A,
Since Sz C S, the recursive construction gives that (V2 | v < A) is a

strictly C-decreasing sequence of subsets A° x A%, contradicting the fact
that |A°] < A O

Thus, let v* be the point at which the recursion terminates, and let
(Yo | 7 <v7),(Er | 7 <77") be the resulted sequences. Set E'= () __ . E.
For every 0 € SN E, put:

Sy = J{(Xp)y | (. 8) € V).
Claim 1.4. {S5 |6 € ENS} exemplify $s.
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Proof. Assume towards a contradiction that there exists a set Y C A" and
a club C' C E such that Ss Y Nd forallo e C'NS.

Following the notation of the recursion, write Y, :=

Let Z = U,o,-{7} x Y;. Then, for § € C'N Sz, we have:

sup{a € A% | 3B € A1 <~ (YV;Na = (Xg),)} = 6.
So, sup{a < d | 38 < 0 ((o, B) € V2)} = 4, and also:

Yno= U{(Xﬁ)“/* (O‘7ﬁ) S V’y(s*—i-l}'

It follows that if Vf* = Vf*, then Y Ny = S5. However, by the choice
of Y and 0 € C, this is not the case, i.e., VW‘ZJrl # VA;S*.

But if sup{far < 6 | 33 < 6 ((a,3) € V2')} = 6 and V2., # V2. for all
0 € SN C, this means that the recursion could have been continued using
Y and C, while it was terminated at v*. A contradiction. O

g
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2. SCH HOLDS ABOVE A STRONGLY-COMPACT CARDINAL

Fix a regular cardinal \. Recall that for a cardinal k, P.(\) denotes the
family of subsets of A of cardinality less than . An ultrafilter U over P, ()
is fine iff for every a < A, the ‘final segment’ & := {X € P.(\) |a € X} is
a member of U.

Definition 2.1. A cardinal k is A-strongly compact iff there exists a k-
complete fine ultrafilter over Py(N).

A cardinal k is strongly compact iff it is A-compact for all cardinals
A > K.

This section will be dedicated to proving the following theorem from [4]:

Theorem (Solovay). The Singular Cardinal Hypothesis (SCH) holds above
the first strongly compact cardinal (if exists).

By a celebrated result of Silver from [2], to show that SCH holds above a
cardinal &, it suffices to prove that A\¥ = X for all regular A > . The latter
will be established in this section. The simplified proof is due to 777

Lemma 2.2. Suppose k is a A-strongly compact cardinal, then every collec-
tion of less than k many stationary subsets of X mutually reflects at some
0 < X of cofinality < k.

Proof. Let U is an ultrafilter witnessing that x is A-strongly compact. Con-
sider P<MV/U | an ultrapower of the universe. Since U is k-complete, the ul-
trapower is well-founded, and we may identify it with its transitive collapse,
M. For each z in V, let C,, denote the constant function C, : P.(\) — {z}.
Now, defining j : V' — M by letting j(x) := [C,]y for all z € V yields an
elementary embedding from the universe to a transitive proper class.

Consider the identity function, id : P(A) — P.(A). Since {X € P.(N) |
|id(X)| < Cu(X)} = Pi(X) € U, we get that |[id]y| < j(k). Since U is
fine, for all @ < A, we have {X € P.(\) | Co(X) € 1d(X)} € U, and hence
jla) € [id]y. Thus j\ C [id]y and [j“A\ < j(k). Put § := sup(j“N).
So ¢f(0) < j(k). Also, since sup(X) < A for all X € P.()), we get from
J“N C [id]y that 6 < j(N).

Suppose S = {S, | @ < p} is a collection of stationary subsets of A,
for some p < k. Since U is k-complete, we get that j(u) = p and so
J(S) = {(5.) | o < ).

Let a < p be arbitrary. We have j“S, C j(S,) and actually j“S, C
j(Sa) Nd. Suppose now C' is a club in §. Since j is elementary, it is
continuous, so 7“\ is a club in §, and hence C'Nj“\is a club. Let D C X in
V' be such that j“D = C' N 7“\. Again, since j is elementary, D is a club,
so there exists some v € S, N D, and then, j(S,) N C # (.

Thus, we have shown that:

M =36 < j(N) (cf(6) < j(k),VS € j(S)(S N is stationary)) .
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Consequently:
V E 30 < A(cf(d) < k,VS € S(S N4 is stationary)). O

Corollary 2.3. Suppose A > k are regular cardinals.
If k is strongly compact, then A\ = \.

Proof. Clearly, it suffices to prove that A< = A. Let (S, | a < A) be
a partition of A into A many mutually-disjoint stationary sets. For each
d < A, consider the set As = {a < A | S, N9 is stationary }. Notice that
if § < X\ and cf(d) < k, then there exists a club subset of ¢ of cardinality
< k. Consequently, |As| < x for such § (because the stationary subsets are
mutually-disjoint), and also |P(Ajs)| < k, because « is strongly inaccessible.

Finally, by the previous lemma, for all a € [A]<", there exists some § < A
such that a € As. Thus, [A]<% C (J{P(4s) | 06 < A, cf(d) < K}, and so
ASF =\ O
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3. PARTITION RELATIONS

Recall the arrow notation: for cardinals k < A, (A\) — (k)3 asserts that

for any function f : [\]*> — 2, there exists some H C ) of cardinality x such
that |f“[H]?| = 1.

A well-known theorem of Frank Ramsey states that (w) — (w)3, and its
proof can be found in any relevant textbook. Consequently, (w;) — (w)3.

In the next subsection it is shown that (w;) — (w;)3 does not hold, and
actually a strong negation of it holds.

So, how about (ws) — (w;)3? In section 3.2. it is proved that the latter

happens to be equivalent to the Continuum Hypothesis.

3.1. Todorcevic’s anti-Ramsey theorem. This subsection will be ded-
icated to proving the following surprising theorem.

2

Theorem (Todorcevié, [5]). There exists a coloring h : [wi]* — wy such

that every uncountable Z C wy satisfies h*[Z]* = w;.
The simplified presentation given here is due to Dan Velleman [6].
Definition 3.1. For every B C wy, denote:
CP={6<w |BC6tU{d<w ||B|=Ry,6=sup(BNJ)}.
Lemma 3.2. For all B C wy, CP is a club.

Proof. Fix B C wy. To see that CP is closed, suppose (a, | n < w) is an
increasing sequence of elements of CP, and let a := sup,,_, a,,. If B C «,
then we are done. Otherwise, B € «,, for all n < w, then |B| = Ny, and
a, = sup(B Nay,) for all n < w. To see that a = sup(B N «), we need to
show that for all # < « there exists some v € BN« above 3. Now, simply
notice that if § < «a, then there exists some n < w with § < a,, < a and by
a, = sup(B N «,), we may find some v € B N «, above (.

To see that CP is unbounded, pick 3 < w;. If B is countable, then we
may find some § < w; such that B C §, and then 3+§ € CF as well. If B is
uncountable, then just pick an increasing sequence of elements (a,, | n < w)
from B with ag > 8. Thus « := sup,,_, o, satisfies a« € CB. g

For the sake of this proof, fix w; many distinct functions {r, | @ <w;} C
“2. Forevery Z C wy,n < wand g : n — 2, denote BgZ ={a€eZ|gCry}.

Corollary 3.3. For any Z C wq, the following set is a club:
Cy={6<wi|Vge =2 ((Bgz C ) or (|BgZ| =N, and § = sup(BgZ Nnd)))}.

Proof. Since Cz =N ge<w? CB7 and the countable intersection of clubs is a
club. [

For a function g and a set A C dom(g), g“A denotes the set {g(a) | a € A}.
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Theorem 3.4. There exists a function f : [w1]*> — wy such that f“[Z]?
contains a club for any unbounded Z C wy.

Proof. For each av < wy, by |a| < R, let us fix some injection e, : @ — w.
For any a < < wy, let:

Ala, 8) = minfn < w | ra(n) # ra(n)},

[(a, 8) == {y < Bles(y) < Ala, f)} \ o

Thus T'(a, ) C [a, B). If T'(a, B) is empty, let f(«,3) := 0, otherwise,
let f(a, ) := minT'(«, 3). We claim that C; C f[Z] for any unbounded
Z g wi.

Indeed, fix an unbounded Z C w; and some § € Cy. Since Z is un-
bounded, let us pick an arbitrary § € Z satisfying 3 > 6. We now aim at
finding some o < § with o € Z such that f(«a, ) = 6. Put n = ez(d),
g: =13 [ n. Then g Crgand B € BgZ. In particular, BgZ Z o < 3, so by
0 € Cz, we have |B7| = N;.

For each v € BgZ, put m, := A(v, ). Clearly, m, > n. Evidently, there
exists some uncountable subset B C BQZ such that m.,, equals to some fixed
m < w for all v € B.

By shrinking further, we may also assume that r, [ m +1 = h for some
fixed h:m+1— w for all v € B.

Thus, for B?, we have B C BZ, i.e., |BZ| = Ny, and by § € Cz, we
get that sup(BZ Nd) = 6. Let F = {y < § | esg(y) < m}. Since e is an
injection, F is finite and sup(F) < 4, and so there exists some o € B N §
with F' C a. We claim that o works.

Indeed, by a € BZ, we have A(a, 3) > m > n = eg(d), i.e., § € I'(a, B).
We need to show that § is minimal in that sense. Pick v € I'(«, 5). Then
eg(y) < m. If, in addition, v < 6, then v € F', but then v < «, contradicting
the fact that I'(a, 8) N = 0. O

Lemma 3.5. There exists a function ¢ : wy — wy such that Y[C] = wy for
any club C' C wy.

Proof. Let (S, | @ < wy) be a partition of w; into mutually disjoint station-
ary sets. Now, for a < wy, let ¥(a)) = f where (3 is the unique ordinal such
that o € Sﬁ.

Finally, notice that if C' is a club, then C'N Sz # 0 for all § < wy. U

Corollary 3.6. There exists a function h : [w1]* — wy such that h*[Z])* = w,
for any unbounded Z C w;.

Proof. Put h = ¢ o f, for some f as in Theorem 3.4 and v as in Lemma
3.5. O
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3.2. The Continuum Hypothesis is a Ramsey statement.

Theorem 3.7 (Erdés-Rado, Sierpinski). The following are equivalent:
(1) CH;
(2) (Ro) — (Ry)3.

Proof. (1)=-(2) The simplified proof given here is due to Simpson. Suppose
f i [wa)® — 2 is given. For every countable X C ws and y € wy \ X, define
fX o X — 2 by letting f,X(z) := f(x,y) for all z € X. Notice that by CH,
the following set is of cardinality < Nj:

¢~ = {fX |y € w2\ sup(X)}.

We now define a continuous and increasing chain {M, | a < w;} C [wo]™
by induction on a < w;.

Let My be an arbitrary subset of w, of cardinality ¥;. Given M,, by
[[M,]=¥| < N; and the above remark, pick some M, ; € [wo]™ extending
M,, such that ¢* = {f,¥ | y € May1\sup(X)} for every countable X C M,.

Finally, let M = U, Ma. Since |[M| = Ny, let us pick some y* €
wy \ sup(M). We shall now define an increasing sequence of ordinals (y, |
a <wi) € [Tocw, Mat-

Let yo be an arbitrary element of M;. Suppose Xg := {yn | @ < (8} is
defined for some 3 < w;. By the construction of Mgy, there exists some

ys € Mgy \ sup(Mp) such that f;gﬁ = f;iﬁ, so let yg be such element. This
completes the description of the construction.

Leti < 2, put H; := {ya | @ < w1, f(ya,y*) = ¢}. Notice that if « < § and
Yas Ys € Hy, then f(ya,ys) = f(Ya,y*) = i. Consequently, f[[H;]*] = {i}.

The proof is complete noticing that Xy € {|Hy|, |H1|}

(-1) = (=2) Pick X C R of cardinality Ry. Let < denote the natural
ordering of the real line and let < be some well-ordering of X.

Define f : [X]? — 2 by letting f(x,y) = 1 iff {(x,y), (y,z)}N < N £ 0,
that is, iff < and < agrees on the relation of x and y. Now assume towards a
contradiction that Y C X is a set of cardinality 8y, such that f“[Y]? = {1}.?

By thinning out, we may assume that Y has no maximal element, so for
all y € Y, define the successor of y to be the minimal element above it:

gj::mqin{ZEY |z #y,y <z}
But y<dy implies that y < ¢, and so {(y,9) | ¥ € Y} is an uncountable family
of mutually-disjoint open intervals of the real line, but this is impossible,

because each such interval contains a rational point, and there are only
countably many rational numbers. U

2The other case is handled in the same fashion.
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4. THE CONSISTENCY OF THE NEGATION OF BOREL’S CONJECTURE

Recall that a subset X C R is said to be a null set iff for every positive
e € R there exists a sequence of open intervals (I, | n < w) such that
X CU,-Inandalso Y, _ |I,| <e?

A subset X C R is said to be a strongly null set iff for every sequence of
positive real numbers, (g, | n < w), there exists a sequence of open intervals
(I, | n < w) such that X C |, _, I and also |[,| < &, for all n < w.

Clearly, any strongly null set is a null set, and any countable subset of R
is strongly null. Also, there are well-known examples of uncountable null
sets, but what about uncountable strongly null sets?

Emile Borel conjectured that a set is strongly null iff it is countable. In [1],
Richard Laver proved the consistency of this conjecture. In this section, we
shall include a proof for the consistency of the negation of Borel’s conjecture.

This result is considered as folklore, but its ingredients are due to Luzin.

Theorem. CH =- There exists an uncountable strongly null set.

Proof. By 2% =Ny, let F = {F,, | @ < w;} be an enumeration of all closed
nowhere dense subsets of R.

Fix a < wy. Since « is countable, by Baire category theorem, Ug <o F5#
R, so let us pick some z, € R\ Uz, F5-

Let X := {2z, | @ <w;}. Clearly, for all @« < wy, XN F, C{zg|f < a}.
In particular, since all singletons are in JF, the set X is uncountable.

Finally, suppose (g, | n < w) is a sequence of positive real numbers. Let
{q2n | n < w} be some enumeration of Q. For all n < w, pick an interval
Iy, such that qa, € Is, and |I5,| < €2,.

Consider the set G = |, ., I2n; this is an open and dense set, and hence
there exists some a < w; such that R\ G = F,. By |X N F,| < Vg, let
{¥2n+1 | » < w} be some enumeration of X \ G. For all n < w, pick an
interval Ioniq such that Yont1 € Iopy1 and |12n+1| < E9p+1-

Clearly, X C | O

n<w [n

3Here, |I| denotes the diameter of the open interval I.
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