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'‘Ancient’ History - the classical theorem

Theorem (UIm)

For G and H countable, reduced p-groups the following are
equivalent:

1 G=H;

2 up(a, G) = up(a, H) for all ordinals .

Definition

For a group (or module) G, & € ON and p a prime define
uy(a, G) := dim(p*Gp]/p* T G[p]) (as a Z,-vector space),

the (a!") Ulm-Kaplansky invariant of G and

up (00, G) := dim(p>*G|p]).



History - the generalization

Theorem (Barwise-Eklof)

For G and H p-groups and 6 € ON: If
() Up(a, G) = tUp(a, H) for all o < w9,
(b) I(G) < wd < 7(Gyq) =7(Hy),
then G =5 H.

If 0 € LORD the converse also holds.

. x) if g(x) < Ny,
9(z) ::{chg) ifﬁximﬁ.



Proof ideas

The proofs of both Theorems consider sets I of height-preserving
(ha(x) = hg(f(x))) partial isomorphisms (for the generalization:

height-preserving up to a certain ordinal) between G and H and show
that these possess the

Definition
Back-and-forth property: For any f € [ and a € G (resp. b€ H),

there is g € I such that f C g and a € dom(g) (resp. b € rng(g)).

If such a set [ exists, then GG and H are called partially isomorphic,
G=,H.



Linking Algebra and Logic

J. Barwise, Back and Forth through Infinitary Logic, 1973.

Theorem (Karp)
G=H&G=, H.

Theorem (Barwise)

If G and H are countable or countably generated,

G=,H& GE=H.

Question: How closely related are uncountable structures if they are
partially isomorphic?



Constructing modules in V=L: The Step-Lemma

Setting:
Let A be a ring satisfying the Pierce-condition:

& AT is the p-adic completion of a free J,-module;
< there exists a p-group G with End(G) = A®Small(G).

Call G an unbounded A-module, if G = @, _ , G with
G = (A/p' A) k) =2 D Z,,. Assume kg > |A] for all k.

Call 79 < 71 < 79 < ... the chain of G.

dp := 11 — k. Then pi’fpdk — pi’fﬂ.



Constructing modules in V=L: The Step-Lemma

Definition
Let G be an unbounded A-module as above.

m Call (g1)k<w C G a di-chain iff g, — p%gp1 € G and p*g;, = 0
for all k.

m Call (gx)r<w C G a basic dj-chain iff g;, — p®™ g1 € B and
Ann g;, = p** A for all k where B is some (fixed) basis of

Lemma (Gobel-Herden-L)
Let G be an unbounded A-module as above.
a) There exists a basic dj-chain (gi) <., of elements g, € G\ G.

b) For every element g € G and every n < w with p'»g = 0 there
exists a di-chain (gi)k<. With g, = g.



Constructing modules in V=L: The Step-Lemma

Proposition (Gobel-Herden-L)

Let G be an unbounded A-module as above.

If p € End(G) \ A®Ines(G), then there exists a decomposition
G =P & H with P, H both unbounded A-modules,

|P| < |Al|, Py C P and such that

there is n < w such that P[p™](y —a) € G for all a € A.

One is able to secure that G, P and H all have the same chain.

Extension will be realised by G' := (G, hx A : k < w) or
G':= (G, (pr, + hr)A : k < w) where (py)r<., a di-chain in P,

(hr)k<o a basic dg-chain in H.

G’ unbounded with same chain as G, p-pure in G, G’ /G = A(p™).



Constructing modules in V=L: The Step-Lemma

Step-Lemma (Gobel-Herden-L)

Let A be a ring which satisfies the Pierce-condition. Moreover, let G
be an unbounded A-module and let G = | J,_, G; be a chain of
unbounded A-modules such that G4 = G; @& H; for suitable
unbounded A-modules H; with chain 19 < 11 < ... and

H 2@, . (A/pA)Fm) with ky, > |A| for all l,n < w. If €
End(G) \ A®Ines(G), then there exists an extension G' of G such
that the following hold.

1
2
3

G’ is a p-pure A-submodule of G.

G’ is an unbounded A-module with chain ig < i1 < ... .

G, G foralll < w.

G'/G = A(p™).

¢ does not extend to an endomorphism of G'. More precisely

there exists some dj-chain (g;.)x<w C G inside G’ with g,o ¢ G’
for some k < w.



Constructing modules in V=L: The Diamond Principle

Let ' be a stationary subset of A € CARD (C C X\ cub: ENC # (),
where X is regular and uncountable.

The Diamond Principle

Suppose O\E. For any two M-filtrations A = | J,_\ A« and
B = J,<) Ba there are Jensen-functions

Jo : Ay — Bo(a € E)
such that, for any function g : A — B,

{a€ E:gy=g | Ay} is stationary in \.

In the following E will be non-reflecting (oo € A, cf(a) > w : 3 cub
CCa:CnNE=10), too.



Constructing modules in V=L: The Realization
Theorem

Theorem (Gobel-Herden-L)

Let A be a ring with Pierce-condition and i1 < 11 < ... a sequence of
positive integers. If A > |A|" and we assume O\ FE for a
non-reflecting, stationary subset E' of A\ consisting of limit ordinals of
cofinality w, then there exists a strongly-A-direct A-module M of
cardinality A with End(M') = A®Ines(M).

Construction inductively. Fix A-filtration M =J,_, M



Constructing modules in V=L: The Realization
Theorem

For all v < A:
m M| = v+ AT = [Myi1/M,|;
m M, is an unbounded A-module with chain 79 < 71 < ...;
mifpev\E, then M, C M, with M, = M,® H,,, where H,, is
also unbounded with chain 19 <171 < ...;

mifv=p+1with pe E and g, € End(M,) \ ADInes(M,), then
g, does not extend to an endomorphism of M,,.

Set My := @, _, (A/pin A) A M| = AT

n<w(



Calculating Ulm-invariants

Let G = P

" Zz(;:)’ an unbounded A-module.

Then p*G = D.,.-. kaI(;::) — @in>k kaé'::) and therefore
p*Glp] = D, >k pi”_lzéf:) and

PPHIGIp] = @, o py1 P IZU thus

PGl /pFHGIp) = pPZ), = 2 (if k41 =)

ki, If 0<wandpB+1=r7,
up(6; G) ::{ 0, else.

. oo, ifB<wand(B+1=yqy,
(8, G) ::{ 0, else.



Calculating Ulm-invariants

Now let G = |, Ga, as realized with Step-Lemma and Diamond.

All modules have the same chain!

P Glpl/p" T Glp] = (Uper P"Galp]) /P Gp]

Uacr @ Galpl+p" 1 Glpl /0" Gp]) = Uper (P Galp] /0"t Galp))

Thus uy(k, G) =supa<x dim (p*Gy[p]/p* 1 Gulp]).

10

We then have u,(k, G) = supa<iup(k, Go) and thus

A ) 00, If <wandﬁ—|—1=i>
Up(B, G) = p(B,Ga) = { 0 elsﬁe. |



Conclusion

We are able to construct classes of L.,-equivalent modules which
have the following generalized Ulm-Kaplansky invariants:

[ o0, for infinitely many 8 < w (chain),
ap(ﬁaG): < 07 for62w7
| arbitrary, else.

The equivalence classes thus contain partially isomorphic modules,
which might either be unbounded (G,) or not (G), they might have a
prescribed endomorphism ring (G) or not (G,,).



