On Ext-universal modules in Godel’s
universe

Lutz Striingmann

ABSTRACT. Let R be an associative unital ring, T a left R-module
and ) an infinite cardinal. We consider the class 7" of all left R-
modules M satisfying Exty(M,T) = 0 and search for A-universal
objects in suitable subclasses € of 7. Here, a R-module U € ¢
is A-universal for T if |U| < X and every R-module M € € of
cardinality less than or equal to A embeds into U. We show that the
existence of |T|-universal objects which are strong splitters implies
the existence of A-universal objects for sufficiently large A if we
assume (V' = L). We then apply our results to module classes over
small Dedekind domains to partially solve a generalized problem
by Kulikov.

Introduction

In 1936 R. Baer [Ba] asked to characterize all pairs of torsion-free
abelian groups G and torsion abelian groups T satisfying Ext(G,T) =
0. This is just a simpler way to ask for pairs G and T such that any
mixed abelian group M with torsion subgroup 7" and torsion-free quo-
tient M/T = G has to split, i.e. M = T @ G in the natural way.
Baer [Ba] himself gave a characterization for countable G and this
question was considered again by Wallutis and the author in [StWa].
In the framework of cotorsion theories (as they were introduced by
Salce in [Sa]) either singly cogenerated by a torsion-free abelian group
G or singly generated by a torsion group 7' Baer’s question has been
solved partially using various additional set-theoretic assumptions, e.g.
working in Godel’s constructible universe (V = L) (see [StWa], [St1],
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[St2], [St2], [St3], [St4] and the references given there). In particu-
lar, solving Baer’s problem goes hand in hand with another problem
due to Kulikov [KN]. As defined in the abstract a torsion-free abelian
group G is A-universal for a torsion abelian group 7' and a cardinal
A if G is of cardinality less than or equal to A\, Ext(G,T) = 0 and
every torsion-free abelian group H of cardinality less than or equal to
A satisfying Ext(H,T) = 0 embeds into G. Clearly, the existence of a
A-universal group G for T answers the question of which torsion-free H
(of cardinality at most \) satisfy Ext(H,T) = 0: namely, precisely the
subgroups of G. Kulikov [KIN] asked if for uncountable A and arbitrary
T there is always a A-universal group for 7. By [St1] the answer is yes
for large classes of torsion abelian groups in (V = L).

In this paper we generalize the notion of universality to R-modules T’
over arbitrary associative unital rings R. Let A and s be infinite cardi-
nals and €(7) be a subclass of +T closed under arbitrary direct sums.
A R-module U € &(T) is called (A, k, €(T"))-universal for T if |U| < k
and every R-module H € €(T') of size less than or equal to A can be
embedded into U. In the first section we prove a lifting theorem which
shows that under the assumption of Godel’s constructible universe, the
existence of small (A, A\, €(7T"))-universal R-modules for 7" implies the
existence of arbitrarily large (X', N, €(7))-universal R-modules for 7'
This is then applied in Section 2 to R-modules over Dedekind domains.
In particular, we prove that the answer to Kulikov’s question (formu-
lated over Dedekind domains) is yes whenever the torsion R-module
has only finitely many non-trivial bounded primary components. Fi-
nally, in section 3 we apply our lifting theorem to torsion-free abelian
groups of finite rank.

Our notations are standard and for unexplained notions we refer to
[Fu] for abelian groups, [EkMe]| for set-theoretic methods, and [Mal]
and [FuSa] for module theory.

1. Universal objects in (V' = L)

Let R be any associative unital ring and 7" a left R-module. More-
over, let A and s be infinite cardinals and €(T") be a subclass of +T
closed under arbitrary direct sums. As usual +7T' denotes the class of
all left R-modules M satisfying Ext(M,T) = 0. Note that +7 itself
is closed under direct sums. Dually, 7+ consists of all left R-modules
M satisfying Extp(T, M) = 0. In the sequel all R-modules will be
left R-modules. A R-module U € &(T) is called (A, k, €(T'))-universal
for T if |U| < k and every R-module H € &€(T') of size less than or
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equal to A can be embedded into U. Obviously, (), k, €(T"))-universal
R-modules always exist for sufficiently large x since all R-modules of
cardinality < A form a set. For instance, ) M is (N, Kk, €(T))-
Mee(T),|M|<A
universal for 7" with k = [{M € &(T) : |[M| < A}|. On the other hand,
(A, K, €(T"))-universal R-modules do not exist if kK < A. Thus we say
that U is (A, €(T))-universal for T if it is (A, k, €(T'))-universal for T" for
some A < k. Our main interest is the search for (A, A\, €(T"))-universal
R-modules for T. At some places it is therefore natural to restrict
ourselves to infinite cardinals A\ > |R|. The aim is to show that the
existence of certain (|7'], €(7))-universal R-modules for 7" implies the
existence of (A, A, €(7T))-universal R-modules for T" for all sufficiently
large A if we assume Godel’s constructible universe.

We shall use the following results on the vanishing of Exty which are
by now standard. For an R-module T" we denote by E(T') the injective
envelope of T'.

LEMMA 1.1. Suppose that M = |J M, is the union of a continuous
a<

chain of submodules such that Extp(Moy,T) = 0 and for all a +1 < X,
Extp(Mai1/My,T) = 0. Then Exty(M,T) = 0.

PROOF. See [EkMe, Proposition XII 1.5]. O

It is well-known that the converse of the above Lemma 1.1 does not
hold in Zermelo-Fraenkel set theory. However, assuming Godel’s con-
structible universe we obtain

LEMMA 1.2 (V = L). Let T be any R-module such that *T is closed
under pure submodules, and k be a cardinal with k > |R|+|E(T)| +No.
Assume that M is an R-module satisfying Extp(M,T) = 0. Then
M can be written as the union of a continuous well-ordered ascending
chain {M,, : o < A} of pure submodules (My = 0) such that M,1/M,
is of size at most k and Exth(Myy1/My, T) =0 for all a +1 < \.

PROOF. See [EkMe, Corollary XII 1.13] for left hereditary rings
and [SaTr, Lemma 1.2] for the general case. O

For our purposes we shall define suitable subclasses of 7" which are
adjusted to Lemma 1.2 and also to the subsequent Corollary 1.4 and
Theorem 1.8.
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DEFINITION 1.3. Let T be an R-module. A subclass €(T) C *T is
called suitable if €(T) is, as a subclass of +T, closed under the following
operations

(i) direct sums;
(i) pure submodules;
(iii) pure epimorphic images;
(iv) extensions;
(v) unions of continuous ascending chains with successive factors

in €(T).

Note that suitable does not mean that all extensions (pure submodules,
unions of chains etc.) of elements of €(T") are in €(7") again but only
those which are already in +7. Since +T is always closed under direct
sums, extensions and chains as in Definition 1.3 (v), it is natural to
demand this also on €(7"). Moreover, Lemma 1.2 forces us to require
also the closure under pure submodules and pure epimorphic images.

COROLLARY 1.4 (V=L). Let T be any R-module and €(T) C +T a suit-
able subclass. Moreover, let k be a cardinal with k > |R|+ |E(T)| + N
and assume that ~T is closed under pure submodules. Then any R-
module M € &€(T') can be written as the union of a continuous well-
ordered ascending chain {M, : o < A} of pure submodules (My = 0)
such that Myy1/M, is of size at most k and My, 1 /M, € E(T) for all
a+1<A

PRrooOF. Follows immediately from Lemma 1.2 and the closure prop-
erties of the suitable class €(T"). O

In order to find universal R-modules we shall restrict ourselves to suit-
able classes €(T') in the sequel. Hence we give first examples of suit-
able classes which will serve as our main application. Recall that a
R-module M is called flat if short exact sequences remain short ex-
act when tensored by M. The R-module M is called torsion-free if
Torh(M,R/rR) =0 for all r € R.

EXAMPLE 1.5. Assume that R is any left hereditary ring. Then

(i) The class of all torsion R-modules is suitable;
(ii) The class of all flat R-modules is suitable;
(iii) The class of all torsion-free R-modules is suitable.

Proor. Clearly, the class of all torsion R-modules is suitable. Thus
we concentrate on (ii) and (iii). By [EkMe, Example XVI 2.11] both
classes are left perpendicular classes of a class of pure injective R-
modules. Hence both classes are closed under direct sums, extensions,
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unions of chains and pure epimorphic images. Finally, the closure un-
der pure submodules follows since R is left hereditary. U

REMARK 1.6. Being suitable is a very strong assumption on the class
&(T). However, in order to obtain our main theorems of this section
we only need that every R-module in the class €(T) satisfies Corollary

1.4.

We can now easily prove the following result which needs the defini-
tion of a good R-module. Recall that an R-module M is U-filtered
for some R-module U if M posesses a filtration with successive factors
isomorphic to U.

DEFINITION 1.7. Let R be any ring and U a left R-module. Then U is
called good if one of the following conditions is satisfied:
(i) proj-dim(U/U") < 1 for every submodule U" of U;
(ii) ing-dim(U) < 1 and every U-filtered R-module has injective
dimension at most 1.

For instance every R-module over any ring of global dimension at most
1 is a good R-module. Hence good R-modules exist in abundance.

THEOREM 1.8 (V = L). Let T be any R-module such that T is closed
under pure submodules. Moreover, let k > |R| + |E(T)| + Yo be an
infinite cardinal and €(T) C +T be suitable. Furthermore, assume that
there exists a good (k, €(T))-universal R-module U for T. If M € &(T),
then there exists M' € €(T) such that

o M C M';

e M’ has a filtration M' = |J M., of submodules M! € €(T');

a<A

o M /M, =U forall a < \.

PROOF. Let T, €(T') and U be given. If M € &(T), then Corollary
1.4 shows that there is a MA-filtration M = |J M, of M such that each

a<A
quotient M,1/M, is of size at most x and satisfies M,1/M, € €(T)

since €(T") is suitable. Inductively we shall construct the R-module M’
containing M which satisfies the conditions of the theorem. Assume «
is an ordinal and Mj has been constructed such that

(i) Mg C My for all B < o

(ii) Mj € &(T) for all 8 < a;

(iii) MﬂH/M’ =2Ued(T) foral 41 < a

(iv) the injective dimension of Mj is at most 1 for all § < a if U

satisfies Definition 1.7 (ii).
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If o is a limit ordinal we put M, = |J M} and clearly (i) to (iii) are
B<a
satisfied for M/ by Lemma 1.1 and since €(T") is suitable. Moreover,

M has injective dimension at most 1 if U was assumed to satisfy
Definition 1.7 (ii).
Thus assume that « = 3 4 1. We consider the exact sequence

0— Mz — M, — M,/Mzg— 0.

Since My C Mlli there exists a pushout R-module B such that M, C B
and the following sequence is exact:

O—>M[’3—>B—>Ma/]\/[ﬁ—>0.

By Corollary 1.4 the quotient R-module M, /Mg is of size at most &
and an element of €(7") since €(T") is suitable. Hence it embeds into the
(#, &(T))-universal R-module U. Applying Hom(—, M) to the exact
sequence

0— M,/Mzg —-U—UJ/(M,/Msz) — 0
yields an epimorphism

Exty(U, M) — Extp(My/Mg, M) — 0,

since either the injective dimension of the R-module Mj is at most
1 by (iv) or proj-dim(U/(M,/Mp)) is at most 1. Thus there exists a
R-module M! containing B (and hence M,) such that the following
sequence is exact:

0— My — M, —U—0.

Since Mj and U are elements of &€(T') we conclude that also M, is
in €(T) by the closure under extensions. Moreover, M/ /M) = U as
required and M) has injective dimension at most 1 by Kaplansky’s
Lemma [FuSa, Lemma VI 2.4] if U satisfies Definition 1.7 (ii). Putting
M’ = |J M completes the proof using Lemma 1.1 and the closure of

a<k

¢(7") under unions. O

For the next result recall that an R-module M is a splitter if M satisfies
Extp(M, M) = 0, i.e. has no self-extensions. M is a A-splitter for
some cardinal \ if Exty(U,UM) = 0 and a strong splitter if it is a
A-splitter for all cardinals A. The next result shows that splitters exist
in abundance.

LEMMA 1.9. For any R-module A there is a R-module B € A‘ such
that ExtR(B, B) = 0 and for some cardinal A, B = |J B, such that

a<<
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By = 0 and for all « +1 < A\, Bay1/Bs = A. Moreover, B can be
chosen to have cardinality 2 with k = |R| + |A]| .

PROOF. See [EkMe, Corollary XVI 1.3]. O

Examples for strong splitters are for instance all (partial) tilting R-
modules. However, in contrast to the above Lemma 1.9 strong splitters
are in many cases of a particular form - at least in the constructible
universe. Recall that the nucleus of a torsion-free abelian group U is
the largest subring S of Q such that U is still a module over S.

LEMMA 1.10 (V=L). Let U be a w-splitter over Z. Then U is free over
its nucleus.

PRrROOF. See [EkMe, Corollary XVI 1.11]. O

We deduce an immediate corollary which is our main theorem. Note
that the closure of *7" under pure submodules is required since we
apply Theorem 1.13. Recall that a submodule N C M is pure in M if
every finite system of equations over N which is solvable in M is also
solvable in N (see [FuSa, Chapter I}).

THEOREM 1.11 (V=L). Let T be any R-module such that +T is closed

under pure submodules. Let > |R| + |E(T)| + X be a cardinal and

&(T) C LT be a suitable class. Furthermore assume that there exists a

good (K, €(T))-universal R-module U for T" which is a strong splitter.

Then @ U is (A, €(T))-universal for T for every infinite cardinal X. In
X

particular, for X > |U| there is a (A, X\, &€(T))-universal R-module for
T.

PROOF. Let M € &(T) be of size less than or equal to A. By
Theorem 1.8 we can embed M into a R-module M’ € &€(T) such that
M’ has a filtration M' = J M/, such that M/ ,/M] = U for every

a<M
a+1 < XN < \. However, inductively we can show that the filtration of

M’ satisfies M/, = @ U since U is a strong splitter. Hence M’ = @ U

B<a a<<N
and therefore @@ U is (A, €(T))-universal for 7. If A > |U|, then @ U
a<A A
is of size A and hence a (A, A\, €(7T'))-universal R-module for T". This
completes the proof. O

Note that if U is only a A-splitter then the filtration from Theorem 1.8
has the property that M! = @ U for every aw < A*.

[0}
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We now use the existence of splitters to construct universal R-modules
for large cardinals \.

LEMMA 1.12. Let T be any R-module such that +T is closed under pure
submodules. Let €(T) be a subclass of ~T which is suitable. For every
infinite cardinal X there exists a (A, €(T))-universal R-module U for T
which is a splitter such that |U| < 2% with § = 217X,

PROOF. Let €(T) ={C e &T):|C|<A}andput A= @ C.
cee(Ty

Then A € ¢(T) and |A| < 2. By Lemma 1.9 there exists a split-

ter U of size less than or equal to 20 with § = 2/%*. Note that

d > |A| + |R|. Moreover, U = |J U, such that Uy = 0 and for all

a<N
a < N, Uy1/Us = A. Hence Lemma 1.1 yields that Exty,(U,T) = 0
and thus U € €(T') by the closure property of €(T'). Since every
C € &(T) embeds into A = U; and hence into U we obtain that U is
(A, €(T"))-universal for 7. O

We conclude this section with a theorem in which we restrict ourselves
to rings of global dimension 1 for simplicity. In this case all R-modules
have projective dimension at most 1, hence are good R-modules. How-
ever, we need to know the existence of strong splitters. Note that
Lemma 1.12 just gives the existence of splitters.

THEOREM 1.13 (V=L). Let R be of global dimension 1 and let T be any
R-module such that +T is closed under pure submodules. Let €(T) C
LT be suitable and put k = |E(T)| + |R| + Rg. Assume that there is
a strong splitter which is (k, k, &(T))-universal for T. If X > k, then
there exists a (A, A\, €(T))-universal R-module for T

PrRoOOF. By assumption there is a strong splitter for 7" which is
(k, k, €(T))-universal. Hence Theorem 1.11 shows that for any A > &
there is a (A, A\, €(7T))-universal R-module for 7. O

The author would like to mention that Theorem 1.8 is not provable in
ZFC as follows from [ShSt] where Kulikov’s questions was answered
in the negative in a particular model of set-theory, hence universal
Z-modules do not exist.

REMARK 1.14. In the proof of Theorem 1.8 we can strengthen the fil-
tration of M from Corollary 1.4 if we assume R to be a hereditary
domain. In this case, it is even possible to construct a filtration as
stated but with successive factors < k-generated. It then suffices for
Theorem 1.13 to find a strong splitter in which every < k-generated
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R-module from €(T') embeds. We will use this fact in the last section
on Dedekind domains (see Theorem 2.9).

2. Universal modules over Dedekind domains

In this section we shall apply our Main Theorem 1.13 to R-module
classes over Dedekind domains. Let R be a Dedekind domain which
is not a field, @ = Q(R) its quotient field and Spec(R) the set of all
prime ideals of R. Then, all non-zero prime ideals of R are maximal.
Moreover, since R is a Priifer domain, divisible R-modules are injective,
torsion-free R-modules are flat and by [Ma, Theorem 18.8] we have

Q/R= P ER/p)

0#peSpec(R)

where E(R/p) denotes the injective hull of R/p. For any prime ideal p,
the localization I, of R at p is a noetherian valuation domain and hence
a principal ideal domain. The ideals of R, are of the form p"R, and
pR, is the unique maximal ideal of R,. Note that Dedekind domains
are exactly the hereditary domains in which every ideal is projective,
hence R is of global dimension 1.

Following notation in [TrWal], for a set P C Spec(R), we put Rp =

7Y@ E(R/p)) where

peEP
0-R—-Q%5 P E([R/p)—0
pESpec(R)
is the minimal injective resolution of R. Then Rp = N R, with

geSpec(R)\ P
R, being the usual localization of R at the prime ideal g.

LEMMA 2.1. The following are true for P C Spec(R).

(i) RC Rp CQ;
(ii) Rp/R = GE?DE(R/JD);

(i) @/Rp = D  E(R/q).

g€Spec(R)\ P

PROOF. Left to the reader. O

In order to apply Theorem 1.13 we first show that for any subset P C
Spec(R) the corresponding ring Rp is a strong splitter.

LEMMA 2.2. Let P C Spec(R). Then Rp is a strong splitter.



10 LUTZ STRUNGMANN

PROOF. The lemm follows if it is noted that Extp(A, B) = Exty_ (A, B)
for all torsion-free R-modules A and B. However, we give an alternate
proof. We have to prove that Extp(Rp, Rgf)) = 0 for all cardinals k.
Since

O—>R—>Rp—>@E(R/p) — 0
peEP

is short exact with Ip = @ E(R/p) injective, it suffices to prove that
peEP

Ext}%(lp,Rgf)) = 0. For each p € Spec(R), the R-module E(R/p)
has an infinite composition series with successive factors isomorphic
to R/p. Since R/p is finitely presented, we are left to prove that
Exty(R/p, Rp) = 0 for all p € P. Since Hom(R/p, E(N)/N) =
Exty(R/p, N) for all R-modules N this follows from the fact that

Hompg(R/p,Q/Rp) =0 for all p € P. O

Now let M be a torsion R-module. Then M decomposes into the direct
sum of its p-primary components (see e.g. [FuSa, page 131])

M= @ MeR,= M,
p€ESpec(R) pESpec(R)

Accordingly, we let

e §(M) = {p € Spec(R) : M, is bounded},

e do(M) = {p € Spec(R) : M, =0} and

o 0p(M) = 6(M)\do(M).
Recall that an R-module T is bounded if there exists » € R such that
rT = 0 and it is p-divisible for some p € Spec(R) if Extp(R/p, T) = 0.
As usual, T is called divisible if it is p-divisible for all p € Spec(R).
Since divisible submodules are direct summands we may restrict our-

selves in the following to reduced R-modules. We recall an easy lemma
from [TrWa, Lemma 1].

LEMMA 2.3. Let 0 # p € Spec(R) and M be a R-module. The following
are equivalent:
(i) M is p-divisible;
(ii) the localization M, = M ® R, is a diwisible R,-module;
(iii) pM = M.

PROOF. See [TrWa, Lemma 1]. O

LEMMA 2.4. Let M be a reduced torsion R-module with only finitely

many non-trivial bounded primary components. Then it follows that
EXt]lR(R(;(M), M) =0.
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PROOF. Let M be as stated, hence 6,(M) is finite. Let M = M, &
M;ywithMy,= @ M,and My = € M,. Then Exty(Rsar), M) =
pESH (M) pEoy(M)
0 if and only if Ext}%(R(;(M), M,) = 0 and Ext}%(R(;(M), M) = 0. Since
d(M) is finite, the R-module M, is cotorsion and hence Ext(Rsar), My) =
0 by the torsion freeness of Rsys). Thus we may assume without loss of
generality that §(M) = 6o(M) and M = M;. The short exact sequence

0— R — Rsory — €D E(R/p) — 0
pES(M)
induces the exactness of
-+ — Exty(Rsary/ R, M) — Exty(Rsar, M) — Extp(R, M) = 0.
Now, Extp(Rsan/R, M) = [ Extp(E(R/p),M). But the latter
pES(M)
equals zero since M,, = 0 for every p € §(M) = §o(M), hence M is p-
divisible for all p € §(M) by Lemma 2.3. Thus Extp(Rsa /R, M) =0
and hence also Extp(Rsar, M) = 0. O

We now turn our attention to submodules N of the quotient field @)
satisfying Ext (N, M) = 0 for particular torsion R-modules M.

LEMMA 2.5. Let R C N C Q be a submodule of Q. If M is a reduced

torsion R-module such that Extp(N, M) = 0, then the following hold:

(i) If N is p-divisible for some p € Spec(R), then M, is bounded;

(i) Let P = {p € Spec(R) : (N/R), # 0}. Then M, = 0 for
almost all p € P.

PRrOOF. We first prove (ii). The short exact sequence
(2.1) 0—-R—-N-—-N/R—0
induces the exact sequence
-+ — Hom(R, M) — Extyp(N/R, M) — Extp(N, M) = 0.

Now, Hom(R, M) = M which is torsion by assumption. Therefore,
Extp(N/R, M) = [ Exty((N/R),, M) is torsion. But this can only
pEP

happen if Exty((N/R),, M) = 0 for almost all p € P. However,
(N/R), # 0 for p € P implies that R/p C (N/R), and hence also
Extp(R/p, M) = 0. By Lemma 2.3 we obtain that M and hence M, is
p—divisible for almost all p € P which is a contradiction since M was
assumed to be reduced. Thus M, = 0 for almost all p € P as claimed
and (ii) holds.

Now assume that NN is p-divisible for some p € Spec(R). Then N ® R,



12 LUTZ STRUNGMANN

is a torsion-free divisible R,-module of rank 1, hence isomorphic to Q).
Thus the short exact sequence 2.1 induces the short exact sequence

0— Ry — Q= (N/R), 0
since R, is flat. Applying Hom(—, M,) we obtain
0 — M, — Exth((N/R),, M,) — Exty(Q, M,) — 0

and by the above reasoning Extp(Q, M,) must be torsion. This can
only happen if Ext}(Q, M,) = 0 and thus M, is reduced torsion cotor-
sion and hence bounded. Therefore, (i) holds.

O

We now proceed to a first step towards finding universal torsion-free
R-modules for a torsion R-module M.

THEOREM 2.6. Let M be a reduced torsion R-module with only finitely

many non-trivial bounded p-components. If N is torsion-free of finite
rank such that Exty(N, M) =0, then N embeds into @ Rs(r).

PROOF. Since a bounded R-module is cotorsion we may assume as
in the proof of Lemma 2.4 that §(M) = §o(M). First assume that N is
torsion-free of rank 1, hence isomorphic to a submodule of () containing
R. By Lemma 2.5 the set P = {p € Spec(R) : (N/R), # 0 and M, #
0} is finite. Moreover, if p € P, then N is not p-divisible. Therefore,

the sum @ (N/R), is bounded and hence we may assume without loss
peP

of generality that (N/R), = 0 for all M, # 0 by passing to a suitable

isomorphic copy of N. Thus, {p € Spec(R) : (N/R), # 0} C §(M)

and the short exact sequence

0—-R—N-— @ E(R/p) — 0
pES(M)
induces the sequence

0 =Hom( @ E(R/p), Rsan) — Hom(N, Rsar)) — Hom(R, Rsur))
pEI(M)

— Extp( @ E(R/p), Ron) =0
pES(M)

and hence Hom(S, Rs) is isomorphic to Hom(R, Rsary) = Rsu)-
This shows that N embeds into Ry and hence into @ Rs(ar.

If N is of arbitrary finite rank, then the arguments above show that
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every rank 1 submodule of N can be embedded into Rs(nr). We consider
the short exact sequence
0— R — Ry — 1 = @ E(R/p) — 0.
pES(M)
Tensoring by the flat R-module N we get
0—=N—=N®Rsn) — 1@N — 0.
Applying Extp(—, M) we obtain
- — Bxtp(I @ N, M) — Extp(N ® Ry, M) — 0.
Now, Exty(I®@N, M) = y )Ext}%(E(R/p)@)N, M) = 0 since M,, = 0
pes(M

for all p € §(M). Thus Exty(N ® Rsar, M) = 0 as well. By the above
reasoning we have a short exact sequence

p

with I, being p-torsion. Thus we get

Hom(ED Rsary, M) — Extp(@D I, M) — 0
p

where Hom(@ Rsay, M) = @ Hom(Rsan, M) = @ M is torsion
since N is of finite rank. Therefore, also Extp (€D I,,, M) = [[ Extj(1,, M)
P P

is torsion which implies that Extp(I,, M) = 0 for almost all p. As in

the proof of Theorem 2.5 we obtain that € I, is bounded and hence
pEs(M)

without loss of generality trivial, by passing to an isomorphic copy of

N @ Rs(r). Therefore, we have the following short exact sequence

OH@R(s(M) —>N®R5(M) — @ Ip—>0
pEI(M)
Now, let M’ be any reduced Rsan-module. Then M, = 0 for all
p € 6(M). Applying Extj(—, M’) implies

T Ethl%(M)( @ Ly, M) — Ethl?a(M)(N ® Rs(ry, M') — 0
)

ped(M

where the first term is zero since M, = 0 for all p € §(M). Conse-
quently, N ® Rsy is a Baer module of finite rank over the Priifer
domain Rj() and thus a free Rss)-module by [FuSa, Theorem XVI
8.9]. Therefore, N embeds into @ Rs(r). O
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In order to pass from finite rank torsion-free R-modules to R-modules
of countable rank we need to restrict to Dedekind domains having
a countably generated quotient field. In this case Pontryagin’s well-
known test criterion for projectivity holds.

LEMMA 2.7. Assume @ is countably generated. Let N be a torsion-free
R-module of countable rank. Then N is projective if and only if all
finite rank submodules of N are projective.

PROOF. See [FuSa, page 537]. O

THEOREM 2.8. Assume that Q) is countably generated. Let M be a
reduced torsion R-module with only finitely many non-trivial bounded

primary components. If N is torsion-free of countable rank such that
Exty(N, M) =0, then N embeds into @ R

PROOF. Since () is countably generated any torsion-free R-module
(Rs(avy-module) is free if and only if all of its finite rank pure submod-
ules are free by Lemma 2.7. We write N as the union of an ascending
chain of pure submodules N, of finite rank. Since Rj) is flat we
obtain that N ® Rs) is the union of the ascending chain of pure
submodules N,, ® Rjsr). However, as in the proof of Theorem 2.6 we
deduce that N,, ® Rsn) is a free Rsan-module of finite rank for all
n € w and hence N ® R is free as an Rs(yp-module and therefore
embeds into €D Rsar). O

Finally, we can state our main theorem which uses the axioms of (V =
L). As before, for an R-module M, let €(M) denote the class of all
torsion-free R-modules N satisfying Extp(N, M) = 0. Recall from
[TrWa] that a Dedekind domain R is called small if |R| < 2% and the
spectrum of R is countable.

THEOREM 2.9 (V=L). Let R be a small Dedekind domain and M be a

torsion R-module with only finitely many non-trivial bounded primary

components. Then @ Rsary is (A, A, €(M))-universal for M for every
X

cardinal X > |R| + w.

PROOF. Let k = |R| + Ny. Since R is small, @) is countably gener-
ated by [Ma, Theorem 18.4]. Hence |Q| = « and for every R-module
T, the injective envelope E(T') has size at most |T|k. Let M be as
stated. Without loss of generality M is reduced and as before we may
also assume that 6(M) = do(M). We claim that we even may assume
M to be of cardinality x as well. Since each R, (p € Spec(R)) is a local
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principal ideal domain, every p-component M, of M possesses a basic
submodule B, of the form

B, = (R,/p"R,) " & RJ)

n>1

for uniquely determined cardinals o2 and P by [EkMe, Theorem V
1.7]. Recall that B, is basic in M, if B, is pure in M, and M,/B,
is divisible. As for abelian groups, B, is an epimorphic image of M,
(see [Fu, Theorem]). Since M, is unbounded for p ¢ §(M), there ex-
ists an unbounded direct sum D, of countably many cyclic R,-modules
which is a summand of B, and hence itself an epimorphic image of

M,. Since Spec(R) is countable, we deduce that D = € D, is an
pEd(M)
epimorphic image of M which is of cardinality at most x and satisfies

(M) = (D). Since R is hereditary, any N € €(M) is also an element
of €(D). Moreover, @ Rsy € €(M) C €(D). Thus it suffices to prove

)
that @ Rsr) is (A, A, €(D))-universal for D for all A > . This shows
Y

that we may assume without loss of generality that M is of cardinality
at most k. Hence, |F(M)| < k and therefore k = |R| + g + |E(M)].

Since we are assuming Godel’s constructible universe and R is small
we deduce |R| < 2% = Ry and since R is a strong splitter it suf-
fices to prove that @ R is (K, , €(M))-universal for M by Theorem

1.13. Thus, let N € €(M) be of cardinality p < N;. We induct on the
rank rk(N) of N to prove that N ® Rsy) is a free Rsap-module. If
rk(N) = Ro, then N embeds into N ® Rsary = @ Rsry by Theorem

2.8. Thus let rk(/NV) = X; and assume that the result is true for all R-
modules of rank less than k(). Then we obtain N’ ® Rs) € €(M)
for every submodule N’ of N as in the proof of Theorem 2.8. Since
rk(N) is regular and R is a hereditary domain, N has a filtration of
pure submodules with countably generated successive factors in €(M)
by [EkMe, Theorem XII 1.10]. As in the proof of Theorem 1.13 we
use the fact that @ Rsr) is a strong splitter in which every countably

generated R-module from €(M) embeds, to show that N ® Rsy) is a
free Rs()-module (see also Remark 1.14). O

3. Application to abelian groups

In this section we will use Theorem 1.13 and Theorem 2.9 to show the
existence of universal abelian groups and, as a consequence, solve a
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problem by Kulikov in Godel’s universe for particular torsion groups
T. The result is not new but has been obtained in [St1] using different
techniques. Recall, that R = 7Z is a countable Dedekind domain and
that for every infinite abelian group T, the injective envelope E(T)
satisfies |T'| = |E(T)|. Moreover, +T is always closed under pure sub-
groups.

Let €(T) = {G € 1T : G is torsion-free}. We first assume that T is
a torsion abelian group. By Theorem 2.9 we have the following result
which partially solves a problem by Kulikov from [KN]. This result
was also proved in [St1].

THEOREM 3.1 (V=L). Let T be a torsion group with only finitely many
non-trivial bounded primary components. Then there exist (A, X, €(T))-
universal groups for T for any cardinal A > N,.

PRroor. Follows from Theorem 2.9. O

We now aim for universal groups for finite rank torsion—free abelian
groups. First we need to recall the definition of the outer type of a
torsion-free group of finite rank.

DEFINITION 3.2. Let G be a torsion—free abelian group of finite rank.
Moreover, let g,--- ,gn, be a mazimal linearly independent subset of
G. Put H; = (g1, , Gis Gi+1," - ,n), © G, where g means that the
element is missing. Letting S; = G/H; C Q we define the outer type
of G by OT(G) = sup{Sy,---,Sn}. Similarly, the inner type IT(G) of
G is defined as IT(G) = inf{(g;), : i < n}.

Note, that for a pure subgroup H of G we have OT(G) > OT(H).
Warfield proved that the definition of inner and outer type does not
depend on the chosen set of linearly independent elements. Moreover,
we have IT(G) < OT(G), IT(G) < Rfor all R € Tst(G) = {{(g), C G :
x € G}, and R < OT(G) for every R in the cotypeset of G, respectively.
Obviously, OT(R) = R = IT(R) holds for every rational group R C Q.
Using a result due to Warfield [Wa] we can explicitly determine the
outer type and inner type for any torsion—free abelian group G of finite
rank. Recall that two height sequences are equivalent if and only if they
differ in finitely many finite entries only. The equivalence class [(h,)pen]
of a height sequence (h,),en determines uniquely the corresponding

type.
LEMMA 3.3 (Warfield). Let G be a torsion—free abelian group of finite
rank and let F be a free subgroup of G such that G/F is torsion, i.e.

G/F =@ T, with T, = Z(p»") ® - - - & Z(p'»"»)

pell
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and 0 < ipq < o0 < dpy < 00, Then OT(G) = [(ipn,)pen]| and
IT(G) = [(ip,l)peﬂ]'

The key stone for obtaining universal groups for a torsion—free group
of finite rank is given by the following result due to Goeters [Goe| and
Wickless [Wi]. In the sequel we shall consider the outer type as an
equivalence class of height sequences and also at the same time as an
isomorphism class of rational groups.

LEMMA 3.4 (Goeters and Wickless). Let X,Y be torsion—free abelian
groups of finite rank. Then Extz(X,Y) = 0 if and only if for every
height sequence h € OT(X), we have Y h(p) < oo where S = {p :

pES
pY #Y}.
For an abelian group Y put o(Y) = {p € Il : pY # Y} and define
Ry = (1/p" :n € w,p & o(¥))
to be the subring of Q generated by all primes which are not in o(Y").

Then Ry is called the nucleus of Y which is the largest subring of Q
over which Y is still an R-module. Thus we have

COROLLARY 3.5. Let'Y be a torsion-free abelian group of finite rank.
Then a torsion-free finite rank group X satisfies Extz(X,Y) = 0 if and
only if OT(X) < Ry.

ProOOF. Let X be torsion-free of finite rank. By Lemma 3.4 we

have Extz(X,Y) = 0 if and only if > h(p) < oo for every height
pea(Y)
sequence h € OT(X). Clearly this is equivalent to OT(X) < Ry. O

THEOREM 3.6 (V=L). Let Y be a torsion-free group of finite rank and
R = Ry the nucleus of Y. Then @ R is (A, A, &(Y'))-universal for Y
Y

for every infinite cardinal \.
ProoOF. Obviously, U = @ R is a strong splitter and satisfies U €

¢(Y). Hence, it suffices to prove that U is (w,w, €(Y'))-universal for Y
by Theorem 1.13. Thus it remains to prove that any countable torsion-
free group X satisfying Extz(X,Y) = 0 embeds into U. If X is of rank
1, then Corollary 3.5 implies that X < R as types, hence X embeds
into R. If X is of finite rank, then the above implies that X ® R is
homogeneous of type R. Since

Extz(X, R) = Extz (X, Hom(R, R)) = Extz(X ® R, R)

we obtain by Corollary 3.5 that Extz(X ® R, R) = 0. Using [Ha] it
follows that X ® R is completely decomposable of type R and therefore
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X C X ® R embeds into U. Finally, if X is of countable rank, then X
posesses a filtration {X,, : n € w} of pure subgroups X,, of finite rank
which implies a filtration {X,, ® R : n € w} of pure subgroups X,, ® R
of X ® R. By the above, every X,, ® R is a free R-module and hence it
is well-known that also X ® R is completely decomposable of type R.
Consequently, X C X ® R embeds into U. 0

As an immediate corollary we obtain

THEOREM 3.7 (V=L). Let M be a mized abelian group such that its
torsion part T' = t(M) has only finitely many non-trivial bounded pri-
mary components. LetY = M/T be of finite rank. If Ry = Zsr), then
P Ry is (\, N, €(M))-universal for M for all infinite cardinals A.

X

PROOF. By the assumptions we have Ry = Zs) and hence @D Ry €
A
¢(M) for all infinite cardinals A since @ Ry € €(Y) and @ Ry € €(T')
X A

by Theorem 3.6 and Theorem 3.1. Since Extz(G, M) = 0 implies
Extz(G,Y) = 0 for every torsion-free abelian group G we conclude that
@D Ry is (A, A\, €(M))-universal for M for all infinite cardinals A. O
x
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