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Abstract

This paper is concerned with the geometrically non-linear theory of 6-parametric elastic shells with drilling degrees of
freedom. This theory establishes a general model for shells, which is characterized by two independent kinematic fields:
the translation vector and the rotation tensor. Thus, the kinematical structure of 6-parameter shells is identical to that
of Cosserat shells. We show the existence of global minimizers for the geometrically non-linear 2D equations of elastic
shells. The proof of the existence theorem is based on the direct methods of the calculus of variations essentially using
the convexity of the energy in the strain and curvature measures. Since our result is valid for general anisotropic shells,
we analyze the particular cases of isotropic shells, orthotropic shells and composite shells separately.

Keywords
Geometrically non-linear elastic shells, existence of minimizers, 6-parameter resultant shell theory, Cosserat shells, drill
rotations, calculus of variations

I. Introduction

In recent years there has been a revived interest in 2D shell models because of unconventional materials and
extremely small aspect-to-thickness ratios, such as for instance thin polymeric films or biological membranes.
For classical engineering materials and for non-extreme aspect-to-thickness ratios, available 3D FEM codes
may readily be used such that the need for a truly 2D shell model does not arise anymore. However, for ultra-
thin specimens the application of a 3D constitutive law is not clear at all. In these extreme cases one is led to
employ a 2D shell model. This paper is concerned with one such model, the geometrically non-linear resultant
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2 Mathematics and Mechanics of Solids

theory of shells. We consider the 6-parameter model of shells which involves two independent kinematic fields:
the translation vector field and the rotation tensor field (six independent scalar kinematic variables in total).
This theory of shells is one of the most general, and it is also very effective in the treatment of complex shell
problems, as can be seen from the works [15, 25, 51], among others. The resultant 6-parameter theory of shells
was originally proposed by Reissner [55] and it has subsequently been developed considerably. An account
of these developments and main achievements have been presented in the books of Libai and Simmonds [32]
and Chroéscielewski et al. [14]. In this approach, the 2D equilibrium equations and static boundary conditions
of the shell are derived exactly by direct through-the-thickness integration of the stresses in the 3D balance
laws of linear and angular momentum. The kinematic fields are then constructed on the 2D level using the
integral identity of the virtual work principle. Following this procedure, the 2D model is expressed in terms of
stress resultants and work-averaged deformation fields defined on the shell base surface. It is interesting that the
kinematical structure of 6-parameter shells (involving the translation vector and rotation tensor) is identical to
the kinematical structure of Cosserat shells (defined as material surfaces endowed with a triad of rigid directors
describing the orientation of points). From this point of view, the 6-parameter theory of shells is related to
the shell model proposed initially by the Cosserat brothers [20] and developed by many authors, such as Zhilin
[65], Zubov [66], Altenbach and Zhilin [5], Eremeyev and Zubov [26] and Birsan and Altenbach [10]. Using the
so-called derivation approach, Neff [38, 42] has independently established a Cosserat-type model for initially
planar shells (plates) which is very similar to the 6-parameter resultant shell model. A comparison between
these two models has been presented in the paper [11], in the case of plates.

On the other hand, we should mention that the kinematic structure of the 6-parameter shell model is different
to the kinematic structure of the so-called Cosserat surfaces, which are defined as material surfaces with one
or more deformable directors attached to every point (see [4, 6, 7, 35, 56, 57]). For instance, the kinematics
of Cosserat surfaces with one deformable director is also characterized by six degrees of freedom (three for
the position of material points and three for the orientation and stretch of the material line element through the
thickness), which differ from the six degrees of freedom in the 6-parameter resultant shell model.

The topic of existence of solutions for the 2D equations of linear and non-linear elastic shells has been
treated in many works. The results that can be found in literature refer to various types of shell model and they
employ different techniques; see for example [1, 2, 8, 9, 21, 28, 30, 31, 58—64]. The method of formal asymp-
totic expansions is one method of investigation which allows for the derivation and justification of plate and
shell models. The existence theory for linear or nonlinear shells is presented in detail in the books of Ciarlet
[16-18], together with many historical remarks and bibliographic references. Another fruitful approach to the
existence theory of 2D plate and shell models (obtained as limit cases of 3D models) is the I'-convergence
analysis of thin structures; see for example [41, 43, 45, 47, 48]. No existence theorem has been published in lit-
erature yet concerning the geometrically non-linear 6-parameter theory of elastic shells, as far as we are aware.
In the case of linear micropolar shells, the existence of weak solutions has recently been proved in [22]. Exis-
tence results for the related (very similar) Cosserat-type model of initially planar shells have been established
by Neft [38, 42]. In [41, 43, 45], the linearized version of this model has been analyzed and compared with the
classical membrane and bending plate models given by the Reissner—Mindlin and Kirchhoff-Love theories.

In the present work, we prove the existence of minimizers for the minimization problem of the total potential
energy associated to the deformation of geometrically non-linear 6-parameter elastic shells. We wish to empha-
size that our work is not concerned with the derivation of the 2D shell model, but it presents existence results
for the well-established 2D theory of 6-parameter elastic shells. It should be mentioned from the beginning that
this model refers to shells made of a simple (classical) elastic material, not a generalized (Cosserat or microp-
olar) continuum. However, the rotation tensor field appears naturally in this theory, in the course of the exact
through-the-thickness reduction of the 3D formulation of the problem to the 2D one [14, 24, 32]. Thus, in spite
of the above-mentioned similarity to the kinematics of Cosserat shells, the material of the shell in the resultant
6-parameter model is described as a simple continuum (without any specific microstructure or material length
scale). On the other hand, in the case of dimensional reduction of the 3D equations of micropolar shell-like
bodies one can obtain the same 6-parameter theory with modified 2D constitutive equations; see for example
[3] for the linear case and [38, 42, 67] for the nonlinear case. One can also obtain more complex theories, as
in [27].
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For the proof of existence, we employ the direct methods of the calculus of variations and extend the
techniques presented in [38, 42] to the case of general shells (with non-vanishing curvature in the reference
configuration). In Section 2 we briefly present the kinematics of general 6-parameter shells and the equations
of equilibrium. In Section 3 we give some alternative formulae for the strain tensor and curvature tensor, which
are written in direct tensorial notation as well as in component (matrix) notation. These expressions are needed
subsequently in the proof of our main result. In Section 4 we formulate the two-field minimization problem
for general elastic shells, corresponding to mixed-type boundary conditions. Under the assumptions of con-
vexity and coercivity of the quadratic strain energy function (physically linear material response), we prove
the existence of minimizers over a large set of admissible pairs. Thus, the minimizing solution pair is of class
H'(w,R3) for the translation vector and H'(w, SO(3)) for the rotation tensor. The existence result is valid for
general anisotropic elastic shells having a reference configuration with arbitrary geometry. Section 5 includes
some applications of the existence theorem and discussions of special cases. We present a convenient way to
choose the initial directors and the parametrization of the reference surface. Then, we consider the cases of
isotropic shells, orthotropic shells, and composite layered shells separately and we present the respective forms
of the strain energy densities. Applying the theorem stated previously, we establish the conditions on the consti-
tutive coefficients that ensure the existence of minimizers in each situation. This analysis shows the usefulness
of our theoretical result in the treatment of practical problems for elastic shells.

2. General 6-parameter resultant shells

Consider a general 6-parameter shell and denote the base surface of the shell in the reference (initial) config-
uration as S° and the base surface in the deformed configuration as S. Let O be a fixed point in the Euclidean
space and {e, €5, e3} be the fixed orthonormal vector basis. The reference configuration is represented by the
position vector y° (relative to the point O) of the base surface S° plus the structure tensor Q°. The structure
tensor is a second-order proper orthogonal tensor which can be described by an orthonormal triad of directors
{d? ,dg,dg } attached to every point [14, 24]. Thus the reference (initial) configuration is characterized by the
functions

¥y o CR? - R, y? =yx1,x2), 1

Q" : w C R? = SO(3), Q' = dio(xl,xz) R e, (1

where (x1, x) are material curvilinear coordinates on the surface S°. Throughout the paper Latin indexes 7, /, . . .
take the values {1, 2,3}, while Greek indexes «, 8, ... take the values {1,2}. The usual Einstein summation
convention over repeated indexes is employed. We assume that the curvilinear coordinates (x;,x;) € w range
over a bounded open domain w (with Lipschitz boundary dw) of the Ox;x, plane (see Figure 1). Let us denote
the partial derivative with respect to x,, by d,f = 9f/0x,, for any function /. We designate {a;,a;} to be the
(covariant) base vectors in the tangent plane of S° and n° to be the unit normal to S°, given by

ay° a, X a
aa:aayo_i O— ! 2

2

= , n=—-/—.
0Xq lay x az|

The reciprocal (contravariant) basis {a',a} of the tangent plane is defined by a* - ag = 85 (the Kronecker
symbol). We also use the notations

a=a =n’, Qup = Ay - Ag, a? =a%.-a®, a= \/det(agp)rx2 > 0.

For the deformed configuration of the shell, let y(x;,x;) denote the position vector (relative to O) and let
{d;(x1,x;)} be the orthonormal triad of directors attached to the point with initial curvilinear coordinates (x;, x»).
The deformed configuration is completely characterized by the functions

y=x0°%, Q@ =d®d S003), 3)

where x : $° — R represents the deformation of the base surface, and the proper orthogonal tensor field Q¢
is the (effective) elastic rotation. The displacement vector is defined as usual by u = y — y°.
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Figure |. The base surface S0 of the shell in the initial configuration, the base surface S in the deformed configuration, and the
fictitious planar reference configuration w. The orthonormal triads of vectors {e;}, {dl.o} and {d;} are related through the relations
d; = Qedio = Re; and di0 = Q"e;, where Q° is the elastic rotation field, Q" is the initial rotation, and R is the total rotation field.
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Figure 2. Multiplicative decomposition of the total deformation gradient 7/ = F¢F? into the elastic shell deformation gradient

F ¢ and the initial deformation gradient FO=p. Interpretation is in terms of reconstructed three-dimensional quantities. The elastic
response is governed by F ¢. The curved initial configuration corresponds to the intermediate stress-free configuration in multiplicative

plasticity.

The role of the triads of directors {dio} and {d;} is to determine the structure tensor Q° and the rotation
tensor Q¢ of the shell respectively. Thus, the directors do not describe here any microstructure of the material.
According to the derivation procedure of the 6-parameter shell model, the kinematical fields y and Q¢ are
uniquely defined as the work-conjugate averages of 3D deformation distribution over the shell thickness, whose
virtual values enter the virtual work principle of the shell (see [14, 33]).

In view of (1) and (3), the deformed configuration can alternatively be characterized by the functions

y=y(x1,x) = x(°(x1,x2)), R(x1,2) = Q°Q° = di(x1,x2) ® e; € SO(3),

where the vector y and the orthogonal tensor R are fields defined over w. The orthogonal tensor field Q¢
represents the elastic rotation tensor between the reference and deformed configurations [52, 53]. The tensor
Q" is the initial rotation field, while R = Q°Q" describes the fotal rotation from the fictitious planar reference
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configuration w (endowed with the triad {e;}) to the deformed configuration S. The tensors Q° and R are also
called the structure tensors of the reference and deformed configurations respectively [14, 24]. The following
relations hold

Q°=RQ", d4'=Q%, di=Q‘d’=Re. )
Usually, the initial directors dl-o are chosen such that d30 = n° and dg belong to the tangent plane of S° (see
Remark 10). This assumption is not necessary in general and we do not use it in the proof of our existence
result.

Let F = Grad;y = 9,y ® a* denote the (total) shell deformation gradient tensor. The strong form of the
equations of equilibrium for 6-parameter shells can be written in the form [24]

Divy N+ f=0, Divy M + axi(NFT — FNT) + ¢ = 0, (5)

where NV and M are the internal surface stress resultant and stress couple tensors of the first Piola—Kirchhoff
type, while f and ¢ are the external surface resultant force and couple vectors applied to points of S, but
measured per unit area of S°. The operators Grad, and Div, are the surface gradient and surface divergence
respectively, defined intrinsically in [29, 34]. The superscript (-)7 denotes the transpose and axl( -) represents
the axial vector of a skew-symmetric tensor.

Let v be the external unit normal vector to the boundary curve 3S° lying in the tangent plane. We consider
boundary conditions of the type [23, 51]

Nv = n*, My = m* along 95,

y =y R=FR* along 959, (6)

where 3S° = 857 U 35, is a disjoint partition of $° (357 N 35y = ) with length (35)) > 0. Here, n* and m*
are the external boundary resultant force and couple vectors respectively, applied along the deformed boundary
a5, but measured per unit length of BS;) C 3S°. We denote by dwy and dwy the subsets of the boundary curve

dw which correspond to 8579 and BSS réspectively, through the mapping y°.
The weak form associated to these local balance equations for shells has been presented in [14, 23, 32].

3. Elastic shell strain and curvature measures

According to [14, 24], the elastic shell strain tensor E° in the material representation is given by
E°¢ = Q%" Grad,y — GradsyO = (Qe’Ta(,,y — Bayo) ® a®, (7
since Grad,y = 9,y ® a*. It is useful to write the strain tensor E° in the alternative form

E¢ = (Q@,Taay . aa) ® a® = (Qe,Taay'® a® + nO ® a3) _ (ai ® ai)
= (Qe’Taay ey + n° ® 33)(31‘ ® a') — 13,

or equivalently, since (¢; ® a') = (a; ® ei)il,

E°=(QTy®e,+n'®e)(@®e)  —1; = U -1,

—e _ 3
with T =(Qdy®e,+n'@es)(a;@e)

where 113 = e; ® ¢; is the identity tensor and U* represents the non-symmetric elastic shell stretch tensor,
which can be seen as the 2D analog of the 3D non-symmetric Biot-type stretch tensor [44] or the first Cosserat
deformation tensor [20, p. 123, eq. (43)] for the shell. Let us denote by P the tensor defined by

P=a;Re=0y"®e,+n’®e. ©)
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Then, from (8) and (9) we get

EC=TU'—1; = QT(dy®es + Qn’ @ e3)P~' — 113,

— (10)
Ue — Qe,T(aay ®e, + QenO ® 83)P71.

In the sequel, it is useful to write the elastic shell strain tensors in component form, relative to the fixed tensor
basis {e; ® ¢j}. Let E¢ = (E5)3x3 be the matrix of components for the tensor E¢ = E[je.ei ® e;. In general,
we decompose any second-order tensor 7 in the form T = Tjje; ® e; and denote the matrix of components by

T = (Tif)3x3' Also, for any vector v = v;e; we denote the column matrix of components by v = (vl-)3X .

Remark 1 The matrix of components P = (Py) 353 Jor the tensor defined in (9) can be specified in terms of its
three column vectors as follows

p= (oot |a o), = (W0]), = (e, . ay

The tensor P introduced in equation (9) can be seen as a 3D (deformation) gradient

P=V @(xl,x2,)@)|x3:o, with 12)

O(x1,x2,x3) 1= p°(x1,x2) + x3 B°(x1,x2),

and it satisfies det P = /detagg = a > 0, such that the inverse P~" exists. The mapping ® : wx (—/5’, %) — R3
has been introduced previously in [18, 19, 38], and employed for the geometrical description of 3D shells (h
denotes the thickness of the shell).

By virtue of equations (8) and (9), we obtain the following matrix form for the strain tensor E°
E¢ = (Q o | Q% ooy | ) P~ 11y, (13)

where 113 = (51/)3x3 is the unit matrix. Equivalently, the matrix £¢ can be written as

Ee = Q" (o |0 | Q) P =1y, or

i _ (14)
EC=TU'-1; = Q°"Fe—1; = Q“"FP ' — 13,

with
Qe’T( Ay | Ay ‘ Qn’ ) Pl= Qe’T( Vy ( Qn’ ) P,
(81y‘ azy‘Qen())P_l - <Vy‘Qeno)(V(B(x],xz,O))_l,
(81y’82y‘QenO> - (Vy‘Qen0>, (15)
== (o]0 )= (519,
F = F°F°

Uf =
Feé .=
F =

In order to see a parallel with the classical multiplicative decomposition into elastic and plastic parts from finite
elasto-plasticity [37, 40], we may interpret F'¢ as an elastic shell mid-surface deformation gradient and F* = P
as an initial deformation gradient. Both are gradients of suitably defined mappings (see Remark 2 and Figure
2), in contrast to the case of elasto-plasticity. In our context, the elastic material response is defined in terms of
the elastic part of the deformation, for example £¢ = Qe’TF ¢ — 113 (cf. (14)).
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Remark 2 Although the resultant shell model is truly a 2D theory, we may always consider artificially recon-
structed 3D quantities. In this sense, similarly to the context of Remark 1, the tensor F = 0,y ® ey + Qn’ Qe;,
which has the matrix of components F, is a 3D deformation gradient

F= V<0(X1,Xz,X3)}x3:0, with

@(x1,x2,X3) 1= Y(x1,X2) + X3 Q°(x1,x2)n"(x1, X2) (16)
= p(x1,x2) +x3 Q°(x1,x2) V O(x1, x2, 0)es.
Here, the mapping ¢ : w X (— % , % ) — R3 is a 3D deformation of the body, in terms of the given 2D quantities

y(x1,x2) and Q°(x1,x2). Similarly,
F¢ o= vw(@(xl,xz,xg}xazo), with
9¢(O(x1,x2,x3)) := @(x1,X2,X3).

However, we note that F cannot be interpreted as the 3D deformation gradient of the real 3D shell, because in
general the initial normals become arbitrarily curved after deformation.

In terms of the total rotation R and the initial rotation Q°, the elastic shell strain tensor is expressed by
E°=Q°(R"3,y — Q" 3.y") ® a”. (17)
Then, we have
E¢ = Q"[(R"0.0-Q" 3uy") ®eq] (e ® a') = Q°[(R" oy~ Q" 80y”) ®ea [P
which can be written in matrix form as follows

EC=Q"HP' with H:= (RTaly —Q"75," (RTazy —Q"5," | 0 )3 . (18)
X

On the other hand, the elastic shell curvature tensor K° in the material description is defined by [14, 24]
K° = [Q*"axl(3,RR") — ax1(3,Q°Q"")| ® a”. (19)

In order to write K¢ in a form more convenient to us, we use relations of the type

Q' ax1(3,Q Q") = axl(@' 9,Q),  axl(QAQ") = Qaxl(4), (20)

which hold true for any orthogonal tensor Q € SO(3) and any skew-symmetric tensor A € so(3) (see e.g. [12]).
Using (20) in (19) we can write the elastic curvature tensor K¢ in the equivalent forms

K¢ = Q°Tax1(3,Q°Q°T) ® a* = ax1(Q*79,Q°) ® a”, (21)

or
K¢ =[axl(Q°78,Q) ® e, |(a; ® e,.)‘1 = [ax1l(Q*"3,Q°) ® e, |P".

Then, the matrix of components K ¢ = (Kl.]‘f)3X3 is given by

K= (ax1@QT,Q%) | axl(QT0:%)

0 )P*l. (22)

If we express K in terms of the total rotation R and the initial rotation Q°, we get

K¢ = Q[axI(R"9,R) — ax1(Q*"3,Q")] ® a”. (23)
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This relation can be written as
K°=K-K°, with K := Q%axl(R"9,R) ® a*,

K = QOaXI(Q O’TaaQO) Ra* = axl(aaQO QO’T) Q a*, @4

where the tensor K is the total curvature tensor, while K° is the initial curvature (or structure curvature tensor
of §°). In view of (23) and (24), the matrix K ¢ = (K;) is given by

K¢ = Q'LP' = K—K"  with

L= ((axIR79R) — axl(Q" 5, Q") ] axI(RT,R) — ax1(Q"7 9,Q°) ‘ 0 )3 g
g 25
K =Q(axlR"9R) ‘ axI(R),R) ‘ 0)p, 25)

KO = Q°< ax1(Q%79,Q% ‘ axl(Q"73,Q% ] 0 )P“.

In what follows, we shall use the expressions (18) and (25) of the elastic shell strain measures E ¢ and K € written
with tensor components in the basis {e; ® e;}.

Remark 3 A4s expected, the case of zero strain and bending measures corresponds to a rigid body mode of the
shell. Indeed, if E° = 0 and K¢ = 0, then from (7) and (21) we obtain

By = Q° 0yp° and 0,Q° = 0.
Hence, it follows that Q° is constant and
y=Q%"+c (¢ = constant),
which means that the shell undergoes a rigid body motion with constant translation ¢ and constant rotation Q°.

Remark 4 In the case where the base surface S° of the initial configuration of the shell is planar we may
assume that S° coincides with w. In this situation we have a; = e;, P = 15, and the above strain and curvature
measures coincide with those defined for the Cosserat model of planar shells introduced in [38, 42].

Remark 5 In view of (21) and (22), the elastic shell curvature tensor K° is an analog of the second Cosserat
deformation tensor in the 3D theory: see the original Cosserat book [20, p. 123, eq. (44)].

4. Variational formulation for elastic shells

Let us denote the strain energy density of the elastic shell by W = W(E*, K¢). According to the hyperelasticity
assumption, the internal surface stress resultant NV and stress couple tensor M are expressed by the constitutive

equations in the form
ow aow

e

e M= ke
In this paper we assume that the strain energy density W is a quadratic function of its arguments E° and K°.
Thus, the considered model is physically linear and geometrically non-linear. The explicit form of the strain
energy function W is presented in [24, 32] for isotropic, hemitropic or orthotropic elastic shells. In general, the
coefficients of the strain energy function W depend on the structure curvature tensor K (see [24]). In [13], the
case of composite (layered) shells is investigated and the expression of the energy density is established. These
special cases will be discussed in Section 5.

Consider the usual Lebesgue spaces (Lp (@), -1l Lp(w)), p > 1, and Sobolev space (H Yw), | - | Hl(w)). We
denote by L”(w, R?) (and respectively H' (w,R?)) the space of all vector fields v = v;e; such that v; € LP(w)
(and respectively v; € H!(w)). Similarly, we denote the following sets

N=Q° (26)

H (o,R¥>* =({T= Tje;®@e| T € H'(w)},
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H'(0,50(3)) = {T € H' (0, R>3) | T € SO(3)},
D(0,R) =T = Tye; ® ¢ | Ty € I/ (w)},
L’(0,50(3)) = {T € I (w,R>3) | T € SO(3)}.

The norm of a tensor T is defined by || T||> = tr(TT?) = T;T;.

Concerning the boundary-value problem of (5) and (6), we assume the existence of a function A(y,R)
representing the potential of external surface loads f; ¢, and boundary loads n*, m* (cf. [23]).

We consider the following two-field minimization problem associated to the deformation of elastic shells:
find the pair (5, R) in the admissible set .A which realizes the minimum of the functional

Iy,R) = /SO W(E,K°)dS — A(y,R) for W, R) € A, (27)

where dS is the area element of the surface S°. The admissible set A is defined by
A={@,R) € H(0,R*) x H'(0,50(3)) | Yasy =y R‘GSS =R*}, (28)
where the boundary conditions are to be understood in the sense of traces. The tensors E¢ and K* are expressed

in terms of (y, R) through the relations (17) and (23). If we write W = W(E¢,K°) = W(Vy,R, VR), then,
referring the integral to the (fictitious reference) domain w, the change-of-variable formula clearly gives

/ W(E,K°)dS = / W(E, K¥) a(x1, x2) dxi s
S0 1)

= [ (T, RO 32, TR 0) et (YO0.3,0) s,

[0

(29)

where a = ,/det(aqp) is the notation introduced previously. The variational principle for the total energy of
elastic shells with respect to the functional (27) has been presented in [23, Section 2]. We decompose the
loading potential A(y, R) additively as follows

A(y’ R) = ASO(.Va R) + ABSJQ(y’ R),

Agp@y,R) = /fu dS + Ig(R), Ayeo,R) = / n*-udl + I1,0(R),
0 ! a5y I

(30)

where u = y — y is the displacement vector and d/ is the element of length along the boundary curve BS}). In
(30), Ago(y, R) is the potential of the external surface loads f; ¢, while A, 0 (v, Q°) is the potential of the external

boundary loads n*, m*. The expressions of the load potential functions ITgo, IT, 0 : L*(w,50(3)) — R are not

given explicitly, but they are assumed to be continuous and bounded operators. Of course, the integrals over S°
and 8S)9 appearing in (30) can be transformed as in (29) into integrals over w and dwy, respectively.

One can consider more general cases of external loads in the definition of the loading potential (30), such
as for example tracking loads.

4.1. Main result: Existence of minimizers

This theorem states the existence of minimizers to the minimization problem (27)—(30).

Theorem 6 Assume that the external loads satisfy the conditions
fe X (w,R), n* e L*(dwys, RY), (31)
and the boundary data satisfy the conditions

y* e H' (0, R?), R* € H' (0, SO(3)). (32)
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Assume that the following conditions concerning the initial configuration are fulfilled: y° : 0 C R> — R’ isa
continuous injective mapping and

vy’ e H' (0, RY), Q° € H'(w,50(3)), (33)

ay = 0,p° € L¥(0,R) (e Vy© € L™, R7), (34)
det (aa,s(m,xz)) > a5 > 0,

where ay is a constant. The strain energy density W(E*¢, K¢) is assumed to be a quadratic convex function of
(E°,K°) and W is coercive, in the sense that there exists a constant Cy > 0 with

W(E,K) = Co (1EI” + IIK|I*). (35)
Then, the minimization problem (27)—(30) admits at least one minimizing solution pair (p, fl) e A
Remark 7 The hypotheses (34) can be written equivalently in terms of the tensor P =V O(x1,x,,0) as
P e L®(w, R3*3), detP > ay > 0, (36)

in view of the relations (9) and (11). Since y° represents the position vector of the reference base surface S°
(which is bounded), the conditions (33); and (34), can be written together in the form y° € WH*(w, R?).

Proof. We employ the direct methods of the calculus of variations. We show first that there exists a constant
C > 0 such that
|A@R) | = C(IYlmw +1), YO.R) € A (37)

Indeed, since a, € L™®(w,R?) it follows that a = ,/det(ays) € L™(w). We also have ||R|> = tr(RR”) = 3,
VR € SO(3). Taking into account the hypotheses (31) and the boundedness of ITg and IT, 50> we deduce from
(30) that '

AW R) | < [ Aso(n,R)| + | Aas})(y,R)l < Cily =y"lpw +Cally —yolle(awf)
+ | Mo (R) | + | Hgs)?(R” = Gyl + Gllylg ) + Cs,

for some positive constants Cj, > 0. Then, the inequality (37) holds.
In what follows, we employ the component form of the elastic strain tensors E ¢ and K, written as matrices
E¢and K¢ in (18) and (25), respectively. Let us show next that there exists a positive constant 1y > 0 such that

TESN=1EIl = Ao I HIl, KN =Kl = Aol LI, (3%)

where the matrices H = (Hij)3x3 and L = (L,j) are introduced in (18) and (25). Indeed, since £¢ = QOHP_1

and Q" € SO(3) we have

3x3

IEC|? = | QHP™" |* = || HP™" |* = «[HP~'(HP™")] = «[H(P'P)'HT]. (39)

From (11) we deduce that

ayy an 0 a” alz 0
P'P=|an an 0 and therefore (PTP)_1 =1a?% o 0. (40)
0 0 1 0 0 1

Inserting (40) into (39) we obtain

IE€ | = a*’HoHig = a*P HioHip + a*’ HyoHap + a*P HyoHsg , with H = (Hj), . (41)
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since H;3 = 0 according to (18). By virtue of (34), it follows that the matrix (a(,,,g)2X2 and its inverse matrix
(a"‘ﬂ)2X2 = (aa,g)fl satisfy

(agp) € L®(0,R¥?) and (a*) € L®(w, R¥?).

Then, the smallest eigenvalue of the positive definite symmetric matrix (a""3 (x1, xz))2X , is greater than a positive
constant A2 > 0 and consequently

a“ﬁ(xl,xz) Vo Vg > A% Vy Vy, Y(x1,x) €w, Yvi,vm eR. 42)
Using inequality (42) for each individual sum in the right-hand side of equation (41) we deduce that ||E¢||> >

)»% H Hi, = A(Z) |H||?, in other words, the inequality (38); is proved. The proof of inequality (38), is identical.
In view of (18) and (38); we have

2
IES 1% = 23> IR 9y — Q™ 0,)° |2

a=1
2
=23 (1 R" 8,317 = 2{R7 80y, Q" 33" ) + 1| Q" 80" 117)
a;l
=33 (1 8uyl> = 2(R7 84y, Q"7 30y° ) + 11 30"11%),
a=1

where (S, T) = tr[STT] is the scalar product of two matrices S, 7. Integrating over w and using the Cauchy—
Schwarz inequality we obtain

2
IE 2 = 26 D (1180172, = 21 el 2l 063 N2y + 11 060” I32)»
a=1
or _ ~
1E 172, = 2 (180172, + 11020072,) = Cilly 110 + Co, (43)

for some positive constants C; > 0, C, > 0. Let us show that the functional / (y, R) is bounded from below over
the admissible set A. By virtue of (29), (34), and (37) we can write

1(y,R) = Co / IE|? adxidv, — A, R) = Coaol E€ 175, — C (Wil () + 1)

[0

and using (43) we deduce that there exist the constants C3 > 0 and Cy such that
1, R) = Coaorg (Il 9y, + 1026132,) = C3ll¥ i) — Cas Y, R) € A, (44)

with aq specified by equation (34). We observe that the vector field y — y* € H!(w, R?) satisfies y — y* = 0 on
dwy. Applying the Poincaré inequality we infer the existence of a constant ¢, > 0 such that

1910 = ¥ 72y F 120 =¥ 2y = 0 1Y =¥ N1 (45)
Using inequalities of the type |3y, . > (|| 0V — YW 12(0) — 10" ||L2(w))2 and (45) we find that

LP(w) =

19135, + 1929172, = €5 1V = ¥* 31,
=201y = ¥* 1oy (1907 L1200y + 1829 120) + (1 019*15,,) + 1 02%135,.))-
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From the last inequality and (44) it follows that there exist some constants Cs > 0 and C with
I(p,R) = Coaori ¢y Iy = ¥l = Cslly =¥l + oo Y0, R) € A. (46)

Since the constant C aoké ¢, > 0, the function /(y, R) is bounded from below over .A. Hence there exists an
infimizing sequence {(yn,R,,)}:i1 C A such that

lim /(y,.R,) = inf {I,R)| (. R) € A}. (47)

In view of conditions (32) we have /(y*, R*) < oo. The infimizing sequence {(y,,,R,,)}:O:1 can be chosen such
that

Iy,,R,) < I(p*,R") < o0, Vn>1. (48)
Taking into account (46) and (48) we see that the sequence {yn}oi is bounded in H'(w,R?). Then, we can
extract a subsequence of { y,,} _, (not relabeled) which converges weakly in H'(w, R?) and moreover, accord-

ing to Rellich’s selection principle, it converges strongly in L?(w, R?), in other words there exists an element
y € H'(»,R3) such that

y, =~y in H'(o,R), and y, —jp in L*o,R%. (49)

For any n € N, let us denote by E, and K, the strain measures corresponding to the fields (y,, R,), defined by
the relations (17) and (23). We have E¢, K¢ € L*(w,R**%) and let E¢, K¢ be the matrices of components in the
basis {e; ® ¢;}, given by (18) and (25) in terms of {y,, R,,}. From (27), (34),, (35), (37) and (48) we get

Coao || K, ||L2( ) = / W(E;, KY) a(x1,x) dxidey < 1", R*) + C (IIy,ll 1) + 1)-

Since {yn}Zil is bounded in H'(w,R?), it follows from the last inequalities that {Kne }zil is bounded in
L*(w,R*>3). In view of (38),, we deduce that {axI(R!3,R,)} " is bounded in L*(w,R%), or equivalently
{EJOKR,,}:O:1 is bounded in L*(w, R3*3), for « = 1,2. Since R, € SO(3) we have ||R,|> = 3 and thus we
can infer that the sequence {Rn}zil is bounded in H' (w, R**3). Hence, there exists a subsequence of {Rn}:i1
(not relabeled) and an element R € H'(w, R3*3) with

R,—R in H(R>), ad R,—>R in L*oR*). (50)
We can show for the limit that R € SO(Q3). Indeed, since R, € SO(3) we have
I R.R™ — 13]1 20 = I RART = RD)lI 20y = | R = Rall 20y — O,
in other words, R,R” — 115 in L*(w, R>*?). On the other hand, we can write
IRR" = RR" |11,y = || Ry — RIR |1y < 311 Ry — Rll 20 || Rll 2,y — O,

which means that R,R” — RR” in L'(w,R3*3). Consequently, we find RR” = 13 sothat R € H' (w,S50(3)).
By virtue of the relations (y,, R,) € A, (49) and (50), we derive that y = y* on 8S2 and R = R* on 852 in
the sense of traces. Hence, we obtain that the limit pair satisfies (p, i?) e A
Let us construct the elements E£¢, K¢ € L2(a) R3X3) defined in terms of the fields (y, R) by the relations (17)
and (23). Then, the matrices of components E¢ K¢ are expressed in terms of the components (9, R) by (18) and
(25), in other words

Ee=Q"(RT8p— Q% 81)° |RTarp — Q% a)° | 0) P,

Q°
1
K¢ =Q°(axI(RT3;R)—ax1(Q™ Q%) | axI(RT8,R)—ax1(Q*8,Q") | 0)P~". Gl
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Next, we want to show that there exist some subsequences (not relabeled) of {E} and {K} such that
E¢—~E° in L*w,R¥™), and K°— K° in L*w,R>). (52)

As shown above, the sequence {yn}Zil is bounded in H'(w,R?). It follows that {8ayn}:il is bounded in

L*(w,R?) and the sequence {R,f 0y, n}:il is bounded in L*(w,R?), since R, € SO(3). Consequently, there
exists a subsequence (not relabeled) and an element &, € L?(w, R?) such that

R 3.y, = &, in L¥o,R). (53)

On the other hand, let ¢ € C°(w,R?) be an arbitrary test function. Then, using the properties of the scalar
product we deduce

/ (RT 8., — R79,5) - b drydhny

/RT dly — 0P - ¢dx1dx2+/( i(T)aayn-¢dx1dx2
/ doyy — 3uf) - Rep vy + /( R, By, @) dxydrs

w

< [IR, —Rlle(w) 1100y, @D 120 +/ (30y, — 0u9) - Rep dx1dxs,
since the relations (49), (50) and ﬁ(ﬁ € L?*(w,R?) hold, and 10y, ® @] is bounded. Thus, we get
[ ®ay)-penan — [(@a5) pande. vé e G, (54)

By comparison of (53) and (54) we find £, = R”8,J, which means that R? 3y, — R78,y in L*(w,R?), or
equivalently R
(Rywy, — Q% 0uy°)  — (RT8.5—Rydw") in L(o,R). (55)

Taking into account (18), (51); and hypotheses (33) and (34), we obtain from (55) that £, — E¢in L?(w,R3*3),
in other words, the relation (52); holds.
To prove (52), we start from the fact that the sequence {R,f BaRn}Zil 1s bounded in Lz(a), R3*3), as we

proved previously. Then, there exists a subsequence (not relabeled) and an element ¢, € L*(w, R**?) such that
R'3,R, —~ ¢, in L*o,R¥). (56)

On the other hand, for any test function ® € C3°(w, R***) we can write

/ (RT3, R, — R o,R, @) dx;dx, = / (R" (3. R, — 8uR), ®)dxidx, + / ((RT — R")3,R,, ®)dxidx; <

w

(3R, — 0uR, R® ) dxidxs + (IR, — Rl| 20, 0 Rs® |2,y —> O,

w

since R® € L*(w, R3*3), ||0,R,®|| is bounded, and the relations (50) hold. Consequently, we have

/(R,{aaRn, ®) dx;dx, —> /(iefaaie, ®)dxvidr,, V@ e CP(w,R),

and by comparison with (56) we deduce that {, = RT3, R, in other words, the convergence RT9,R, — RT9,R
holds in L?(w, R3*3). It follows that

[ax1(R 3, R,) — axI(R} 3,Q")] — [axI(R"8,R) — axI(R]3,Q")] in L*(w,R¥),
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and from (25), (33), (34) and (51), we derive that the convergence (52), holds true.

In the last step of the proof we use the convexity of the strain energy density W. In view of (52), we have
[ PR atw ) s < timint [ WS K a2 e (57)
w n—oo P

since W is convex in (E*°, K¢). Taking into account the hypotheses (31), the continuity of the load potential
functions ITgo, IT, S;), and the convergence relations (49), and (50),, we deduce

AG,R) = lim A(y,,R,). (58)
From (27), (29), (57) and (58) we get
I, R) < liminf I(y,,R,). (59)

Finally, the relations (47) and (59) show that

[(5,R) = inf {{(,R)| (v, R) € A}
Since (j, R) € A, we conclude that (§, R) is a minimizing solution pair of our minimization problem. The proof
is complete. u

Remark 8 The solution fields satisfy the following regularity conditions
yeH (w,R?*, ReL®w,S03))NH (v, SO3)).

Thus, the position vector y and the total rotation field R may fail to be continuous, according to the limit case

of Sobolev embedding.

Remark 9 We observe that the boundary conditions imposed on the orthogonal tensor R can be relaxed in the
definition of the admissible set A. Thus, one can prove the existence of minimizers for the minimization problem
(27) over the following larger admissible set

A={(R) € H'(o,R*) x H'(0,503)) | y|adeY*}-

This assertion can be proved in the same way as Theorem 6. For a discussion of possible alternative boundary
conditions for the field R on dw,; we refer to the works [38, 42].

5. Applications of the theorem and discussions

In this section we present some important special cases for the choice of the energy density W where Theorem
6 can be successfully applied to show the existence of minimizers.

Let us first discuss the choice of the three initial directors {dio} in the reference configuration, in other words,
the specification of the proper orthogonal tensor Q° = dl.0 ® e;. One judicious choice for the tensor Q° is the
following

Q" = polar(P) = polar(VO(xy,x2,0)), (60)

where P = a; ® e; = 9,9° ® e, + n° ® e3 has been introduced previously in (9) and polar(T) denotes the
orthogonal tensor given by the polar decomposition of any tensor 7.

Remark 10 If the tensor Q° is given by (60), then the (initial) directors d(g belong to the tangent plane at
any point of S° and d30 = n'. Indeed, let P = Q°U° be the polar decomposition of P. Using the matrices
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of components in the {e; ® e;} tensor basis, we write this relation as P = QO U°, and from (40) we derive
consecutively

a ap 0 W, ul, 0 » uly ), 0
UUP=P'P=|an an 0|, U'=|d, u, Of, (U°) =|u}, u), O],
0 0 1 0 0 1 0 0 1

where ugﬂ and ﬁgﬁ are some given real functions of (x,x,). In view of (11), it follows that

-0 -0
0 0\—! 0 L—t(l)l Zf<1)2 0 0 0
Q :P(U) =<a1‘a2‘n> U, iy, 0 = Q ez =n”, 61)

3x3 0 0 1

from which we can see that the third column of the matrix QO is equal to n°. On the other hand, by definition
(1),, the initial rotation field Q° is given by Q° = d,-0 ® e; and the matrix QO can be written in column form as

o= (4]2]4),,
If we compare (61) and (62) we find that dg = n°. Thus, we have dg = n’ and {d(l), dg} is an orthonormal basis
in the tangent plane, at any point of S°.

If we choose the tensor Q° as in (60), then in order to satisfy (33), we need to consider an additional
regularity assumption on the initial configuration, namely

polar(P) = polar(VO(xy,x2,0)) € H'(w,SO(3)),

which is equivalent to Curl[polar(V@(xl,xz, O))] e L*(w,SO(3)) (cf. [62]). A stronger sufficient condition is
0 ¢ W (w,R?) N H(w, RY).

It is possible to simplify the form of the equations in the case of an orthogonal parametrization of the
initial surface S°. If we assume that the curvilinear coordinates (x;,x,) are such that the basis {a;,a,,n°} is
orthonormal, then the initial surface S° is formally parametrized by orthogonal arc-length coordinates [13] and
we have

a, = a“, Aop = a*f = B (63)

Remark 11 The Theorema Egregium (Gauss) can be put into the following form: the Gaussian curvature K
can be found given the full knowledge of the first fundamental form of the surface and expressed via the first
fundamental form and its partial derivatives of first and second order (the Brioschi formula). Therefore, the
Gaussian curvature of an embedded smooth surface in R3 is invariant under local isometries, in other words,
if the parametrization y° : o C R?> — R> of the surface from a flat reference configuration w is given such
that (VyO)TVyO = 11, (the basis {a;,a>,n"} is orthonormal), then the curvature K of the surface y°(w) is
necessarily zero. This is only the case for developable surfaces.

For general surfaces it is therefore impossible to determine, even locally, an orthonormal parametrization.
However, in FEM approaches one may think in a discrete pointwise manner as in [13].

For example, let S° be a cylindrical surface (which is a developable surface) with generators parallel to es.
The position vector y° is given by

0 )
y0 =y0(9,z) =7rpCcoSs—e| +rysin—e; +zes (ro > 0 constant).
ro ro
Choosing the curvilinear coordinates x, = 0,x, = z, we have
0 .0 0 0 0 0 .0
a =01y =—sin—e;+cos—ey, a=0dy =e, n =Ccos—e|+sin—e,
ro ro ro ro

so that {a;, ay, n°} is orthonormal.
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In view of (60)—(63), we obtain in this case that Q° = P (since U’ = 13 and polar(P) = P € SO(3)) and
the directors {dio} in the reference configuration coincide with {a;, @, n°} in each point of S°:

d’ = a, = 3,y°, d) =a; =n°, a; = Q' d; = RQ"a;. (64)

The expressions of the elastic strain measures E ¢ and K¢ may be simplified in this situation. By virtue of (63)
and (64) we get

QO(RTaoty - QO’TaayO) = QORraa.V — Ay

65
= (a; - Q"R" 0oy — Sui)a; = (d; - 00y — Sui)a; ()
We can write RT9,R = (d; ® ) (0,d; ® €) = (d; - 9,d))e; ® e;, so that we find
1
aXl(RTa R) el]k(dk 0 d)el, aXl(QOTaaQ ) - el]k(ak aaa])ela
where e; is the permutation symbol. The last relations and Q *"a; = e; yield
Q"[axI(R" 0, R) — ax1(Q*78,Q°)] = [(axI(R"8,R) — axl(Q*"3,Q")) -¢;]a;
(66)

= 5 eijk[(dk - Ogd;) — (ay - 3aaj)]ai-

Using the relations (17), (23), (65) and (66) we decompose the strain tensor E ¢ and the curvature tensor K¢ in
the basis {a; ® a,} as follows

E°¢ = Eiza,» R ay, Eifx =d;- 0,y — Oui, K¢ = Kf;ai ® a,,

- - % 67
Klea = d3-8ad2—a3-8aa2, Kﬁl = d] '3ad3—a1 -aaa3, Kfa = dz-aadl —az-aad]. ( )
For later reference, we introduce the notations
Ef =E‘—(n"®n")E°, K/ =K°'—@n’®n")K". (68)
Then, from (67) we get
e _ Ie e, T .0 e
E”)_lljaﬁaaéba,g, n’E*¢ EeT 0_E o, (69)
K||°=Kof,3aa®aﬁ, n’K¢ = K* = K3, a,
If we denote the matrices by E°¢ = (Eﬁ)3 3 K¢ = (12;)3X3, and also
E¢ = E1€1 Efz] |: o1y—1 dy - dy ]
I Ef Eg dy-dy  dy-Opy—1
(E«Tn’) = [Ef, Ef]=[ds-0y  ds-doy], 10)
fre— ”161 Klez dy-01dy—a3- 014y dy- Oody—az- dra
Ky K di-dds—ay-01a3  dy- ds—ay- 04z |’
(i(e’Tl’lO) = [K;l K3e2] = [dz . 81d1 —day - 81(1] dg . 82d1 —day - 82a1] .
then the relations (67) and (69) can be written in matrix form
. (Ef, Ef, 0 (Ef)yn  O2ui di-dy—1 di-oy 0
E¢ = [5261 15262 0= - = dz-aly dz-az))—l 0 .
| E5, E5 0 (E on )1><2 0 3%3 ds- 91y dy-9y 0
- {{11 {{162 0 (i{IIe )2><2 02x1
Ke=|K5 K5 0f= (71)
= = ZeT, 0
K5 K5, 0 (Ke n )lx2 0 3x3
B 5 d3~ aldz d3- 82d2 0 as - 31(12 as- azaz 0
=K—K0= d1~81d3 d1-32d3 0| — a1-81a3 a1-82a3 0
dz- 81d1 dz- 32d1 0 a- 3101 a- 82a1 0
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These expressions are completely similar to the strain measures for planar shells introduced in [38, 42].
Let us next discuss some important classes of elastic shells.

5.1. Isotropic shells

In the resultant 6-parameter theory of shells, the strain energy density for isotropic shells has been presented in
various forms. The simplest expression of W(E¢, K°) has been proposed in the papers [14, 15] in the form

2W(E®,K) = C[v(tEf)* + (1 — v)tr(Eﬁ’TE”e ]+, C(1 —v)n"E°ESTR° 72)
+D[ v (tK()? + (1 — v) te(K} KE)] + o D(1 — v) n®KK=Tn",
where C = E h/(1 — v?) is the stretching (in-plane) stiffness of the shell, D = E #*/(12(1 — v?)) is the bending
stiffness, / is the thickness of the shell, and o, «; are two shear-correction factors. Also, £ and v denote the
Young modulus and Poisson ratio of the isotropic and homogeneous material. By the numerical treatment of
non-linear shell problems, the values of the shear correction factors have been set to oy = 5/6, oy = 7/10 in
[15]. The value oy, = 5/6 is a classical suggestion, which has been previously deduced analytically by Reissner
in the case of plates [35, 54]. Also, the value o, = 7/10 was proposed earlier in [50, p. 78] and has been
suggested in the work [49]. However, the discussion concerning the possible values of shear correction factors
for shells is long and controversial in literature [35, 36].
With the help of matrices (70), we can express the strain energy density (72) in the alternative form

2W(E¢,K¢)
e |2 e (12 1+v
= C(1—v)(|ldeva sym E [|*+ [skew E [|*) 4 C >

14+v
2

Te\2 e
(tr£5)" + o, C(1—v) | ETnO)? (73)

+D(1—v)(||dev, sym K¢ ||*+ ||skew K [|*) + D (triqf)2 + o,D(1—v) | KeTh0|3

where symX = %(X + X7 ) is the symmetric part, skew X = %(X - X7 ) is the skew-symmetric part, and
devo X =X — %(trX ) 11, is the deviatoric part of any 2 x 2 matrix X. The coefficients in (73) are expressed in
terms of the Lamé constants of the material A and u by the relations

1 2u+3A 1 W ouwu+3x h?
TV BCHEIN oy oy, plEY B HCRESH B
2 21+ A 6

C
2 12 2u+A

Then, we obtain that the given quadratic form (73) is positive definite if and only if the coefficients £ and v
satisfy the inequalities

1
E >0, —1<v<5. (74)
In terms of the Lamé moduli of the material, the inequalities (74) are equivalent to
uw >0, 2+ 31 > 0.

These conditions are guaranteed by the positive definiteness of the 3D quadratic elastic strain energy for
isotropic materials. Thus, we find that the strain energy W is convex and satisfies the coercivity condition
(35), so that the hypotheses of Theorem 6 are fulfilled. Applying Theorem 6 we obtain (under suitable assump-
tions on the given load and boundary data, and the reference configuration (y°, Q°)) the existence of minimizers
for isotropic shells with strain energy density in the form (72).

In [24], Eremeyev and Pietraszkiewicz have proposed a more general form of the strain energy density,
namely

2W(E,K°) = ) (WE)” + antr(Ef) + aste(ESTE) + aun® ECE®Tn

75
+Bi ('[I'I(“e)2 + ﬁztr(K”e)z + ,33t1‘(Kﬁ’TKﬁz) + ﬂ4n0KeKe’Tn0. (7)
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The eight coefficients o, B (k = 1,2,3,4) can depend in general on the structure curvature tensor K° =
ax1(0,Q"Q ") ® a* of the reference configuration. For the sake of simplicity, we assume in our discussion that
the coefficients o and B; are constant. We can decompose the strain energy density (75) in the in-plane part
Wolane(E€) and the curvature part W, (K) and write their expressions using the matrices of components (70)
in the form

W(E®,K°) = Wpiane(E°) 4+ Weure(K°), (76)

~ ~ ~ 2 ~
2 Wpane(E€) = (@2 +a3)sym E¢ |2+ (o3 — o) I skew E€|2+ ey ()’ + cua E<T0|12,
~ ~ ~ 2 ~
2Weurs(K) = (Ba+B3)Isym K12+ (Bs—Bo) Iskew K IP+ B1 (K f) + Ball KT,

The in-plane part of the energy density (76) can equivalently be written as

2Wane(E€) = (a2 + 03) | devy sym Ef || + (o3 — a2) || skew £/ ||?

in-plane shear—stretch energy in—plane drill rotation energy
oy + o3 e\ 2 ~eT 02 (77)
+ (oq n )(trEﬁ) o | BT
—_—

. ) transverse shear energy

in-plane elongational stretch energy
The above forms of the strain energy W are expressed in terms of the components of the tensors E¢ and K*
in the basis {a; ® a,}, in other words, in terms of the elements of the matrices (70). Denoting the coefficient
(o3 — o) in (77) by ud we remark that the term

C
Mg‘fi“ I skewEHe 12, with M;‘fi“ = a3 — ay, (78)
drill

describes the quadratic in-plane drill rotation energy of the shell. We call the coefficient ;™" the linear in-plane
rotational couple modulus, in analogy to the Cosserat couple modulus in the 3D Cosserat theory [39].

Remark 12 The planar isotropic Cosserat shells have also been investigated in [38, 42], using a model derived
directly from the 3D equations of Cosserat elasticity. The expressions (76) and (77) of the strain energy density
are essentially the same as the strain energy of the Cosserat model for planar shells [38]. By comparing these
two approaches (6-parameter resultant shells and Cosserat model) we deduce the following identification of
the constitutive coefficients a1, . .., 04
2UA
oy =h_——, o=huw—pn), o3=h(pn+p), oas=rhpn+upe), (79)
21+ A
where . is the Cosserat couple modulus of the 3D continuum, and k is a formal shear correction factor. From
(78) and (79) we observe that A
pd = @3 —ay = 2hp,, (30)

drill
c

which means that the in-plane rotational couple modulus ™ of the Cosserat shell model is determined by the
Cosserat couple modulus . of the 3D Cosserat material.

The relations (79) are similar to the corresponding relations in the linear theory of micropolar plates (see
[3, eqs (45)]). From a mathematical viewpoint, the difference between the two sets of relations consists of the

notations used and the value of the shear correction factor.

Looking at (76) and (77) we observe that the quadratic form W(E*°, K¢) is positive definite if and only if the
coefficients verify the conditions

201 +ay+a3 >0, oary+a3>0, a3—ary >0, ag>0,
281+ B+ B3>0, Bo+pB3>0, B3—p>0, B4>0.

Provided that the conditions (81) are satisfied, the strain energy function W(E*®, K¢) is convex and coercive
in the sense of (35). By virtue of Theorem 6, in this case the minimization problem associated with the
deformation of isotropic elastic shells admits at least one solution.

(81)
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Remark 13 The same conditions (81) have been imposed in [22] to establish existence results in the linearized
theory of micropolar (6-parameter) shells.

Remark 14 The case pd"' = 0 (i.e. a3 — oy = 0) is not uniformly positive definite. However, with a slight
change of the resultant shell model, one can prove the existence of minimizers using similar methods as in [42].
A linearization of such a model leads exactly to the Reissner kinematics with five degrees of freedom [42], where
the in-plane drill rotation is absent. The physical meaning of the in-plane rotational stiffness pd' = a3 — ay
in the resultant shell model is not entirely clear to us.

Since only two independent rotations are required to orient a unit director field, a distinctive feature of
classical plate and shell theories is a rotation field defined in terms of only two independent degrees of freedom.
Rotations about the director itself — the so-called drill rotation — are irrelevant and, for that matter, undefined
in classical shell theory.

5.2. Orthotropic shells

The constitutive equations for orthotropic shells have been presented in [24] within the 6-parameter resultant
shell theory. The expression of the strain energy density in terms of the tensor components defined in (67) is
given by

2W(E,K®) = CE; S E + DL ESES, + C8, KGR S + DS, KL KS, (82)

K . . . . .
where CE wpys Ca /3)/ 5 DE and D, are material constants which satisfy the following symmetry relations

E
Caﬂy6 Cysap> Dy = Digor - Cyy apys = Cyéaﬁ’ Dy = Digy-

We observe that the quadratic function (82) is coercive if and only if the following symmetric matrices are
positive definite

E E E K
Chn Chn Chn C1121 Chin C1122 C1112 C1121
CE. cx cx cx

C§122 C§222 C§212 2221 C{ZIZZ 2222 2212 2221 |:Dfl D1152i| |:D11<1 Df2i| (83)
Dy, Dy |’ | Dy D

b
C}EIIZ C%ZIZ C}SZIZ C1221 C}(112 C2212 C1212 C1221
C1121 C2221 C1221 C2121 C1121 C2221 C1221 C2121

In situations where the matrices (83) are positive definite, the strain energy W given by (82) satisfies the
hypotheses of Theorem 6. Then we can use our theoretical results to derive the existence of minimizers for
orthotropic shells.

5.3. Composite layered shells

Let us analyze the case of composite shells made of a finite number of individually homogeneous layers.
According to [13], the strain energy density of such a type of shell can be written by means of the tensor
components (67) in the form

2W(E®,K°) = Aupys ESESs + Dapys KGK S5 + Bapys(ESKSs + KGESs)

+Sup B ESy + Gop K5 Ky

(84)

where Aygys, Bapys, Dagys, Sap and Gy are the constitutive coefficients of composite elastic shells, which
have been determined in [13] in terms of the material/geometrical parameters of the layers. They satisfy the
symmetry conditions

AaﬂVtS =A)/80613a Daﬂy& = Dy&xﬂ: Saﬂ = Sﬁa, Gaﬂ = Gﬂa.

Downloaded from mms.sagepub.com at Univ. Duisburg-Essen on March 8, 2013


http://mms.sagepub.com/

20 Mathematics and Mechanics of Solids

In the constitutive relation (84) one can observe a multiplicative coupling of the strain tensor E¢ with the
curvature tensor K¢ for composite shells. Let us denote by 4, D and B the 4 x 4 matrices of material constants

A Ann Aue Ano D111 Doz Dz Diog
A= A Axn Aniy Ao D— D112 Do Dypiz Do

Az Anin A Ao | Dinz D1z Dz Dior |

Azt Aot A1 Az Diia1 Doy Dizgi Daing

Biti1 Bz Bz B

Byi1 By B Bani
Biai1 Biaoa Bz B

Boint B2z Baiz Baiai

One can show that the necessary and sufficient condition for the coercivity of the strain energy function (84) is
that the following matrices are positive definite

| Aaxa Baxa S Sz |G Gn
C= , S= , G= :
Baxa Daxa]g, o Sz S»2],., G Gnj,,,
With these notations, one may write the strain energy density (84) in the matrix form

2W(E€,K€) =VC VT + (E_"ael’ ESeZ) S (E?;el’ E;Z)T + (i{;l’ IN{3€2) G (f(."ael’ ]~<362)T’

with V= (Efp E§2, EIeZ’ Ezela f{ﬁs f{zez: i<182’ KZel)lx8'

In conclusion, if the matrices C, S and G are positive definite, then we can apply Theorem 6 for the strain
energy density given by equation (84) and prove the existence of minimizers for composite layered shells.

Remark 15 The results and conclusions presented above are obviously valid in the case of plates as well, in
other words, when the reference base surface S° is planar. However, many of the formulae for general shells
can be significantly simplified in the case of plates, since the three orthonormal bases {a;,a,,n"}, {d? , dg, dg }
and {e,, ey, e3} can be considered identical.

The corresponding existence results for 6-parameter geometrically non-linear plates (planar shells) has
been presented in [11] for isotropic and anisotropic materials, and in [12] for composite planar shells. In
the case of isotropic plates, the existence theorem can be obtained from the more general results concerning
Cosserat planar shells presented in [38, 42].

In a forthcoming contribution we will extend our existence results to the 6-parameter resultant shell model

with physically non-linear behavior and show the invertibility of the reconstructed deformation gradient F.
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