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1 The Cosserat (6-parameter) model for shells

The deformed configuration of the shell is described by two independent fields:

y=y(x, %),  R(wx)=QQo = di(xi, x) ®e; € SO(3),

where y is the position vector of the midsurface and R is the total microrota-
tion (or structure tensor). The orthonormal vectors d; (i = 1,2, 3) form the triad of
directors.

The curved reference configuration is characterized by the position vector y, and the
initial microrotation tensor Qo. We use the covariant base vectors a, = % = You
of the reference midsurface, the contravariant base vectors a® (o = 1,2)"and the
first fundamental tensor a =a, ®a®” = a,3a®®a’. Let ny be the unit normal
to the tangent plane of the reference midsurface. The shell deformation gradient
tensor is
F := Grad;y =y, ®a" .

The non-symmetric elastic shell strain tensor E. and elastic shell bending-
curvature tensor K, are defined by

E. = QZF—a = QZGradsyfa,
K. := axl(Q]Q.,) ®a® = Qo[axI(R'R,) — axI(Qg Qo.0)]-

2 The shell dislocation density tensor

We define first the surface curl operator curls for vector fields v and the operator
Curlg for tensor fields T by

(curlsv) - € = Divyg(v X €) for all constant vectors c,

(Curls T) e = curly(T"c) for all constant vectors c.

From these definitions it follows curlsv = —v, xa* and Cur, T=-T, Xxa".

We introduce the shell dislocation density tensor D, by

D, :=aD. with D.:=Q]CurlQ. = —(Q/Q..) x a”.

The shell dislocation density tensor D represents an alternative strain measure for
orientation (curvature) change in Cosserat-type shells [1].

The extended Nye’s formula for shells expresses the relationship between the
shell dislocation density tensor D, and the shell bending-curvature tensor K,:

D, = —KZ + (tr Ke) a, or equivalently, K. = —DST + (tr Ds) a.
We remark the reciprocity of these two relations. We also have || D;|| = || K| and
trD; = trKe.

devssym D, = —devssym Ke, skew D = skew Ko,

3 Existence of minimizers for the total energy functional

We formulate the following two—field minimization problem: find the pair (y, ﬁ)
in the admissible set A which realizes the minimum of the total energy functional [3]

E(y.R) = / W(E,, Ds) \/det (a,5)2x2 dx1 dxo — A(y, R) for (y,R) €A,

where A(y, R) is the potential of external surface loads f, £ and boundary
loads n*, m*, while the admissible set A is defined by

A={(y.R) € H(w,R®) x H'(w, SO(3)) | Y] v, R}o»d =R}
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Theorem. Assume that the external loads and boundary data satisfy the conditions
f € L’(w,R%, n*€Ll?0wr,R%, y"cH{(w,R’, R*eH(w SO(3))

and the curved reference configuration satisfies the regularity conditions

Yo € H(w,R%),  Qp € H}(w, SO(3)),

a, € L®(w,R?), det (a,5(x1, x2)) > a0 > 0.
The strain energy density W (E., D;) is assumed to be a quadratic, convex and coer-
cive function of (E., D), in the sense that ~W(Ee, Ds) > Co (||Ee|*+ [|Ds[|?).
Then, the minimization problem admits at least one minimizing solution
pair (y,R) € A.

We consider the following form of the strain energy density for isotropic Cosserat
shells:

2W(E.,Dy) = [tr(aEe)]2 + aptr(aE,)? + az [|aE.||? + aq ||moE.|?
+51[tr(Dsa)]* + Botr(Dsa)? + Bs || Dsal2 + B [Dsmgl2 with

2\
o = /\+gﬂ, ar=h(p—p) as=h(p+p), as=rh(u+pe),
= BooA 2hL2
pr= *ﬁ(/t —pe) = *%(E oo +T),
) B X+p  4hL2 16K 12
’53*4“(EA+2/¢+ 3) br=—3—"

where h is the thickness, A, p are the Lamé coefficients, u. > 0 is the Cosserat
couple modulus and L. an internal characteristic length of the Cosserat material

[4].

4 Wrinkling of a sheared rectangular sheet

A thin elastic sheet under shear exhibits wrinkles. This problem has been investigated
experimentally in [5] for a rectangular polyimide sheet of dimension 380 x 128 mm:

Using the Cosserat shell model and geodesic finite elements [2] we determine the
numerical solution corresponding to the dimensions h = 25 um , L. = 0.025 um and
the boundary data 0, = 3mm (horizontal shearing), d, = 0.4 mm (vertical displace-
ment):

z/380 mm

E 0.003

y E 0

J I —0.003

We remark a very good quantitative match, including the same number of wrin-
kles, the secondary wrinkles near the horizontal sides and the wrinkles near the vertical
sides.
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