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Preface

Multifunctional materials establish innovative perspexs in automotive and
aeronautical engineering, space technology, light weggimstruction, me-
chanical engineering, modern measurement and contraidémipy, and many
other applications. Therefore, industrial interest in tinelerstanding, mod-
eling and computer simulation of such materials has prochtite research
activities in this field.

The scope of this seminar is to bring together scientists @@ working
on multifunctional materials encouraging interaction agndoth young and
established researchers. We are glad to note that the sepnmades pre-
sentations from many fields of multifunctional materialstsas phase tran-
sitions, magnetism, ferro- and piezoelectricity, shapenory alloys, and
microheterogeneity. About 50 attendees participate inSbéminar at the
Physikzentrum Bad Honnef which has been serving as the meéting point
of the German Physical Society since 1976. Located closeetm@ny’s old-
est nature preserve with beautiful views on the Rhine riveipiace offers the
perfect platform for intensive discussions.

The Proceedings at hand provide extended abstracts ofyné@dlecturers
presenting at the Seminar. We thank all authors and paatitgpfor their
cooperation and contribution to this workshop.

The Organizers
Jorg Schroder

Doru Lupascu
Daniel Balzani
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Abstract. Nano-structured NiTi instantaneously transforms fromduastenite via an interme-

diate phase (the R-phase) into monoclinic B19’ martengitea grain size less than a critical

limit of about 50nm no transformation can be observed evamgooling down to cryogenic

temperatures. In slightly larger grains the martensite eggs as a laminate of alternating twin-
related Bain correspondence variants. For grain diametarthe order of 100nm it becomes
more likely to observe two such martensite laminates whoaegement relative to each other,
as it appears in a micrograph, gives the impression of a “imegrbone pattern”. This term has

widely been adopted in the literature for this particularfmation. This paper focuses on the
prediction of the resulting morphology, which is deterndiriy the energies involved, i.e. the
chemical and mechanical contributions as well as interfaergies. The elastic strain energy
as well as the interface energies generated by the transtbomeigenstrains of the newly cre-
ated phases are evaluated. Various arrangements are eaiand compared with each other
in terms of their impact on the total energy balance. Such por@ach allows to determine

an optimum configuration minimizing the total energy introed into the system. The herring-
bone morphology is also compared with the case of a singlenke as an alternative energy

release mechanism. The parameters defining the geomethe ¢dmninates such as the twin
band thickness or the laminate width are computed and verifiemeans of high-resolution

TEM images.

Introduction

NiTi alloys are the most important practically used shapenory alloys In contrast to their
conventional coarse-grained counterparts, bulk nantadhye NiTi alloys attract considerable
attention as advanced functional material [1]. In nanogra&f NiTi a unique path of atomic
scale twinning is encountered [2]. A variety of martensitaagements allows to accommodate
the newly created phase in order to maximize the energyselgagered by the transforma-
tion. It is the objective of the present study to investigaie dependence of the martensitic
morphology on the grain size of nanocrystalline NiTi alltyyshumerical as well as experimen-
tal means using transmission electron microscopy (TEM)t&feitic phase transformations are
characterized by the formation of multiple symmetry redatariants of the martensite build-
ing complex microstructures on different length scales [3je eigenstrains that occur during
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the transformation from the parent austenitic phase to thensite of lower crystalline sym-
metry enforce arrangements of fine mixtures of compensatnignts that minimize the free
energy [4]. The twinned martensitic microstructure stigrigpends on the crystallography of
the transformation. Similarly, a small grain size of theguarphase can impose geometrical
constraints that might significantly affect the marteesiiorphology [5].

Fig. 1a and b show TEM bright field images of grains of différgne (diameter of about 50
and 100 nm, respectively) that contain B19’ martensite niitcscale twinning of the martensite
leads to an ultrahigh density of the twins. The twins haveakgalume fractions, and their
average width is about 2 nm. Different martensitic morppgae are observed in grains of
different size: In small enough grains frequently a singlmihate of a twinned martensite
sequence is encountered (see Fig. 1a). In grains in the ofde0 nm, a banded structure
of two such laminates V1 and V2, separated by junction plamgisated by the dashed lines,
is observed (see Fig. 1b). The angle between the twin boyrmmanes (i.e. the solid lines)
is 125°. The width of the variant V2 is about 22% of the grairegimeasured in a direction
normal to the dashed lines).

i * e
(a) . g

Figure 1: TEM micrographs of martensitic nanograins in NAtomic scale compound twins of B19’ are indicated
by solid white lines. (a) Single variant of twinned marteéas(b) Herringbone morphology of two variants V1 and
V2 of twinned martensite (dashed lines indicate the jumctianes of V1 and V2).

Modeling and Results

For the time being a two-dimensional approach has been ohiogeder to enable paramet-
ric studies in a cost-effective way. Fig. 2a shows the gepnwéta circular grain embedded in
a continuum of austenite that is assumed to remain untranseth The model is characterized
by the parameter§ denoting the grain diameter, the width B of the central laaterand the
twin band width d. Each laminate is composed of a series efrating Bain correspondence
variants (BCV) highlighted by different shades of gray ig.R2a. The junction plane between
the two laminates as well as all twin planes between Bairamwési which are perpendicular to
the projection plane appear as lines in this view. The cameydel comprises three sections
of twin-related martensite laminates, the central oneuiticlg an angle of 125° with its neigh-
bors. The transformation eigenstrain components for eath Bariant can be calculated in a
coordinate system aligned with the projection plane. Asxam®le the eigenstrains for BCV1
are given herezp;; = —0.039, 790 = 0.076, v712 = —0.105. Note that also out-of-plane
contributions of the transformation strain tensor are etguewhich will add to the total strain
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energy. The finite element mesh has been arranged in such thaiay already contains all
the characteristic features of the transformed geomegy twin planes always coincide with
element edges. This guarantees sharp interfaces and eapimps in the stress distribution.
6-node triangular elements with quadratic shape functiawe been chosen, suitable for re-
solving the stress singularities at the corners of thefiatersufficiently well. The transforming
grain is assumed to be embedded in an infinitely extendee@mitistmatrix. Realistically, the
stress fields generated by the transformation will decayeto far away from the boundary
of the grain. It is thus admissible to place the grain in theteeof a circular patch with a
diameter of 10 without having to cope with undesirable boundary effecthatperimeter of
the finite element model. Relatively large elements can kd usthe zones far away from the
grain where no significant gradients have to be expecteddige2b). The transformation itself
is simulated as anisotropic thermal expansion, the expartgiefficients thus representing the
transformation eigenstrains calculated above.
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Figure 2: (a) Geometrical parameters describing the hgdsone pattern of a fully transformed grain. The sur-
rounding austenitic matrix is not displayed.(b) Detailloé finite element mesh in and around the grain.

As a direct result of the numerical calculations the straiergy input into the material can
be worked out. A total energy balance, however, also regtiadng into account the chemical
interface energies at the twin planes as well as the graindesy and the phase boundary be-
tween the two different martensite laminates. These dautidns have to be added to the strain
energy in a subsequent postprocessing step. For the speaiititudes of the chemical surface
energies the reader is referred to [6]. Given the transfoomatrains of the martensite variants
the total energy introduced by the phase change dependsoogetwnetric parameters, i.e. the
fraction of each laminate defined bydBénd the relative twin band width &/ An automated
preprocessing procedure enables to create finite elemet¢lsmfor various combinations of
these parameters. The resulting total energgdt grain volume as a function of 8and db is
shown in Fig. 3a fop =50nm and Fig. 3b fof=100nm. These cases are also compared with a
single laminate of BCV1 and BCV1’, where the central sectimappears. For the case of the
smaller grain the energy minimum is found foyB0.3 and df = 0.05, i.e. d=2.5nm. This ratio
d/é shifts to lower values as the grain grows while the absolwgmitude of d slowly increases.
For d=100nm the optimum twin-band width d is at about 3.5nhesE values correspond well
to the dimensions found in the micrographs depicted in Fight energy consumption relative
to the grain volume is higher in the case of the smaller graaking it more difficult for the
grain to transform. For the case &£100nm shown in Fig. 3b the herring-bone morphology

3



Thomas Antretter, Thomas Waitz and Franz D. Fischer

consisting of three alternating laminates is energeticalbre favorable than its single-layered
counterpart indicated by the dashed line with the white aparkers. However, as the grain
diameter tends to smaller values this energetic advantesggmears. Eventually, for small
enough grains (e.g=50nm) the single-layered pattern prevails.

95 T T T T T

—=—B/5=0.1] ]
90 4 ——B/5=0.3]

—A—B/5=0.5] {
854 - -0--single

——B/5=03
70+ —4—B/5=0.5]
- -0 -single

65 T T T T 65

2 3 4 ) 5 6 2 3 4 5 6
a) d/s[107] b) d/5[107]

Figure 3: Total energy per grain volume as a function of thatike twin band width evaluated for (a=50nm,
and (b)0=100nm.

Conclusions

The morphology of a NiTi nanograin is to a large extent deteeah by the total energy
minimum after martensitic transformation. In terms of thigergy a herring-bone pattern of
two martensite laminates is compared with the case of aesiagiinate. For the herring-bone
microstructure the width B of the central section as welhastivin band-width d has then been
quantified for a given grain diametér The calculated morphology expressed in terms of the
ratios B and dj is in good agreement with the experimental evidence.
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Abstract. Our work aims at the analysis of phase—transformationsiwitiolid materials
and their influence on the macroscopic material-behavioecBely, we study local phenom-
ena showing up in experiments on shape—memory alloys aredegmanations validated by
global FE—computations. In this context, we determine theessity to perform macroscopic
computations in order to be able to fit microscopic modelapagters to experimental data.
Moreover, the assembly of experiments itself may causeephrassformations which highly
affects the material-response of the subsequent test. fidherlying material-model [1] is
based on the specification of a microstructure which mighindeiced by external loads and
thermal changes, respectively. It provides not only effecttresses but determines the devel-
opment of different phase—variants along with their cgoeesding volume fraction as well. In
the context of shape—memory alloys (SMA), pseudoelgsticd pseudoplasticity is captured
for any type of transformation, e.g. cubic—tetragonal obic-monoclinic.

Micromechanical model

The micromechanical is based on the definition of energysitiea

@D[: (8[—63)2C11<€[—€3)—C[ (1)

NN

for each phase-variant wheree’ denotes so—called transformation—straiis represent dif-
ferent material tensors aidg chemical energies depending on temperaiyreeat capacity and
latent heat.

Due to mathematical and physical reasons it is unavoidald#dcate different strain—stateg

to each present phase. Precisely, this procedure prevents/eraged energy—density on the
microscale, namely

NV
U= 0 (er) ; (2)
=0

to become non—-convex. Here, we tacitly introduced the veldractionsf; of each phase
as well as the total number of phas€¥". Furthermore, the arrangement of different phases is
subjected to physical patterns as depicted in Fig. 1. The $igiowe shows a specified, roof-like
perturbation of the local, homogeneous displacment—fiadt on the chosen microstructure,
which allows for a relaxation of the averaged energy—dgn3ihe perturbation—field consists
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Figure 1: Specified microstructure, associated pertuwhbafield

of additional parametens;, which are referred to as amplitudes of perturbation,@nandn,,
as unit—vectors representing the alignment of the intreddaminates.
Based on this procedure, on exemplarily obtains

1
€4 = €+ -—nyu®suUy (3)
04
1
e = s——nA®5uA+—nM®s(u1—u1—1) (4)
‘9M ‘9[
with .
a®sb::§(a®b+b®a) (5)

as strain—measures within each phase—domain. In totalmaara of4 NV + 6 additional
parameters

V = (917927 .. '79NV7 Up, Uy, Uy, .. '7uNV—17n07nV> (6)

has been introduced, which are now seperateddlasticvariables

Vo = (ug,uy,ug, ..., uny_1) (7)
anddissipativevariables
Viiss = (01,02, ...,0ny,n9,01y/) . (8)
The minimization process
Uret (€, p) = min {); V} 9)

yields the so—called relaxed energy density, which represents an approximation of the rank—
one convex hull. A sophisticated analysis on upper and Ideands of such energy—densities
is included in [2].
The treatment of all inelastic variablgs = V¥** is based on the definition of a so—called
dissipation functional\, which measures the amount of dissipated power caused bgreyeh
of p;. Assuming the actual velocitigs to be minimizers of the total powet = 1),.; + A
provides

oL
€ ap
from which evolution-law®, (e, T") can be derived. A comprehensive treatise on this matter
can be found in [3].

0 (10)
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Numerical results

In this manner, material—point computations can be peréarproviding results as shown in
Fig. 2 which represents the behavior of a material undeggoubic—monoclinic transforma-
tions (e.g. NiTi) subjected to uniaxial tension.

o1 [GPal
0.5

€ [%]

Figure 2: stress—strain diagram (cubic—monoclinic, uiaidgad)

Even though our model is based on physically well defined tiesand hardly contains any

phenomenological approaches (see [4] for another exapguie)inevitably has to adapt certain
guantities like the shape and size of the hysteresis tayeali

Usually, material—point computations are compared to expsntal results obtained by tension—
tests for example. Yet, Fig. 3 reveals a severe problem comgethis matter. Both experiments

P
g B

—o=cycle 1
—o=—cycle 10
cycle 50 |
—o=—cycle 100
—o—cycle 120

5 [MPa]

1210-527,5C
1310-4 27,5C
| 1410-327.5C -

0.5 05 1 15 2 25 3 35

Figure 3: experimental results of tension tests (by couté£. Grabe, J. Olbricht)

represent the local behavior of NiTi but provide completilferent values regarding stress—
plateaus and size and shape of the hysteresis. Obvioualeptransformations do affect exper-
iments in such a way that the determination of local matepatameters is much more difficult

than one may expect. Furthermore it shows that materiaktpomputations are not sufficient

for the simulation of the local material response of sucltspens.

FE—simulations

In order to investigate the reasons for the difference ofmtlagerial response in the afore-
mentioned tests, the material model has been implementedha FEM. We claim now that

7
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there is just one way to fit parameters to the outcome of exyaeis sufficiently, namely to
simulate the entire experiment. This also includes the kitimn of the assembly, for example
the clamping of the specimen. Fig. 4 provides a first hint anitiluence of the assembly on
the results of an experiment.

r2iimluans iR
L T

Figure 4: distribution of martensite—variant 1 due to clamgp

Conclusion

Our FE—analyses reveal that for instance the clamping oéeisgen on the chuck jaws al-
ready causes phase—transformations, which presumalihavié an effect on the following
tension—test. In this context, also materials scientistd buch processes responsible for cer-
tain phenomena like "artificial” stress—drops. The most ocwn feature is the initiation of
phase—transformations in the regions where external laseapplied. In further process, the
transformation—zones will spread from the ends to the ceritthe specimen, not vice versa as
one may expect. Due to the fact that displacements are neshatithe center the test may not
be considered as significant anymore.
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Abstract. Shape memory properties provide a very attractive insigtd materials science,
opening unexplored horizons and giving access to uncomvreitfunctions in different mate-
rials like metals, ceramics and polymers. In this regara tiiomedical field, always in search
of materials that display unconventional properties aldesatisfy the severe specifications re-
quired by their implantation, is showing great interest ape memory materials, especially in
shape memory polymers (SMPs), whose mechanical properéiks them extremely attractive
for many biomedical applications. However, diverse chiggstics as e.g. their biocompatibil-
ity, particularly for long-term applications, has not ye¢dn fully established and is therefore
the object of controversy. Also their mechanical behavisugtill part of research. The shape
memory properties can be quantified by cyclic thermomeeahimuestigations. One cycle in-
cludes the "programming” of the sample and the recovery ®pgrmanent shape. To describe
the aforementioned phenomenon, in this paper a three-dilmeal thermoviscoelastic model
is proposed. The model is based on a physical understanditigeanaterial behaviour and a
mechanical interpretation of the stress-strain-tempeamathanges observed during thermome-
chanical loading. The main focus of this work is the influeotboth, the material constants
and heat transfer boundary conditions on the response gfesih@emory polymers. Therefore
we illustrate different general simulations as well as s@x@mples of application.

Introduction

Shape memory materials are defined by their capacity to ezcitains by the application
of external stimuli such as heat, magnetic fields or electricents, see e.g. [1].

Diverse metallic, ceramic and polymeric materials exhibé& shape memory effect. The
use of a particular shape memory material depends stromgigendesired recovery character-
istics. Shape memory ceramics typically exhibit quick shegcovery over very small strain
increments and large stress levels. Shape memory alloys Isinger recoverable strain levels
at moderate timescales and high stresses. Shape memonygrsliyn contrast possess the high-
est recoverable strain levels (several hundred perceatshé slowest activation times and the
smallest stress levels, cp. [1-5].

Shape memory polymers are a special kind of polymers wheredkcalled glass transition
is used to recover the original shape of a structure. Thisquare is schematically shown in
Figure 1. We start from the stress- and stretch-free statteeahight temperature levéyg,
(see pointlV in Figure 1 (a)). The stent has its initial structure, seenpbi, Figure 1 (b).
Increasing the loading the stent shows the classical rdikeematerial behaviour, i.e. large
stretches can be obtained. At a certain pborte holds the loading fixed and begins to decrease
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(a) (b)

Figure 1: Material characteristics of shape memory polgméa)o-A-0 diagram of SMPs and (b) schematic of
the shape memory effect in polymers as defined by four criéraperatures of a polymer stent.

the temperature. Near the glass transition temperadyte the material behaviour begins to
change. In particular, the deformation reached up to thigjmfrozen. The lowest temperature
O IS reached at point. At this point the loading is reduced until zero, see pdintHowever,
the system is deformed if one compares with the initial stiitdhe temperature is kept &,
the stent maintain its deformed shape. Only if the tempegahcreases t®y,, the material
"remembers” its initial shape and deforms back to this staepointlV.

Macromechanical constitutive model

In order to model the described material behaviour coristély we save at each temperature
aboveOy,,ss the deformation state. Therefore we split the Helmholtzgnén to parts. The
first one (V.(b, ©)) describes the rubber-like behaviour abdvg,,. Hereinb = FF' is
the classical left Cauchy Green tensor. Below the glassitian temperature the material
behaves glassy-like, specified by second contribLitigb., ©). Here, the left Cauchy Green
tensorb, = FC;' F" is modified byC;", the inverse right Cauchy Green tensor, including the
"frozen” deformations.

Both, from the physical as well as from the numerical poinviefv it is important to state
that the glass transition does not happen abruptly. Quétedhtrary, the transition process takes
place in a certain temperature range. In order to take thisaocount we apply the complete
Helmholtz energy as

W(b,b., ©) = (1 —z) Wy(b, ©) + 2 W(b., ©) 1)
wherez describes the glass transition by means of the formula

1 (1 ~ oxp (wA6) — exp (—w AH))

T3 exp (w Af) + exp (—w Af)

(@)

In Equation (2)A0 = 0 — 6. denotes the difference between the current temperétumned
the glass transition temperatuig,.. Furthermorev describes the transition width between the
rubber-like and glassy-like state. The influence of thisapaater is shown in Figure 2. It can
be recognised that for lower valueswfthe transition is much more smoother than for higher
ones.

10
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O [K]
Figure 2: Influence of the width parameter

Finite element simulations

To study the shape memory effect we apply here a simple stionlaf a cylindric tube,
representing schematically a polymer stent. In Figure 3h@)oading conditions of the stent

(a) (b)

Figure 3: Themomechanical cycle, representing the shapsomyeeffect: (a) System with loading conditions and
(b) different deformation states during the load history.

are shown. It is loaded by a tension displacemeimt combination with a compression load
p. Further the system is loaded during the shape memory cycketbermal load. In Fig-
ure 3 (b)_v the results are shown. Analogue to Figure 1 we start in g¥inthe undeformed
state. Then the system is loaded by mechanical loads andffix&int|. Next, the temperature
is decreased unt®,,,, is reached in pointl. During keeping the temperature constanbat,

all loads are taken away from the stent, cp. pdintBy increasing the temperature the material
"remembers” its initial shape, i.e. poiht.

Conclusions

In the present contribution we present a new approach fomibdelling of shape memory
polymers. The results show that the suggested method is arfadwool to simulate the de-
formation behaviour of SMPs in various situations. In thieife the concept should be further
compared with experimental results.

11
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Abstract. The paper deals with the modelling of temperature and r&geeddent behavior of
anisotropically damaged micro-heterogeneous materiBssed on the concepts of continuum
damage mechanics, a yield function as well as a separate gamrterion are presented and
rate-dependent constitutive equations are discussed.

Introduction

In many engineering applications materials undergo pssjve deterioration of their me-
chanical and functional properties under the action ofotaxiloading conditions both during
the manufacturing process and in the working environment.ti@ microscale this damage
process is the irreversible transformation of the micragtire via nucleation, propagation and
coalescence of microdefects. Therefore, damage is iidalhga multiscale problem where mi-
crodefects in a localized region have strong influence omtheroscale response of the solid.
Modelling damage evolution and predicting macroscopicematproperties is the objective of
damage mechanics. In the present paper the macroscopieraiome and rate-dependent be-
havior of micro-heterogeneous materials is discussedjusinanisotropic continuum damage
approach taking into account a set of internal variables.

Theoretical framework

The continuum damage mechanics approach is based on tbduation of damaged and
corresponding fictitious undamaged configurations [1], [2je effective undamaged configu-
rations are used to formulate the thermo-elastic-plastisttutive equations of the undamaged
matrix material. The effective specific Helmholtz free gyeis additively decomposed into a
thermo-elastic and a thermo-plastic part

oAy, 0) = ¢(A7, 0) + ¢"'(, 0) 1)

where A represents the elastic strain tensodenotes a scalar plastic internal variable &nd
is the absolute temperature. This leads to the definitiohegftfective Kirchhoff stress tensor

Jel
T:po%:2GAel+(K—§G)trAell—3KaT(8—90)1. 2)

wherep, denotes the initial mass densify,and K’ represent the shear and bulk modulus of the
material andyr is the coefficient of thermal expansion.
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The rate-dependent plastic material behavior is assumaglgoverned by the dynamic yield
condition

! =al, + \/72 — ¢(v,%,0)=0. (3)
In Eg. (3)a represents the hydrostatic stress coefficient while= tr'T is the first invariant
of the effective stress tensor (2) agd= % devT-devT denotes the second invariant of its de-
viator. In additionc(~, ¥, ©) represents the rate- and temperature-dependent equistiess
measure.

In the present analysis, the equivalent stress is expressadpecific function of equivalent
plastic strain, equivalent plastic strain rate and tentpegausing the multiplicative decomposi-
tion [3]

(7,7, 0) =cly) f1(7) f2(O) (4)
In Eq. (4) the reference equivalent effective stress canemizally be simulated by the power

law "
o) = (L + 1) (5)

o

where¢, represents the initial yield stres#,, denotes the initial hardening modulus amd
means the hardening exponent. It is determined using daasitests at constant reference
temperatured,. The experimentally observed increasing dependence adghvalent stress
on the equivalent plastic strain raas described by the strain rate hardening function

fi3) =1+ d( Loy (6)
70
whered andm are constitutive parameters which can be obtained fromiassef dynamic
experiments at different strain rates and constant tertyrerand the reference inelastic strain
rate”, is given by the quasistatic reference test. In addition dieease in equivalent stress
with increasing temperature is taken into account by themhésoftening function

0—-06,
Om

In Eq. (7)b andq are constitutive parameters which can be determined froeniessof isother-

mal tests at different constant temperatusesnd very low strain rates (quasistatic experiments)

and ©,, denotes the melting temperature.
Moreover, to be able to compute plastic strain rates theiplastential function

g (T, 7, 0) = V/Jo — (7, O) (8)

is introduced which takes into account the temperatureégnt scalar effective stress mea-
sure

f2(0) =1 =0

) (7)

(7, 0) = c(v) f2(0) . 9)
This leads to the isochoric plastic strain rate
= pl . 8gpl _
H =) =4N 10
o7 = (10)
where is a non-negative scalar-valued factdr, = \/;_J devT represents the normalized
2

deviatoric strain direction and the internal variable= % )\ denotes the equivalent plastic
strain rate.
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The anisotropically damaged configurations are considerémrmulate the inelastic consti-
tutive equations of the damaged aggregate. In partictilarspecific Helmholtz free energy of
the damaged material sample is additively decomposedhinée parts:

O(A, AN v, 1, 0) = (A7, A%, 0) + ¢ (7, O) + 6™ (1, ) . (11)

The thermoelastic part of the free energy of the damagedrialté€’ is expressed in terms of
the elastic and damage strain tensoxs, and A4, whereas the thermo-plastic past! due

to plastic hardening, and the thermo-damaged péttdue to damage strengthening, take into
account the respective internal effective plastic and dpnssate variables, andy. This leads

to the definition of the Kirchhoff stress tensor

a ¢el

TP paa

2
= 2(G + ny trA¥) A + [(K — SG+2m trAY)trA® 4 n3 (A% A1
413 trA“ A% 4+ ny (ATA% - A“AY) — 3K arp (0 - 6,)1(12)

wheren, ..., n, are material constants which describe the deterioratidheo&lastic properties
by the occurrence of damage [4].

The rate-dependent damage material behavior is assumezldoverned by the dynamic
damage condition

fT,0) =1 + B\ Jo — o (p, 1, ©) = 0 (13)

which is a function of the first stress invariaiit,= tr'T and of the anisotropic stress measure
Jo = idevT - P devT where the anisotropic nature of the problem is charactrigethe
directional dependence of the projection teriBor

The equivalent stress is expressed as a specific functioamafge accumulation, rate of
damage accumulation and temperature using the multiplecdecomposition [3]

o, 1, ©) = () fs(ir) f2(6) . (14)
In Eq. (14) the reference stress is numerically simulatethbyinear relations
G(p) =0+ Hi i if 0 < pu < f. (isotropic damage) (15)

or
o(p) =0, + H f.+ HP (u— f.) if > f. (anisotropic damage) (16)

whereo, represents the initial damage strengtff and H¢* denote the respective damage
softening moduli andf. means the critical void volume fraction characterizing timset of
anisotropic damage by predominant void coalescence lgdadimicrocracks. The equivalent
stress is determined using quasistatic tests at const@nenee temperatur®,. The exper-
imentally observed increasing dependence of the equivatezss on the equivalent damage
strain rate is described by the damage rate hardening function

f(i) =1+ h(”;”"r | (17)

In Eq. (17)h andr are constitutive parameters which can be obtained fromiessef dynamic
experiments at different damage rates and constant tetnpernd the reference damage rate
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[1, IS given by the quasistatic reference test. Furthermorieetable to compute damage strain
rates, the damage potential function

g% (T, 1, ©) = aly + By Jo — go(u, ) (18)

is also formulated in the terms of stress invariants@iid, ©) represents a temperature depen-
dent scalar stress measure. In Eq. (@&ndj denote kinematically based damage parameters
[2]. This leads to the nonassociated damage rule

Fyd ;Lagda fiod + if—— P devT (19)
= U—= = — A% .
20/ T

oT

The first term in the right hand part in Eq. (19) representsrétte of inelastic volumetric
deformations caused by the isotropic growth of microvoitieseas the second term models the
anisotropic evolution of damage strain rates which takiesancount the significant dependence
of the evolution of size, shape and orientation of microksaand micro-shearbands on the
direction of the current stress state.

Conclusion

A general framework for the modelling of temperature and-ggpendent deformation pro-
cesses of anisotropically damaged elastic-plastic nads$anas been presented. This continuum
damage mechanics approach may be used in numerial sinmgatigprogressive deterioration
of multifunctional properties of micro-heterogeneous eniais.
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Abstract. In this contribution we present a finite deformation matenwedel for shape mem-
ory alloys. In the current state the model is able to desctiteeeffect of pseudoelasticity and
pseudoplasticity. At the end of the paper a finite elementlation of a NiTi stent is carried
out.

Introduction

Shape memory alloys (SMA) can undergo diffusionless anelrs#tvle phase transformations
between a higher-ordered austenite phase and a loweredrdaartensite phase as a result of
changes in temperature and/or the state of stress. ComgbqB&MA exhibits several macro-
scopic phenomena not present in traditional materials fsgudoelasticity and the shape mem-
ory effect). These unique features of SMA have found nuneemplications in industrial and
medical technologies. The increasing use in commerciallyable applications has motivated
a vivid interest in the development of accurate constiutivodels to describe the behaviour
of SMA. Meanwhile, a large number of material models has l#mreloped to describe the
complex behaviour of SMA, patrticularly the effect of pseealdsticity. These models follow
three different approaches depending on whether a forionlat the micro, the meso or the
macro scale is used. The micro level models are generalgdbas the description of micro
scale effects such as nucleation, interface motion or twomth. They consider phase volume
fraction as a consequence of interface movements (e.g.])[1TBe meso level models com-
bine micro mechanical aspects (such as habit planes, nrsae®ariants, etc.) and macro scale
thermodynamics. The constitutive equations are defineldeairticro scale. The response on
the macro level is obtained due to the use of proper homoggaiztechniques (e.g. [3, 4]).
The macro level models deal with macroscopic quantitieschviead to a description of the
global mechanical behaviour [5, 6, 7]. One of the advantajeke latter type of models is
their convenient implementation into a FE code. Therefbey tare widely used in structural
engineering applications. Although a lot of these matenatlels have been implemented into
the finite element method, only a few of them are derived irfrdm@ework of finite deformation
[8, 9, 10]. The goal of this work is to propose a three-dimenai material model which is able
to reproduce the pseudoelastic behaviour within the largéensregime.

Continuum mechanical model

At the continuum mechanical level we introduce the defoiomegradient

F:=FF,=F,=FF;! (1)
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and its decomposition into an elastic pBrtand a "transformation” paif; which describes the
phase transformation from austenite to martensite. Thigphaative split of the deformation

gradientF' is known from crystal plasticity (e.g. [11]). In the same manwe decompose the
transition parfF; according to

F,:=F,F,=F, =FF.' (2)

whereF,, is used to model the energy storage and the secondlRgrexpresses in conjunction
with the Helmholtz free energy the physical dissipationimyithe phase transformation. The
Helmholtz free energy is defined as

U =0, (C,,2)+ U,(C,). (3)

The first termW, includes the energy storage in the material at elastic gdefbons due to
mechanical loading andl, represents the energy storage during the phase trandiixpfoiting
the principle of material objectivity the Helmholtz freeezgy depends only on the elastic”
right Cauchy-Green tensors

C. = F'F,=F,"CF;, (4)
C, = F[F, =F_ "CF." (5)

e

Due to the use of the martensitic volume fractioit is considered that two different phases
coexist during the phase transition. has always a value betwe@nand 1 wherebyz = 0
denotes pure austenite and= 1 pure martensite. Certainly the material behaviour of shape
memory alloys is strongly temperature dependent so thaeireigl the temperature should
be considered as an additional independent variable. Hawivthe present contribution we
focus mainly on the effect of pseudoelasticity which may pldyed under approximately
isothermal conditions. Therefore we choose to treat th@ézature as a constant. Assuming
isothermal conditions the Clausius-Duhem form of the etrimequality takes the forr§ -

%C — ¥ > 0 whereS denotes the second Piola-Kirchhoff stress tensor. Weti@ginto the
inequality and obtain the form

ov, .. oU,  0W, .
. — — . > ().
oc. C 5.7 aC,, Cie 20 (6)

In analogy to former publications [5, 7] the martensiticwole fractionz can be expressed in
terms of the Green-Lagrange straip:= (C, — 1):

1.
SEC_

2= wy [[E| (7)

Here,w, is a material parameter which describes the length of tlessttrain hysteresis. The
material time derivative of is then computed by means of the relation

. E, 1. E, T)
t=wyiem =G =w, | Fy—=F, | -d 8
e 2 ( TEF ) & (8)

where the deformation rate tensdyis defined byd, := %F;TCthl. We further rewrite the
deformation rate€’, andC,, in the format

C. = -1'c,+F;"CF;! - C.l, (9)
C. = -1C, +F "CF.'—C.lL,. (10)

€ d
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In this context the definitionk := ]?‘tF;1 andl;, := ]?‘tdFt‘d1 have been used. For the next step
we assume thak, andW, are isotropic functions of’, andC,_, respectively. One consequence
of this specialisation is the coaxiality €. andoV,./0C, as well as ofC,, andoWv,/0C,..
After the application of several rules from tensor calcwdod the exploitation of the symmetry
of 0¥, /0C, andoV¥,/0C,, the Clausius-Duhem inequality (6) is transformed into #lation

1Y 1.
<S—2FglgCeF;T)-§C+(M—X)-dt+Mt-dtd20 (11)
The introduced material paramet&f considers the difference of the internal energy and the
entropy between the austenitic and the martensitic phgselJue to the coaxiality also the
Mandel stress tensofsI := 2C, (0¥./0C.) andM,; := 2C,, (0V¥,/C, ) are symmetric.

X :=2F, (00,/0C,,) FL +w, AUF, (E,/ ||E||) F{ is the so-called back stress tensor. The
final form of the Clausius-Duhem inequality is sufficientftisfied by the relation

0V
S:2Ft1808FtT (12)
for the second Piola-Kirchhoff stress ten§oand the evolution equations

MP —XP 0®gya

d = ) = 1
d, = ilmP. (14)
Mt
The phase transition functiobg,; is given in the continuum mechanical context via
2
Pgyia = ||MP = XP|| - Sk (15)

k is a further material parameter which describes the haljttesf the stress-strain hystere-
sis. Further on the Kuhn-Tucker conditiohs> 0, ®qua < 0 and A\dgyya = 0 have to be
fulfilled. The numerical implementation of the derived mmatemodel into a FE code is very
challenging and comprehensive. On this account we refetzpwherein the derivation of the
implementation is presented in detail.

Numerical results

In this chapter we present a finite element simulation of aica¢dtent. The geometry and
discretisation of the stent are given by the white strucimrgig. 1. The stent is stretched at
the tip. The end of the joints at the opposite side of the tgfexed in longitudinal direction
but can move in radial direction. Additionally, a radial plescement is applied on the outer
surface of the stent by an analytical function. Due to thefiom the "bottom” of the stent is
fixed in radial direction and the ends on the top overlap. Téferthed stent is plotted within
the initial geometry in Fig. 1 which well illustrates thedardeformation of the stent at the end
of the loading. Additionally, it shows the distribution ¢fet phase transformatianin the stent
structure. Although the radius of the stent decreases tath t# its initial value the end of
the phase transformation & 1) is still not reached. It is obvious that the deformation o t
stent is very large and a simulation of the stent with a modei/dd in the framework of small
strains leads to erroneous results. Using the large detmmaodel this problem is overcome.
Certainly the numerical effort is higher. However, the &ddial cost is in no proportion to the
cost caused by a denied or only delayed admittance.
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Figure 1: Stent geometry in the initial (white) and the defed (coloured) state and the distribution of the marten-
sitic volume fraction at the end of loading
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Abstract. A micromechanical model for the simulation of domain swititghprocesses in
ferroelectric ceramics is described in this paper. Basediemodel, phenomena occuring at
crack tip zones under cyclic electromechanical loading lbarexplained.

Introduction

Ferroelectric ceramics are used in a wide variety of apgtina. Often they are subjected to
cyclic electromechanical loading. Under these loadingd@@ns fatigue cracking may occur
in the material, leading to failure of the component. It earout that fatigue crack propa-
gation can be found even under purely electrical loadinge fidason for this phenomenon
lies in additional mechanical stresses, induced by inelastains due to switching of ferro-
electric domains. To describe such effects a micromechbmaterial model similar to [2] is
developed and implemented into a finite element environmEm model is verified by simu-
lating typical ferroelectric material hystereses. Thewdation of an electromechanically loaded
DCB-specimen provides an insight into the microstructpratesses at a crack tip.

Micromechanical model

The material model is based on the constitutive equatiarisiear piezoelectric material [3].
They are extended by introducing the total strgfhand the total dielectric displacemebf®,
which both consist of a linear par;{, D;) and a non-linear part (irreversible straljj irre-
versible polarizatiorP™). Hence, the extended constitutive equations can be fatedbs:

oy = ciju (e — 5%) — €ijr Ly (1)

D = e (e — i) + Ry By + B (2)
with the material tensors;,;, e, K, the stress tenser;; and the electrical field vectar;.
The evolution of the non-linear terms is found by the desnpof the ferroelectric and fer-
roelastic domain switching processes in the microstrectlinerefore, a representative volume
element (RVE) is considered, representing a typical dorstircture as can be found for in-
stance in a grain. Restricting to plain problems and assyithimexistence of both0° and180°
domain walls, such a structure consists of four domain a&i& with polarization directions
shifted by90° each. Defining their volume fractian’), effective material tensors are built:

4

4
N
e =y o™, e = Z el v Ry =y kg o™, 3)
N=1

N=1
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Furthermore, the following relations can be derived:

4 4
e = Z 5§§V)U(N)7 |rr _ Z gll;f N tot Z gztht (4)

N=1 N=1 N=1
4 4 .
D, = Z Di(N)U(N)7 Piirr _ Z ]_-,ilrr (N)U(N) = Dtot Z Dtot (5)
N=1 N=1

assuming, that;; and E; are the same for each variant in the RVEE(Rss approximation).

Domain wall motion describes the change in the volume foaatif specific domain variants
due to+90° or 180° switching of individual unit cells within the domain. Codsring one unit
cell, changes of the spontaneous polarizatioR™ and, for4+90° switching, changes of the
spontaneous strauﬁgSp are associated with the reorientation:

1
sin (a + —ﬁ) ‘
2 cos 2« sin 2cv
— COS (a + _g) sin 2ac — cos 2«
2

In Eqs. (6)a describes the orientation of the unit cell with respect ® global coordinate
system. The parametérdepends on the switching angle It is b = /2 for 5 = £90°
andb = —2 for g = 180°. PV is the absolute value of the spontaneous polarization. The
spontaneous strain valug can be calculated from the lattice parameters of a unit dgll [
Together with the change of the volume fractio’dl of the variantV, A<3P und AP yield
the homogenized irreversible strain and polarization emtlacroscopic Ievel

The evolution of the volume fractiong™) within a specific RVE is controlled by an energy
criterion [1], which states that a unit cell switches, if tlissipative workw®ss exceeds a critical
valuew®t:

wdiss > wcrit_ (7)

This means for our model, that the volume fraction of a vdradetreases for the benefit of
another variant depending on the switching mode if Eq. (TVlfdled. The dissipative work
can be calculated for each variant from the change of thafgpeternal energy, yielding the
following expression:

wdiSS( ) = 0y€; ( )+ ZjAgsp(N + ED(N + E APSp (8)

As critical work, the values$t, = /2P E, andwtll, = 2P°E} are used, with the coercive
field strengthE... The amount of decrease @) is calculated by the evolution equation:

9)

whereby the reference volume fraction,ds a model parameter.

To implement the material model into a finite element envinent, it is assumed that each
integration point of a finite element represents one spdg¥fie. The equilibrium conditions of
the finite elements can be derived from the principle of arlectromechanical work. Within
that principle, the irreversible variables appear as tedidtrains and polarization, resulting in
additional mechanical and electrical nodal loads in theladgic system of equations. To solve
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the system an incremental procedure must be used,@@rnaedlﬁ" depend on the load history.
Additional iterations have to be performed within each Istgb until a stable state is reached
among the domain variants, i.e. no further switching prees®ccur under constant loading
conditions.

Numerical Results

To verify the model, the typical ferroelectric and ferrastia material hystereses are inves-
tigated. As can be seen from Fig. 1, a good agreement is foetvdelbn simulation and ex-
perimental results for the material BaEOEspecially the characteristical values 8§, the
remanent strain;; and remanent polarizatioff’ are represented well.
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Figure 1: Strain-electrical field hysteresis (a) and digietysteresis (b), comparison between simulation and
experimental results

Based on these results, a pre-poled DCB-specimen undéc eyattrical and static mechan-
ical loading is investigated. The polarized state is charazed by a specific distribution of the
volume fractions of all domain variants and is determinefirsit by simulating the poling pro-
cess. For the fracture simulation an electrical field is igopbpposite to the poling direction
and perpendicular to the crack.

The electrical field causes domain switching in the speciniethe applied field is weak,
these effects are restricted to a small region at the crack However, if the field exceeds
E. domain switching takes place in the whole specimen exept fite blades. Thus, there
is a region around the crack tip where the sign of the poladaswitches and high residual
stresses occur. To characterize the loading situatioratrrégion, the normal stress distribution
along the ligament is analyzed. As can be seen from Figo®ds close to zero for electrical
fields below the coercive field strength. Hor> E,, when the main part of domain switching
takes placegy, rises rapidly, showing an asymptotic behavior when apgmogcthe crack
tip. The results clearly reveal that electrically induceddile stresses arise in front of the
crack due to ferroelectric domain switching processes.e8as the curves in Fig. 2a stress
intensity factorgk|(F) are calculated, assuming that the stress singularity imt fsbthe crack
tip follows approximatelyr,, ~ r~%5, so that the well known relation of linear elastic fracture
mechanicsk| = lim 099V 27 (on the ligament) can be applied. The calculated values,of

are shown in Fig. 2b by the curve depicted with triangle syis\bld F. is exceeded, the stress
intensity factor steeply increases, reaching soon the@ypalues of the fracture toughness of
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Figure 2: Distribution of stress,, at the ligament for different electrical fields (a) and stress intensity factors
K| (F) depending on the static mechanical Icagb)

ferroelectric ceramics. By means of these results expatmhebservations can be explained,
where crack propagation is found, when an electrical fiekpislied above”, and opposite to
the original poling direction [5].

Besides the curve for pure electrical loading some resalshown in Fig. 2b, originating
from analyses where a static mechanical crack opening laadéen applied in addition to the
electrical field. As expected the curves (solid lines) liexabthe one depicted by triangles,
is composed of two parts now, a mechanically induced pashia lines), which is found in
linear piezoelectric calculations, too, and an electiydalduced part, as discussed above. The
domain switching is supported by the additional mecharnazd, i.e. the electrically induced
part is bigger than with pure electrical loading. This fagh de seen from Fig. 2b, comparing
the solid lines with the dotted lines, which stand for theesppsition of the pure mechanical
load (dashed lines) and the pure electrical load (triarrgayiabols).

Conclusions

It has been shown that the developed model is capable toiexgiaervations from fracture
mechanics experiments concerning the crack propagatioarwyclic electromechanical load-
ing. Besides the shown results the model is used for furiharlations, e. g. to investigate the
influence of the poling state around the crack tip on the digteintensity factorky .
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Abstract. The choice of the electric boundary condition at the facearotrack in a ferro-
electric body with high permittivity has a major influencetbe theoretically predicted energy
release rates and field intensity factors. Especially wHentgcal impermeability is assumed,
large effects in retarding crack growth are predicted, lgein disagreement with experimental
observations. Therefore in the presented work an indematrack in a poled lead zirkonate
titanate (PZT) ceramic subjected to electric fields up tokd/Emm is investigated. Using high
resolution scanning probe microscopy the crack openingldeement and the electrical poten-
tial distribution around the crack are determined. Fromdbethe potential difference across
the crack and thus the electric field within the crack are deteed as a function of the applied
electric field. Furthermore, the data allow for calculatitige field intensity factors, the energy
release rate and the effective dielectric constant of tlezkifilling medium. Latter could be
determined to be constant having an average value of 21. dihasvn by means of a Griffith
crack that for the value of 21 the effect in retarding crackwth is already negligible when
assuming the total energy release rate as a fracture coteri

Introduction

Ferroelectric ceramics are widely used as actuators arsbsenUnfortunately they show
distinct brittleness and thus they are very susceptiblaitare by cracking. To permit the as-
sessment of the durability and reliability of ferroelecs;isuitable fracture mechanics concepts
are necessary, which take both mechanical and electriadirlg into account. A large number
of theoretical papers have been published concerning duotriel and stress fields near cracks
in dielectric and piezoelectric materials. Almost all oé¢le efforts are based on the assumption
that non-conducting cracks in dielectric and piezoeleatraterials with high dielectric con-
stants can be treated as completely impermeable. Thigédads to predictions of significant
reductions of the crack tip energy release rate (ERR) whextrét fields are applied together
with mechanical loads compared to the value that prevaistduhe applied load alone. Since
the ERR is known to control crack propagation in brittle oeies, this model implies that an
applied electric field will make it much less likely that a ckawill propagate. On the other
hand, experimental work shows that this predicted effegtéstly overestimated (see e.g. [1]
and ref. herein). McMeeking [2] has emphasized that theragsan of impermeability of the
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crack is a deficiency since the resulting calculations ofER& and crack tip stress and field
intensity factors is probably misleading. A more suitaldswuanmption is the boundary condition
introduced by Hao and Shen [3] which takes the potentiaédifice across the opened crack
into account and allows for choosing an appropriate peritgatf the crack by the dielectric
constant of the crack filling medium. In a first approach Sathereet al. [4] experimentally de-
termined this permittivity by means of a radial indentatiwack using Kelvin Probe Force Mi-
croscopy (KFM) [6] and Atomic Force Microscopy (AFM). Wherein [4] only one relatively
low applied electric field was used, in the study presented {feom [5]), the methodology is
extended and the permeability is studied at different agdpdlectric fields up to 0.5 kV/mm.
Furthermore, this procedure allows for checking the emisteof an saturation effect of the
electric field interior to the crack due to dielectric breakeh as proposed e.g. by Landis [7].

Experimental

The experimental setup is shown schematically in Fig. 1.Sfeeimen used is a commercial
PZT (Vibrit1100, Siemens, Germany). The slab of widetum is prepared from a commer-
cially trimorph designed for industrial looms. This stnuiet is of some convenience because a
voltage can be applied easily using the existing electroddbe sides of the slab. After proper
surface preparation, a crack of overall size2af= 517 pum is introduced by Vickers inden-
tation. Afterwards, the sample is fixed in a custom made haddd aligned under the AFM
(Dimension 3000, Nanoscope llla, Digital Instruments, |8)S

PC-control —_— gold electrode PZT slap
] HV-source \

(positiv)
® wJ 4

« T [ >

—= e |

HV-source

(negative)

L %67 conductive scanning  Vickers indent
- SPM probe area

Figure 1: Experimental setup (schematic)

First the crack opening displacement (COD) is measuredyusgmi-contact AFM without
a voltage applied to the specimen, since the voltage redheamage quality. It will be shown
later (Fig. 3), that the influence of the field on the COD is igglgle. Beginning with the crack
tip region, a series of overlapping images are acquiredesgglly. The full crack opening
2us IS determined by evaluating the section scans of the heigages as described in [8] and
the distance from the crack tip is determined by superpofiagoverlapping images. After
applying the voltage using two computer controlled HV-s@&sr; the surface potential around
the crack is measured by KFM. After increasing the applidthge the KFM measurement is
repeated.

The surface potential measured shows a distinct drop athessrack, Fig. 2 (line B). To
guantify the dropA¢ we extrapolate linearly the potential curves from both sidkthe crack
and measure the vertical distance between these lines.isThezessary due to principal res-
olution limitations in KFM as described in [4] (and ref. higre The applied electric field is
determined by evaluating the negative potential gradiesuficient distance from the crack, in
Fig. 2 (line A). Repeating this method at different posis@and different applied voltages we
finally get the potential drop as a function of both the dis&afiom the crack tip and the remote
electric field.
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Figure 2: About determining the potential difference asribe crack (shown fakE3® = 200 kV/mm). Left: KFM
potential map. Right: Section scans illustrating how tdeste £5° andA¢.

Results and Discussion

The fracture mechanics framework based on Suo et al. [9]ritbescthe correlation be-
tween field intensity factor& = (KH,KI,KIH,KD)T and crack face displacement fields
U = (uq, ug, us, ¢)T predicting a square root shape near the tip:

AU () = /2ZHK with AU = U* — U- (1)
T

Here,r’ is the distance from the crack tip and the indices "+” and ‘epitting the upper and
lower crack face, respectiveli is the Irwin-matrix taking into account the material propes
as well as the crack orientation with respect to the polingddion. The element values are
given in [4]. Regarding their predicted shape at the cragkthe CODAU, as well as the
potential dropA¢ are analyzed in Fig. 3.
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Figure 3: a) Crack opening displacement (COD). Insert tftp @OD plotted vs. the square root of the distance
from the crack tip. Insert right: COD at approX. = 12 um showing that there is no significant influence of the
remote electric field on the COD. b) Potential difference sguare root of the distance from the tip with table
giving proportionality factors of the fitted trends.

The linear behavior at the crack tip implies a good agreemvéhtthe parabolic shape at the
tip from Eq. (1). From the square root functions the field msigy factors can now be easily
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obtained by inverting Eqg. (1). Hence, the total energy s#aate (ERRY> can be calculated
usingH and the results foK with:

G=1/4KHKT (2)

To finally analyze the results regarding the electric pemwity interior to the cracks* the
electric field inside the crack,

A¢
must be determined from the results given in Fig. 3 and cated|to the applied electric

field. With €7, being the material permittivity measured at constant staeslb anda being the
long and short axis of the Griffith crack, it is [4]:

E; =

Hye5, oo
[{446>k — 2(6/&) E2 ' (4)
Hence, the field inside the crack is predicted to be propaatito the applied field. In Fig. 4a
the field from Eq. (3) is plotted vs. the applied field confirmpihe proportionality in a wide
regime. By comparing the experimentally determined propoality factor with the one from
Eg. (4) the effective permittivity of the crack medium ise@hined to be approx* = 21¢, as
indicated in the figure. Note, that electric fields up to 100rkxh are found without significant
saturation effects or any dielectric breakdown. Thus, asmoortant result, a maximum field
must be assumed to b€l00 kV/mm.
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Figure 4: a) Electric field interior to the crack vs. remotectlic field. b) Total ERR as a function of remote
field. Both: Lines are calculated for a Griffith crack of saredth with the dielectric constant of the crack filling
medium as parameter.

Fig. 4b shows total ERR calculated from Eg. (2) as a functibapplied field. The plot-
ted parabolas are theoretically predicted for a Griffittckraith the dielectric constant of the
crack’s interior as a parameter. The experimental resglsaare in good agreement with the
predictions where*/s, is assumed to be 21. Furthermore, the reduction of the ERRalue
the applied electric field is only 1.5% of the maximum valueenkle, the effect in retarding
crack growth is negligibly small for the high permeabilityuihd from the experiment. The
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rised permittivity can thus be used to describe the desnmgs between theory and fracture
experiments within the allready existing fracture mecbaifiamework.
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Abstract. The basis of plastic deformation of metals is the formatiod enotion of disloca-
tions. One of the methods to reduce the ductility and imptbeestrength of pure metals is to
introduce foreign atoms in metallic solid solutions in arde obstruct the dislocation motion.
In some regimes of temperature and loading rate, the intevamf such foreign atoms with
dislocations can result in a negative strain-rate sengitj\dynamic instability and deforma-
tion localization, leading to the nucleation and propagatiof so-called Portevin-Le Chelier
(PLC) bands. From a technological point of view, the develept of such bands results in a
reduction of surface quality and strength, and therefoneridesirable. In this paper, the propa-
gation of PLC deformation bands in Al alloys are studied expentally and theoretically. The
morphology and kinematics of PLC bands are investigatedgubbth mechanical and ther-
mal measurement methods. The latter is based on the use efrag¢hcamera which captures
the temperature changes resulting from mechanical dissipaand heating produced during
nucleation and propagation of PLC bands. On the modeling,sattention is focused on the in-
fluence of model parameters and the geometry of specimenlasvea the thermomechanical
coupling.

Introduction

A common technological method to increase the strength of puetals is to introduce
foreign atoms in metallic solid solutions in order to obstrthe dislocation motion. In some
regimes of temperature and loading-rate, the interactisnch foreign atoms with dislocations
can result in a negative strain-rate sensitivity, dynamstability and deformation localization,
leading to the nucleation and propagation of so-calleddvoriLe Chatelier (PLC) bands. From
a technological point of view, the development of such baedslts in a reduction of surface
quality and strength, and therefore is undesirable. Frarmagipearance of the recorded load
serration, three types of PLC bands have been commonlyngisthed [3]: type-A bands,
which are nucleated near one specimen grip during a slighd yioint, and then propagate
continuously along the specimen with only slight load flations; type-B bands, which are
also nucleated near one grip, but propagate discontinp@lshg the specimen accompanied
by rather regular load serration; and type-C bands, whiemacleated at random sites along
the specimen length and cause strong regular load dropthat tagh frequency. The unstable
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plastic flow is basically traced back to a negative strate-sansitivity (SRS) of the flow stress,
namely a decrease of the flow stress with increasing appirathgate. Such an anomalous
behavior may be induced by the dynamic strain ageing (DS#&)iwcertain ranges of loading
rates and temperatures [2, 5, 6, 8].

In this short work, an example of the experimental results afetailed investigation of
the morphology and kinematics of PLC bands by means of hpgled infrared camera are
presented. In addition, simulation results based on theetnafdEstrin [4, 7] and the finite-
element method are shown. The development of temperateréodunechanical dissipation is
modeled as well.

Experimental results

The material investigated in this study is a technical AIMg®y [1]. The composition is
Al-3.11%Mg-0.26%Si-0.22%Fe-0.18%Mn(wt%). This matkvias prepared by cold-rolling
into 1.5mm sheets. The specimens manufactured from thest¢ssivere ground and polished
followed by annealing in air at 673K for 2 hours and quenchirig water. Tensile test were
carried out using an miniaturized testing machine at roampgrature. Strain gauges with a
1.5mm gauge length were used to measure the strain on theslakckf specimens. Concur-
rently, a high-speed infrared camera is used to detect dnegehof temperature of the specimen
on the surface of a specimen. The plastic deformation of Ineeccompanied by a dissipa-
tion of the major part of the mechanical energy into heatsTissipation generally results in
an increase in temperature. The IR camera has a maximunrdullefrate of 880Hz, a pixel
resolution of 256x 256, and a temperature sensitivity of 12mK. On this basipegmental
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Figure 1: Experimental results on the nucleation and prafiag of PLC bands at = 0.27%/s (strain rate)
correlated in time with stress (black) and strain (whitesutes. A picture of the band trajectories (bright areas) is
shown in the background.

results are obtained for example on the nucleation of PLG&I®&noften observed in regions
of stress concentration and high stress gradients. Egisi@mds may expand to form a new
band propagating towards the other side of the specimeniglnlA, the top corresponds to
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the left side of infrared camera and the bottom correspamtisetright side. Some PLC bands
are nucleated at the grip area of specimen and propagatggthtbis field of view from left
to the right side. Newly-formed bands are stronger thanrabthes, implying that the strain
increment due to the band is increasing with strain. Wherstian reaches about 2.5%, the
band begins to break down. After a short time, it then resutaesotion at the same position
(memory effect). The slope of the trajectory of a PLC banel. (the average band velocity)
decreases exponentially with strain and time. On the othadhthe average band velocity
increases with the applied external strain-rate follovangpwer law relation (in a given range
of plastic strain). The power law exponent between bandcitgiland external strain rate has
been determined experimentally at 0.72. For this detertioimaa strain gauge at the center
of specimen was used. As shown in Fig. 1 (A), a PLC band caustraia increment when a
PLC band enters the range of strain gauge. Consideringrbgssturve in Fig. 1A, the jumps
are weak, and as the strain goes up, their amplitude in@€esEig. 1B, C, D in turn). In the
peak area of each stress serration, a PLC band is nucleatestaats to propagate where stress
gradients are present. In Fig. 1C, breaks in the band prdéipagappear more frequently than
in Fig. 1B. The common aspect here is that the PLC bands agtito propagate after a break
in the same direction. This situation changes in Fig. 1D. IR&& bands nucleate in the middle
of specimen and propagate in two directions. These break fmeguently or propagate only
over a short distance. Correspondingly, jumps in the stressr more frequently.

Simulation results

An upper-bound estimate of this temperature increase engdy assuming the process is
adiabatic. In this work, this estimate is combined with tis&rie model [3, 4] for the PLC effect.
In this model, dynamic strain ageing is described by acaalifdr by taking the evolution of
solute concentration into account. This model was impldeteas a user material subroutine
in ABAQUS. The instability is triggered in the current spmein in the notch region. Results of
simulation are shown in Fig. 2. Band angles predicted in itnelations (about 59 agree well

Figure 2: The morphology of simulated PLC bands based ormEstdel.

with the experimental value (about 90 The corresponding stress development as a function
of time is shown in Fig. 3A. Coupling arises between tempgeadnd deformation in the sense
that increased temperature enhances the mobility of forgigms and dislocations, which in
turn leads to enhanced plastic strain and so a further isergeatemperature. In order to show
the influence of coupling, the stress-time curve was siredlatith and without coupling (see
Fig. 3). In area | (see Fig. 3B), there is no distinctive défece between both curves (see Fig.
3A and Fig. 3B). But in area ll, the larger serration magretudcoupling case compared to the
no-coupling case is evident (Fig. 3B).

In summary, the coupling of temperature and strain leadsadallowing consequences:

» The stress jumps are more pronounced than without coypling
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Figure 3: Simulated stress development in time. (A) withouipling, (B) with coupling, (C) blow-up of stress
development in the coupling case.

» The propagation of PLC bands is interrupted more freqyentl
» Several bands occur;
At high external strain, PLC bands are nucleated only imtidzle area.

In most cases, the above phenomena are also observed irpémneents (Fig. 1D). In work in
progress, the alternative model of Hahner ([8]) is alsmdenvestigated and will be reported
on in future work.
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Abstract. This work presents a method for the numerical homogenizafithree-dimensional,
periodically heterogeneous structures, which makes sipdessto calculate effective, anisotropic
and homogeneous alternative material parameters. Thusftbds in calculating of such struc-
tures can be reduced tremendously. The finite element modsists of gperiodic Unit Cel)
which represents the periodicity of the complete structu| directions.

Introduction

Many materials feature heterogeneous structures causeatiaply distributed physical pa-
rameters such as density, Young’s-Modulus, conductitity €his can be found in two or multi
phase materials, a typical example are composite mateRkalthermore heterogeneity can be
caused geometrically as occurs in stiffened plates or maafeaturing cellular structure like
cancellous bone, wood or packaging material. In the straatfiheterogeneous material one
can distinguish different scales. We assume that we caasttdetermine one length scdldor
the material or the component and one length sctdethe inhomogeneities. If the dimensions
are approximately of the same le\él ~ 1) one should solve this problem using conventional
methods. The effort of a calculation with conventional noglh cannot be justified in case of
the opposite reIatior(n% — oo). In this case the homogenization results in a descriptidhef
material or structure independent from the size of inhomedges, which can reduce the DOF
of our model and thus the calculation costs tremendously.

For many heterogeneous materials periodical or approrimateriodical structures can be
found. Cell methods use a periodically repeating Unit Clslb &epresentative Volume Ele-
ment (RVE) to perform homogenization. Fundamental workshsas [1] und [4] deal with
fibre reinforced composites to describe two-dimensioneddgenization. Homogenization by
Unit Cells is possible, if one can find a underlying periodrasture and the material properties
of all constituents are known. To perform the calculatiorhomogenized, effective material
properties we implemented the following steps:

Determination of the RVE, containing all geometric infotioa about the structure

Identification of the fundamental material law and progertf the constituents

Application of suitable boundary conditions on the RVE atalis analysis

Calculation of effective material properties

To solve the homogenization problem we used the finite elemethod, because there are
no restrictions to geometry, material properties, numlb@hases or size.
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Figure 1: Some possible RVE on a 2D hexagonal device (see [3])

Homogenization using the unit cell method for linear elastt material

Firstly a so calledUnit Cell or Representative Volume Elemé&\E, which features all nec-
essary information about the periodicity of the microstuue, needs to be defined. Thus the the
object under consideration marks the smallest possibleficeh which the whole structure can
be rebuilt. Fig. 1 shows some possible RVE’s for hexagomalhgement of fibres in a matrix.
The selection of the RVE is arbitrary. Obviougl will lead to the smallest model. But in case
we want to study the behavior of the microstructure it canddpfhl choosing a RVE liked,,
which can also visualize interaction between the fibres.

Regards in this paper are limited to linear elasticity. Thaayal formulation of lboK’s-law
as given by YouUNG combines the second ordenrCCHY stress tensas- and the classical lin-
earized strain tensar.

oc=F- ¢ (1)

Herein E is the fourth order elasticity tensor, with 81 elements. nrithe symmetries i
ande the number of independent elements reduces to 36. Anotkgict®n can be derived
from the existence of the elastic potentia(stored strain energy), which reduces the number of
independent components of the elasticity tensoy to 21. & tesdrictions enable a reformulation
of the generalized HOKE's law Eq.(1) in matrix notation (\@1GT’s notation, see also [5]).

F=C-7 (2)

With & = (011092033012093013)" the (6 x 1)-stress vector' the (6 x 6)-elasticity matrix and
£ = (e11600633812823213)" the (6 x 1)-strain vector. In heterogeneous material the terms in
Eq.(2) are functions of the coordinates

7(7) = C(7) - €(@) (3)

The basic idea of homogenization is to find a globally homegeis medium equivalent to the
underlying heterogeneous structure. This is reached i$tived strain energy in both cases is
equal. In case for one RVE that means

U = o / F1(7) - DAV = © / @) (Bav. (4)

Vrve) Vrve)

In Eq.(4) (¢) and(€) represent the averaged stresses and strains for the hoiredjematerial
in this case we can write ék’'s-law as

(7) =C"- (8). (5)
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Adopting Eq.(5) to the right hand side of Eq.(4) leads to

s = “22(6)T - (8) = 22T 0" ), ©

If the left hand side of Eq.(4) can be solved numerically théds to a system of independent
equations, from which the elements@f can be calculated.

Figure 2: Deformed structure and auxiliary constructioB@jcase, b) 3D-case (without schematic RVE).

We implemented an auxiliary construction (see Fig. 2), Wisdndependent from the RVE,
to apply displacements on the boundary of the RVE, from whkhehstrain state can be calcu-
lated easily. The displacement on the boundary of the RVEbeativided in two parts.

/L_[bound = /L_[(h) + /L_[(f) (7)
The first parti® (homogeneous displacement) can be directly retrieved fnedisplacements
implemented via the auxiliary construction (see Eq.(8%) second pari'”) will be explained

later.

Sy -« +sin(ay) - 2+ (cos(ay) — 1) - & + (cos(a,) — 1) -z +sin(a,) - y
@M = | s,-y+sin(a,) -z + (cos(a,) — 1) -y + (cos(ay) — 1) -y +sin(ay) - 2 (8)
s, -z +sin(ay) -y + (cos(ay) — 1) - 2+ (cos(ay) — 1) - 2 +sin(ay) - @

Under assumption of small strains and linearization we edcutate the strain vector
g”:[sx Sy S, Qg Oy aZ}T. (9)

Thus we can define different strain states simply by chantfieglisplacements in the points
(nodes) 1, 3, 5 or 7 of the auxiliary construction.

To correctly handle the boundary conditions for the RVE wedht® consideii!/) the fluctu-
ations which can be understood as perturbation in the strain fizlded by inhomogeneities
of the heterogeneous structure. As shown in Fig. 3 an arpipaint () and its corresponding
point P on the opposite face feature the same fluctuation after iheftoon (Eq.10).

—_ —
Q/Q// _ P/P// _ ﬂ'(f) (10)

As we use the CE-command, provided by ANSYS to formulate ttaimed equations, to ap-

ply the homogeneous displacements to the boundary of the RE¢Ecan easily extend these
equations with the fluctuation. Therefore we use additietainents MASS21, each of those
corresponds to a pair of nodes on opposite faces of the RVEpr@gerve periodicity in the

deformed structure the fluctuations have to be equal forezarades (and in 3D case for cor-
responding edges respectively). To eliminate rigid bodyenrent within the fluctuation we

choseii'Y) = 0 on the corner nodes.
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RVE after
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Figure 3: Different states of deformation, for simplificatishown in the 2D case.

Conclusions

Within a project in hearing research we applied the desdribedel to calculate effective
material properties of stereocilia. These are small atreston hair cells essential in the hear-
ing process. They feature a periodically heterogeneousonsicucture displayed in Fig. 4.
With this homogenization procedure it was possible to dateuorthotropic material behavior
for stereocilia only from their microstructure and data floe linear elastic properties of the
constituents as provided in literature [2] or estimatedthapplied case our model is limited
to the restrictions of continuum mechanics. However anrestte to nanomechanical problems
as well as to non-linear problems can be implemented witiermodel.

Figure 4: Microstructure of stereocilia as depicted in [Bfiahe deduced FE-model for the RVE.
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Abstract. In polycrystalline ferroelectrics, as used in a wide randapplications, electric and

stress fields interact so as to maintain compatibility. Welgtthe influence of grain-to-grain
interactions on the overall and local switching behavioandan particular the induced stresses
inside grains and across grain boundaries. The behaviogid& each grain is represented
by the single-crystal model of [1] and the polycrystal respe is obtained through a two-
dimensional multi-grain model in which grains are repreehindividually. We investigate the
effect of random grain orientations, both in the plane ofsidaeration and in three directions.

Introduction

Calculations for example of ferroelectric device perfonsiare carried out in two dimen-
sions (2D) in order to minimize time and cost. This elimirsatiee geometrical three dimen-
sionality of the problem but retains the fact that each iitdivcrystal is a three-dimensional
(3D) entity. One way to resolve this is to study 2D model pojgtals with a planar crystallog-
raphy or to leave the 3D crystals be subjected to 2D defoaonstiA special case in the latter
approach is to have all grains share the same direction héorttee plane of consideration. We
investigate the effect of the way in which a random 2D polgtayof 3D grains is constructed.
In doing so, we emphasize how the grain—grain interactidiestathe distributions of strain,
polarization and stresses inside the grains.

Single crystal model

The model we use for a single crystal is described in detajllhy Each grain is consid-
ered to comprise a number of different domains, corresponth the possible directions of
spontaneous polarization. Note that we do not explicitigoant for the geometry of the do-
mains inside the crystals, but use a 'smeared out’ reprasentinstead. Switching is modelled
by the reduction of a domain and the increase of another dolmathe same amount. The
change is accompanied by a characteristic rate change smnearhpolarization and remanent
strain. Switching is governed by the thermodynamic driviorge which is dual to the dissipa-
tive work rate. For numerical convenience, we adopt a pdarrelation between the driving
force and the incremental volume fraction [2].
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Multi-grain model

Although homogenization schemes such as the self-consistethod [1] can describe the
overall response of ferroelectric polycrystalline matksriquite accurately, they are limited in
picking-up the stress fluctuations inside grains [3]. Toteepthe interactions between adja-
cent grains in detail, we adopt the multi-grain model prgabs [3] in which a polycrystal is
represented by an aggregate of discrete grains. In the 2idesthere, the grains are assumed
to be hexagons. Grain boundaries are simply lines alonghithie crystal orientation changes
discontinuously; mechanical and electrical displacemattion and charge are continuous
across grain boundaries. Each grain is meshed with a grigaoiular finite elements, refined
near grain boundaries, as illustrated in the inset of Fig. 1.

W
t=0 ¢=-E,_h

app

mechanical stress
electric field

mechanical strain
remanent strain
remanent polarization
electric displacement
mechanical displacement
traction

electrical potential

e |~ |c (o] ol & |mla

1 t=u,=0 ¢=0

Figure 1: Definition of multi-grain model with boundary cations.

Adopting the multi-grain concept, a rectangular piece dygystalline material, represent-
ing a typically experimental setup, is considered (Fig. The electrical potentialp, has the
value £,,,/h on the top and its value is zero on the bottom. On the latedaisdd, = 0 to
decouple the material from the surrounding area. The dispi@nt inzs-directions,us, of the
nodes on the bottom is zero and the left corner node is also ifiixthe x,-direction in order to
prevent rigid body motion. All other sides are traction free= 0 (i = 1, 3).

In the z»-direction normal to the plane of consideration, the eiedteld (£, = 0) and the
mechanical stresg§; = 0) is prescribed to vanish.

Results

Results are presented for samples comprising 187 graiok,discretized by 72 triangular
elements. The values of the modelling parameters for thé&king systems as well as the
material constants with respect to crystallographic axeslie found in Table 1 of [1]. The
global components of the material tensors and for the swigahecessary tensors are computed
from its orientation, as specified by the Euler angleg, ¢,,v,). Two types of orientation
distributions are considered. In one of these, the Euleteangre generated at random: the
so-called 3D grain orientation. From these, 2D grain oagahs are constructed such that the
normals of the switching systems are pointing in thealirection, i.e.f, = ¢, = 0; this leaves
only the rotationg, about ther, axis as a random variable. Thus, by construction, both 3D
and 2D grain orientations are nominally isotropic in thexs plane. In the same spirit, all six
domains are assumed to be equally present in each grain.arameters used in in the power
law are the same as in [3].

All results are normalized by, Ey, v or o; Dy and E, are the values at the onset of
switching for purely electrical loading; similarly, andr, mark the start of switching under
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purely mechanical loading [1, 3].
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Figure 2: Distribution ofEs/E, at E,,, = 4E, for a case with (a) 2D grain orientations and (b) 3D grain
orientations.

First, in Fig. 2, we demonstrate that the internal electetdfis affected by the different
grain orientations. The magnitudes of the electric fieldiatbe same range, but with different
spatial distributions. In both calculations the highest bowest fields can be found along the
grain boundaries.

In Fig. 3 is macroscopic response plotted. The macroscapmatementD™, and the
macroscopic strairg™, are plotted versus the applied electric field. The macisaectric
displacement is calculated as the total charge on the tagedivoy the area of the top surface,
and the macroscopic strain is computed from the averagéadempent:s; along the top of the
sample divided by the cell height The hysteresis loop is hot changed much when allowing
for 3D grain orientations. In contrast, the mechanical o@se is much more sensitive. The
butterfly loop of the 3D orientation is shifted to lower vadummpared with the 2D orientation.
The microscopic values are given at the integration stateanaverages over 14 different real-

Dmac/DO 8

Emac/yo

E._/E

app 0

2D grain orientation
3D grain orientation -4 -

E,./E

app’ —0

(@) (b)

Figure 3: Comparison of the macroscopic response predioteal 2D grain orientation (full line) and 3D grain
orientation (dashed line) under plane stress conditi@)sléctrical response (hysteresis loop) and (b) mechlanica
response (butterfly loop).

izations forely, P, o33 ande;; —all in the direction of the applied field— at the peak applied
electric field of4Ey. Remanent strain and polarization show a bimodal disiobuor the 2D
grain orientation. This arises directly from the orieraatdependence of these quantities. The
peak at the right end of the distributions vanish for the 3Birgiorientation. The minimum
remanent parameters are smaller for the 3D grain orientafitne reduction is so strong that

41



Anja Haug, Patrick R. Onck, Erik Van der Giessen

even elements with no remanent strain occur. This arisesodine larger number of switching

systems which can be activated. The unimodal strain hiatogn Fig. 4c has a higher peak for
the 3D grain orientation and, in addition, is narrower. Tikiattributed to the grain—grain con-
straints being stronger as there are more possibilitiesrfentation mismatch. The histograms
of the normal stress in loading direction are basically taeh Fig. 4d.
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Figure 4: Frequency distributions of (@}; /o, (b) P&/ Dy, (C) £33/~0 and (d)os3 /7o at Eapp = 4E, for 14 real-
izations of 2D grain orientations (full line) and 3D grairientations (dashed) under plane stress conditions. The

dash-dotted and dash-double-dotted lines in (c) indi¢egertedian otss3 /o of the 2D and 3D grain orientation,
respectively.

An extensive discussion can be found in [3]. Also the infleeatthe plane strain - plane
stress condition is discussed there.
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Abstract. The convexity of energy functionals for inelastic matarialanalyzed on the basis
of an incremental variational principle. Non-quasiconyegblems give rise to microstructures
and often exhibit mesh-dependent results when being sbyvstandard solution methods, e. g.,
FEM. A partial rank-one convexification enables a reductodrihe mesh-dependency and al-
lows to predict the occurrence and distribution of microstures independent of the numerical
realization.

Introduction

The formulation of constitutive equations in finite elagyids confined by several restric-
tions. Besides the standard principles, e. g., the secondflthermodynamics or the principle
of material frame indifference, convexity of the energydtion guarantees the existence of so-
lutions of the boundary value problem under considerati@hiadirectly connected to material
stability. While there is only one notion of convexity foredlimensional functiond, : R — R,
generalized definitions are needed for the vectorial cas®™ — R, [1,6].

Inelastic materials cannot be directly analyzed with respe their convexity properties.
This requires a variational formulation that is based omaremental variational principle. For
generalized standard materidise constitutive equations can be derived from a free eremgy
a dissipation function. The incremental problem implicdepends on the internal variables at
the beginning and the end of a time step. By means of an incr@ineariational principle the
internal variables can be eliminated, resulting in a stedatondensed energy function, which
only depends on the deformation gradient. The condensedyeisaused to study the convexity
properties of the problem.

As an example a problem from single crystal plasticity isstdared. Finite element sim-
ulations involving a representative volume element unagrogic boundary conditions give
mesh-dependent solutions showing laminar microstrustufeconsecutive refinement of the
mesh size results in a greater number of oscillations of teplatement field. The spatial
wavelength of these oscillations tends toward zero, etthtbmeaningless results in the limit.
By convexification of the energy function the mesh depengean be substantially reduced,
while the occurrence and distribution of microstructuras be predicted in a well defined and
physically meaningful manner.
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Single-slip elastoplasticity

Inelastic materials are characterized by dissipation,ciwvhs nonrecoverable energy ex-
pended via change of the internal variables. The internglvies measure the intrinsic state
of the material produced by plastic deformation, hardenilagnage, or phase-transformations.
Standard generalized dissipative models with internabbées K are typically described by
two potentials: The specific Helmholtz free enerfgy(F', K'), and a dissipation-functional
A(K, K). The latter is used to define the evolution laws of the intleragables. By means of a
time-incremental approach [3] the corresponding boundalye problem can be formulated in
a proper variational framework. The advantage of this fdation is, that in a time-incremental
setting it reduces to a pure minimization problem which carabalyzed by variational calcu-
lus. Explicit minimization with respect to the internal iabsles results in a condensed energy
potentiallVg2"!(F'), not always given in a closed form.

In the context of single-slip crystal plasticity the intatnariablesiK = {~, p} consist of the
scalar plastic slips and a hardening parameterThe free energy density function is chosen to
be of a neo-Hookean type and depends on the deformatioregtddionly through its elastic
part F,, which is in accordance with the finite deformation settifidhe free energy density
reads

1 A

W<F777p> = U(]) + itr(FoTFc> + gp27 U(]) = Z(.])z - A_ZQM hl(.])? (1)

where the symbolg, A anda denote material parameters and= det F,. The dissipation-
function is chosen as

(2)

For this particular example the minimization with respedtte internal variables can be carried
out explicitly and a closed form of the condensed potemﬁa‘{?d is obtained

(maX{Ou ‘Csn — Yo Css‘ — M}y
tI'FTF—Q o Csn"— ZCSS— M ’
v v .

o 4] i A4+ p <0
A, p,%:D) :{ O'J' e|s|e| :

Weond(F) = U(det F)+g

Yo,Po

where,C,,,, C,, denote the components of the deformation ter@or FT F in the direction
of the slip-system vectorsandn (see [3] for details).

For a particular range of material parameters the condesrserg)y fails to be rank-one con-
vex and, hence, fails to be quasiconvex. As a consequenceystructures may be obtained
as solutions of boundary value problems. The occurrenceiafostructures can be demon-
strated by direct finite element simulation using repres@rdg volume elements under periodic
boundary conditions. Figure 1 shows two typical resultshese simulations: Oscillations in
the plastic slip fieldy, forming first and second order laminates. These oscitiatare highly
mesh-dependent. The number of laminates grows towardgynfihen the mesh becomes finer
and finer.

The mesh-dependency and the accompanying material ilitstgbienomena can be avoided
by replacing the nonconvex condensed energy by a suitalaleeck energy. Because of its
simple algorithmic structure and its ability to provide feziént information to reconstruct the
microstructure, we use the rank-one relaxatiyh 1/ <> F") as the underlying relaxation tech-
nique. The numerical algorithm can be formulated as a odsttioptimization problem. For
example, in the 2—dimensional case &né 1 the objective function

Werd(g F) = (1= ANWYF —Xa®b) + \W(F + (1—\a®b) 3)
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(b)

Figure 1: Single-slip plasticity: (a) First order lamingi@nd (b) Second order laminates by direct finite element
simulation assuming periodic boundary conditions.

depends on 4 optimization variables, for example,
r=(\p,a0), representing a = p (Z?I?Ez))) , b= <§?§((g)>> . (4)

The vectorsa andb form the rank—one matrig ® b and the scalai determines the volume
fraction of the two phases of the first order laminate. Thaxe&ll energy is obtained by solving
the minimization problem

R(l)wcond(F) _ Inellrgl Wcond(l,’ F) (5)
for a given deformation gradied® and a domairB of = defined by
B={zecR'|0<A<1,0<p, 0<a<m 0<8<2m det(F;) > 0}, (6)

whereF; denotes the deformation gradient of tte phase. Corresponding minimization prob-
lems can be set up for higher order laminations. Althoughréladization of an algorithm for
higher order laminates is straight forward, the exponéntgaowing number of optimization
variables strongly limits its practical application. Aday for low order laminates the numerical
search for the minimizer of (5) turns out to be difficult, besathe objective function may have
several local extrema and the inequalities in (6) imposdinear constraints, which require
a special treatment. Different procedures have been ussdite the minimization problem
numerically. Probabilistic global search procedures fsnm@vn to be efficient and sufficiently
robust. The procedure can be essentially improved by usargjrgy values obtained from a
rigid elastic model [5].

The rank-one relaxation of the simple shear problem has besputed using first-order
and second-order laminates. In a finite element framewalabove mentioned algorithm has
to be performed in every material point (e.g. Gauss point) \&ithin every time step. As a
result of the numerical rank-one relaxation not only thergmeand the volume fractions, but
also the rank-one matrices are obtained from which suffieréarmation about the orientation
of the laminar microstructure can be gathered. Figure 2h@ys the evolution of the volume
fraction \ for the first order laminate obtained for a simple shear tagure 2 (b) compares ap-
proximations of the polyconvex hull’y’ ( F), realized with a procedure described in [2,4], and
the second-order laminate hutl?) W (F), realized by the algortinm described above. Both ap-
proximations almost coincide and significantly lower thergly. The good agreement suggests
that the quasiconvex hull a¥<°"? can be realized by second order laminates.
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Figure 2: (a) Evolution of the volume fraction parametdor a first-order laminate; (b) Polyconvex envelope and
second-order laminate hull for the condensed energy genssingle-slip plasticity

Conclusion

This work presents an approach to the calculation of miauosires for inelastic materials
based on a reduced incremental variational principle. $emse, the condensed functional is of
the same form as in nonlinear elasticity and can be analygsthbdard methods from the direct
calculus of variations and convex analysis. It is demotestiahat finite element simulations of
non-quasiconvex problems may result in mesh-dependarti@es possibly showing a laminar
microstructure. By rank-one relaxation of the reduced gnére formation of microstructures
can be predicted in an essentially mesh-independent manner
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Abstract. In this paper our intention is to show applications of muéke FEM in modelling
of two different kinds of heterogeneous materials. Theextilgf the first example is the simu-
lation of solution-precipitation creep which is a diffusia process occurring in polycrystals if
pressure and temperature are in a specific range. In the seegample the overall material
properties of cancellous bone are evaluated. As this mateontains a liquid phase, dynamical
investigations on a representative volume element araezhout.

Concept of the multiscale FEM

Multiscale FEM is based on the theory of homogenisation fbict it is specific that real
material properties have to be replaced by effective ori#ajrmed by examination of a represen-
tative volume element (RVE). The method is applicable oftlye ratio of characteristic lengths
of macroscale which is related to the simulated body andosgale which is related to the RVE
tends to zero. In this case according to the concept of volaveeage the macrodeformation
gradientF and first Piola Kirchhoff macrostress tend®rare defined by the expressions:

F:% /FdV—/X@NdA :%/X(X)Ndfl, (1)
B L oB
_ 1
P=_ [ PdVv == [te®XdA 2
v/ v [te @)
B oB

HereB is the RVE with volumé/, 0B is its boundary/ is a boundary of voids inside RVEY

is the normal vector on the surface andaction. In usual notation macroquantities are denoted
by symbols with overbar and microquantities without it. tosld be still stressed that the
macrodeformation gradied® and the macrostress tensBrgiven by (1) and (2) additionally
have to satisfy Hil's macrohomogeneity condition:

_ - 1 .
P:F:V/P:Fd\/. 3)
B

This condition states that macropower has to be equal ton®lverage of micropower and its
solutions define the boundary conditions on the microleljel [
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In the following we will concentrate only on modelling of neaals with periodic microstruc-
ture. For that particular case it is suitable to express tlreateformations dependent on the
vector of microfluctuationso:

x=FX +w (4)

which yields following superposition:
F=Ve=F+Vw=F+F. (5)

One other consequence of assumption (4) is that microflticheamust satisfy periodic and
tractions antiperiodic boundary conditions on the peddmiundary of the RVE.

Modelling of solution-precipitation creep

Solution-precipitation creep is a deformation procesgigor polycrystalline material un-
der specific pressure and temperature. It is based on diffudi material particles within in-
tercrystalline space which becomes very intensive in presef a fluid phase and can lead to
large deformations if an extended time period is observed.

In order to give a continuum-mechanical formulation of thelpem, the behaviour of a poly-
crystal consisting of disjoint crystal3; with boundaryo(?; is analysed. Deformation of each
crystal is decomposed into one elastic and one inelastig/@ding a multiplicative decompo-

sition of deformation gradient:

¢ = ¢} o ¢;, F=F}F} (6)
The material formulation of the problem relies on the fuoicél of total power given as
L=E+A (7)

where I/ denotes stored elastic energy afdddissipation. The stored elastic energy can be
expressed via the Helmholtz free-eneighyF'™) as

B=Y / G(F(E) )V = 3 / G(F(F)) JEaV. ®)

Here(); = ¢!(€2;) is the volume of the inelastically deformed grain, afidthe Jacobian cor-
responding to inelastic deformatidr’. For definition of the dissipation term it is necessary
to note that during the process two kinds of motion occur:emal transport along the crystal
boundaries and motion of the crystal boundary itself calgesblution/precipitation of mate-
rial. If the velocity of material transport is denoted &y and normal velocity of boundary by
vl*, the dissipation term becomes:

8= Z/ [% Q?%@?ﬂ dg:Z/ [% Q7+ (01| JHE) N dS. (9)
oo v ooqy

Herex and~y are inelastic constants such thdty << d?, whered corresponds to a characteris-
tic dimension of a grain. As a consequence of mass consenydtie types of motion described
above depend on each other and they must satisfy followioglocgy condition:

v = V-Q.. (10)
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Having in mind equations (8)-(10) the Lagrangian obtaimesfihal form
_ d N1 1
L=3" E/qp[F(Fi) [ av
7 Qi

+ / [%Q?+g(v§‘)2+ai (vz-"—VQi)} Ji

0

(F)' ' ;| ds |, (11)

whereq; is Lagrange multiplier for which it can be shown that it is aocgth approximation of
normal component of Eshelby tensor [2].

In order to investigate the influence of solution-precifitacreep on the deformation of a sam-
ple of real dimensions the following simulation is carriatt.0On the macrolevel of multiscale
method one square plate with side length 20mm and joadl kN/mm is observed (Fig.1.a).
Vertical displacements on lower boundary and horizontbldicements on the left one are con-
strained. For simulation of a random polycrystalline stnoe in each Gausss point of the plate
one RVE with arbitrary orientation in plane is attached. @ilenaterial behaviour is defined by
free energy density of Neo-Hookean material and mixed trarial formulation due to Simo,
Taylor and Pister. On the microlevel a polycrystal consgstf nine crystals is chosen (Fig.1.b).
The behaviour of the material on this level is defined by thgraagian (11). Final results of
tests are displacements on the boundary of the plate. Ind-iga horizontal displacements on
the right boundary are denoted byand vertical displacements on the upper boundary.by
Inelastic constants and~y are chosen in such a way that monitoring of deformationsssipdée
over several time steps.

displacements [mm]
°
i »

i

a) b) c)

Figure 1: a) Tension test of a plate. b) Polycrystalline R¥EResulting displacements on the boundary of plate
for assumed material parameteEs= 23 kN/mn?, v = 0.16, v = 50000 KNs/mn?, x = 1000 kNs/mn?.

Investigation of properties of cancellous bone

Cancellous bone is a two component structure consistingrod frame and interstitial blood-
marrow. The study of its properties is important as it catdygarly detecting of osteoporosis
whose general indications are that the bone frame get thamg partially disappears. In that
case porosity of the material can increase from normal vall’&% until even95%. Opposed
to the previous example here linear material behaviour gndmic excitation will be observed
requiring a formulation of the problem in complex domain.

An important property of RVE in this case is that it consista @olid and a fluid phase. The
state of the stress and straire in any point of solid phasg@, is defined by

—w?psu—V-0,=0, o, =C; €, (12)
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wherew is the excitation frequency the displacement fields, the density of solid material
andC, is the complex material tensor dependent on complex bulkshedr modulus whose
imaginary parts have to be calculated according to relatioff = 2KZ, u! = 2,F, where

for blood-marrow the logarithmic decrement takes the valee0.1. The state inside the fluid
phase is defined by:

—w?pru—V-o; =0, or=K;Vul+2iwnet+iwl V-ul. (13)

In this expressions viscosity coefficients, bulk modulusk ; and density ; determine fluid
properties and denotes the unit tensor. Coupling between phases of the Rgken by the
condition that displacements on interface of material®ha\be compatible:

us =uy 0N F:QSQQ]& (14)

Overall viscoelastic behaviour is described by the cauntsig law

oc=C:e€ (15)
and in our investigations we study the change of the effeatlasticity tenso€ dependent on
the geometry of solid phase. For that purpose a RVE congisfisolid frame with thin walls
and liquid corn is observed. In Figure 2.a an example of inégliate results on the microscale
is shown. Here periodic boundary conditions for microflations as well as compatibility
condition (14) are satisfied. In order to illustrate finalules in Figure 2.b change of two
components of tensat with respect to porosity is shown. Our further intentiondtopose
alternative models of RVE and to simulate such tests whewadattenuation of cancellous
bone can be identified.

6000

5000
4000

3000

2000

Term of material tensor [N/mm ?]

g
H
S
s
33

Figure 2: a) Example of calculations on microscale. b) CleasfgermsC;; andC;, of effective elasticity tensor
with respect to porosity. Results are obtained using fahgwalues:p; = 950 kg/m?, K; = 2.00 x 10° Pa,
n = 1.5 Ns/n?, £ = 0 Ns/n?, p, = 1960 kg/m?, KF = 2.04 x 10'°Pa,uf = 3.47 x 10'°Pa,w = 100 kHz.

Conclusions

Application of multiscale FEM enables one to simulate b&havof materials with different
microstructure, illustrated here by two examples. In tret inse deformation of a macroscopic
sample caused by solution-precipitation creep is obsen&ach numerical simulations are
needed as due to its extremely slow nature this process saimaccessible experimentally.
In the second case we are interested in evaluation of thetiwBeslasticity tensor of a cancellous
bone. Calculations are carried out for different geometrthe solid phase of RVE in order to
analyse the influence of increasing porosity on materigb@ites.
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Abstract. Im vorliegenden Beitrag werden die theoretischen Grunelhagines numerischen
Werkzeuges zur Modellierung des Risswachstums in piézagtben Scheiben dargestellt. Die
Methodik basiert auf modernen adaptiven F&skern, dem Einsatz asymptotisché&slngen
sowie auf der Interaction-Integral-Technik. Die Inteassfaktoren dienen zur Bewertung des
bruchmechanischen Verhaltens. Die theoretischen Grgeaiaverden im Vortrag durch die
Ergebnisse numerischer Berechnungendemj. Es wird gezeigt, dass die adaptive FEM mit
zunehmender Netzverfeinerung gegen die exakte analytiRissspitzebsung konvergiert, so
dass die Spannungsinter&ggfaktoren mit grol3er Genauigkeit bestimmt werdénnen. Die
fur die Interaction-Integral-Technik notwendigewiIN-Matrix wird in Abhangigkeit von der
Polungsrichtung des transversal-isotropen Materiahaténs berechnet.

Einleitung

In moderne adaptive mechanische Systeme werden heutaiteg¥®ielzahl von piezoelek-
trischen Sensoren und Aktuatoren integriert. Die Konstomkdieser adaptronischen Systeme
erfordert nicht nur die Sicherstellung der Funktionalisbndern auch die Gewahrleistung von
Festigkeit, Bruchsicherheit und Ermiudung. Deshalb ish@svendig, effiziente Techniken
zur bruchmechanischen Charakterisierung von Piezorah&rizu entwickeln. Fur stationare
Risse in homogenen piezoelektrischen Strukturen exgstibereits bewahrte FE-Techniken
[1]. Fragen der Ermudungsrissausbreitung unter eleldotranischen Wechselbelastungen sind
noch weitgehend ungeklart. Die vorliegende Arbeit widsieh gerade dieser Thematik: Ent-
wicklung eines numerischen Werkzeuges zur Modellierung Resswachstum in piezoelek-
trischen Scheiben (ebener Verzerrungszustand). Herveban ist hierbei die Verwendung von
modernen iterativen Losungsverfahren, die fehlergesteiNetzverfeinerungsstrategien nutzen
und mit deren Hilfe Risswachstum effektiv simuliert werdeann, wobei lokale asymptotis-
che Rissspitzenlosungen sowie die Interaction-Integeahnik eingesetzt werden. Der Beitrag
stellt eine Erweiterung der in [2], [3] fur elastisches El@l entwickelten numerischen Ver-
fahren auf piezoelektrische Strukturen dar.
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Numerisches Losungsverfahren

Um die elektromechanischen Bilanzgleichungen [4] einee@eélektrischen Struktur zu Lo-
sen, wird die Finite-Elemente-Methode benutzt. Den Auggpunkt zur Konstruktion eines
FE-Werkzeuges stellt die Variationsformulierung

a(ua,v5) +b(p,vp) = F (vg) Yog €V "
b(wvua)_c(wvga):_G(w) v@bGU

dar. Hierbei sind/” und U Raume der Funktionen, die zumugERT-Raum H' (2) gehoren
und entsprechende IRICHLETSche Randbedingungen erfillen. Die gesuchten Koordinate
u, des mechanischen Verschiebungsvektors und das elektridotentialp gehoren ebenso
zu den entsprechenden RauniémderU. Die Finite-Elemente-Diskretisierung des Problems
(1) fuhrt auf ein algebraisches, lineares Gleichungesyshit einer quadratischen Matrix, die
symmetrisch, aber indefinit ist. Es wird eine verallgemgs8RAMBLE-PASCIAK Methode

[5] benutzt, um aus der indefiniten quadratischen Matrie giasitiv-definite zu machen. Die
Methode basiert auf einer geeigneten Wahl des Vorkondérers. Da man im Rahmen der FE-
Diskretisierung mit der adaptiven Netzverfeinerung adieiwird ein hierarchischer Vorkon-
ditionierer verwendet. Die adaptive Netzverfeinerundneit eine optimale Finite-Elemente-
Dichte in unterschiedlichen Teilen des VernetzungsgebieDas vorkonditionierte, algebrai-
sche, lineare Gleichungssystem wird schlie3lich mit detidée der konjugierten Gradienten
iterativ gelost. Es ist zu betonen, dass im Rahmen des sw@igfen Algorithmus kein Zusam-
menbau einer Gesamtsteifigkeitsmatrix stattfindet. NuStesfigkeitsmatrizen derjenigen El-
emente, die in einem adaptiven Schritt eiA@derung unterliegen, werden aktualisiert.

Asymptotische Losung

Um die Bruchparameter im Rahmen einer FE-Losung mit deweatdigen Genauigkeit
zu bestimmen, muss die Gestalt der physikalischen Felddetirunmittelbaren Nahe einer
Rissspitze bekannt sein. Diese asymptotischen Feld@massh mit dem von MSSCHELICH
WwiLl in [6] und LEKHNITSKII in [7] vorgeschlagenen Formalismus konstruieren (siefeupd

haben die Form
gap (1 0) = > Kyr ?a)(0)
M=III,IV

Do (r.0) = > Kyr**DY(6) .
M=II1IV

(2)

Ug (1,0) = Z Ky r®ae)
M=I,II,IV

p(r) = > Kur"g"(0)

M=I,11,1V

fir homogenes piezoelektrisches Material. Dabei sinhd ¢ die Koordinaten eines polaren
Koordinatensystems mit dem Ursprung in der Rissspitzg,die Koordinaten des Spannung-
stensorsp,, die Koordinaten des Vektors der dieelektrischen Versaimgh:,, die Koordinaten
des Verschiebungsvektors updias elektrische Potential. Die Felder (2) weisen die kiabs
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Risssingularitat auf, deren Koeffizienten die mechargadki;, £;; und der dielektrisché;
Intensitatsfaktoren sind.

Interaction-Integral

Fur die Berechnung der Intensitatsfaktoi€p, K;; und Ky wird die Interaction-Integral-
Technik [8] benutzt. Im Folgenden wird zuerst eine speziSithreibweise der Funktionen (2)
eingefuhrt. Alle diese Funktionen lassen sich als einer8am

U = Z Ky oM 3)

M=I,11,IV

wiedergeben. Hierbei entsprictit einem der physikalischen Felder in (2). Somit erhalt man
fur das elektromechanische Interaction-Integral [1], [8

JN]VI:/(HN]VInl—O'iV@ui/Ivl n6+DéVE{V[na) ac (4)
c
mit N,M =1,11,1V und

HYM — %cagw(; egﬁ e% - % Kagj EéVEéV[ - 6a5w€]ﬁvwE£/[ ) (5)
Hierbei istC' eine beliebige Integrationskontur, die an gegeniuibexhidgn Rissufern startet
und endet sowie die Rissspitze umlauft,, sind die Koordinaten des Normalenvektors zur
Integrationskonturs,; die Koordinaten des Verzerrungstensars,die Koordinaten des Vek-
tors des elektrischen Feldes:,z.5, ko UNd €45, Stellen die entsprechenden Koordinaten
der elastischen, dielektrischen und piezoelektrischeteiddtensoren dar. In (4) kann auch
anstelle einer Funktion aus (2) die FE-Losung des behtamdBroblems mit unbekannten In-
tensitatsfaktoren eingesetzt werden. Die entsprecmelmderaction-Integrale bezeichnen wir
dann mitJ(FEMM ynd JNEEM) - Auf diese Weise lassen sich die gesuchten Intensittsfakto
Ky aus der FE-Losung mit Hilfe des linearen Gleichungsystems

N=LII,IV

bestimmen. Hierbei ist),y die IRWIN-Matrix, welche die Beziehung

G = Z Z %KMYMNKN (7)

N=III,IV M=I,I1,IV

zwischen den Intensitatsfaktoren und der elektromeslshen Energiefreisetzungsratenher-
stellt.

Ergebnisse

Die in diesem Text dargestellten theoretischen Grundlagyees numersichen Werkzeuges
zur Modellierung des Risswachstums in piezoelektrischeretben werden im Vortrag durch
die numerischen Ergebnisse erganzt. Es wird nachgewidsss die adaptive FEM mit zu-
nehmender Netzverfeinerung gegen die exakte analytisigssittzenlosung konvergiert. Die
charakteristische Gestalt der elektromechanischen Felder unmittelbaren Nahe der Rissspi-
tze wird fur Piezomaterialien dargestellt. Die in der mamion-Integral-Technik verwendete

54



t. Janski, M. Kuna, A. Meyer, M. Scherzer und P. Steinhorst

IRWIN-Matrix wird in Abhangigkeit von der Polungsrichtung deartsversal-isotropen Materi-
alverhaltens prasentiert. Im Vortrag wird bewiesen, dissSpannungsintensitatsfaktoren mit
grol3e Genauigkeit mit der Anwendung des in diesem Text wbetjfeen numerischen Werk-
zeuges bestimmt werden konnen.

Zusammenfassung und Ausblick

Es wurden die theoretischen Grundlagen zur Entwicklungsemumerischen Werkzeuges
fur die Modellierung des Risswachstums in einer piezdekthen Scheibe dargestellt. Der nu-
merische Algorithmus basiert auf der adaptiven Finiteertegnte-Methode. Die Intensitatsfak-
toren dienen zur Bewertung des bruchmechanischen Vensaliiese Faktoren kann man mit
der Interaction-Integral-Technik auf effektive Weise imsBprocessing bestimmen. Die theo-
retischen Grundlagen werden im Vortrag durch die numeeisd&rgebnisse erganzt. Die weit-
ere Arbeit besteht in der Formulierung eines Bruchkrit@susowie in der Einbeziehung des
adaptiv-iterativen Solvers in die Simulation von Risswstam.
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Abstract.  The total (linear) energy release rate for crack growth inTPgeramics and
metal/ceramics interfaces is experimentally determingdgia special modulation technique.
In order to achieve stable crack growth a very stiff testirgchine has been developed.

Introduction

The fracture behavior of piezo ceramics under electromm@chbloads is of particular inter-
est, since these materials are used in sensors and actimatersatile technical fields. There-
fore, the fracture behavior of piezoelectric ceramics (P9 well as metal/PZT interfaces is
examined in four point bending under mechanical and eteldeding and conditions of con-
trolled crack growth. The experiments are performed in docnsnade very stiff testing ma-
chine. A special modulation technique allows for the intrgletermination of the mechanical
complianceC,,, the capacitancé€’,, and the piezoelectric compliancg of the specimen as a
function of the crack length. By calculating the derivasived these generalized compliances
with respect to the crack surface area we get the linear p#redotal energy release rate.

Stable crack growth in PZT bulk material

The two cases ’insulating crack’ and 'conducting crack’nitite given field orientations in
Fig. 1 are measured in PZT with stable crack advance. In bathscwe have homogeneous
poling parallel or anti-parallel to the electric far field:eRious experiments have shown that the
crack is semi-permeable to the electric field, because thgue permittivity in the crack inte-
rior is not 1 but around 30 [1]. The geometrical set-up fortisellating crack is shown in Fig. 2.

The total (linear) energy release rate is given in Eq. (1jasgnting a generalized Irwin-
Kies-relation. Its derivation from the corresponding thedynamic potential was done by Z.
Suo [2]. The indeX/ stands for constant voltage ahdfor constant force. We have

F2acY.  v2aCF ac,
Co = 3oa T2 aa TV o @
90 HA 50 HA
r_ (9 v_ (92 _ (Y% _ (9=
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) insulating crack b) conducting crack

—
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——= (] L
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Figure 1: The two relevant configurations of poled piezaeieceramics with crack and electric field distribution,
a) for an insulating semi-permeable crack and b) for a cotirtyicrack.

whereF, V, ), A and A are force, voltage, charge, displacement, and crack sudisa. The
generalized compliances!”, CY, andC, are the capacitance, the mechanical compliance and
the piezoelectric compliance, and are measured accordiBgs. (2).

Scrutinizing the modulation technique and the experimenesults we found that the small
displacement modulation with an amplitude of about 30 nnidgieure linear elastic response
of the material. Thus, we measure solely the intrinsic towgls due to the creation of new
crack surface. It means that the linear elastic energyseleate is separated from dissipative
processes like domain switching. Fig. 3 gives an examplestiaole crack advance in PZT
(PIC151)-bulk material. The diagram shows the mechantbalpiezoelectric, and the electric
contributionGY,, G,, andGL" of the total linear energy release rate. Here, the samptaded
by an additional external field of 375 V/mm, perpendiculaht crack surface. The sum of the
three contributions yield a value around zero*/which would not be physically meaningful.
Thus, the total linear energy release rate is not a gooduidariterion but more likely the
mechanical part of it. This was proposed before also by PadkSan [3].

mechanical F F
load 2 E
F -l HV =+
2 poling T electric
direction load

Figure 2: Schematic four point bending set-up for the insudgcrack.

In the case of PZT-bulk material the effect of an externaitelefield is quite different for the
insulating and for the conducting crack. Having an insatatirack electric fields between -500
and 500 V/mm yield changes 6f" of the order of 10 %. This is much less than theoretically
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predicted for the impermeable crack, implying that therinteof the crack is highly permeable
to electric fields, as said before. In the case of a conductiagk (see also Heyer et al. [4]),
realized with a NaCl-solution in the crack interior, theeetfof a corresponding electric field is
of the order of 100 %. For example, with the appropriate fisldation the crack grows slowly

by its own without any mechanical loading, which is in agreatwith theoretical predictions.

(For the conducting crack only th€-factors were evaluated.)
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Figure 3: Linear contributions to the total energy releade.r

Stable crack growth in metal/ceramics interfaces

The modulation method was applied also for metal/ceranté@fices in commercial piezo-
electric actuators. For PZT-bulk material as well as foritherfaces in multilayer actuators the
experimental data are compared with FEM-calculationgntakito account the piezoelectric
coupling and the layout of the inner metal electrodes of tteator. The theoretical and exper-
imental data agree quite well. Technically it is more diffica achieve stable crack advance in
metal/ceramic interfaces than in PZT-bulk material, beedn the first case the fracture tough-
ness is much lower (compare Figs. 3 and 4).

An example of the linear energy release rate measured aloa@fothe inner electrodes of a
multilayer actuator is given in Fig. 4. The polarizationlo¢tactuator was not alternating like in
the commercial case but unidirectional. The external Btefteld, applied parallel to the direc-
tion of the poling field, was switched on and off in order to aeeeffect on the energy release
rate. If there is any effect, it is rather small. When switghoff the electric field at about 2.2
mm crack extension, it seems th@} goes down a little bit by the order of 10 %. Also here the
crack is semi-permeable. Furthermore, it can be seen thdbtal linear energy release rate,
given by the continuous line, is not a valid fracture crid@ti An appropriate criterion is given
more likely byG}, or by the sunGY, + G,. (The problem tha€:?, for example is not invariant
to variable transformation is not addressed here.)

In the current experiments with interfacial crack growthcimenical mixed mode loading
is investigated in an experiment of asymmetric three poamiding with stable crack advance.
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Figure 4: Energy release rate for crack growth in a metalme&raterface.

The notch is shifted away from the middle position betweenldhver support rollers, yielding
a combination of the stress intensity factdfs and K;;. During the measurement the crack
does not bend off but stays in the interface. The crack mdoglyadepends on the poling con-

figuration.

Thus, a new method is presented which allows for the detextioim of the total linear energy
release rate including the mechanical, the electric, aagibzoelectric contribution for crack
growth in piezoelectric ceramics. A paper [5], describing €xperiments in detail for the case
of PZT-bulk material, has been accepted for publicationtardother papers are in preparation.
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Abstract. After a short historic note on ferroelectrics, we will inthace the basic mesoscopic
domain mechanisms typical of these materials and theiticgldo macroscopic hysteresis phe-
nomena and piezoelectric properties. After this introdutctwe will present a micromechani-
cal finite element simulation of a ferroelectric volume edatwhere each grain exhibits single
crystal behavior for the switching of its domains. Next, viletwrn to macroscopic constitutive
modeling. We will present a phenomenological as well as aamechanically based model.
We will present applications of these models to the anabfgi®ling processes of piezoceramic
devices.

Introduction

In most cases, the piezoelectric effect is utilized by mexdrisrroelectric ceramics. The elec-
tromechanical coupling properties of these materials atessed by distinct features of their
perovskite microstructure. Below the Curie temperatuaehegrain possesses a substructure
of so-called domains, being regions of uniform orientatwdnthe micro-dipols of the crystal-
lographic unit cells. Upon application of electric fieldsdamechanical stresses of sufficient
magnitude, these domains can be reoriented. In particthlarso-called poling process by
strong electric fields leads to the orientation of the domairthe direction of the field resulting

in a macroscopic piezoelectric effect from the microscqpézoelectric contributions of the
domains.

Domains and Switching Mechanisms in Ferroelectrics

Piezoelectricitys a phenomenon related to a distinct anisotropy of the reianoture, theolar
symmetryand, additionally, to a high degreeafder of this anisotropy. Despite of the random
orientation of their lattice axes, certain polycrystalsgessing the so-callgmerovskite struc-
ture may exhibit piezoelectric coupling below the Curie tempama Inside each grain of such
a material, there aromainswith different orientation of the polar symmetry and the alaifity

for piezoelectricity is caused herroelectricity This means that the orientations of these do-
mains may bewitchedby electric or mechanical loads of sufficient magnitude. Bs/oling
processthe orientation of domains is ordered in the direction ofrargy electric field leading
to a netremanentpolarization and piezoelectric properties on the levehef polycrystal, see
Fig. 1. For a detailed discussion see [1].
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@ @ @

Figure 1: Schematic sketch with idealized domain statesatith)g the microscopic origin of the macroscopic
dielectric and butterfly hystereses as the materials ressptina cycling electric field with amplitudes of approxi-
mately twice the coercive field strendili. The ferroelectric material exhibits macroscopic piezogic properties
in the poled states 2-3 and 5-6.

Micromechanical Volume Element

As shown in the previous section, there is a clear understgraf the microscopic domain
switching processes underlying the macroscopic behawviferroelectric materials. Microme-
chanical concepts allow for the physical modeling of prgesson the grain level and their im-
pact on the properties of the polycrystalline aggregatéhigisense, a two-dimensional volume
element under plane strain conditions has been considsgedhe left panel of Fig. 2. Grain
to grain interaction and electromechanical field coupling taken into account by the finite
element method. Each finite element is identfied with a féeatec grain possessing single
crystal properties for the switching of its domains accogdio the model by Hubegt al. [2].
By means of this model, the influence of grain to grain inteo&icand of the orientation distri-
bution of the lattice axes of the grains can be discussed3$eAs a example, the right panel
of Fig. 2 shows the strain repsonse of the polycrystallirgreggate to the poling process.
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Figure 2: Left: polycrystalline volume element consitifgl@x10 ferroelectric grains. Right: Strain response to
electric loading (poling).

Constitutive Modeling and Finite Element Simulation

In the literature, a general structure for macroscopic ttutive models based on the additive
decomposition of polarization and strain into reversilpie£oelectric) and irreversible (rema-
nent) parts has been established, see [1]. A phenomenalagiostitutive model has been
introduced which is based on the introduction of two typesoafling criteria [4]. The first

type of loading criterion indicates the onset of changingreiversible polarization and strain,
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respectively. The second group of criteria correspondsftdiyaswitched domain state where
no further changes of the irreversible quantities occue fdsulting constitutive model repre-
sents all electric, mechanical and electro-mechanicaehgsis properties of ferroelectrics in
a simplifying multi-linear manner (left panel of Fig. 3). pwiting the model structure based
on the above mentioned loading criteria, the model has beplemented in the public domain
finite element code PSU by means of a customized predictoeaor algorithm, right panel of

Fig. 3 [5].
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Figure 3: Left: Butterfly hysteresis according to the pheanoiogical constitutive model [4]. Right: On the
predictor-corrector scheme for this model.

In a different constitutive model following a somewhat imbediate approach between pure
phenomenological and micromechanical modeling, a stegifumapproximation for the orien-
tation distribution of the domains is introduced, wherephaeameters of this function serve as
internal variables (left panel of Fig. 4). Exploiting thea@kius-Duhem inequality, thermody-
namically conjugated driving forces for the internal vates are obtained. The normality rule
is applied to a convex switching function to obtain the etioluequations for the internal vari-
ables in terms of ordinary differential equations. The tiganel of Fig. 4 shows the butterfly
hysteresis as it is simulated by this model. For a detailsgrgation see [6]. This constitutive
model has been implemented in PSU by means of a Euler backmtagtation scheme and a
numerically computed consitent tangent operator.
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Figure 4: Left: Approximate orientation distribution furen. Right: Butterfly hysteresis according to microme-
chanically motivated constitutive model.

For example, the poling processes in piezoceramic tubelsdesanalysed. It can be shown
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that, depending on the ratio of inner to outer radius, dueferraelectric Bauschinger effect,

complete radial poling of tubes may be impossible, leadiniglhomogeneous electromechan-
ical fields in the tube wall. Fig. 5 refers to a tube with a indexmeter of 17.5mm and a outer
diameter of 20.5mm. At the instant of a maximum poling vodtam almost homogenous ir-

reversible polarization state close to the saturationrpaiion is reached. During unloading,

electric depolarization is initiated close to the outeraoirface, since the local electric field
assumes neagtive values even beyond the coercive fieldystrefror a detailed discussion of
this phenomenon see [5].
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Figure 5: Left: Radial distribution of irreversible polzation in the tube wall for a maximum poling voltage
applied in radial direction and after electric unloadingghR: Local electric field-electric displacement history
during poling and unloading for positions A and B close toitireer and outer tube surfaces, respectively.
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Abstract. This paper is concerned with a macroscopic constitutiveflandomain switching
effects, which occur in piezoelectric ceramics. The thelynamical framework of the law is
based on two scalar valued functions: the electric free Gibbergy and a switching surface.
In common usage, the remanent polarization and the remasteaih are employed as internal
variables. The novel aspect of the present work is to intcedan irreversible electric field,
which serves besides the irreversible strain as internalade. The irreversible electric field
has only theoretical meaning, but it makes the formulatenysuitable for a finite element im-
plementation, where displacements and the electric piaieare the nodal degrees of freedom.
The constitutive model reproduces the ferroelastic andeheelectric hysteresis as well as the
butterfly hysteresis and it accounts for the mechanical @eation effect.

Introduction

Piezoelectric devices are found in a wide range of appbaatie.g. ink jet printers or fuel
injection systems. The present work is motivated by the sstyeto calculate the stress state
in piezoceramics as precisely as possible. Macroscopiodeia which are thermodynamically
consistent are based on the electric free energy and on om®rmer scalar valued switching
surfaces. In [1] several switching criteria are used to i@rihe different ferroelastic and fer-
roelectric hysteresis. For the coupled model of [2] only sw#ching surface is employed. In
[3] a coordinate invariant thermodynamic consistent malptoposed, which accounts for the
ferroelectric hysteresis and the butterfly hysteresis.mbdel of [2] additionally considers the
mechanical depolarization effect. A fully coupled conttibn is presented in e.g. [1] and al-
lows in addition for the calculation of ferroelastic hyseis effects. A popular assumption, see
e.g. [1], [2], [3], is the one-to-one relationship betweka irreversible strain and the remanent
polarization, which simplifies the constitutive law andbals remanent polarization to be used
as the only internal variable. The main features of the mitgs&per are summarized as:

* A macroscopic constitutive law based on a thermodynaigi@mework is derived. The
formulation is based on the electric free Gibbs energy ana witching surface.

* An irreversible electric field is introduced. This and theversible strain field are used
as internal variables to control the switching surface.

* No one-to-one relation between the irreversible strauh e polarization is employed.
Here, it is distinguished between an irreversible straia tustress application and irre-
versible strain arising from polarization.
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* In the paper a finite element implementation in a brick eletmseprovided. The evolution
equations for the internal variables are integrated by auliamintegration algorithm.

» The formulation accounts for ferroelastic, ferroelextmd the butterfly hysteresis as well
as for mechanical depolarization effect.

Gradient fields

The strain field read® = 1(V ® u + u ® V), whereu is the displacement vector afd
the Nabla operator. An irreversible strain is obtained wtiemain switching processes occur
due to a stres§. An idealized stress strain relation is shown in the Fig. Fay S;; = 0 and

v E, En ‘ # o # A
’ E, ¥ E-E, ¥

Figure 1: a) Idealized ferroelastic hysteresis and b) idedldielectric hysteresis

E1; = 0 an unpolarized ceramic is assumed. Increasing the stressthp coercive stress.
domain switching starts at point A in Fig. 1a). The switchprgcess results in an irreversible
strain E{,. The process stops when all domains are switched, at pointMgi. 1a). At this
point the maximum irreversible straifii, = FE' is obtained. The total strain is defined as
E = E" + E', whereE" is the reversible strain.

The electric field is defined a& = —V, wherey is the electric potential. In Fig. 1b)
an idealized dielectric hysteresis is shown, in whibhis the dielectric displacement. K,
is smaller than the coercive fielH. the material is characterized by the dielectric constant
e. Alternatively a coercive polarizatioff, = E.. ¢ is introduced. The domain switching and
therefore the polarization process starts at point C ang emgoint D, see Fig. 1b). The
maximum irreversible polarization is the saturation piation P,, or the irreversible electric

saturation field defined @ := P, /. This implies the idea of an irreversible electric fiitl

Thermodynamic framework

In this section the constitutive law is developed for potystalline materials under isother-
mal conditions for rate-independent deformation and fma#éion processes. The electric free
Gibbs energy is defined as

BT @)
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C denotes the elasticity matrix,the piezoelectric modulus arg is the polarization direction.

The hardening functiod(El E") depends only on the internal variables, for further discus-
sion see [4]. According to the 2nd law of thermodynamics thesigation inequality reads

D=S:E—-DE— ¥ > 0. Following standard arguments stress and dielectric aligphent
are obtained as

o < Ei~ep .

=—=C:(E—E' - "E
S 5E C:( )+ 5 e o
. E. , L
p-X_Fe By (E-F)
OE Ei
The dissipation inequalitf = — Eiw S 8Eiw . E’ > 0 motivates the definition of

the work conjugate variables &:= —0 g1 and D := ~0 4. The vectorP is defined as

P = e E which is the negative polarization vectB. The evolution equations of the internal
variables are derived by the principle of maximum dissgrativith the switching surface as
constraint, which is defined as

& e A2 P. I
35:P:5 (D-e) fP-P) | 3)

P P P

Here,£ is a material parameter afitl= 1— %1@1 the deviatoric projection tensor. The function
f considers the fact that mechanical depolarization occohg io polarized ceramics which
are subjected to a compression stress, see [4]. A matheinaéscription of the optimization
problem is given with = —D(S, D)+ ¢(S, D, S, P), where) is the Lagrange multiplier.
The evolution equations read

2292 3 pg L s 2 Of
oy 0o 2 . 2 o
E :)‘aj):)‘?cz(D'ep) ep“‘)‘gsgﬁszf(P‘ep) €p - (5)

An additive decompositiom?i — g + E” of the strain into a part arising due to mechanical
de|o‘olarizationl'+7sZ and a part occurring with respect to ferroelectric domaiitcdwng effects

E""isintroduced. Employing the backward Euler implicit tinméggration scheme, the discrete
evolution equations are obtained.

Variational formulation and finite element approximation

A mechanical force or a displacemeni may be applied to the boundary of a boBy,
which is denoted wit3,, andoB,,, respectively. The governing equations are the balance of
momentumS - V + pob = 0 in B, wherep,b denotes a body force and the local form of Gauss
law D - V = 0 in B,. The corresponding boundary conditions are givel$as— ¢ = 0 on
0By andD -n = 0 on 0By, wheren denotes the normal outward vector @8,. The weak
form of the governing equations is given by

o o _
om = /<8E 6E+8—E 6E)dV—/,oob-6udV—/t-6udA = 0. (6)
Bo BO 830
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The virtuell gradient fields readlE = § (V @ du + du @ V) andéE = —Vip.

The finite element approximation is constructed by dividing whole domain in element
domains withB, = U™, , wherenelm is the total number of elements. The hexahedral ele-
ment has eight nodes and trilinear shape funchigiat the nodd = 1..8. The approximation of
the geometry on element level (indexreadsX " = Zf,:l Ny X ;. The vectorX ; contains the
nodal co-ordinates. The interpolation functialis are arranged in the matri¥ = [N, N,

N3, N4, N5, Ng, N7, Ng] with N; = diag[N;, N;, Ny, N;|]. By means of the isoparamet-
ric concept the geometry, the displacements and the elgmitential are approximated with
the same interpolation functions ds = [uh @Q}T = N v, .The vectorv, is defined as

v = [ul, 1, ul oo, ul, o3, ul, @4, ul o5, ul e, ul o7, ul wg)t. The approxima-
tions of the gradient fields regdz” EQ]T = Bwv,. .The B-matrix contains the derivatives of

the shape functions. The approximation of the weak form &jis(observed on element level

as
W
h e T | OE | 7 (Pob B r [t
PR [/ B 5o |- N <K) dv /N (U)dA] o
Be OF 0B

R
After assembly over all elements” = A" sz one obtains the residual vectd®®" —=
Aretm R andv = Ar¢™v,. Due to the fact that) is a nonlinear function of andw the
equationit” = 0 is solved iteratively by employing the Newton-Raphson iitlne finite el-

ement method. During the load stgp.,, t,,| the residual vector (7) dt,,; is expanded in a
Taylor series, which is truncated after the linear element

h (k)
ey, ORGY
Rn+1 +0T:1Av”+1_0' (8)

The nodal degrees of freedom are determineab 3§, = v, + Av!"!", where the super-

script (k) denotes the iteration step. The last equilibrium state isiciered as start value for
the first iteration and read,éf}rl = vU,.

Numerical example

FE, =F, = E3 =80- 106kN/m2

Vig = V13 = o3 =0

G12 = Glg = G23 =40 - 10° kN/m2

B13 = —12.0 C/mz, B33 = 25.5802 C/m2

€3 = —12.0C/m?, e = 15- 107 C*/kN m?
E =0.002, EL = 20-10°kV/m
P.=15-10"2C/m?, S, = 50 - 103 GN/m?
€=027,h=1-10kN/m2, m; =1, m, = 1
k=¢-0.999, a = 0.02/arctantil/b) C/m?

b = 1.00005, ¢ = 0.1 -10°kN/m?

Figure 2: Boundary and loading conditions along with theli@dpmaterial parameters
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The first example shows that the proposed model is able taieagte different hysteresis
loops. A cube with an edge length bf= 10 mm is subjected to either an mechanical fofcer
an electric potentiap. The boundary conditions are shown in Fig. 2. The materiedipaters
are chosen as a rough approximation of soft PZT and are sumedan Fig. 2. The hysteresis
effects for different load cases are depicted in Fig. 3.

a) 2 b) ©
15 . / 1
) R R~ o ///
Z 05 L2
[\ [\
iﬁ 0.5 / .= 1‘5_4 /
|7} A %]
1 — //
8 Es3/E} 5
15 S Hi Bl B2 /EL 1
) . (B e ®
-15 -1 -05 O 05 1 15 2 01 02 03 04 05 06 07 08 09 1
strain dielectric displacement 133 / ﬁs
1.4
C)iw - D 15— ——
Q1 S /77’ 1 T —
= 0.8
: s
g 05 0.6 \ , /
3 / = 0.4 \ / . E33/E; —\ /
5 0 z \E|/EL, Exp/EL - | /
g £ 02 PR \/
©-05 0 N N
g / ) 0.2 & NN
—
g 1  —— -0.4 B Bt S
% | — 0.6 b T T
<-15 -0.8
-2 -15 -1 05 0 05 1 15 2 -2 15 -1 05 0 05 1 15 2
electric field Es / E, electric field Es / E,

Figure 3: a) Ferroelastic hysteresis, b) mechanical degation curve, c) dielectric hysteresis and d) butterfly
loop
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Abstract. The stiffness of elastic composite materials depends omstitfieess of each of
their constituents. In case one phase with a negative stiffiis included, theory predicts that
the overall composite stiffness can increase far beyondtiffaess of each of its constituents.
Unfortunately, a negative-stiffness material is unstdylé@self — a free standing body must have
positive-definite elastic moduli, which prohibits the exiee of negative stiffness. We will show
that not only can a composite material containing a phasdrtanegative stiffness be stable
overall, but also that experimental evidence has been fdointhe predicted bound-exceeding
performance of such composites.

Introduction

Composite materials theory limits the attainable overlbc moduli of a composite in
terms of the properties of its constituents, presumingtpesdefiniteness (positive stiffnesses)
for each constituent to ensure overall stability. Paul ardad well as Hashin and Shtrikman
[1] were at the forefront of investigating the overall stéfs of a two-phase composite material,
providing upper and lower bounds on the overall stiffnesgs®ming materials with positive
stiffness, their results show that the overall stiffnesthefcomposite cannot exceed the stiffness
of its stiffest constituent. Admittance of a negativefatfs phase, however, facilitates the
composite material to strongly exceed these classicaldsf®) 3].

It is well known that a body with pure traction boundary cdiodis (e.g. a free standing
body) must have positive-definite elastic moduli (i.e. pwesistiffnesses) for stability [4]; a
body that is completely geometrically constrained (purgpldicement boundary conditions)
must have moduli that satisfy the weaker condition of streHigticity, which permits nega-
tive stiffness (specifically, negative bulk and Young’s mbd[5]. A key means to stabilizing
negative stiffness therefore is a sufficient geometric taimg. This suggests that if a mate-
rial having negative stiffness is trapped in a sufficientlff snatrix, the matrix functions as a
geometric constraint so that the composite can show osteddllity.

A two-dimensional (plane strain) model of a simple two-ghasmposite material is em-
ployed in order to obtain restrictions on the elastic moddlthe constituent materials of a
composite consisting of a circular inclusion with a concentoating. Our results show that
coated inclusions may indeed have negative stiffness ifwitie range of strong ellipticity),
given a coating with sufficiently stiff elastic moduli (th@antitative restrictions on which we
derive), while retaining overall dynamic stability of theraposite.
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coating:
Hys Ay

Figure 1: Schematic illustrating the composite model areddsfinitions used in the present analysis.

Although negative stiffness is unstable by itself, it is §ibke to realize negative stiffness by
making use of the energetic effects of phase transitions:stiuctural transition of BaTiQwas
used to generate particles with negative stiffness in asétal matrix of pure tin by employing
the stiffness of tin to prevent the inclusions from undenga phase transformation. Viscoelas-
tic experiments [6] on these novel Sn-BafiGmposites confirmed an extreme increase (that
exceeded the classical bounds) in stiffness as well as diesnmathe damping capacity which
can only be explained by a negative stiffness in the trappeticpes during transformation.

Theoretical Composite Model

Assume a two-dimensional, homogeneous, isotropic andriaekstic composite in plane-
strain that consists of two phases, viz. a circular inclusibradiuse and elastic modulk; and
111, With a concentric coating of thicknegsand elastic modulh, and ., as sketched in Fig.
1. Drugan [7] showed for this two-dimensional model thaingdill's energy-based sufficient
condition for stability, the inclusion may indeed exhibieraly strong ellipticity if the coating
is sufficiently stiff (within positive-definiteness) to ame overall stability, presuming a very
thin coating. Now, let us consider the dynamic stability fué atbove composite with arbitrary
coating thickness.

The composite is governed by Navier’s equation

2
8t2u_pB+V o.

Furthermore, assume linear elasticity and the absence dyf fuoces. Making a separation
ansatz and using an infinite sum expansion, one can solvedayeneral representation of the
displacement fielai(r, 0, ¢) for the circular inclusion and the concentric coating ingvaloor-
dinates [9]. Finally, applying boundary conditions (trantfree outer surface) and continuity
conditions (continuity of tractions and displacement®ssithe interface between inclusion and
coating), one can derive the general form of the displacéfedds in the inclusion and in the
coating for the present composite model, which may be aldtesz\/

’f’ 9 t Z Z u,, zm@eztiwt

m=—o0 weW¥

70



D. M. Kochmann, W. J. Drugan and R. S. Lakes

wherer and@ are the polar coordinatesjs time, U,, is a vector-valued function of andm,
with U_,, = U,,, ¥ is the set of (an infinite number of) solutions fowhich is obtained from
applying boundary conditions.

Define instability as the situation in which an initially skingerturbation of the displace-
ment field increases with time. Then, the stability requiatrfor our composite model simply
demands that every € W must be real to avoid exponential growth of the displacerfielot

Now, the problem of determining admissible ranges for thestituent elastic moduli; and
1; reduces to finding those ranges)efand; for which only real solutions fow exist. These
ranges are easiest to find by examining imaginary valuesasfd evaluating the six necessary
conditions numerically. From this analysis, one can obthesought ranges for the elastic
moduli.

Our results confirm those of Drugan [7] for a thin coating,itft@usion can always be merely
strongly elliptic (i.e. have negative stiffness) so longtlaes coating is sufficiently stiff; both
energy and dynamic approach give identical moduli requemrasifor stability (withd < [0, 1]):

Ba 1 - 8%
p >0, A > —(14 8)w, po > 5ok, Ay > =G M
=50,

For a thick coating, we find the restrictions on the coatinglolidoecome weaker [8] so that
the coating may be less stiff while still permitting negatstiffness in the inclusion. We will
present explicit representations for these results.

Experimental Investigation
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Figure 2: Viscoelastic Young's moduly&™*| and dampingan § vs. temperature of a Sn-BaTiG@omposite
showing an extreme increase in stiffness. Modified aftelidsid, Kochmann, Stone, LakeScience2007 [6].

Recent experimental results give evidence for bound-ekogeerformance of a composite
containing one phase with negative stiffness[6, 9, 10].iAghe key issue is to geometrically
constrain the phase with negative stiffness. Barium tt&a(BaTiO;) is a ferroelastic ceramic
which undergoes a structural transition near°120changing its microstructure from cubic to
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tetragonal unit cells upon cooling. Governed by Landaweptii of phase transitions, the free
energy of the strained BaTiody has one global minimum at temperatures above transitio
which changes into a local maximum below the transition terafure7,.. After cooling be-
low T, the body is in an unstable equilibrium, facilitating a sttappugh effect upon further
straining which corresponds to the effect of negativersss.

Specimens of pure tin with 3 to 10 vol.-% of BaTi@articles were prepared (using an
ultrasonic casting technique) and tested by emploBngadband Viscoelastic Spectroscopy
[11] to measure the viscoelastic Young’s modylis| and the dampingan ¢ (whered denotes
the phase lag between stress and strain) at 100 Hz in benaihig éorsion.

Results show that the structural transition in the BaTgarticles gives rise to extreme
anomalies in the composite’s Young's modulus and the daghpinhe overall composite (see
Fig. 2), resulting in a Young’s modulus that temporarily @ds that of diamond (1000 GPa)
[6]. Such a strong increase in stiffness cannot be accohgai®y means of positive-definite
materials and is theorized to be due to a temporarily negdtitk modulus in the BaTi©Q
inclusions.
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Abstract. We discuss principles of modeling for linear and nonlineaperties of ferroelec-
tric ceramics by means of internal variables. Some receslts are reviewed.

Introduction

Ferroelectric materials, in particular ceramics, are iggimcreasing interest because of their
possible application in smart structures as actuatorsrsoss. As a consequence of the fer-
roelectric/ferroelastic phase transformation duringliogofrom fabrication temperature to am-
bient temperature, a domain structure is formed inside thmg of a polycrystalline material.
Each domain is characterized by a special orientation atrtal polarization and mechani-
cal transformation strain. After a poling process, whickates a non-isotropic distribution of
domain orientations, these materials exhibit interedtimgar and non-linear electromechanical
coupling properties.

The effective (overall) behavior of ferroelectric ceramis strongly dependent on the single-
crystal properties, on the domain configuration and on tlanegrain interaction inside the

polycrystalline material. In addition, one has to distirsiubetween intrinsic properties which
are due to the crystal structure itself and extrinsic cbotrons which are caused by domain
reconfiguration processes under the application of exteteetrical or mechanical fields.

The general relationships between the field quantitiesstre straine, electric field E and
electric displacemenb are given by

_ E
Eik =  SikimPlm + dlikEl + c":‘fk

wheres”, k° andd are the linear elastic, dielectric and piezoelectric camst, respectively.
The terms* and P° describe the remnant strain and polarization, which argéaspontaneous
polarization and transformation strain (here for vanigtstress and electric field).

It is convenient to replace the symmetric second order tsnsstress and strain by x 1
column vectors using the standard Voigt replacement obtanslices. In addition one formally
combines the mechanical and electrical field quantitiéssinl column vectors:

j:(%ﬂi) f:(%c:) a=12 .6 )

Thus the constitutive equations can be written in the compatation
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jp:qufq"‘j; p,g=12,...,9 3)
where the material constan®’, k° andd are comprised by and the remnant quantities
e® and P¢ are included iny*. On the single-domain level these properties are givennmabte
constants. On the polydomain level and for the macroscagscription, the constants become
effective properties which are composition-dependent amareover, the remnant quantities
become field-dependent.

Polycrystal-polydomain model

We present a model which is based on the notion of a laminaadostructure wittH0° domain
walls as typical for tetragonal ferroelectric crystals.

In the first step a laminar stack of two types of domains (witfecential thickness) is modeled.
This is done for thin layers of homogeneous domains whereefadts can be neglected. The
resulting homogenized material law has just the form of tll law but is now valid for
averaged grain fields:

ng(lln LgTCLZTL gTCLZTL +js gT(lZ’fL (4)
The effective grain properties depend on the propertiee@tingle domains and on their rel-
ative thickness, which is equivalent to their respectivieivee fractions in the considered grain
(denoted by = ¢ and¢® =1 —¢):

rq

Lgrain _ grazn (5 L L(Z)) 7 ]5 Jgrain __ ]S ,grain (g L L 7'73(2)> (5)

In a second step the polycrystalline arrangement of honingeérsingle-crystals is modeled
by the standard effective medium approach where the ingatidrystals are embedded into
a matrix which just possesses the still unknown properties. the solution of the inclusion
problem one needs the coupled Eshelby tensor (see e.g. iidhwescribes internal fields for
inclusions in an (effectively) homogeneous matrix. Aftasugable averaging procedure over all
possible grain orientations, one gets an implicit equdtiam which the effective (macroscopic)
propertiesL* andj* can be calculated (for details see e.g. [2]).

Depending on the assumption about the local values of thenefraction (which may fluc-
tuate from grain to grain), different types of material babacan be modeled:

a) If¢iskept fixed at a value 0.5 in every grain, one obtains thesitr linear response of the
polycrystalline material.

b) If ¢ is allowed to vary by domain wall movement in such a way thatgbtential energy of
the grain interacting with its surroundings is minimizede@ets the extrinsic response which,
for low applied fields, is still linear. The extrinsic resgancontributes to the dielectric and
piezoelectric effective constants in the same order asithi@sic constants.

c) For larger applied fields (in the range of the coercive figddmain wall motion becomes
dissipative since domain pinning points (obstacles) masiyercome by thermal or athermal
activation. In the model this can be taken into account bigassy a dissipative specific work to
the domain movement. One obtains a large-signal resporike afaterial showing hysteresis.

In case c) the resulting implicit equations are solved nucad#y in an iterative scheme. Details
of the calculation method are provided in [3].
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Semi-phenomenological rate theory

When one is concerned with the application of ferroelestiicdevices with inhomogeneous
field distributions (e.g. a multilayer actuator or a foillstture with a special electrode design),
one is confronted with a general boundary value problem vbetermines the inner fields in
the device. Although, under service conditions, the maleési normally driven in the linear
small-signal regime, one nevertheless has to analyze thinear poling process. Then the
detailed description of domain processes in a polycrystathaterial gets too time-consuming
and becomes intractable. Here one needs a more phenomieabkggproach for the descrip-
tion of effective material behavior which keeps the basatudees of ferroelastic/ferroelectric
behavior yet is sufficiently simple to be implemented inton#di element code.

A good compromise is inspired by the viscous approach tatipis Instead of a definite
threshold for the onset of nonlinear domain reconfiguratoore postulates a rate equation for
the remnant parts in the constitutive equation. This schieasebeen successfully adopted to
shape memory alloys by Miller [4] and to ferroelectric nniatls by Huber&Fleck [5].

The general scheme can be sketched as follows. We introdseedd structural variables.
(r=1,2,...,n) with

0<6<1 > &=1 (6)
r=1

and write the effective remnant strain and remnant poladzas a weighted sum of the corre-
sponding values of a set effixed orientation variants of domains:

%=i&%” Ezi@ﬁ“ (7)
r=1 r=1

(and with similar equations for the linear material contgatomprised inL). The unpoled
starting state is then described by an equal weight¢,.e- 1/n. Strictly speaking, the weights
&, are not internal variables as it is sometimes assumed, #iecenergy of surface or inter-
face depolarization fields can not be described in terms yf §nand requires more detailed
information on the domain structure. However, in the serisephenomenological approach it
should be justified to usg as internal variables.

In the literature today one can find many models which diffiethie number of variants chosen
(fromn = 2 for domains with180° orientation difference, over 6 corresponding to tetragjona
ceramics witlD0° orientation differences, up 2 describing 7 systems were each has 6 variants
of the90° type). Another difference in models lies in the assumptamrttie evolution equation
for the internal parameters. Here most models assume thdtahsition between variants
ands is driven by the free enthalpy changg. The relation between the transition rate and
the change in free enthalpy requires a certain physical motleducing a corresponding time
scale. In our model we assume a thermally activated meahasfissomain wall motion in the
field of local (short-range) obstacles and adopt the follma@quation for the transition rate.,
from variantr to variants [6, 7, 8]:

Wyg = Wo €XP (—A];;{O <1 - %)) (&)" Sr = Z (+wsr — wys) (8)

Ye s=1
Here A H, is the activation barrier heighj, describes a transition threshold (obstacle strength),
and the prefactor contains a general frequency constanThe saturation effect related with
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structural changes is described by an adjustable paramefBne main advantage of this ap-
proach lies in the fact that the dependence on temperdtumed also time effects can easily
be taken into account. In the talk we demonstrate the applityaof this concept to re-poling
processes (a poled material is poled into another direcfignfrequency-dependent hysteresis
curves [6], temperature dependent coercive fields [8] ard $ienulations in a sheet actuator
with interdigitated electrodes [9].

Summary

Depending on the problem, different models can be utilizedalculate the effective linear
and non-linear behavior of ferroelectric/ferroelastictenals. In all cases considered here,
a certain set of internal variables is used to describe theptex domain structure met with
polycrystalline materials. This reaches from a detaileairgspecific description, where the
internal parameters are determined from a local equilibnivith an effective surrounding, to a
more phenomenological approach with a limited set of irdkevariables whose time evolution
is described by means of rate equations inspired by theylwdhermally activated processes.
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Abstract. For investigations on the strongly coupled thermo-meataiyehavior of supere-
lastic NiTi SMA a complex experimental set-up has been deedl It allows for high spatial
resolution strain and temperature measurements simubiaslg. The experimental program
covers the range of strain rates froth001 s=! up to 0.05 s~ for up to 15 tensile cycles.
The highly inhomogeneous transformation process alongxie of the specimen was inves-
tigated. Selected stress, strain, and temperature datgpegsented. A critical evaluation of
the dependency of these state variables in view of the staagnvariation and the number of
cycles, i.e. the training process, is given. It is shown thattraining conditions not only affect
the material parameters like transformation stresses sideal strains but also the character
of phase transformation.

Introduction

Stress induced direct and back phase transformations efelagtic SMA proceed at differ-
ent stresses and with heat release (exothermic) duringnigashd heat absorption (endother-
mic) during unloading. On the other hand the mechanicalgnas of SMAs are very sensitive
to slight temperature changes. Therefore the materiaMi@haf SMAs can only be understood
by taking into account the thermo-mechanical coupling.

However, not only thermo-mechanical but also micro-meadarffects have a distinct in-
fluence on the mechanical response of SMAs. The structurerafrercially available NiTi
SMAs is polycrystalline. The combination of large deforioas of single crystals, stipulated
by the crystallographic nature of martensitic transfoiorgtand the interaction of arbitrarily
oriented grains within the macro body produce a lot of otlffexces like training effects, residual
strain accumulation, hardening at the final stage of direat@nsitic transformation etc.

The reasons mentioned above as well as own investigationgg,c7, 8], and publications
of other authors, cf. [1, 2, 3], motivate to perform expentsewith a high spatial resolution in
order to study the correlation between the macromechar@spbnse of the material on the one
hand and the stress, the local strains, and the local tetopesaon the other hand.
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Description of test facility and program of experiments

For the basic investigations presented in the followingewpecimens with a circular cross-
section have been chosen. Due to the round cross-sectiorekatislely low heat exchange
coefficient on the surface the heating process of the spedsneearly adiabatic at high strain
rates. Another reason to choose wire spicemens is the faditey are commercially available
at a reasonable price in a known quality. The wire material mearly equiatomic NiTi alloy
(trade name SE508, manufacturer EUROFIlex) uiNth— 50.8 at%. It shows good superelastic
behavior at room temperature.

Grips
] View: A
Specimen 5 0.9mm

ki

2

50 mm
20 mm

=

Lg
Lm

0.5mm

Ld=1mm

Figure 1. Wire between the grips of the testing machine)(kefd specimen preparation (right). The numbers in
the boxes indicate the locations of the measuring domains.

The experimental set-up was build around the electro-nrechkltesting machine (TIRATest
2410) for uniaxial tension and compression tests. Thestn@asurements are carried out using
a laser extensometer (P-50, Fiedler Optoelektronik), vhitows the measurement with the
precision0.5 xm and maximal resolution of; = 1 mm (see Fig. 1). 19 measuring domains
are placed along the measuring distainggein the middle of specimen. The numbering of the
domains is shown in Fig. 1. The surface temperatures in ttesungg region were measured
by an infrared camera (ThermaCAM Phoenix, FLIR Systems) with the precisior2 °C
and resolution approximately 125 mm. All devices are synchronized for simultaneous data
acquisition at a frequency df0 H -.

The strain controlled experiments cover the range of stati#s fromé = 0.001 s~ ' toé =
0.05 s~1. The cyclic loading is performed without stop before uniogd Each specimen was
loaded in tension for 15 cycles. The initial amplitude focleaew specimen is,,,, = 0.001.

To avoid the drift of the mechanical hysteresis into the gagdf plastic strains the absolute
maximum elongation of the specimen in all cycles was preskas reported in [4, 5]. Each
new tensile test is started at a preloa@@fN (the maximum load is aboat0 N).

Experimental results and discussion

Measurement of spatial strain distribution

In Fig. 2 the spatial distributions of strains along the kngf the specimen are shown at
various loading steps, i.e. with respect to time.

Fig. 2a depicts the strains in the first cycle with the speanino@aded at a strain rate of
¢ = 0.001 s—%. The diagram shows that one local phase transformatioomegas built in the
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Figure 2: Strains along the length of the specimen with retsipetime. Upper rowz = 0.001 s~ ', a) ** cycle,
b) 15" cycle. Lower row:¢ = 0.05 s~ ', ¢) 1 cycle, d) 13" cycle.

measuring region. In Fig. 2 the transformation regions deatified by higher local strains
compared to the remaining parts of the specimen. It shouldotieed that some regions re-
main untransformed even at maximum global strain. Simiteseovations of the transformation
region development have been reported by other authord.[IC¥lic loading results in an

increasing number of transformation fronts. In Fig. 2b tB& loading cycle is shown. More-

over, it was observed, that from cycle to cycle the spatiaitmms of the starting and ending
points of the transformation fronts hardly ever coincidet@hown in Fig. 2). In contrast to the
15t cycle the transformation region covers the whole lengtthefdpecimen.

Higher strain rates cause the building of multiple transfation regions already in the®l
cycle (see Fig. 2c). The phenomena observed here are analtgohe single moving front
under lower strain rate on different time and length scdrethe 15" loading cycle at the strain
rate¢ = 0.05 s—! the specimen behaves almost homogeneously (Fig. 2d). Howadividual
spots (e.g. at ap.5 mum length) remain in a non-transformed state in tifeas well as in the
15" cycle.

Study of thermo-mechanical behavior

The study of thermo-mechanical coupling, especially inditton of inhomogeneous phase
transformation, requires simultaneous analysis of allsue=d state variables, e.g. strain, stress,
and temperature. For description of the major stages oirigaahd unloading the strain rate
¢ = 0.05 s~ will be used.

In Fig. 3 the domains 1, 2, and 3 (see Fig. 1) are selected tegept the propagation of the
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Figure 3: Thermo-mechanical behavior of the wire specintenstrain rat¢ = 0.05 s—*, 1 cycle.

transformation front from the initiation in the domain 1 ithe collision with a neighboring
transformation front in domain 3. To improve the readapitit the diagrams in Fig. 3 the same
time points (indicated by black dots) and variattlg’een the evolution curves are marked, where
1 is the domain number anddenotes the time. The transformation progress in the winebea
subdivided into 3 stages. The first one takes place at thdibgibf the transformation front
(domain 1,t, — t3). Itis characterized by an almost instantaneous rise ofrdresformation
strains and the temperature. At the same time period theonsisses remain constant. A
reasonable explanation of this behavior is an increasecal ktresses and a favorable orien-
tation of the grains due to the localization of phase tramsé&tion. The second stage is the
expansion of the transformation region along the specirdeméin 1, 2, and 33 — tg). The
main highlight of this stage is the strong influence of thegerature on the stress evolution in
the stress-strain diagram in Fig. 3a as well as in the stiemsdiagram in Fig. 3b (gray line).
In Fig. 3a,b the curves of the second stage are located ddbe dashed curves representing
the entire measuring region. The third stage is a coalestteedfansformation fronts (domain
3, tg — tg). This transformation stage is similar to stage 1 and ctssisthe change of stress
state which accelerates the transformation [9].

The process of reverse phase transformation is driven gdtiemulated mechanical energy
in the material. It depends strongly on the distribution b&ge fraction, temperature and ac-
cumulated mechanical energy at the beginning of unloadihgs makes the description of the
reverse martensite-austenite transformation a very diffproblem.
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Influence of strain rate and cycle number

Fig. 4 shows the stress-strain curves of the specimens ibtlead 15" cycle at the strain
ratesé = 0.001 s~! andé = 0.05 s~1. They are compared to each other and to the quasistatic
case at = 0.0001 s—! in the ¥ cycle.

800

1" cyclé 15" cycle
o .

< = A '
am) 7
2 _'_‘_'_';;:.:j ~7
% 400
=
7 200 IR

0

0.04 0.06 0.08
Strain, -

Figure 4: Mechanical diagrams of virgin and trained speoisrat different strain rates. Dark curves 0.001 s~ 1,
light curvesé = 0.05 s~ !, dashed ling = 0.0001 s~ ! in the *! cycle.

Itis obvious that the loading rate and training proces<éfioet only the size of the hysteresis
area but also the character of the mechanical behavior ofitteespecimens. In the previous
section the strong dependence of the number of transfaméints on the strain rate was
shown. So the motion of a single transformation front in tHecgcle ate = 0.001 s~* exhibits
a large, steady raising plateau of transformation streke. I and 3¢ transformation stages
influence only the starting and ending points of the trams&dion plateau. The hysteresis area
is larger compared to the quasistatic case. On the other diathe strain raté = 0.05 s*
the multiple ' stages of transformation build the plateau of almost constiesses. At this
loading rate the hysteresis area is again comparable tatssgatic one.

High inhomogeneity of strains leads to an acceleration efttaining process of the speci-
men. Fig. 4 shows clearly the strong change of the hysteaestgsand shape at= 0.05 s*
compared t@ = 0.001 s~* in the 18" cycle. An almost absolutely homogeneous behavior of
the specimen is observed in theé/1Bycle até = 0.05 s~*.

Conclusions

The experiments complement the known fact that the defoomaft superelastic NiTi alloy
wires in tension tests is highly inhomogeneous along the wire to phase transformation.
The investigations in these experiments allow for furtHarification of the influence of local
(true) material behavior on to the macro mechanical behafisuperelastic NiTi-material and
particularly superelastic NiTi-wires.

The experiments show that the process of deformation honizaéeon is strongly dependent
on the number of cycles. However, the reason for the acdetehmogenization at higher load-
ing rates is obviously the increasing number of start angtinegions of local transformations
and their recombination from one cycle to another.
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Abstract. The modelling of the fully coupled thermopiezoelastic ipmntinuum is pre-
sented in curvilinear convective coordinates. No reswits are made with regard to the range
of deformations. Due to the interaction between the podaias and the electric field, pondero-
motoric forces and body moments arise, leading to the etedtnonlinearity. The constitutive
laws are developed by Coleman-Noll analysis, using a fanetifor the Gibb’s free energy
which is quadratic in all independent quantities, excepttfi@ term depending solely on tem-
perature. As a result, linear constitutive laws evolve fog second Piola-Kirchhoff stress and
the material electric displacement, and a logarithmic degiency of the entropy on the temper-
ature, to account for large temperature changes.

Introduction

Due to the increasing interest in integrating piezoelectraterials into structures for static
and dynamic stability control, many models, describingrthehaviour, have been developed
with varying levels of simplification. In the present worletthermodynamical framework is
given for the thermopiezoelastic dipole continuum, withrastrictions to the range of defor-
mations. Two assumptions are made with respect to the ielcaquations. The effect of
guadrupoles and those of higher order on the effective isal@on is neglected, and the ma-
terial is assumed to be non-magnetisable, which holds &zqgalectric materials. With this
framework, constitutive laws are developed, which aredadlyi linear, with the exception of
two terms. A nonlinear dependency of the entropy densityhentémperature is assumed to
account for large temperature differences. Another nealiity arises in the dielectric displace-
ment due to the geometrical nonlinearity. Finally, the weglations are derived. For the sake
of generality, the equations are derived in curvilineanemtive coordinates. The interested
reader is referred to [1] and [2] for additional information

Field equations, mechanical and electrical work

Due to the possibly large deformations it is important tdidguish between spatial and
material quantities, which refer respectively to either tleformed or the initial configuration.
Spatial quantities and the tensor elements expressed ofefoemed base vector systgnor
g', are denoted with a bar on top. Further, the investigateeloblig parameterised k!, ©2
and©?, resulting in the base vectogs = r ;, wherer denotes the position vector anf the
partial derivative alon@®. Before continuing with the field equations it is importamhbte that,
due to the interaction between the polarisation and thereldeld, body forces and moments
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emerge. The infinitesimal polarisatidp in an infinitesimal volumelV is represented by two
infinitesimal charges of equal value, but opposite signasstpd infinitesimally bylk = dk'g;.
The total force in the deformed volume is
‘fdV =dQ (€ + &1 dk" + €5 dk* + E5 dk*) — dQE,

where€ is the spatial electric field. With the definition of the pddationp dV = dQ dk, it
follows that 5

— gF—— 1

9 38 (1)

which is one part of the ponderomotoric force. The secontirmamally exists due to the free
charges, which are not considered here. The total momehgiddformed volume is

F—(p-V)E with V

mdV = dk x dQ (€ + &, dk' + Eydk* + E3dk”) .
Omitting the terms of higher order results in
‘m=pxE. (2)
Themomentum balanoequation can now be written as
Vo++p(b—9)=0, (3)

whereo is the stress tensor, which is normally referred to as Casti@gs. The spatial mass
densityp, is determined by thenass conservatiolaw

Wi=pvg or (5+pV )V =0. )

Further,b, v andg are the spatial body forces, the displacement vector andigtoemed metric
determinantg|, respectively. The symmetry of the Cauchy stress tensasuslly proven by
the angular momentum balance, which is now disrupted by tldy Imomentin. From the
angular momentum balangéenow follows, that the skew-symmetric part of the stresste
equals

skew(o) = —skew(p® £) . (5)

Two additional field equations have to be considered. kji&huss’ law
V-D =0 incase of no free charge (6)

whereD denotes the spatial electric displacement, which is by iiefimrelated to the electric
field and the polarisation by the following constitutive law

D = Eog + D, (7)

where the permittivity of free spaeg equals’.8542-10~2 F/m. And secondly theeat balance
law
DQ = (ph — ¥ - B) dtdV, (8)

whereD(Q, h andh denote the change of heat, the inner heat source and theueateipec-

tively.

With F' = g, ® g* denoting the deformation gradient, thieechanical works expressed as
D"W =o" (FF™) ddV + (Vo + (b o)) - v didV 9)
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and theelectrical work regarding (4), is expressed as
DW= (f-0+pE-m)dtdV  with  pmw=p, (10)
which, under consideration of (3), sum up to

DW = (a’T : <FF‘1> +E - %) dtdV . (11)

Colemann-Noll analysis

According to thefirst principle of thermodynamics, the change of inner energy equals the
sum of work done and the change of heat,

DU =DW +DQ  with DU = tupdtdV.
This leads with (8) and (11) to
a,azaT:(FF‘1>+;5£’-%+,5B—€-B. (12)

The first and second Clausius-Duhem inequality ofstheond principlef thermodynamics can
be summarised as tieixnerinequality

_ 1. h .
~V-(=h)+p=<ps
v (T )+pT_ps,

with 7" ands denoting the absolute temperature and the entropy denditgideformed config-
uration. Inserting this inequality into (12) leads to

. . . 1. - - —.
up— o' (FF‘l)—ps-ﬁ—Jr?h-VT—pngo. (13)
ChoosingF, £ andT as independent variables and, in order to obtain consttlaivs for the

remaining quantities by parameter identification, the Giliiee energy is introduced as

G=u—pr-E— pls,
which leads with (13) to

- . - — 1_ I
pG — o' (FF‘1> +ﬁT§+ﬁ7’r-S+?h-VT§0. (14)

AssumingG = G (F,E,T), inserting it into (14), and considerirtg- V1" < 0, results in the
following constitutive laws

O-T__@
~oF

Due to the principle oimaterial objectivity the Gibb’s free energy functional takes on the
following specific form

FT, f=——= and 5=-——. (15)

G=G(B,ET) with 2E=FF-I and E=F'E

85



S. Lentzen, R. Schmidt and D. Weichert

whereE and€ are the Green-Lagrange strain tensor and the materiatieléetd. Applying
the chain rule on (15) and consideriSg= |F|F'cF ",p = |F|F'p ands = 5 leads to
e ot e e

=roE (pREF'F ', P=-r5g and s= i

and thus confirming (5). The following functional of the Giblree energy is assumed,

S

pG=L(E:C:E—EDE)~fp (T (m}~1)+7) ~EB: E-E:B(T-T) - £-A(T-T),

whereC, D, E, B and )\ contain material parameters, ands the specific heat at constant
strain and electric field.

Fromh - VT < 0 it can be concluded that being an odd function oW 7 is an acceptable
choice. Withh = |F|hF~" and considering the principle afaterial objectivityh = —LVT

is taken as the constitutive law for the heat flux, which leadhk (7) to the following set of
general equations in index notation

1 .. . : -
STS — 5 (Crsz] + CZJTS) Eij _ Ezrsgi — B (T _ T) _ pr gk gks (16)
1 . . . —
P = (D*+ D) & + BB, + X (T - T) (17)
1 ) ) . .. —
D' =3 (D* + D 4 2|Fle, g™) & + EM E; + N (T~ T) (18)
T 1. .. 1.,
s=cpeln T+ ;BUEU + ;)\Z& (19)
W = LT, (20)

Variational formulation

Multiplying (3) scalar withsv, (6) and (8) withsy anddT’, wherey denotes the electric po-
tential, and integrating the results over the deformedmeuassuming no entropy production,
and applying Gauss’ divergence theorem, ultimately leadié following weak formulations

/(FSFT) : (6FF') dV—/ (p-V)(FTE)+p(b-— b))-évdV—/(aév)ndA =0

Vv 1% ov
(21)
/D-éé’dV—/n-DégpdA:() (22)
14 ov
/ (h- (V6T) — (T4 — ph) 6T) dV — / n- hoTdA =0, (23)
14 oV

wheren andn denote the surface normal vector in the deformed and thelin@nfiguration,
respectively, an& = —V .
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Abstract. A 3D macroscopic constitutive law for nonlinear effects iang magnetostric-
tive materials is presented. The phenomenological modmsatds for hysteresis effects and is
implemented into a finite element formulation. The noveketspf the thermodynamically con-
sistent model is an additive decomposition of the magneiicthe strain field in a reversible
and an irreversible part. To consider the correlation betwehe irreversible magnetic field
and the irreversible strains a one-to-one relation is asedmThe irreversible magnetic field
determines as internal variable the movement of the cefiteswitching surface. This controls
the motion of the domain walls during the magnetization pssc The evolution of the internal
variables is derived from the magnetic enthalpy functiohgypostulate of maximum dissipa-
tion, where the switching surface serves as constraint. eModution equations are integrated
using the backward Euler implicit integration scheme. Thastitutive model is implemented
in a 3D hexahedral element which provides an algorithmicsistent tangent stiffness matrix.
A numerical example demonstrates the capability of the gged model to reproduce the fer-
romagnetic and butterfly hysteresis loops of a Terfenol-Dda.

Introduction

The development of giant magnetostrictive alloys has mhdset materials competitive to
other smart materials like piezoelectric ceramics and slma@mory alloys. As a result appli-
cations in actuatoring and sensoring are found, see [1jnt@i@gnetostrictive materials show
strong nonlinearities, which have to be considered in thveld@ment of constitutive relations.
Microscopically motivated models, like [2], [3] consideetbehaviour for each crystall and lead
to many internal parameters. The published phenomenalbgiacroscopic material models
commonly apply on the mathematically and non thermodynaltyionotivated Preisach model
[4] or they are based on a higher order thermodynamic paigbii The presented constitutive
model is thermodynamically consistent. It is similar to thelasticity theory of mechanics and
uses an additive decomposition of the magnetic field. ThEgltein a convenient model for an
efficient finite element implementation.

The Magnetostrictive Effect

The magnetostrictive coupling defines a deformation of aigpen which is induced by
an applied magnetic field. It is an inherent material coupkiffect between mechanical and
magnetic fields occurring in all ferro— and ferrimagneticenals. But normally the observed
strains are very small. Some alloys of rare-earth elemardsran show a much higher cou-
pling. One of these materials is Terfenol-D with strainsap.6 - 10~3. The magnetostrictive
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coupling rises from an anisotropic spacing in the crystéidadepending on the direction of the
magnetic moment of the atoms. Strains in magnetostrictideare produced when a magnetic
field H causes a rotation of the magnetic momehfs see Fig. 1.

—

Ncooelllccoooe

Figure 1: Deformation bahaviour of a magnetostrictive rod

Constitutive Model

The gradient fields for a magnetostrictive coupled probleengaven by the straing =
L(V®u+u® V) and the magnetic fieldd = —V . Hereu denotes the displacement vector
andy the magnetic scalar potential. The strains are splited gvarsible and an irreversible
part E = E" + E'. The main idea of the presented model is an additive decoitiposf
the magnetic field ind = H” + H'. The irreversible magnetic fieldd’ has no descriptive
meaning but it represents the motion of the domain walls &snal variable. To consider the
coupling between the internal magnetic state and the irséye strains a one-to-one relation is
assumed as

E' =

E . 5.3 1

" H'-H' - —-1 1
()2 2(€M®€M 3 ) 1)
see also [6] in the context of piezoelectric materials. ThandjitiesE, and H! are saturation
values forE’ and H* and are given as material parameters. The vegtodenotes the direction
of the magnetization which is fixed during the calculatiomeTnagnetic enthalpy is assumed
as 2nd order thermodynamical potential

Hi Vs
i
H!

P = %(E—Ei) . C:(E—E)+H-e (E—E)—=(H-H")-p(H—H"+y(H).

(2)
Here, C is the elasticity tensor; the piezomagnetic coupling tensor apddenotes the per-
meability. The hardening function(H?) depends only on the internal varialt&’. With the

definition of the mechanical stressgs= a_w =C:(E-E")+ @T% H and the magnetic

flux density B := 2% = e H' B2 (B - E’) w(H — H') the dissipation inequality of the
second law of thermodynamics reads

DN =

I

D=—-—— H'>0. (3)
OH'
The work conjugated variabl& = ;Ei of the internal quantity’ is used to formulate a
switching criterion as
T-T
6="p 10 (4)

with the material paramete¥/.. For ¢ < 0 a reversible process is assumed= 0 denotes
irreversible behaviour. The postulate of maximum dissgpeits considered by the stationarity
of a Lagrange functional with the switching criterion asstwaintL = —D+A®. The evolution

of the internal variable is obtained &§' = AZ2 = X 2L The evolution equation is integrated
using a backward Euler implicit time mtegratlon scheme
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The weak form of equilibrium follows with the principle ofrwial work from the strong
form of equilibrium$S - V + b = 0 and from the Maxwell equatioB - V = 0 and with respect
to the boundary conditionSn = t on 9,5, andB - n = 0 on 93,

57?2/(8—¢:5E+%:5f[)dV—/b-5udV—/t-éudAzO. (5)
OFE OH
Bo Bo 0tBy

Here,b is the volume force vectot,the surface traction vector amdthe surface normal vector.

Finite Element Implementation

The constitutive model is implemented in an 8-node hexaladement. The geometry of
the element is approximated with trilinear shape functionas X" = Z?Zl N; X;. Due
to the isoparametric concept the same interpolation fanstare used to approximate the dis-
placements and magnetic potentialdis= [u”, "7 = N v, with N = [N, Ns, ..., Ng]
consisting ofN; = diag Ny, N;, Ny, N;]. The vector, denotes the nodal degrees of freedom
on element level witt3 displacement values and one for the magnetic potential pat: K he
virtual gradient fields are ordered in the vectel = [0E11, 6 Ey, 0F33, 201,25 Ei3, 20 Eas,
§Hy, 6H,, 6H3]T " = B év,. The matrixB contains the derivatives of the shape functions. The
approximated weak form on element level reads

st = v, /T / <BTg—f—NT m)dv— / NT m dA| . (6)

e e
-~

R
Assembling over all elementr” = | 67 = 0 gives the resisdual vect®” = | " R"
andv" = Uzlj’f v". To obtain quadratic convergence for the Newton-Raphsoatibn, an

algorithmic consistent tangent stiffness is needed. Thielwal vector at the load step. ; is
replaced with a Taylor series which is truncated after thedr element

Rt 0O OR" )

n+1

Av,q = 0. 7
avn+1 Un+1 ( )
The superscriptK’) denotes the iteration step. The nodal degrees of freedonpaiaed after

each iteration step with,,,; = v*., + Av!T]. The tangent stiffness follows with the chain

rule to

R )
Ke T = a

— [ BTDY  Badv. 8
avn—i—l / T n+1 ( )
Be

The algorithmic consistent tangent modules is obtaineti@ttyp by
[0S 1 05 or oS 1 05 or]"
OE 0, T 0a ~ OE 9H 0.7 0o ~ 9H
]DEFKrz-H: ©)
0B 1 0B 0T 0B 1 0B 0T
| OE  0,T da ~ OE 9H 0.7 0o ~ 9H I,

Hi~¢]V[
Hy

withT =T - e;; anda =
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Numerical example

A Terfenol-D cube of edge lengthcm in an oscillating magnetic field of = —10° ... 10°
A/m is considered. The magneto-elastic Material constantgiaen by £ = 29 GN/m?,
v = 025 e33 = 83.9Vs/m? e3 = e15 = 0, 1y = po = p3 = 2.8025 - 107 Vs/Am.
The switching criterion read3/, = 9.0 - 107°7. The hardening function is assumed as
g—z = HiKa +a arctanki$). The material parameters for the hardening functionfe=
185000 A/m, K =2.8305- 1075 V's/Am, a = 8.078 - 1072 T, b = 1.05. Figure 2 demonstrates
the capability of the proposed model to reproduce the tyfpereomagnetic and butterfly hys-

teresis loops of a Terfenol-D sample.

a) 100 b) 0.0020
—
0.50 0.0015
E 0.00 =. 0.0010
@ w \\ //
-0.50 0.0005
—— Y/
-1.00 0.0000
-1-10° 5100 0 5.10* 1-10° -1-10° -5-10* 0 5.10* 1-10°
H [A/m] H [A/m]

Figure 2: a) ferromagnetic hysteresis, b) butterfly hysisre
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Abstract. Ferroelectric materials couple stress or strain to elecifields or displacements
and provide remanent memory states. Some of these parashterge during device use due
to aging or fatigue. Up to now, it has not become clear whiclkrasicopic mechanisms fi-
nally determine both effects. This is mostly due to a stiirpsderstanding of the micro- and
mesoscopic structural effects. Some problems are of machanmigin like stresses at grain
boundaries, electrode connections, or unfavorable genca¢tshapes of the device. For a
complete class of other problems the rearrangement of @thdgfects is the fundamental pro-
cess. Charged defects change the local electric fields amtheess alter the microscopic domain
dynamics. At the same time, the electrical semiconductigpgaties change considerably. This
short report is intended to draw attention to these coupléees.

Introduction

Ferroelectric materials provide two valuable propertigse first is a coupling between me-
chanical and electrical parameters, e.i. stress or straith® one hand and electric field or
displacement on the other. This coupling is used for all géézctric devices. The second is
that a remanent state can be externally imposed which casdgefar information storage in
memory devices. Such a memory state can be an electricaimatmn bit for a computer or
potentially a remanent deformation in micromechanicalaks: A vast variety of piezoelectric
devices is in use today [1] and ferroelectric memories haanbmplemented [2].

A long term utility of any of such devices can only be assurkithe material as well as the
entire device survive the loading during use. The mateattand should furthermore not alter
their properties with time. This is not the case for paraclbading conditions or certain mate-
rials. Fatigue is a process mostly arising under bipoladitogrand thus predominantly affects
ferroelectric memories. In thin film memories, this effeestbeen overcome technologically
either by the use of oxide electrode materials on perovs$éiteelectrics or by using bismuth
layered compounds and ordinary platinum electrodes. Ibkas inferred from these findings
that the underlying fatigue process is due to electrochanpiocesses involving charge or va-
cancy transport. These transport properties depend omltieeant crystallographic structure.
Presently, point defects are considered the fundamenbatitcaf fatigue [3]. On the other
hand, it is still under debate in how much these point defeitimately change the mechanical
properties of the material, too. Particularly microcrackioccurs as a major contribution to
macroscopic material fatigue under bipolar loading [4].
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Aging, on the other hand, is the change of material propewi¢h time. It is due to charge
carrier drift [5] or defect dipolar re-orientation [6], lotnechanisms still being debated. In
either case, the interaction is considered to be electrosta

Mechanical Boundaries: Stresses and Strains

The microstructure in ferroelectric ceramics consists ahyndifferent internal boundaries
(Fig. 1). Fundamentally, there are grain boundaries (Agrfaces to electrodes (C) where a
perfect electrical match to the domain system is providedheyfree charge carriers in the
electrode, 180domain walls, non-180domain walls, and interfaces to inclusions or pores.
Cubic systems mostly offer approximately°9lomain walls as the non-18@ype. In either
case regular or charged domain walls exist the latter mgahat the polarization vectors at the
domain wall are oriented tip-to-tip or tail-to-tail yieltj extremely high local electric fields.
Particularly needle tip domains are charged (D). They comiynoccur in single crystals dur-
ing polarization reversal and for harsh boundary condgj@ng. in samples artificially thinned
for transmission electron microscopy (Fig. 1). The highasal stresses develop at intersection
points where needle domains within the same crystallite @ain) meet (B) and even microc-
racking can be initiated within one crystallite. So far tlestdescription of three dimensional
room filling of grains by domains in a ceramic structure hasnbgiven by Arlt in his funda-
mental review on micro-configurations of domain walls [7ih duch compensated structures
only very few charged domain walls occur and the total enerdgw.

7
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Figure 1: (left) Microstructural features in ferroelectBaTiO; (optical photograph by H. Gorzawski); (right)
electric displacemem, electric fieldE, and charge densifyfor a single domain semiconducting ferroelectric [8].

The domain system of a grain terminates at a grain boundargnApen surface a dented
surface morphology develops because no opposing forces a¥Mhere a grain is embedded
into a microstructure a neighboring grain constitutes astel medium generating restoring
forces. In order for the energy of the entire system to betloevdomain system of the neighbor
often matches that of the initial grain. So, domain pattgmugpagate from grain to grain for
moderately off-axis crystallite orientations. As threesxeed to be matched in between grains
in three dimensions, such an arrangement can only partlypeasate the mechanical stresses.
While several methods have been developed to display dosgatems in microstructures [9],
it is very hard to access microscopic stresses and straimpgw&rful local X-ray technique is
provided by the Kossel technique [10] yielding grain or&itns and lattice strains.

92



Doru C. Lupascu

Electrical Boundaries: Displacements and Fields

At first sight it seems that the electrical description ofdetectrics is simple. Poisson’s
equation divD = p appears to bear everything needed for the electrostatindaoy value prob-
lem. The first difficulty arises in anisotropic dielectrioxstants where electric field and electric
displacement can no longer be easily mapped onto each otB&.iUp to an order of magni-
tude difference in different crystallographic directi@rgses in BaTiQ. Lead zirconate-titanate
provides less pronounced anisotropies. The second spatisés due to semiconductor physics
(see beneath). The third difficulty on a long time scale isniodility of atomic species, mostly
oxygen vacancies. Initially they occupy sites in the mitmasture, where thermal equilibrium
positions them during processing. On the time scale of \@camotion, the cooling of the
ferroelectric to room temperature is equivalent to quemghiThus, the vacancies are not in
thermal equilibrium in the ferroelectric state of the matierTheir slow kinetics then determine
the development of internal fields and charge compensatitomg times and yield the aging
effects [5].

Semiconductor Effects: Localization and Delocalization

According to Ginzburg-Landau-theory the free enefggf a ferroelectric can be developed
into a series in polarizatiof?, left in Eqn. (2). Originally developed to describe fermettic
phase transitions, it turned out to be valid across muchetatgmperature intervals. Under
external loading the free energy has to be complementedebgl#istic and piezoelectric terms
yielding Eqgn. (2).

On the other hand, the material is a wide band-gap semicoémiducs such, the free energy
F;, represents electron statistics, Egn. (3). This is a vepgyveglt addition to the problem. Elec-
trons in band states of semiconductors are completely reeove across a crystal. As such,
they do not occupy any particular site in the microstructméy their energy is determined.
If fields are present and a sufficient number of charge cardecupies the band, the material
is an ideal conductor, complete compensation occurs, andntiterial intrinsically becomes
field free. Under these circumstances the ferroelectrie stan not be switched by external
electric fields. Only if the total charge carrier density lre tboands is low, the local fields are
not compensated. For most ferroelectrics, the band gapds 80 that the thermally excited
number of intrinsic charge carriers in the bands is low (Restatistics). In chemically doped
systems which is the case in all technologically intergstiraterials the electronic charge car-
riers attached to the dopant ions can be ionized at much l@rgverature than intrinsic charge
carriers. An example of the resultant field and charge demuisstribution is given in Fig. 1
(right). lons themselves are immobile on the relevant ticedes. So charge carriers of one
polarity are mobile in the system while the compensatinggds namely the ionized dopant
ions, are not. In this case, the field distribution within throstructure becomes very com-
plex, because the degree of local ionization in turn dependke local polarization state which
means also on the mechanical state in the microstructumtialR@ompensation occurs, but a
remaining mismatch and thus residual fields are encountémeeélectrically equivalent exam-
ple is drift of vacancies during aging for which an equivalecal field distribution has been
calculated [5].

F=Fy+ F+ I (1)
F(T)=F(P=0,0=0,N;,=0) (2)

1 1 1 1
F, = §aP2 + EﬁP4 + 67P6 — 5500k — P?uoy, 3)

93



Doru C. Lupascu

Fy=> NE(T,P,oy). (4)

si, is the elastic compliance,; mechanical stressy, = 9?F;/0P0do;, the electrostriction
coefficients,V; the density of electronic states, afgdthe energy of the electronic states.

Homogenization

Effects on several length scales determine the macrosouogtierial behavior. So far, mostly
the description of homogenized properties of a domain sysi@/e been reported [11]. At this
length scale, atomic and ionic effects are neglected asasedemiconductor properties.

Summary

The theoretical description of ferroelectric microstrues is an intricate task. Mechanical
stresses, electrical fields, and semiconductor propentiesact on the scale of the microstruc-
ture. While some theoretical work on the scale of single domalls or single crystals has
been undertaken [8], an analysis for fields in microstregiwor a homogenization including
semiconductor effects has not been attempted.
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Abstract. In this paper, switching effects of ferroelastic materiate studied by elaborating

a micromechanically motivated model. The related energicgon thereby serves for the
definition of a switching criterion so that phase transfotioas are initiated as soon as the
reduction in energy due to possible switching processeseslsca critical value. Moreover,

so—called intergranular effects are accounted for by mgkise of a phenomenological and
probabilistic approach based on a Weibull distribution étion.

Introduction

Piezoelectric materials, as for instance PZT ceramicse h#ivacted considerable interest and
nowadays are widely commercialised. Naming but a few actusgiplications, such materials
are used for active vibration suppression, precision jowsitg, fuel injection valves in automo-
tive engines, and so forth. Under high loading levels andwéhe Curie temperature, however,
piezoceramics exhibit severely nonlinear response dugh&rent ferroelectric and ferroelastic
domain switching processes stemming from changes in galésn and so-called spontaneous
strains.

In this work we aim at elaborating a finite—element—basedehoabturing switching effects
and accounting for related local changes in the elasticgstigs of the material. The initially
un—poled state is thereby incorporated via randomly iista material properties or rather
unit—cell orientations. To set the stage and to be able tesiinyate first numerical studies, we
do not distinguish between the modelling of domains andhgraut rather attach an individual
orientation to each finite element. Finally, straightfordv@olume—averaging techniques enable
the comparison of experimental data, take from the liteeatwith our simulation results.

Basic constitutive relations

For conceptual simplicity, we restrict ourselves to thesidaration of the balance of linear
momentum — embedded into a small strain kinematical framewoand to not further em-
phasis the incorporation of Gaul®’ law. Accordingly, theptheement fields constitutes the
representative degree of freedom determining the totainstontribution which is additively
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decomposed into an elastic and a spontaneous part
V¥"u =e=¢e°+e* with & =[°", e =[]", and tr(e®)=0. (1)

The underlying flux term, as defined by means of the stressitdesassumed to take a hypere-
lastic format

o =0z W with W(E,mem) and m-m=1. (2)

The unit-vectorm thereby allows the incorporation of tetragonal symmetessobserved
for unit—cells being representative for commercialisegzpteramics. Referring td” as an
isotropic scalar—valued tensor function and restricliigo be quadratic ire® we obtain the
particular representation

_ l)\r2 e T e]2
w 3 Atr(e%) + pr tr([e]7) @)

+ atr(e)m-e®-m+2[p, —prlm- [ -m+34[m-e - m]?
so that the set of material parameters re@ds [ \, i, pir, o, 3]

Energy—based switching criterion

Nonlinear behaviour of ferroelectric ceramics mainly ssehom domain switching effects in
the microstructure as reflected by reorientation of the tyithg unit—cells. Accordingly, the in
this regard characteristic unit—vectat, in other words the polarisation direction, may switch
under 90 or 180 within a time intervalAt = t,,.; — t,, > 0 of interest. In this work we adopt
an energy—based switching criterion as advocated by McMgelnd Hwang.

Practically speaking, a switching process will be realiagdoon as the related reduction in
Gibbs free energy (per unit—volumel( say, exceeds a certain threshold, namely

AG =0 : Ae® + %a’ :AC:0 > %UO»EOP wherein C = [z ]! (4)

Please note thake® and AC account for the change of the spontaneous straand the com-
plianceC due to the reorientation ah:. To give an example, consider an orthonormal frame
{m,, m, m3}. Based on the tetragonal symmetry of the underlying uniis;aene obtains

BAes =3 [miz@m 3 —m® mHt and m «im,3. (5)

Apparently, six different polarisation directions coméoirthe picture — monitoring three dif-
ferent spontaneous strain states; the one being realisegsponding the state reflecting the
largest (local) energy reduction.

Finally, the probability of domain switching is additiohaincorporated by means of the
Weibull-type distribution function

k
p_ 1—6Xp(—[ %(ﬁfo] ) if AG<%O’0€0

1 if AGZ %O’oéo

(6)

with n and k£ being non—-negative. In summary, the list of parameters neadsx =
[)\7 Hr, UL, &, ﬁu gs’ 00,0, M, k]
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Numerical Examples

In order to run representative numerical examples, theqeegformulation is embedded into a
three—dimensional finite element formulation, wherebyheatdte element is attached with an
individual polarisation direction. The initial state shdueflect an un—poled state which is ac-
counted for by a random generation of the element—relathdwoormal framegm,, m, ms}.

For given boundary conditions the polarisation directiaresthen updated based on a staggered
iteration technique. To be specific, a block—type specisasonsidered, the discretisation of
which consists 0f x 9 x 9 linear elements. Cyclic loading in longitudinal directjeq say, by
means of Neumann boundary conditions is performed andybtfarward volume—averaging
techniques, namely

1 1
S:V/eyo"egdv and ezv/€3‘€'€3dv, (7)
B

B

enable the comparison with experimental data taken forrlitdrature. Moreover, the material
parameters adopted ake= 17.48 [GPa], ;1 = 2.46 [GPa],ur = 11.65[GPa],a0 = 1.67[GPa],
[ = —20.74[GPa],e® = gy = 0.0027, 09 = 21.8[MPa],n = —4.6 andk = 0 or k£ = 3 so that
the response of PZT-51 is modelled.

The figure below shows stressé3 Yersus straine) curves withoutk = 0) and with ¢ = 3)
considering the probability functioff. It is clearly observed that switching processes are ini-
tiated when increasing the compressive stresses abd0@ViPa], and the overall behaviour
becomes highly nonlinear. Nevertheless, remanent stsatusate at a compressive stress level
of —90 [MPa] such that further increasing the applied stressesesasolely a linear response
since switching processes are saturated. Upon reversinigalling direction, dissipative ef-
fects as reflected by the hysteresis loop are clearly disgdlayAs far as the comparison with
experimental data is concerned, it is observed that thepacation of the switching probability
function P renders results that even better match with measuremegrtdged in the literature.
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Figure 1: Stresses versus strain curve withéut(0, left) and with ¢ = 3, right) probability function.
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Abstract. The electro-mechanical properties of ferroelectric metisrare determined by the
microstructure, i.e. the domain structure of these matsridnderstanding the microscopic
phenomena is essential in the analysis of the macroscopiaviber of ferroelectrics. Under
different loading situations, as for example the applicatdf an external electric field or an
external mechanical stress, the domain structure is stbgechanges. A numerical tool for
simulating the polarization distribution in ferroeleatrmaterials is presented. Using the con-
cept of phase fields a continuum physics model is establigtiedmain feature of the numerical
implementation is an implicit time integration of the namelar evolution equation within in the
scope of a finite element implementation. Examples denadaskre applicability of the model
and the influence of defects on domain wall motion.

Introduction

Phase field models are well established in many fields of maggrhysics to model marten-
sitic or diffusive phase transitions. In the field of ferreakics the application of these models
is more involved on account of the electro-mechanical dagplBut recent works show the
numerous possibilities of these models. Without claim ghpteteness we cite [3, 4, 5]. The
implementations frequently use finite difference schermemgtimes in combination with FFT-
techniques) and explicit time integration. In order to @de robust and a flexible implementa-
tion with respect to boundary conditions, we follow a finitereent scheme in conjunction with
an implicit time integration. A similar approach was useddn5]. In combination with previ-
ous works [2, 6, 7] this allows us to introduce defects ing$hmulation. The incorporation of
defect structures is important to realistically simulacnoscopic material behavior, including
scenarios with fatigue and time dependent properties.

Phase field model

The main idea in phase field models is the construction of anggnfrom which the dy-
namics of the system can be derived. In the electro-mecalas@tting the electric enthalpy
is assumed to depend on the strajrthe electric fieldE, and the order parameter (remanent
polarisation)P and to consist of three parts:

H(E,E,P) — Hont 4 [P Hint, (1)
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where the local enthalpsf ", the separation energy*** and the domain wall energy/™* are
defined by

H™ =2(e—¢€%:[Cle—€")]—(e—€°): (B'"E)-3E-(KE)—-P-E,
i L PR @
H> — (P).

Note that in the local enthalpif°** the remanent straia” and the piezo-electric tensbrare
assumed to depend on the order parameter of the syBtebetails on the dependence can be
found in [1, 8]. The interface energy assigns energy to angdsvarying polarisation. The
separation energy is constructed from invariance argusnémt2D problems for systems with
tetragonal elementary cells, where four orientations assible, the simplest representation of
1 requires a fourth order polynominal 1, i.e.

Y =ay +as(P}+ Py) +az(P + Py) +a,PLP;. (3)
From the electric enthalpy constitutive equations areinbthby

_0H oy T . oH 0
—g—ﬂj(s e)—b E, D = 8—E_1b(5 ')+ KE + P, (4)

whereo is the stress anfd the electric displacement. The Ginzburg-Landau equaivesdhe
evolution of the order parameter by
oH OH OH ) <8H et ) )

P:_O‘___O‘<8_P_dwavp op Top AP

o

()

The field equations fos- and D are given by equilibrium and by electro-statics, i.e.
dive + f =0, divD = q, (6)

with volume forcesf and volume chargeg In addition the kinematic and electric field equa-
tions are

1
e=5(Vu+ Viu), E=-Vy, (7)

wherew is the mechanical displacement apdhe electric potential. The field equations have
to be supplemented by proper boundary conditions.

Implementation into the finite element method

The field equations (6) and the Ginzburg-Landau equatioargGprought into a weak form.
Discretizing in space with finite elements and using an ioipkuler method in time renders
a system of non-linear equations to be solved. This caneffilgi be done by using a Newton
iteration to find the increments in the unkonws ¢ and P. Note that due to (5), we have
the freedom to chose Dirichelt- or Neumann-type boundanditmns onP. In the following
we tacitly assume that homogeneous Neumann-type boundadjtions are used faP. The
implementation requires the calculation of the consistangent matrix, to ensure quadratic
convergence in the Newton iteration. Details on this immatation are omitted here, for the
sake of brevity, but can be found in [8]. It is worth to notettaa both (4) and (5) are derived
from H it is possible to end up with a symmetric formulation, whishadvantageous for the
numerical implementation.
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Figure 1: Domain structure evolution starting from randaiitial polarisation

Results and Examples

The material parameters, which where used in the followalgutations can be found in
[8] and are not repeated here. The first example shows th@stiacture evolution in a single
crystal, starting from a random initial distribution of poisation. Fig. 1a) depicts this random
microstructure. Due to the electric fields caused by the mishing polarisation a rapid self-
organisation of the system takes place. In order to be ireageat with stress-free and charge-
free boundary conditions two vortex like distributions bétpolarisation develop by forming
90° domain walls.

The next example concerns a sample with a surface defecspdwmen in fig. 2 is loaded by
an external field, which is applied by an electric potentiffecence between top and bottom.
To introduce a defect in the top electrode, charge-free aynconditions are applied in some
region of the top surface. The remaining boundary of theispatis free of surface tractions
and of surface charges. Due to the loading & XRfinain wall is moved through the specimen,
fig. 2a),b) depict the polarisation vectors, while fig. 2g)tiow the contour of the electric
displacement in vertical directio,. Once the domain wall reaches the defect, the forces
driving the domain wall reduce and the domain wall is pinmetthe defect. This is in agreement
with experimental observations and sharp interface caficuis in [6]. It is also possible to
consider other defects, as for example point defects, wdrierassumed to be relevant for the
fatigue behavior. For details on this type of investigasiamd the modelling of these defects
the reader is referred to [7]. Point defect analysis in cocijion with phase field models can
also be found in [5].

Conclusions

The phase field model implemented in a finite element methgdther with an implicit
time integration renders a stable and robust numericalfoadtudying domain structures in
ferroelectric materials. The main observations from tredsrilations are:

- domain walls remain plane and for9fi° and180° domain walls
- boundary conditions can be crucial for the formation of arostructure
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Figure 2: Domain structure evolution starting from randaiitial polarisation

Time = 0.00E+00

- an initially random polarisation causes rapid self-orgation of the system
- interaction with defects is possible and pinning scenararsbe studied
- pinning obstacles can be surface defects or point defects
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Abstract. In the present paper a microscopic model is derived to comput constitutive
behaviour of polycrystalline PZT close to the morphotrgpih@ase boundary (MPB) account-
ing for grain-to-grain interactions. A simple estimatiolncsvs that the assumption of a purely
tetragonal structure is not sufficient to describe the laiggeoelectric response of these mate-
rials, so that the model is enhanced allowing the coexigaridetragonal and rhombohedral
phase. The capabilities of the model are tested by simgjétie macroscopic behaviour of the
soft PZT PIC151.

Introduction

The complex non-linear behaviour of ferroelectric ceraaicses from their crystallographic
structure which is based on asymmetric unit cells with ottarsstic dipole orientations asso-
ciated with a spontaneous straifi and polarisation”®. An arrangement of unit cells with
equal lattice orientations forms a single crystal in whiefions of constant dipole orientation
are called domains. The polycrystalline ceramic is a comdaef randomly oriented single
crystals (grains). The characteristic change (switchhefdipole orientation is considered as
domain wall motion that is induced by applied loads in terfthe mechanical stress’; and
electric field £ as well as the residual stres§ and intrinsic electric fieldZ; due to grain-to-
grain interactions. The resulting domain configuratioredeines the macroscopic ferroelectric
properties of the ceramic.

Microscopic models are used by many authors to follow thetatiographic structure, that is
the actual dipole orientation distribution, and to desethe switching process taking advantage
of the well defined and discrete change of the dipole oriemahat simplifies the formulation
of a process criterion considering both mechanical andretdéoads. Kamlah et al. [1] use such
a representative volume element based on a purely tetrbgystallographic structure and a
simplified representation of domains and grains. Graigfrton interactions due to incompat-
ibilities caused by different remanent properties are aotad for by means of finite element
computations.

Switching process and material model

Similar to [1] the domainy inside a grain is represented by means of the volume fraetion
with zgj; v* = 1 andv® > 0, whereN® is the number of possible dipole orientations consid-
ered in the model. From the actual domain configuration thearent properties of the grain
e;; and P/ are derived by averaging the spontaneous propaﬁéande’“ of each volume
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fraction. Furthermore, the loads; = of; + 0}; andE; = E + E; acting on the grain are con-
sidered constant in the entire grain. Itis assumedotba:tndEf are dominated by the different
remanent grain properties whereas the influence of piezivieleoupling as well as anisotropic
mechanical stiffness and dielectric constants can be ciegleHencey;; andE; are computed
with the help of a 3-d finite element model representing a@afit number of grains based on
the standard finite element formulation for isotropic aeleehechanical materials (mechanical
displacement;; and electric potentiab) using linear elements. One grain is modelled in each
integration point. The resulting macroscopic remanenpe@ries of the representative volume
element are derived by simply averaging the grain propertie
To describe the domain wall motion the driving forte" is defined acting on the wall between
the domainsy andg:

foP = oAl + B AP (1)

Here, Aep " = e — e and AP~ = PP — P> are the changes of the spontaneous
properties when switching from to 5. For a discrete system with only one moving domain
wall and constant loads this driving force is equal to thei@wng criterion used in [2]. If this
force exceeds the critical vahj@f"ﬁ (resistance force) the domain wall starts to move leading
to the volume change rat¢—? described by an empirical kinetic law:

po—h — { —kpw (fa_’ﬁ - féf*ﬁ) ve i foml > fgP )
0 else

wherekpy is used as a material parameter controlling the rate betaoiche material. The

resistancq“g_’ﬁ is chosen allowing only the switching type with the smalldsinge of dipole

orientation in every crystallographic phase. The totaingeaofv® is obtained by adding the

changes due to all switching mechanisms:

N(X
0= (007 =) 3)
B=1

Equation (3) is numerically solved using Euler forward gragion together with a sufficient
small time step size allowing only small changes of appleats and volume fractions be-
tween each iteration step.

Young’s modulus”, Poisson’s ratio’ and dielectric constant’ give the linear isotropic prop-
erties of the bulk material. The first two can be derived froamial compression experiments

in the saturated region (large compression stress) as gedgo [3]. P ands® must be given

for each present crystallographic phase, where the latebe derived from measured lattice
parameters [4, 5]. Table 1 gives the properties of PIC151tla@detragonal and rhombohedral
phase used in this investigation. Both phases are assunmesdéathe same bulk properties. A
typicale? is chosen. Following [6]P° can be considered equal for both phases. The introduced

a—f

o andkpy remain as fitting parameters to adjust the model to expetmhdata.

Purely tetragonal phase model

Equivalent to various publications, a first attempt usesralpuetragonal structure. How-
ever, after several computations it became obvious thaintioidel is not able to describe PZT
near the MPB. Although the tetragonal unit cell can switch different directions it is not able
to contribute any remanent strain in #411>-directions. If the ceramic is polarised for exam-
ple by an applied electric field* some grains show no or only a very small remanent strain
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general properties tetragonal phase rhombohedral phase
Y [MPa] v e?[nAsIMVmm] | 2 [%] P° [nAs/mn¥] | €5 [%] P° [nAs/mn¥]
144 0.31 8854 2.4 500 0.6 500

Table 1: Bulk properties of PIC151 and ferroelectric projgsrof crystallographic phases of PZT.

contribution in the direction of2® and, hence, cause strong mechanical interactions working
against the reorientation of neighbouring grains.

Figure 1 shows a simple periodic arrangement of two grairis different lattice orientations
(1): <100> and (2): <111> in regard to£?. Initially, both grains have no remanent proper-

ties @~ =1 /6) so that the arrangement is stress-free. When applyihthe reorientation of

(1) leads to=7 paraIIeI toF¢ whereas"\* remains zero and causes the compressive stress

oY which decreases the driving for¢e® *¥'=+=" in (1) until no further switching is possible.
Using the material constants given in Table 1 the possildeamed remanent straifj, of the
arrangement can be derived dependingsin(4). A realistic load ofE¢ = 2kV/mm together
with the critical forcef2’”” = 0.45MPa results in a very smadl, = 0.011% compared to the
large ferroelectric strain observed in PZT close to the MBéhsas PIC151 [7] of more than
0.2%. In addition, the estimation shows that an increas€ efould lead to a further reduction

f 7. (4). The interpretation of this simplified arrangement tadgaa fully 3-d model is dif-
ficult since the worst grain orientation (no strain conttibn) is compared with the best (full
contribution). However, computations with the completedeloyield an averaged remanent
strain of the same magnitude. Additionally, decreasih@y the factor of two produces about
twice of<7,

Tetragonal and rhombohedral phase model

To enhance the model the observation that a large ferroeleesponse occurs only in the
immediate vicinity of the MPB is taken into account. [4, 8]ghcate this effect with the coex-
istence of a tetragonal and a rhombohedral phase whichasesedhe number of possible dipole
orientations in the<111>-directions.

As a first approach toward a multiphase model, every grairalestain amount (volume frac-
tion) of each phase which is kept constant at any time (nogotrassitions considered). Hence,
the volume fraction of the tetragonal phases required as a new material parameter describ-
ing the phase mixture beside the ferroelectric propertiesaoh phase. The best reproduction
of PIC151 [7] is found using the parameters of Table 1 togettith f2*° = 0.45MPa and

2 = 0.25MPa for the tetragonal and the rhombohedral phase, respbgtipy = 50/MPas
andv = 30%. Figure 2 shows the results for the first load cycle underdgeneous electric
and mechanical load. The dielectric displacem@pis calculated fromD; = ¢¢E¢ + P; and

{ D ) id O'Z (1) — 1Y (1)
B r@) _ 1W< rigi s T
Ly =0 Tl frOFAE = EGPS+302§15 > f&"
o : eV = (E“PS 9°) / (YeS)
o[ @l 0] @ 1, R Y N
oK, Y zz 2 (4)

Figure 1: Periodic arrangement of two grain orientationsadiestrating the locking effect caused by the crystallo-
graphic structure.
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Figure 2: Computed and measured macroscopic response b5 Ptlie to homogeneous loads beginning in virgin
state: electrical poling with a) hysteresis and b) butterfigve; c) mechanical compression.

the strain is given as;; = 0%;/Y + €45 neglecting macroscopic piezoelectric coupling.

Conclusion

The coexistence of tetragonal and rhombohedral phase sallogvsimulation of the large
ferroelectric response typical for PZT close to the MPB. ldeer, the curves do not show the
characteristics of the soft PZT PIC151. This may be due t@doraterials used to "soften” the
material whose impact on the switching process is not censdlin this model. Nevertheless,
the model seems to be able to reproduce the behaviour of EZdrd P
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Abstract. It is demonstrated on the example of single crystal silicow ltoncepts from solid state
physics and nonlinear continuum mechanics can be unifiethéopurpose of fracture prediction within
an easy-to-use FE methodology. Well-established molepol@ntials (Stillinger-Weber and Modified
Embedded Atom Method) are reformulated in terms of a stra@ngy density function of diamond struc-
ture silicon. Consequently, stress and stiffness tenserslerived from this function, are implemented
and linked to a commercial FE software using a constitutiverface. Not only is thus obtained tool
capable of solving the nonlinear deformation problem foraahitrary geometry, the local information
about the acoustic and opticdl-phonons becomes available as well, as the constitutiveiddvased
on the underlying molecular structure, its kinematics atsdenergetics. By the identification of soft
phonons, the onset of material decohesion is predicted anddfin very good agreement with a re-
ported experiment.

Introduction

The investigation of crystalline solids at high mechangtedins has become arevitalized area of research
in the last years. Upon straining the atomic lattice, thetedmic structure of a solid rearranges, which
can result in dramatic changes of almost any physical ptggdse it mechanical, chemical or electronic.
Thus, the possibility of bringing a crystal into a contrdllstate of large deformation makes a classical
material truly multifunctional and opens the doors to nescfnating technological fields. For instance,
it was demonstrated in recent experiments [1] that mechbsiaining of a silicon p-channel MOSFET
leads to a considerable increase in the mobility and s@daratirrent, hence to a speedup of the device.
However, the desired modifications of the electronic stmgcat high tensile strains go hand in hand with
an unwanted mechanical destabilization of the atomiccittiDue to strong covalent and directional
bonds in group IV semiconductors, such materials are driltl the presence of stress fields, a local loss
of material cohesion can quickly initiate a progressiveateting: a crack runs through the material and
destroys the device.

The prediction of brittle fracture is a demanding discipliof both physical and engineering interest.
For a specific material, the stress field is determined by #wicd geometry and boundary conditions
(prescribed displacements and / or tractions). Howevethesrack typically originates in a localized
stress amplifier at the atomic scale (e.g. defect or notiats) problem is intrinsically multiscale. Even in
the case of micron-sized electromechanical devices, figetorders of magnitude separate the device
dimensions from the bond length. In order to link boundargditions to fracture initiation, the defor-
mation field must be calculated, critical overstressed $iteve to be identified, the nearby stress field is
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resolved down to the atomic scale and criterions indicatisg of cohesion must be formulated.

Z2pm ——————— ZokU Smm
PRAKT IKUM FIRST .ETHZ .CH

Figure 1: At critical loads single crystal silicon struaarsuffer from brittle fracture. The damage occurs suddenly
one or several cracks start at localized stress raiseesjectbe structure and leave atomically flat surfaces.

In the past, the question of deformation was mostly treatithithe framework of linear elastic field
theory, which provides a good approximation to the undegdymonlinear theory as long as strains are
small enough and do not exceedl1%. However, it is currently recognized that debonding of grov
semiconductors occurs at considerable tensile straimsitgon mechanical ab initio calculations indicate
critical strains of~ 20% [2]. The stress-strain curves at such high strains deviate the linear Hooke’s
law o = Fe. Not only fails linear elasticity in describing such nomarities, it does not explain fracture
at all. As there is a proportionality between applied boupd®nditions and the stress field, the theory
provides solutions for arbitrary high loads. Due to thisrstmming of linear continuum mechanics and
the fact that material decohesion concerns atoms and bardsyften anticipated that either fracture
mechanics or molecular dynamics (equipped with empiricaloinitio potentials) are the right tools to
treat such problems.

A promising alternative to this approach is presented ia g@per. By incorporation of nonlinear
continuum mechanics it was shown that physics of atoms amdcahtinuum theory can be merged
together to provide a tool for the investigation of crystalahanics, be it on the macroscopic or almost
atomic scale [3]. Here, a continuum mechanical formulatbrvell-established molecular potentials
from solid state physics literature is set up. The constiutesponse is coded within a material routine,
for which there are interfaces in most commercial finite elehrmethod (FEM) toolboxes. Equipped
with a FE software and such material models, the scientishgmeer is provided with a versatile and
easy-to-use tool for the investigation of crystalline degi subject to large deformations. One is free
to define geometry and boundary conditions for which defdiondields can be calculated. Aspects of
the phonon spectrum (acoustic wave speeds, Raman freqagace spatially resolved by investigating
the local stiffness tensors. By the identification of sofopbns, it is shown on the example of a silicon
structure that the prediction of brittle fracture becomessible.

In the authors’ opinion, one of the central issues in redimmiof multifunctional capabilities of
materials lies in the aquisition of a unified and accuratesfay picture, in which different phenomena
are understood and explained as manifestations of the sageelying physics. The work presented here
is hopefully a successful realization of this philosophy.

Elastostatics of crystals

From a continuum mechanical point of view [4], a crystal isoatiuous collection of material points.
Static deformations of solids are described by the assighwfethe current postitiox € w C R3 to
the initial positionX € Q c R2 for each material particleQ andw are regions of space occupied by
the solid in the undeformed (referential) and deformedt{@paconfigurations, respectively. The goal
is to find the mapping — x(X), which for prescribed external loads and boundary conutigives
a deformation that satisfies force equilibrium. For constve systems, a potential energycan be
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assigned to any deformation and force equilibrium is edentao the stationarity conditiof/ = 0 for
all admissible perturbation$. In the absence of body forcds,is a simple functional ok(X):

UX| = [,W(F)dV , F=0ax/oX

F is the deformation gradient which provides the local magmifithe three undeformed lattice vectors
A, with o = 1,2, 3 onto the deformed lattice vectoas, according toa, = F - A,. The scalar valued
function W (F) is the strain energy density. For energetic solids therseaergy density is with good
accuracy defined as the liniit' (F) = limy_, Ey/V. V is a arbitrary volume of the initially unstrained
crystal andE), is the electronic ground state energy of the respectivetadrg®rtion that is homoge-
neously deformed in such a way that an arbitrary lattice tpafimitial position X is found atx = F - X.
SinceW must be invariant under rigid body rotations where SO(3),W depends orf through the
right Cauchy-Green tens@ = FT -F. If all functions are sufficiently smooth, the applicatidrstandard
variational procedures and the Piola identity allow for deeivation of the partial differential equations
of elastostatics in the spatial picture, which follow fréli = 0 if 0x is arbitrary:

i -1 T ow
dive)=0 , e=J F-S-F' | 8_28—C
Hereo is the Cauchy (true) stress tensor and the divergence is t@itke respect to spatial coordinates
X. J = det(F) is the volume ratio an® is the second Piola-Kirchhoff stress tensor. The equatxéns
elastostatics can be solved using the FEM [5]. However,rbdfts can be realized: (i) a formulation
of the strain energy density’ as a function of deformation must be defined and (ii) stredsséifiness
tensors required by the FE codes must be derived #idom

Definition of the strain energy density

Since accurate ab initio ground state energy calculatiomaamerically quite expensive, good empirical
approximations folry are necessary if computational efficiency is an issue. Wnfiately, it is a fact that
empirical potentials are typically capable to represertenia properties in accordance with experiment
only near specific states to which the potentials were explititted [6]. It is the responsibility of the
user to check whether a potential is suitable for the apjidicaat hand.

In the situation discussed here, two promising formulatiohinter-atomic potentials for single crys-
tal silicon were chosen: the Stillinger-Weber potential\$ [7] and the Modified Embedded Atom
Method (MEAM) [8]. The former was chosen for its formal singgly, while the latter for its abilities to
approximate correctly the elasticities and a realistictfree behavior [9]. The potentials were transferred
into constitutive laws by taking into account only first n@gur interactions, setting up the correspond-
ing strain energy densities and its analytical derivativié® following procedure for the above issue can
be followed:

1. A crystallographic unit cell is chosen and characterizgdhe three lattice vectofA, }, and an
N-atom basis is chosen and characterizedvbyectors{R;}, k = 1,..., N.

2. The lattice is subject to an affine deformaten= F - A, while the basis is allowed to deform in
a non affine wayr;, — r;, (sublattice shifts),

3. The energy contributions of all bonds, bond angles or eldibgs corresponding to one unit cell
are added and the strain energy denBitys obtained by dividing the resulting total energy by
the undeformed unit cell volumié = A; - (A2 x As).

4. By differentiating the strain energy density with redpgecC and all inner displacements, stress
and stiffness tensors are obtained as nonlinear functibiiese arguments.
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This approach becomes especially simple for short rangeaictions and first neighbour formulations,
in which no kinematical objects extending over several oells enter the energy expression. Within a
minimal representation, the diamond structure of siliconbtained by occupying a special nonorthog-
onal lattice with a two atom basis. One single inner dispteaet vectorZ is sufficient to describe the
energetically relevant relative shift of the two initiafgce centered cubic sublattices. The deformed ver-
sions of the four normalized bond vectitg, I = 1,2, 3,4 connecting first neighbours are thus defined
asm; =F- (N[ + Z).

Figure 2: A cut-out of the undeformed (left) and homogengodsformed (right) diamond lattice. Atom No. 0
leaves its central position, thus violating affinity and rimgkit necessary to introduce a sublattice shift vector.

By the use of the spatial vectons;, the dimensionless bond stretdhh = ,/m; - m; of bondI and the
cosinegr; = cos(pry) = (My/Ar) - (my/A;) between the two bondsand.J # I can be expressed
as functions ofC andZ. The kinematical objectd; and ¢;; can directly enter energy contributions
attributed to bond stretching and bond bending. For instattee analytical expression for the first
neighbour strain energy density functign of the Stilljlng?ber potential reads as:

W(C,Z) =Y fOn) + D> 9 As 1))
=

I=1 J=1
JAT

f(Ar) = e (B (%)ﬂ’ B (%)_q> X7 for Ar < ao

0 else

i 0l
Aj/o —aprj/o —a 152
9NN 1) = { AT ST g1y ) for oy < oo and), < a0

The parametersl, B, p, ¢, a, A and~ can be found in the original publication [7], the remainimgt
parameters = 8.670'614'369 GPa and = 0.890'898'718'149'725’5 are the equivalents of the anigi
parameters, here suitably reformulated for the homogdniaenulation. With the same methods as
shown above, the strain energy densities for other crysiattsires and more involved potentials, such
as the MEAM or bond order potentials, can be defined.

Stress tensor, elasticity tensors and the Cauchy-Born rule

As shown above, the definition of the strain energy dengitformally allows to close the equations
of elastostatics. However, the resurrection of the caristé behaviour induced bi#” within an FE
environment requires some additional effort. To assurefarhation x(X) satisfies stress equilibrium
or to propagate a nonequilibrium towards stationarity W#wton-Raphson iterations, the second order
Cauchy stress tenserand the corresponding tangent operator, the fourth ordstieity tensorc , are
required, respectively. In order to make the later numeéncplementation of the constitutive
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law efficient, well ordered analytical expressions sho@apted for. For instance, an appropri-
ate formula for the first neighbour Stillinger-Weber Causlness writes as follows and might
be counterchecked by the interested reader:

4 4 4
o= % ZTl()\I)(”H@mI)JF% DY T Ay, é)(Mr@my) +Ts(Ar, Ay, érs)(My@m,)

1 g
ATAg 01y

Furthermore, a rule must be given how to determine the ésiift vectoiZ. Here the Cauchy-
Born rule provides a fruitful approach [10]. In energetitids) free internal degrees of freedom
arrange in such a way that the energy is instantaneouslymzed. This will result in a zero-
Kelvin model, which for silicon at room temperature seemsdmot a too severe simplification.
So the constitutive routine must in addition contain an inagorithm which minimizedV
with respect t&Z. A stationary point is identified by a vanishing inner fofée= 01W/0Z = 0.
However, if inner equilibrium is lacking, an efficient algm must search for the energy
minimum. Then the calculation of the inner elasticity tarSe= 0?17 /9Z ® 0Z is advantegous
for driving Z quickly towards a stationary point using Newton steps.

So a diversity of tensors must be derived by analytical defiiation of11/. Without pre-
senting further details, the following table summarizesriquired objects. For all referential
guantities (denoted by capital letters), there exist apabunterparts (lower case letters) and
are obtained by a corresponding push forward operatione&dy work on this topic see [11].

OAr A1 091

= To(Ar = T3(A1, A =
)\18)\[7 2( I J7¢IJ) )\I > ) 3( I J7¢IJ)

name definition (referential) push forward (spatial)
stress tensor S =290WwW/oC oy = J ' EyFSk

inner force vector G = oWjoz g = JTUETG,

partial elasticity tensof C° = 4 9°1W/0C @ 0C Coi = I Fig By Frs FuC)
force-strain coupling | D = 20°W/0Z ® OC dimn = J 1 F, T FrngFrr Digr
inner elasticity tensor| E = 9°W/0Z ® 0Z emn = JTF L Fp T Ey,
total elasticity tensor | C,x = (C?jkl — E; ot Dyij Dokt | Cijir = J 1 Fy Fj Frs FiuC st
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Conditions for material stability

Constitutive laws derived from molecular potentials in éfb@ve sense possess only conditional
material stability, i.e. material stability is lost at ocil deformations, see [12] for further
details. For instance, a truly elastic body is able to cacpuatic waves (here: acoustic phonons
nearl’) with real valued wave speeds. There is a mathematicatiortéo check whether this
ability is ensured: the Legendre-Hadamard or rank-1-cahweondition [13], denoted here as
R1C. The construction of an indicator of the same name shuaud the property of being real
valued, nonnegative if R1C is ensured and negative if itotated:

R1C=y (p‘l 1517151[0 (vev)+(u®v):c:(u ®V)]) , X(x) = sgnz)+/abgz)

Herep = po/J is the true, spatial density of the homogeneously defornieds crystal (o, =
2’329 kg/m? is the referential density), andv are arbitrary unit vectors and the minimization is
carried out over all possible pairs, gagf is the signum function and afas gives the absolute
value of the argument. If R1C is nonnegative, it will retune tsmallest true wave speed of
an acoustic wave propagating in the homogeneously strairystal. A negative value of R1C
indicates the existence of standing modes with amplitudpsreentially growing in time, so
instability of the state of homogeneous deformation wipeet to acoustic perturbations.

A second stability indicator addresses the question of mdrehe internal stiffness tenser
is positive semidefinite, which is a necessary conditiortierexistence of a local minimum of
W with respect to perturbations of the lattice shift vectanc® the eigenvalues efare related
to the Raman frequencies (the frequencies of optical ph®adr), a good definition is:

RAF = LX <,0_1 min[e: (U® u)])
RO u

™

Here Ry = 235.2 pm is the initial, undeformed bond length. A positive RAFag\he smallest
Raman frequency and the minimization is carried out oveurl vectorsu. If RAF becomes
negative, this indicates instability of the crystal enength respect to the arrangement of atoms
inside the chosen unit cell. Since the arguments of the RHRa#F indicators are nonlinear
functions of F', the indicators will take different values for differentigs of strain and can
finally go through zero at critical configurations. From a giegl point of view, the indicators
are well defined since they access the acoustic and optipalonons of the homogeneously
deformed solid.

Referential properties and tensile curves

Constitutive routines in the above sense were implememeéortran using the silicon
Stillinger-Weber potential and the Modified Embedded Atoretivbd in the first neighbour
formulation. For a given deformation gradignthe routines find the relaxed lattice shift vector
Z and calculate the stress and stiffness tensamadc, respectively. In addition, the Raman
frequencies and the stability indicators R1C and RAF areutafed. The routines process sev-
eral hundred constitutive evaluations per second on a R4ZB%&B personal computer running
under Windows XP. Hence it is possible to link the routineBEoprograms and finish complex
elastostatic calculations within reasonable times.

The models were thoroughly tested and verified. As one ofrabebecks the referential
elasticities were determined by investigating the elagtiensors and the Raman frequencies
in the undeformed state £ I. The elasticities of the models were found in perfect agreet
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with computational results from literature [14], [8]. Th&/&potential is well known of being
incapable to give the experimentally observed values sia@astic constants are restricted by
the Harrison-Huntington relation [15]. The MEAM is much tegtin this respect, but in return
the Raman frequencies are in serious disagreement withiegrdg.

Cn Cha Cu Ch Eroo Erig Evn IR
EXp. 165.773 63.924 79.619 130.193 169.159 187.90415.530
Stw 151.350 76.385 56.422 109.70300.110 129.029 142.77]717.841

-8.7% +19.5% -29.1% -23.1% -23.7% -24.09% +14.9%
MEAM | 164.152 64.692 76.638 250.33627.577 164.653 182.31426.686

-1.0% +1.2% -3.7% -2.0% -2.7% -3.0% | +71.8%

Table 1: The elastic constants (GPa), elastic moduli (GRdl}tlae triply degenerate Raman frequency (THz) for
single crystal silicon at the stress free reference corditnm. The experimental data is from [16] and [17].

The uniaxial tensile curves in the [110] and [111] direci@mow the behavior as expected for
a material with internal degrees of freedom and disso@dionds. With increasing strain the
stress first goes up until a maximum, the ultimate strengttgached. After this point cohesion
is weakening and the stress gradually drops back to zero.agae MEAM [111] stress curve
is close to the corresponding ab initio prediction [2] w88V considerably overshoots it.
The R1C indicator and the Raman frequencies are droppingdagasing strain and finally go
through zero at strains which perfectly correlate with tbeusence of ultimate strength, thus
justifying the roles of R1C and RAF as stability indicators.

First neighbour Stillinger-Weber potential

First neighbour Modified Embedded Atom Method
60 T T T T T T T T T T T T
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Figure 3: Stress-strain curves, the R1C indicator and tmedRdrequencies for uniaxially stressed (laterally free)
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silicon in different crystallographic directions. The alitio DFT-LDA data for [111] is from reference [2].
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FEM aided prediction of brittle fracture

The full 3D capabilities of the constitutive routines weeed to conduct finite element calcula-
tions on realistic mechanical structures loaded untiltireee For such calculations the routines
are linked to an FE software by a constitutive interface.ifstance, in the commercial program
ABAQUS this is the UMAT subroutine [18]. The FE software sdlhe constitutive routine in
every increment and in all integration points and uses thenmed stress and elasticity tensors
for the assembly of global force vectors and stiffness roagti With the help of these objects the
FE code solves - increment by increment - the nonlinearasteic problem for the unknown
displacement and stress fields.

The case used for the here reported numerical study wasiexeally investigated in [19],
see figure 4 for details. It is a micron-sized single crysiladan tensile specimen, of which
several realizations were made and stretched in the [018¢tthn until fracture. The speci-
mens were manufactured by anisotropic etching in KOH. Thiegss leads to perfectly flat
surfaces which are oriented along crystallographic plaiAs a consequence however, very
sharp notches result from the intersection of two such plamfact the notches were classified
as atomically sharp using electron microscopy. The spewmere stretched and the applied
force and the strain in the bridge (cross section dimensdnb0um?) were measured. By
dividing this force through the cross section area, the nahstress in the bridge is defined.
Experimentally, fracture occured at an average nominaksti,; = 0.586 GPa with a small
standard deviation of only 3% and the cracks initiated frara of the sharp notches, where a
strong stress concentration occurs.

unit cell

£

a
®

<

fte}

atomic scale

NSRS
XNRDK
\/

NP
\‘%‘V}X%i%‘"‘

RP

[010]
global model

[100] submodel

Figure 4. Details of the investigated specimen and the FEhmEse mesh near the notch is refined down to the
atomic scale and adapted to the crystal lattice. The cotesrant is most critical with respect to material stability.

Within the numerical simulation, this well known geometsydiscretized with 49’733 quadratic
tetraeder elements. In order to resolve accurately thessfield in the viccinity of the critical
notch base, the mesh there is refined down to the atomic ssalg a submodel with another
101'684 elements. At the atomic scale, the mesh is adaptédetstructure of the crystal
lattice, i.e. elements are forced to occupy regular cubesdaf length 543 pm, which is the
lattice constant of diamond structure silicon. With quaidralements, the density of nodes
then corresponds to the number of silicon atoms per volumeinAilation is performed by
assigning the StW or MEAM material to the discretized FE spea. The tensile force is
applied to the model and slowly ramped up.
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The stability indicators R1C and RAF are calculated in ahetnts, and if plotted as fields
on the geometry, are soon found most critical in the corremeht adjacent to the notch base.
With both material models, R1C indicates instability fifBhe positive outcome of the approach
presented here consists in a strong correlation betweesirthiated load at which local loss of
material stability occurs and the experimentally obsefvacture load. In figure 5 the minimum
of the R1C field for the StW and MEAM simulations is plotted exgathe nominal stress, now
defined as the simulated tensile force divided by the refeecross section area 9®0um?.

At elevated loads the R1C indicator breakes down and paksesgh zero, so the affected
elements are transferred into a state of material instpabllhis happens for the StW material at
a simulated load of = 0.788 GPa, thus overshooting the experimentally founddracstress
it by 34.5 %. For the MEAM however, R1C indicates instabilitygat 0.582 GPa, which is
only 0.7% belows . and thus in good agreement with experiment.

— 4621kms
~MEAM

4012Kkmis N

.| Experiments:

Minimal R1C indicator [km/s]

4 || Min. : 0.552 GPa N | 0582GPa
Aver.: 0.586 GPa =Gyt | - 1 .0.788 GPa
| Max.: 0.645 GPa AN | PN Ot

0 01 02 03 04 05 06 07 08 09 10
Nominal stress ¢ [GPa]

Figure 5: Left: the R1C field for MEAM silicon at the first ocecance of material instability. Right: the min-
imum of the R1C field for the StW and MEAM simulations, plottegainst increasing nominal stre@s The
experimentally investigated specimens failed at Iaa#sthin the shaded region, the average wag.

So a material law derived from an appropriate molecularmi@k properly transferred into a
continuum mechanical framework and paired with the corsceptnaterial stability in the sense
of R1C and RAF gives a good tool for the prediction of fractstieength of brittle silicon for
the considered test case. From the point of view of apptioatie method presented here is
not different from a standard nonlinear FE calculation anthis sense requires no excessive
training of the operator since the full information condegithe mechanics of the material and
the destabilization mechanism are contained in the cotisgtsubroutine. The only duty of the
operator is the detailed modeling of crucial geometricaldees leading to stress concentration.

Conclusions

A ready-for-use FEM based procedure for the prediction dflérfracture of single crystal
silicon structures was presented that yields results i ggreement with experiment. This is
especially interesting in consideration of the fact thatansingle manipulation was undertaken
to make theory and experiment fall together. The originahigations of the StW and MEAM
potentials remained unchanged including the parametinghioh not a single one was varied.
The freedom in choosing the kinematical objects descrithiegcrystal was used such that the
numerically most efficient model resulted, i.e. the prin@tunit cell and thus the minimal atom
basis were chosen. The FE discretization at the criticalvg#s refined in such a way that the
mesh geometry and density of nodes match the crystal steyaioi even in this elsewhere often
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crucial point there is no ambiguity. The stability indicet@ddress properties of phonons, thus
draw upon a sound physical theory and can be derived fromedypmathematical investigation
of the linearized system of equations of motion.

But besides these positive findings there are still opentounss First, the method has to be
applied to more examples and compared with correspondipgremental data before its reli-
ability can be rated. Second, there are intrinsic shortogsito every local continuum theory
resulting from homogenization. For example nonlocalitg ¢imlong range atomic interactions
is lacking, the influence of a most probably oxidised surfa¢enaterial imperfections or dis-
locations are not contained and the effect of temperatunaissing. If there is a connection
between such issues and the structural strength, theresgohono other way than treating the
problem within a detailed atomistic picture. Third, thegrttal formulation plays a crucial role.
Today the conceptual validity of the potential energy stefaand so the strain energy density
- is generally accepted but it is difficult to find efficient atghms for computing it precisely.
Any approximation simplifying the originally quantum mestical problem will most proba-
bly lead to errors, so empirical potentials like the ones@néed here will generate inavitable
deviations from the observed physics.

Nevertheless, the positive outcome of this work and the imgmous way on which the
results were obtained encourage further investigatiotigsrdirection. Future projects will deal
primarily with the application of the method to realisticogeetries, in particular to topologies
as obtained from dry etching. A further goal will be the getieation of the method to different
materials and crystal structures.
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Abstract. Colloidal, superparamagnetic fluids as well as ferroelastéos and gels are
substances which respond to an external magnetic field byoagtthange of position and
shape. By these characteristics the magnetisable, hidgabyie materials are well adapted as a
basis of locomotion principles. At present applicationimggerrofluids are i.g. seals, dampers,
pumps and a microdosage pipette [2, 3, 4, 5]. Ferrofluids heenbdiscovered as an actuation
medium in general, in partucular as a basis for locomotiostegns since a few years.

In this paper three applications will be discussed with o passive locomotion systems
based on a free ferrofluid surface and active locomotionmsgtbased on ferroelastomers.

Introduction

Colloidal paramagnetic fluids (in short: ferrofluids) as had ferroelastomers and gels are
substances which respond to an external magnetic field byoagsthange of position and
shape. That is to say, nanometer sized volumes align ne@aljected by each other following
the magnetic field and thus deform and move the whole fluidnael{d].

By these characteristics the magnetisable, highly elasditerials are well adapted as a basis of
locomotion principles. At present applications usingdétrids are e.g. seals, dampers, pumps
and a microdosage pipette [2, 3, 4, 5]. Ferrofluids has besodered as an actuation medium
in general, in partucular as a basis for locomotion systentes few years [6].

This kind of locomotion, using magnetisable, highly elastiaterials, utilises the resulting
force of surface effects and magnetic interaction for tlwhootion purposes. Locomotion in
general is classified by passive and active locomotion, ggelF According to the definition

in [7] the magnetoelastomaterial is stationary in a passpgtem. Whereas in an active system
the magnetisabel, highly elastic material is an elemertt@fdacomotive structure [7].

In our paper three applications will be discussed with resfe passive locomotion systems
based on a free ferrofluid surface and active locomotiomsyteased on ferroelastomers.

Applications of locomotion systems based on magnetoelastaterials

Locomotion driven by a locally and temporally changing metgnfield on a free ferrofluid
surface operates on an array of electromagnets. The regtdtirofluid soliton and the force
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FERROFLUID, -GEL AND -ELASTOMER
BASED LOCOMOTION

passive locomotion active locomation
I | I I
per locally changing magnetic per locally stationary electromagnet an electromagnet extern
field magnetic field board (locally and temporally
changing magnetic
‘ field)
with permanent without permanent basing on permanert basing on surface
magnetic initial magnetic initial magnetic initial stress instabilties
stress stress ‘
permanert magnetic permanent magnetic initial
initial stress per idertical stress per cascaded,
directed polarisation painvise inverse directed
polarisation

Figure 1: A possible classification of locomotion systemsdobon magnetoelastomaterials.

acting within, respectively, are moving an object eithemlgwimming or by a pushing opera-
tion. An onedimensional and a twodimensional alignmentrgreduced in Fig. 2 and Fig. 3.

o1 02) (©03) (04)

(05) (08) 1) (08)
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(10) [ (12)

e

‘otype of passive, onedimensional locomotion

Cruckvereiungsdagmamm [Pa)

hor. Position in x—Richtung [mm]

Zeit [ms]

Figure 3: Passive, twodimensional locomotion of an object.

The theoretical background of Fig. 3 is presented in equatly. A total force mainly
resulting from athmospherical and magnetic and hydraséditects is characterized by

Iy = /(pfg(h(Rv) — 20) + w (hy—1) = Hy(z :SZ(RV)’T) (uy—1))dS. (1)

S

Whereasp,; and yi; are the density and the permeability of the fluid, respelgtivend H,
is the magnetic field intensity unaffected by the fluid. Thieah force is experimentally
determined by static and dynamic measurements. The distibof pressure maxima

A marks the locally depended and 'B’ the temporally depedadnaxima.
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on a 12mm-diametered sensor area is depicted in Fig. 3c). thitle solid line 'C’ is the
position-time-graph of the ferrofluid soliton.

The system of Fig. 4 is classified as a passive locomotioresysivhich basis of the loco-
motion is a free ferrofluid surface, a locally fixed but tengllyrchanging magnetic field and
a permanent magnetic initial stress. The polarisation efléiter is cascaded in locomotion
direction and pairwise inverse directed, which causesgeigtructure on the fluid surface. If
a homogeneous, alternating magnetic field, applied by releetignets, is added, the the sur-
face pattern changes periodically. Subsequently, an plgkxced on the surface, is lifted and
gliding horizontally in the next pattern sink. In series ope@riodic process a locomotion is
accomplished.

I-EIH ETHNTSTH
In s lwnl ylu.

Figure 4: Prototype of a passive, linear locomotion system.

The actuation mechanism of active locomotion systems, wbase on magnetoelastomers,
gels and covered ferrofluids, comprises two principles. fliséis achieved by an expansion
and compression like the biological archetype earthwomms, [Kig. 5a), and the second by a
change of bending, see Fig. 5b) and c). The devices use aelatgngth and are advancing
due to a non-symmetric friction, in case of Fig. 5a) and b)rwjined bristles.
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Figure 5: Active locomotion systems based on expansion antpeession or on a change of the bending rate of
the magnetoelastomaterial.

Fig. 5¢) shows a worm made of an elastic cylindrical capsuliedfiwith ferrofluid. It is
positioned in a channel surrounded by electromagnets. e/ magnetic field is alternating
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with a frequency off = 5..800Hz, the worm undulates in a periodically traveling magnetic
field and thus is moving along the channel in opposite dioeabif the traveling magnetic field.
The velocity of the capsule depends on the geometry of its sivape, of the channel and of
the frequency. Theoretical and experimental analysis exmireg the capsule velocity yields
similar results for frequencies below 50Hz. From 700Hz tkgeeimental values diverge from
the theoretically predicted due to inertia forces.

The currently available magnetisable, highly elastic malg like ferrofluids, elastomers,
gels, can only render comparatively minor forces within th@igit newton range. Thus, the
following requirements, which have to be considered in teeetbpment of similar systems,
arise:

* mass and volume reduction of the systems,
 usage of powerful and lightweighting magnets,
* reduction of the thermal energy loss at the magnets.

Locomotion systems based on these magnetisable, higlsijchaaterials, solely receive their
locomotion energy and information from the magnetic fighdista high degree of autonomy is
obtained. Especially this fact provides the great attvaoss of these materials in an engineers
view.
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Abstract. This paper is concerned with the development of mechanigdeta for the analyt-
ical determination of the macroscopic material behaviotitextile reinforced concrete (TRC)
using a multi scale approach. Therefore the heterogenetiustare of TRC is modelled on
the mesoscopic level followed by the homogenisation ofdtexdgeneous structure. Based on
the micro-mechanical solution for a single inclusion endesdiin an elastic matrix according
to ESHELBY for the multi-directional reinforced concrete an effeetifreld approximation is
used. This approach considers the interaction betweenitfeaht orientated rovings and the
micro-cracks in an average sense. For the mechanical miodetif the bond behaviour be-
tween roving and matrix after initiating of the macro-crawl a slip-based bond model with a
multiple linear shear stress-slip relation is used.

Introduction

In the last years textile reinforced concrete (TRC) as a reawposite material has shown its
high potential for application in the field of civil enginésg for the fabrication of new structural
elements and the strengthening of existing constructibjhghe textile reinforcement consists
of rovings which are bundles of a huge number of continuoasints. TRC shows a complex
material behaviour which can be classified in a linear-elasdrt for low loading, the micro-
cracking and the macro-cracking. For the determinatiorhefdverall macroscopic material
behaviour the heterogeneous structure of TRC is modelledeomesoscopic level followed by
a homogenisation of the elastic fields. To reduce the nualerasts with regard to an intended
multi-scale computation of TRC structures analytical hgemasation techniques are used.

Linear-elastic behaviour

For a low macroscopic loading the material behaviour is agprately linear-elastic. Basis
of the analytical homogenisation is the micro-mechanicflit®on of the average strain in a
single inclusion embedded in an elastic matrix according2eELBY [2]. In the case of el-
lipsoidal inclusions the strain in the inclusion is constamd with the EHELBY tensorS® the
overall elasticity tenso€ can be written as

C=C+)Y fu((C*—C)t+8*:Cc) . (1)

a=1
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Herein areC andC* the elasticity tensors of concrete matrix and inclusiand f,, the volume
fraction of the inclusions. This solution neglects any liatgion between the inclusions and is
called the dilute solution. In extension of this solutiom foulti-directional reinforcements an
effective field approximation (EFA) is used [3]. This apprb&onsiders the interaction between
the different orientated rovings in an average sense. Newdiffierent orientated rovings are
assumed to be in a matrix (volume fractify) with the still unknown average matrix strai'.
This problem can be solved analytically and leads to an emuédr the direct computation of
the overall elasticity tensor [6]:

n n -1
C=C+) fu(C"-C): {Ka + Y (K- f1) (KO - m)} )
a=1 B=1,8+4a
with

K= (fon+ fa) 1 — fS*: (1 —-C CO‘) : (3)
Compared to Eq. (1) in EqQ. (2) now the different orientatedrgs are coupled.

A roving is a loose bundle of flaments and we assume in the amechl model, that the
embedded roving has only a longitudinal stiffness and aatssterse to its axis like a hole in
the matrix. As shown in the example of a bidirectionally femed matrix in Fig. 1 we obtain
the interesting result, that the decrease of tkke&/MGs modulus perpendicular to the roving axis
is larger than the increase of the modulus in direction oftivéng.

35000
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per direction
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g e E per direction
S 20000 F
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g
& 15000 F -
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10000 [ . E.; :
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A »
0 i i i i i
0 5000 15000 25000 35000
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Figure 1: YouNes modulusE’; in z3-direction of a bidirectionally reinforced matrix depengion the roving
orientationw (plotted in polar coordinates).

Micro-cracks

If the matrix stress exceeds a critical value micro-craaks developing. The additional
strain due to the micro-cracks’ can be expressed by the definition of a forth order tedsor
and the prescribed macroscopic straif4:

gC=J¢ ™, 4)

In the sense of the analytical homogenisation it is assuthatlthere are no direct interactions
between the micro-cracks among themselves and between-oracks and rovings, but the
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application of the effective field approximation allows ttensideration of these interactions in
an average sensé< can be obtained by integration over the crack opening dispie@nt (COD)
[6] which is known from fracture mechanical solutions.

For the characterisation of the actual state of micro-arackve define a so-calledrack
density parametef, as product of the total number of cracks per unit area andahared half
crack length [4, 6]. Therewith we can describe the evolutibtihe micro-cracks with only one
parameter, and the tensdt depends ory,. Using this parameter we don't need to know the
lengths and the distribution of the cracks. However, thewation of stress singularities is not
possible.

Figure 2 shows as an example a bidirectionally reinforcettimmander uniaxial tension in
xz-direction. In this example the elastic properties of thdrimand the rovings ard’,, =
30000 N/mm?, v,, = 0.2, E, = 76000 N/mm? and the volume fractions of the rovings are
f1 = 5% in xz3-direction andf, = 1 % in x,-direction. The damage evolution due to the micro-

35000 ' ' T 0.2
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S i -
0 g g0 £ 30000} N2 =
PLLLLLITIIIL LTt ws= 58y E E, ' 1 0.20 e
1 =
— —] E 25000 | L, -3
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(I w52 2 so0) / swinduero
g micro cracks €% _
> I
© 0 ! ! ! ! ! 0
0 0.1 0.2

. . . 0,
macroscopic strain Eg in /00

Figure 2: YouNGs modulus and average strains of a bidirectionally reifdmatrix including micro-cracking.

cracks can be described as follows. With increasing maopsstrain:§ also the matrix strain
g5' is increasing. If the matrix strain obtains its limit (hees,, = 0,17 %o), micro-cracks are
developing. After the initiation of micro-cracking the asge matrix strairx;* cannot exceed
the ultimate matrix strainm,,,. Hence, with increasing macroscopic strairthe strairg; due
to the micro-cracks must increase. For a continuously asing uniaxial tensile loading the
matrix strain remains constant af,,, and the overall YuNGs modulusE; decreases. This
decrease is non-linear. The current state of the damagedhe micro-cracks is characterised
by the parametef, which is irreversible.

Macro-cracks

In the mechanical model it is assumed, that the micro-crackamulate to macro-cracks if
the micro-crack density reaches a critical value. Aftetiation of the macro-cracking the bond
behaviour between roving and matrix dominates the overatiroscopic material behaviour.
For the modelling of the bond behaviour a slip-based bondaheih a multiple linear shear
stress-slip relation is used [5, 6]. A multiple linear apgob allows the closed form analytical
solution of the bond problem. At least three linear sectemesnecessary to consider the perfect
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bond zone, the partly damaged bond zone and the completedieth@aone. The function of the
shear stress-slip relation can be determined by pullowraxgnts.

Example

As an example a strain specimen is analysed. The specimem@sh of 100 mm and a
thickness o8 mm. In the experiment the elongation is measured between tvasunement
marks with a distance @00 mm. The specimen is reinforced in three layers. The elastip{pro
erties of the concrete matrix and the rovings and also theaté stresses are given. Figure 3
shows the comparison between the measurement data andatlygcah solution and demon-
strates the applicability of the presented analytical rhode

A measured data
14 F (source: SFB 528)

(3]
g = analytical solution
E12}
=
g
S10f ~ 6
I g
- micro cracking §
g8 [ Z 4
8 R=
Q - -
.g-‘ 6 :
% “ ~ _ g 2
g 4 | multiple macro cracking 5
= 50
&0 2 f\linear elastic behaviour 0 0.1 0.2 0.3
5 slip s in mm
<>3 0 L 1 1 1 1 1 1 :

0 2 4 6 8 10 12 14

average macroscopic strain g in %o

Figure 3: Macroscopic material behaviour of a TRC specimmtteu tensile loading and implemented material
behaviour of the roving-matrix interface.
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Abstract. The paper presents continuous and discrete variationahtdations for the treat-
ment of the non-linear response of piezoceramics undeliawiat electromechanical loading.
The point of departure is a general internal variable foratidn that determines the hysteretic
response of the material as a generalized standard mediuernms of an energy storage and a
dissipation function. Consistent with this type of standdissipative continua, we develop an
incremental variational formulation of the coupled el@ectrechanical boundary value problem.
We specify the variational formulation for a setting basedaoof smooth switching-surface
which governs the hysteretic response. An important agpdéioe numerical implementation of
the coupled problem. The discretization of the two-fieldpgm appears, as a consequence of
the proposed incremental variational principle, in a synmedormat. The performance of the
proposed methods is demonstrated by means of a spectrumabfrbark problems.
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Abstract. Ferroelectric materials exhibit a spontaneous polarieatiwhich can be reversed
by an applied electric field of sufficient magnitude. The lt@sy nonlinearities are expressed
by characteristic dielectric and butterfly hysteresis lsohese effects are correlated to the
structure of the crystal and especially to the axis of thensgiweous polarization in case of sin-
gle crystals. On our representative meso scale we assurhththdomains consist of unit cells
with equal spontaneous polarization. Each domain is mabelghin a coordinate invariant
formulation for an assumed transversely isotropic malesmpresented in Schder and Ro-
manowski [6], in this context see also Sgtler and Gross [5]. In this investigation the macro-
scopic polycrystalline quantities are obtained via a sienpbmogenization procedure, where
discrete orientation distribution functions are used t@egximate the different domains.

Introduction

A first macroscopic theory for the description of the hysieséoops has been based on rate
equations for the alignment of dipoles; which charactettimeconsequences of domain switch-
ing in @ macroscopic sense, see e.g. Chen and Peercy [3]riAddgnamic phenomenological
formulation for the description of the electromechanigateresis effects has been proposed by
Bassiouny, Ghaleb and Maugin [1]. The authors introducedé¢manent strains and remanent
polarization as internal variables and derived associtetlition equations as well as loading
conditions. It should be remarked, that their proposedngofhodel can be considered as a
generalization of Chen’s model on a thermodynamic basisedly the considered materials
are built by the repetition of structure elements in the ékdlanensional space. In heteroge-
neous materials we differ between different scales of mogethe macro-, the meso- and the
micro-scale. In order to model piezoelectric material védrave have to differentiate between
the macroscopic boundary value problem, the mesoscopiaitiaconfiguration and the micro-
scopic unit cells. The appearance of different polarizattidentations on the micro-scale are
the reason for the generation of the sub-domains on the swde- One characteristic feature
of ferroelectric material behavior is the appearance ofatmeous polarization in a certain
temperature range which ca be reversed by an applied el&etd.

Macroscopic boundary value problem.

Let B C R? be the macroscopic body of interest which is parameterized Furthermore,
let u be the macroscopic displacement field. The basic kinematiaMe is the macroscopic
strain tensok, which is defined by the symmetric part of the macroscopipldement gradi-
ent. As the basic electric field variable we choose the maogis electric field vectoE, given
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by the negative gradient of the macroscopic scalar poteptiwhereV denotes the gradient
operator with respect t®®. The governing field equations from the macroscopic pointieiv
are the balance of momentum and Gauss law.

Mechanical part Electrical part
g =symVu] E =-Vo¢
dive +f =0 in B divD = Dree in B
u =, onoB, o =g ondBy
t =on on 0B, -7 =D-m ondBp

Table 1: Basic equations of the macroscopic electromechbBVP.

Here& represents the macroscopic symmetric Cauchy stress térteergiven body forceD
the vector of macroscopic electric displacements gpg is the given density of free charge
carriers. In order to treat the electromechanical boundahye problem, the surface of the
considered body is divided in mechanical and electricaisgdf = 0B, U 0B, and 0B =
B4 U 0Bp respectively, witthB, N B, = ) anddoB,; N dBp = 0.

Meso-Macro-Transition.

In order to derive different constraint/boundary condisdor the considered body on the
meso-scale, the representative volume element, we ptstuggeneralized macro-homogeneity
condition which equates the mesoscopic and macroscoic@eechanical power, in this con-
text see the well known Hill condition. In the following wesasne a decoupling of the me-
chanical and electrical contributions and focus on comtirsubodies without holes. The two
decoupled macro-homogeneity conditions are defined as

Plzzv/a:édv—ﬁzg and PQ:ZV/D-Edv—D-E. (1)

Simple conditions, here denoted as constraints on the stescture, satisfying equation (1)

arec =& =const. or ¢ =g =const. and D =D = const. or E = E = const..
The first condition is associated to the well known Reussadaand contains the assumption
that the stresses are place invariant during the deformptiacess and always equal to the vol-
ume average. In a similar manner the other part is associated with thgtoound. In this
contribution the volume avera@e is rendered by the consideration of orientation distriuti
functions. Our approach is to construct a consistent digion of orientation to pay respect to
the many directions of polarization in a polycrystal. Inn@ahe construction of this distribution
functions is very simple. The orientations are uniformlgtdbuted over the unit circle. For a
spatial distribution of orientations the generation is tiatt easy. A consistent segmentation
of the two angles which describe a point on a unit sphere wiaad to a compaction of ori-
entations in the neighborhood of one axis. A feasible actmefize construction of consistent
spatial distribution functions is the partitioning of thehgre surface into parts of equal areas.
An innovative treatment of the problem was given b RARD BUCKMINSTER FULLER who
separated the surface of the sphere into equilateral cengtangles. The resulting construc-
tions of a dome are denoted by the expressions geodesiespgirageodesic domes. They were

128



J. Schroder, H. Romanowski and . Kurzhofer

presented to a wider audience during the world exhibiticsizis Montreal where the american
pavillon was constructed in the mentioned manner.

Figure 1: Geodesic spheres and their distribution of oaigwrs, a) 42 orientations and b) 92 orientations.

Thermodynamically consistent framework

The key assumption in the proposed model is an additive deosition of the strains and the
electric displacements into reversible and remanentv@rsble) parts. Let us now assume the
existence of a thermodynamic potenttal= Fl(s, e”, E,P"). The evaluation of the second law
of thermodynamic yields the constitutive expressionsherdtresses and electric displacements
and a reduced dissipation inequality remains. In order tdehihe dissipation process we have
to construct evolution equations for the remanent quastitFor this purpose the existence of
a switching surfac@ is assumed, where the optimization conditids£ of the Lagrangian
functionalZ(é, E, \) lead to associated flow rules for the remanent quantitieselated load-
ing and unloading conditions (postulate of maximum remadessipation). The complete set

of equations for the proposed model is summarized in Table 1.

additive decomposition e=e“+e"andD =D° + P"
thermodynamic potential H = H(e, e’ E,P")
stresses and electric displacementso = 0 H andD = —0gH

conjugated stresses and electric fieldt = —de- H andE = —0p- H

reduced dissipation inequality D=6:"+E-P" >0

switching surface d=d(6,E) <0

Lagrangian functional L(6,E,\) = —D(6,E) + \¢(6,E)

flow rules for remanent quantities | é" = A\dg® = A th andP” = \Jz® = A
loading/unloading conditions A>0; d<0and\d =0

Table 2: Set of equations for the proposed model

Numerical example

To clarify the macroscopic procedures an electric inhomegas example, the piezoelectric
actuator, is presented. In this example we reduce the actioed two dimensional section with
576 Elements. The dimensions of the meshed region were takasaption to Kamlah and
Bohle [4]. This means in detail we compute with a heighti.of 57.5um and the magnitude
of each fragment of the actuator is given hy= [, = 205um. A poling process is modeled
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by applying an cycling electric potential with maximum valof ¢,,,.., = —333V. The bound-
ary conditions and connection between the load factor amdintte are presented in Figure 2.
A spacial distribution of 42 orientations is assigned tohe@auss Point of the elements. For
the clarification of the poling process Figure 3 shows thaaamplot of the norm of the elec-
tric field and the vector plot of the macroscopic remanenazation over the isolines of the
electric potential.
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Figure 3:|E| andP" at different time steps of the computation.
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Abstract. Piezoelektrische Gradientenmaterialien bestehen aus@stens zwei Komponen-
ten mit unterschiedlichen piezoelektrischen EigensehaftDie piezoelektrischen Koeffizien-
ten andern sich dabei innerhalb des Materials stetig (ein- oderhrdimensionaler Gradi-
ent). Dadurch wird beim Anlegen eines elektrischen Felifes stetigeAnderung der lokalen
Dehnung hervorgerufen, was sich z.B. in einer Reduzierangrer mechanischer Spannun-
gen bemerkbar macht. Die Eigenschaften eines solchen Misteverden am Beispiel eines
Biegeaktuators diskutiert.

Es werden verschiedene Herstellunggichkeiten fir piezoelektrische Gradientenmateri-
alien vorgestellt. Bei der gekuchlichsten Methode wird ein chemischer Gradient durceei
Polungsprozess in einen piezoelektrischen Gradient umugait. Die Polungsmechanismen
werden an Hand eines Polungsmodells vorgestellt. Die fod-Nachteile verschiedener Mate-
rialkombinationen werden diskutiert. Die theoretischegdbnisse werden mit experimentellen
Untersuchungen von monolithischen Gradientenbiegerglicien.

Introduction

Fur die Herstellung eines piezoelektrischen Gradiememanolithischen Keramiken sind
verschiedene Verfahren bekannt. So kann der piezoelek¢riKoeffizient z.B. durch eine un-
terschiedliche lokale Dichte in einer Keramik beeinflusstaen, die ihrerseits z.B. Uber einen
Porositatsgradienten eingestellt werden kann. EineaneeMoglichkeit ist die Praparation eines
KorngroRengradienten. Die am haufigsten verwendete ddietist jedoch die Praparation eines
chemischen Gradienten, der erst durch den Polungsprozessen piezoelektrischen Gradien-
ten umgewandelt wird. Auch hier sind aus der Literatur Veiestene Herstellungsverfahren
bekannt, die auf Technologien wie dem Pulverpressen, kgib@en oder FreeForm-Techniken
beruhen.

Herkdmmliche Biegeaktuator bestehen aus mindestensmiteinander fest verbundenen
Schichten, die sich beim Anlegen eines elektrischen Faldésrschiedlich stark ausdehnen.
Die Schichten werden z.B. miteinander oder mit einer passichicht in der Mitte, die gle-
ichzeitig auch als Mittelelektrode dienen kann, verkldbie Biegeauslenkung ist dabei umso
besser je groRer der Unterschied in den Dehnungen der GrkdInterseite des Biegers ist.

Auf Grund der unterschiedlichen Dehnung kommt es an derivdudngsstelle zwischen den
Schichten zu gro3en mechanischen Spannungen, die zulRisgbbder sogar zum Abldsen
der Schicht und damit zur Schadigung des Bauteils fuhégem&n. Durch einen Dehnungsgra-
dienten konnen die mechanischen Spannungen deutlicaiestiwerden, ohne das die Biege-
auslenkung deutlich darunter leidet.
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Materialauswahl und Pulverpressverfahren

Bei der Auswahl der Materialien, die fur einen chemischeadsenten verwendet werden,
mussen verschiedene Aspekte beachtet werden. Im eitéackall geht man von zwei Ma-
terialien aus, so dass sich die chemische Zusammensetiztigy\®n Material A zu Mate-
rial B andert. Material A sollte dann o0.E.d.A. einen magbkt hohen piezoelektrischen Ko-
effizienten (bei Biegeaktuatoren ist dies der Koeffizién) und eine vergleichsweise kleine
Dielektrizitatskonstante besitzen, damit ein moglidr®Rer Anteil der angelegten Spannung
in dieser Schicht abfallt. Fir das Material B kommen versdene Moglichkeiten in Frage. Es
kann ein piezoelektrisch inaktives oder schwach pieztedekes Material mit einer hohen
Dielektrizitatskonstante gewahlt werde, z.B. paratis&h/elektrostriktive Materialien, aber
auch leitfahige Keramiken oder Relaxorferroelektrikankoen in Betracht. Die Kombination
eines ferroelektrisch harten mit einem ferroelektriscichven Material bietet dariiber hinaus die
Maoglichkeit, einen piezoelektrischen Gradienten mit nsgndem Vorzeichen zu induzieren.

Beim Pulverpressverfahren werden Pulverschichten mieraohiedlicher chemischer
Zusammensetzung zu einem Grinling gepresst. Je nach IAmzdiGrad der Variation der
chemischen Zusammensetzung kann der spatere Gradieettwaerden. Wahrend des Sinter-
prozesses kommt es durch Diffusion zu eingenschmieremier Ubergange.

Grundlagen der Biegetheorie von Mehrschichtbiegern

In erster Naherung kann ein Material mit einem eindimemsien Gradienten als
Mehrschichtsystem betrachtet werden. Die einzelnen 8tdnicsind dabei homogen mit
konstanten piezoelektrischen, dielektrischen und slelstin Koeffizienten. Wird ein reiner
piezoelektrischer Gradient vorausgesetzt, d.h. die kliegdehen und elastischen Eigenschaften
sind fur alle Schichten gleich, so ergibt sich die Auslemkweines einseitig eingespannten
Mehrschichtbiegeaktuators ansSchichten nach [1] aus

EsL*d3® (N +1
- BT (D) @
Dabei wird der piezoelektrische Koeffizient von einem pesit Maximalwertd:;** zu einem
negativen Maximalwert-d3;** schrittweise verandert. Die angelegte Feldstarkéjst ist die
Gesamtdicke des Biegers uhdiessen freie Lange. Die mechanischen Spannungen sirtd in la
eraler Richtung, senkrecht zur Feldrichtung, am grof@ee Komponentd in Langsrichtung
des Biegers andert dabei am Interface zwischen den Sehictats Vorzeichen (Wechsel von
Zug- und Druckspannung). Das Maximum dieser Spannungdadtei immer zwischen den
jeweils beiden auf3eren Schichten auf und kann nach

N+2)

5(N)

Ve @

berechnet werden [2]. Y ist hier der Youngs- oder Elasttgitiodul, der hier fur alle Schichten
als konstant angenommen wird. Die Auslenkung nimmt mit homender Schichtzahl leicht ab
und strebt einem Grenzwert von ca. 2/3 des Wertes fur digstiehtstruktur (herkommlicher
Bieger) zu (Abb. 1). Die mechanische Spannung hingegen hishenitlich ab und nahert sich
fur einen idealen Gradientes — oo der Null.

Tlmam(N) = E3ngria:v (

Polungsmodell

Mit der chemischen Zusammensetzung andern sich neben ldarsignaleigenschaften in
starkem Mal3e auch die nichtlinearen (Grol3signal-)Eigeaften. Dabei ist insbesondere die
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Figure 1: Auslenkung (a) und maximale mechanische Spanfi)yng@n Mehrschichtbiegern in Abhangigkeit von
der Schichtanzahl N

Abhéangigkeit der Polarisation von der angelegten FelitetP(E) fur das Polungsverhalten
von entscheidender Bedeutung. Das bereits beschriebehesdhéchtmodell kann durch ein
einfaches Ersatzschaltbild aus in Reihe geschalteten R&Bn beschrieben werden. Der
Einflud der Dehnung der Einzelschichten und daraus remaritie Effekte durch mechanis-
che Klemmung werden vernachlassigt. Von den Schichtesserineben der elektrischen
Leitfahigkeito, die Abhangigkeit P(E) und deren zeitliche AbleituRf E') bekannt sein. Fur
den einfachsten Fall eines Zweischichtsystems erhaltema8ystem von einfachen Differen-
tialgleichungen

0'1E1 + EOEl + P{El = O'QEQ + EQEQ + PZ,EQ (3)
) dy - dy -
Eappl EEl + EE% (4)

wobei £, und E; die lokale elektrische Feldstarke in den Schichten sawiendd, die Schicht-
dicke sind. Die angelegte Feldstaikg,,, in Gl. 2 ist die angelegte Spannung pro Gesamtdicke
d.

Die ferroelektrischen Hysteresét E') sowie deren Ableitung konnen z.B. mit tanh-Funk-
tionen [3] oder dem Preisach-Modell [4] beschrieben werdBas Modell liefert Aussagen
uber den zeitlichen Verlauf der lokalen Feldstarke in dgrzelnen Schichten, sowie Uber die
lokale Polarisation des Materials. In der Abb. 2 ist derliobie Verlauf dieser Grof3en fur ein
Zwei-schichtsystem aus einem ferrolektrischen MateBal§7.5) und einem hysteresefreien
Relaxor (BTS15) dargestellt. Die Polungsfeldstarkediés Gesamtsystem wird dabei langsam
erhoht, bleibt dann 50 Sekunden konstant und wird dannewikeehgsam auf Null verringert.

Experimentelle Ergebnisse

Es wurden Gradientenstrukturen hergestellt und untetsutib auf BaTiQ Keramiken
basieren. Dabei wurden verschiedene Mischkristallsystend Dotierungen untersucht, um
bleifreie monolithische Biegeaktuatoren herzustelleras Mischkristallsystem von BaTiO
und BaSn@ erlaubt es, die ferroelektrischen Eigenschaften in eineitew Bereich zu andern.
So wird bei einem Sn-Gehalt von 7,5 mol% (BTS7.5) an der ohthimbisch-rhomboedrischen
Phasengrenze ein Maximum der spontanen Polarisationunveen mit einem grof3ensd
und einer kleinen Dielektrizitatskonstante, beobacht®ei einem Sn-Gehalt von 15 mol%
zeigt Ba(Ti,Sn)Q (BTS15) bereits Relaxor-Verhalten mit einer verschwirdamremanenten
Polarisation und kleinen piezoelektrischen Koeffizientédas Polungs- und Biegeverhalten
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Figure 2: Zeitliche Abhangigkeit der lokalen Feldsta¢agund der lokalen Polarisation (b) in einem Zweischicht-
system wahrend des Polungsvorgangs

von Proben mit unterschiedlich starker Auspragung desli@néen wurde untersucht und mit
Ergebnissen der Modellierung verglichen.

Wird BaTiO; mit 2mol% La dotiert, so erhoht sich die Leitfahigkeit urm &/ielfaches
und das Material kann als keramische Elektrode eingesedimiem. Eine Kombination von
piezoelektrischen BaTiQund leitfahigem BaTi@+La kann ebenfalls als Biegeaktuator ver-
wendet werden. Die Biegeeigenschaften konnen durch &iderung der Dicke der La-
dotierten Schicht variiert werden.

Die bereits genannte Kombination eines ferroelektrisetehaund weichen Materials wurde
mit Keramiken aus BaTiQund Mn-dotiertem BaTi@realisiert. Es konnte gezeigt werden,
dass es durch ein geeignetes Polungsregime moglich isinan Schichtstruktur entgegenge-
setzte Polarisationen zu erzeugen. Dadurch wird im Bebetin Anlegen einer elektrischen
Spannung in einer Schicht eine positive und in der anderéicBceine negative Dehnung
erzeugt, was die Biegung des Aktuators verbessert.
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Abstract. In this contribution, an adaptive numerical homogenizatiechnique is described
for macroscopically anisotropic, nonlinearly elastic Begigeneous materials. The concept of
a material map, where one identifies the constitutive bedradfia material in a discrete sense
through interpolation among various RVE states in the stigigsain space, is discussed together
with its implementation in the finite element method. Thedg@mnization of the heterogeneous
material is then realized through the computation of itsenial map. An application of this ap-
proach to the analysis of a two-scale periodic particulatenposite is presented in an adaptive
multi-level finite element setting that renders the methmgloapplicable over a wide range of
deformations.

Introduction

Homogenization of microheterogeneous materials for theeali elastic analysis of
macrostructures is well-established. In the nonlineastildy regime, the homogenization pro-
cess is more challenging. In this regime, one identifies theroscopic stres#* and the
deformation gradi