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Problem 1 (30 Points)

la) (3 x 5 Points)
Define the properties of MIMO systems with respect to the system description.  Which of
the following statements is “True’ or ‘False'?

NO. | Task/Question/Judgement

| True l IFalse |

Al | The system can be described in time domain. & O
A2 | The system can be described in frequency domain. % O
A3 For the MIMO description, using eigenvalues is the suitable & O
7 | approach to describe the dynamical full-state behavior.
Ad The dimensions of weighting matrices (@) and R) O &
“ | are only related to the dimension of the system matrix (A). | ™
A5 The ranks of the matrices B and C O Q
O ¥ 5
7 | are identical and equal to one. )
NO. ‘ Task/Question/Judgement ‘ True | False |
B1 | Eigenvalues are real or conjugate complex. X O
B2 Applying Hurwitz criterion for exact asymptotic stability & O
check is suitable from a principal point of view.
A system with the zeros s, 9 = 0.0007 + jw,
B3 | 5,5 = —10.000 £ 0.0007jw, $e4 = —1 £ jw, and the poles X
$p12345 = —1 can be denoted as state stable.
B4 | State-stability check is related to system stability. X O
B If r =m =1 with Rank B =m and Rank C =r, O
() . ~ ™ N
the system is a SISO system. Q -
NO. l Task /Question/Judgement \ True | False
C'1 | The feedback rule u = —Kx is a typical rule for this field. | & O
9 The controller design defining K can be in general O &
“7 | realized using Ackermann formula. -
C3 | Output control is a possible feedback technique. % O
4 Non-controllable eigenvalues are identical O %
" | to the output decoupling zeros of the system.
o5 Non-observable ecigenmodes are identical O X

to the input decoupling zeros of the system.
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For the following tasks, a system description is given with
0 1 0 by 0
A=|0 0 1|, B=|1 38|, C=[c 0 0], and D=[d 0]
ay ay Qas 0 b2

with aj23%# 0, bia#0, c#0, and d = 0.

1b) (2 Points)
State the Rosenbrock matrix of the system depending

py= Ts1-A -8B

on the parameters aj 23, b2, and c.

"

c 0 o © o ]
le) (4 Points)

Calculate the characteristic polynomial of the system matrix A depending on the parameters
a123, assuming a; = —2, ay = —3, and az = —4. Is the system asymptotically stable?

det(11-84) = A3+ 47" 32 t2
Hw-wlfg _ Criteronm
® Al wefficients hue seme Son du 15U e0A
® Hurwit 2 olete r mi howmts : {'.,\H\HIQA
H= |4 2 ©
| 3 ©
0 & 2

H, = 470

Hz:\‘F2 = lo>o0
| 3

'—‘?T[\c SKHEM s Asghrfofile\«A steble |
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1d) (1 Point)

2 -3 1 0 0
Assume A* = | 3 1 3 and B* = | b, 0 with a1 = 5, a9 = 2, ag = —4, by = |
ay ay  ay 0 by

and by = 1. Give the matrices A* and B*.

Af - T 2 -3 \
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Is the eigenvalue A\, = —2 of A* controllable? State reason (use original Hautus criteria based
on eigenvectors).

Tes .
dor

A,:-Z!

‘4-)?';," Bylz =+ §x8‘ =0

x, P
3%, —3Xn — 2K =0
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1f) (4 Points)
Which conditions for the system A* and the elements ¢, ¢ of C = {8 (01 (J} have to be
..2

fulfilled for full observability? Check the observability of the eigenvalues (A} = =2, Ay =0
and Az = 1) using the Hantus criteria calculating first the right eigenvectors.

~£0V 7‘-::—2 J
30

4

c-K =

2 v‘-\ov Ci#o or Ci#o Ay S 0195""0‘["&-

LV ;\,z-'-o:

3C
CY; = :
-G

ﬁ{or C':f.o ov Q#o A, (S o\LSevVA“C
<(:0V /\.;:I:
0

%, =
3 "‘Cz

5> &, G#o Az is obsennble.

> fov C.¢0 , the Saa’rev« 05 &a“«l oswvmgc,
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Problem 2 (35 Points)

Qualify the following statements regarding the analysis of MIMO-systems as well as methods for

the design of linear MIMO-systems.

2a) (4 Points)

NO. ‘ Task/Question/Judgement { True t False
| A system described with eigenvalues Ao = 2, Ag = —1+ 7, ® &
' A= =1 =3, As = ¢ with ¢ = 0.001 is asymptotically stable.
9 A system to be observed (Q_ using state observer) O R
has to be full controllable or controllable. /
. 0 1 : 0 . ,
A system with A = 1 —al B = b has to be controlled using [ull state feedback.
3 | In the case @ <0, b# 0 the controlled system can be always stabilized. | %) O
4 | In the case a > 0, b # 0 the controlled system can never be stabilized. O V9]

2b) (4 Points)

. . . . = ~ = .
From det(A\;J — A) = 0 the left and right eigenvectors & and z can be calculated by x; (A~
A) = 0 and (M1 — A)F; = 0 for all \; of A, In the detailed case, ), Ty, T, 2y are
8 3 8 8 3
B IS 3 6 0 1
caleulated as T, = 4|, To = |2], 21 = |4, and Ty = |9] for a system with B = |0
2 1 0 2 2
9 A 3 ol |
C=1[5 ¢ 3 —-2 =7
What can be concluded from the given facts?
NO. ! Task /Question/Judgement ‘ True | False
1 | The system has 2 cigenvalues. O ‘QQ
2 | For ¢ =0 the second mode is not observable. @ O
3 | For ¢ # 0 the second mode is not observable. @ O
4 | The first mode is uncontrollable. O Jous)
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2¢) (4 Points)
0 1

: - T : :
A system with A = P ]J., ¢ = [c, (72], o= [.1:2 :r]] should be monitored for
diagnostic purposes. The damping d can not be modeled, obviously the behavior seems to

be perfectly ,la‘mped, so d is assumed as 10.

NO. | Task/Question/Judgement | True | False
1 | The measurements of the system are ¢y and caxy. O &
o The measurements are coupled . o
- . 4 ')

((:)nly one mdependcznl, measurement ex1st,s). ;& "

3 | can ho ,al( ulalod as Xy = [ 'L](Z[- and thmcfom O @:
no measurement for the absolute value of @y is necessary.

In the case of negative damping (d < 0)(= excitation)
4 | the system is unstable. In this case of an unstable system ®
a stable observer can be defined for estimation of zy and xy.

O

2d) (7 Points)
FFor the system with

= -3k

a controller design has to be realized. It has to be stated that the non-observable eigenvalues

are Asg = 2435 and Agg = 0+ 27, as well as non-controllable eigenvalues with Ay p = ~34 7.
NO. ] Task /Question/Judgement | True | False

&
O
Q

1 | The system has 2 output decoupling zeros.

2 | The system has at least 6 invariant zeros.

X ® |0

3 | The system is stabilizable.

4 | The poles are sy 9= ~14 7, sp3 =4, and $p15 = —3+ 7. O B
5 The eigenvalues are Ao = —3 £ j, >‘3,4 =1 Asg =2435, X O

Ay =4 and Agg = 02 27. :
6 | A full state observer can estimate the mode related to A\gg = 04 27, o

® O

O

7 | The system is not detectable.

In
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2¢) (16 Points)

A system is given by

0 1 0 0
A=|-1 =2 1|, B=|0 C=c 0 0],
—g G i b

i) (3 Points)
The transfer function matrix G(s) is

O (24654 11)be O —(28-1)be
§3H652-4125+06 §3 4652412546
[, S | N -
O 834652412546 I& §9+652+12546

ii) (3 Points)
Calculate the eigenvalues of A. The result is:

O /\1 = m:l.’ )\213 = *2 :Lj O /\1 = \/2'7 )\2.’3 ==

O M=-1, Agg==dj (%, None

iii) (2 Points)

Is the system fully controllable?
O  Yes. X Yes, for b#0.
(O No. (O None

iv) (2 Points)
Is the system fully observable?
(O No. O Yes.
O Yes, for ¢=0. X Yes, for c# 0.

and D = [0].

~V2E£/2j
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v) (3 Points)

Calculate the feedback gains for state control of the given system using pole placement. The

desired cigenvalues of the controlled system should be Ay =4, Ay =2 and A3 = —1
ky = —b/2 ky = —10/b
O ky =b/3 O ko = 11/b
:Ii’J, = b/Q ](?3 == 13/[)
oy = 1/b ky = 13/b
O kg =0 ﬁ@ kg = 12/
by = b/3 kg = —11/b
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vi) (3 Points)
Gilbert approach is considered.

NO. ‘ Task/Question/Judgement

{ True | False
1 Gilbert. approach allows a detailed calculation of parameter @: O
dependences between the system A and related output defined by C. ' -
2 | Gilbert approach can also be used for stability analysis. O &)
3 Gilbert approach allows mode-wise consideration of observability @ O
© L and controllability. -

In

> O
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Problem 3 (35 Points)

3a) (4 Points)
An electrical system is modeled using the following differential equation

mE + di + kx = 4 - u(t)
with scalars m,d > 0 and u(t) = 1(t). The variable x is measured.
Taking the vector z = [21, )T = [z, @]T as state vector, give the matrices A, B, and C.
Calculate the feedback gains for state control of the given system using pole placement. The
desired eigenvalues of the controlled system should be

oS
1
rﬂ
O
L=l
N
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3b) (2 Points)
The system described by the system matrix A — BI has the eigenvalues Ao = —2 4 j NG
which are not effected by I, while the remaining cigenvalues \;, ¢ = 3..n depend on A
Investigate if the system @(t) = Axz(t) + Bu(t) is full controllable or not. Also investigate if
the mentioned system is stabilizable or not.

Tlne Saﬁi'e,w\ iS  hot <RA“3, controlinble |
becomse Aj,2 owe not eﬂetfeo( 53 K .

Tlr\e s%fem 'S Sbbi(.‘io&le, Leemse lln,z

ove s{p\Ue and A3-n ore Cov\-fko”c\!;le.

The system (1) = Az(t) + Bu(t), y = Cx(t) with

A:[f) " };B:{O};G:[c 0] (b, c+#0)

- =20 b

has to be investigated.

3c¢) (3 Points)
For which values of the parameter a an asymptotically stable controlled system using a

suitable controller can be achieved? Declare additionally the Rosenbrock matrix of the

systernn.

4 the Sggtem (s ‘ﬁ«lh} comtrolloble, % ¢
Possi)a\e to ochieve own ASBwF-bo-timU} stable

Con -Hfo“eei $3&’(€,M .

et (Qs)= -b°.
AS bto, for sl velues o+ A

de  vequiement s ddfilleol
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Pls>=

3d) (2 Points)
Which values should the parameters a and b have in order to achieve
i) full observability and ii) detectability?

* Jlu\l.% oLSeWo\.He, in de(bnotewt ;F (1N o,l«o( L

* detectal;le becanse o‘P \ﬁu\“ oLSePVoJ;;IH’Iz,.
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3e) (4 Points)
For the design of a linear quadratic optimal state feedback according to the quality criterion

J=1["a" [5 8} @+ uldt

the elements piy, pra, and pgy of P have to be assigned. Calculate for a = 3 and b= 2 the

equations to define P.

- fu Pu, Fh f':. o lk_[P" F\z (O ) [ 1 '?H flz
IO‘ -zl[f.; Fzz] +[fu F:)]['S . Pl.z faz z | 01 . ﬂz
a0

> J-d4fn -bpn S =0

P “LPu -Bfu = 4’fczfzz =0

2f, ’lzfll '4'[)221*’ 1=0
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3f) (4 Points)

Give the modal matrix of the system

’l(t) — A;r({j), with A = |: _01 _11 }

ﬂl/l

= 4
(
vV, = ' ’r
R
|
VI. = | J3 =
=2 =21
4 |
Y
LI £ I J3 -
hz.'('_fl —E'_—}J
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3g) (3 Points)

A system is described by A, B, and C. The dimension of the state vector x is 35. The
modal matrix of A is V. How can the observable and controllable modes be calculated

numerically, using which approach?
’é =CV O.LSQJ‘ UG\\)(Q -3 ﬁ” Co lum * ) O\MJ ho (}LP% A%C: es
N Cade Qf CWJM%P«?‘Q Coh-r]g;( e:aem VAIIACS .

B V"B contolible = nll yows #0  and  mo dependencies

i ose of mju&o&e Coa.f(qx e'ao\vAlucg_ ‘ D
Usion,  Gilbort
3h) (3 Points)
Draw the scheme of a model-based controller using Luenberger observer, denote the matrices,
the signal flows, and the inputs and outputs.

— ervor o +
L )5_

gr Owkf wt

lv\rwt Beki A
ctimbte
ot X . Stoke Ontput
Q A Mot ri X

—{] [Ja—ro .

A L Ectimeted
- owt()u\t
Sag.fem
matriK
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3i) (3 Points)

Page 22

How can the observer be used for diagnostic purposes? Explain additionally the term

residuum.
Cohe,\re oy\(;v\e -{-L\e_ estimation with Weasurement

over +he time anch s +the estimation as  an
O\ux'.l.‘avj in'povwo\tion +0 oletect Fo&SiHe 'FM\{'(:S n
e system .

Resfotuum-‘ = wmeasSurewent — £8X i motion

= Yet) - Ye)
d rrl < o ne daukt
else v danlt  exists.

3j) (4 Points)

[]

State recommendations about the relation between the eigenvalues of the closed-loop system
and the eigenvalues of the observer. Which condition is required for the sampling rate of the

calculation unit?

% T‘\e, ei%u\\,o\lv\es ;Lﬁi o‘f ﬂ\ﬁ, o.Lsovak Sl\oulcl ol(:ﬁuifelg/

e left to the eigwwlues of  the closeo] —(oop

sZs‘rem on vhe lefe  half Sface o‘f the CohP)eK f(N'C.

| Re {Apid = 2~ | ze{/ls-udl
wheve  As-lefe i3 the leftmost e:awvAlM oft
the sgptem
% A-Ccovelinl} w0 ohe shannon theorem, the Sowrl:n}
rate  of the calomlation wnit Wy shonld  be

3fe0\+ev 'k'l«om 9 Wwax 13f;%l(\} (S/vlo) , w‘\e/vc

(/\)ko.x s %c Mo, M«euu} U—F %Q 3('80"1\/&]“35
°{1 “the closeo(——lWP Sgékm anol  dhe observer .
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3k) (3 Points)
The system matrix A of a linear dynamical system is defined as

31
2=} 3

Calculate the solution matrix P using Ljapunov approach (with the weighting matrix @) =

2 0 . .
{ J) and determine the stability of the system.

0

?'F \tov ol montiices (Q:.QT FOSH‘,;VC M.’n:te C(;Z >O>
the Ldo.runov ecLuxo‘tion /qTfH-fA: -®  has @ (miévse
Solu\tiov\ P= PT >0 , the sgs-tew\ (s Mghrtotiw\”t} stelle|

ARSI MY AR e

él’:“(’z % ~2

pe¥ -
B

L7 0 = f is not f-oSIf.'ve ole:ﬁ‘nite,

A, <o =2 the $35+em 'y ot asghrto‘t(w\“}

steble .




