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Abstract

A mixed problem for the nonlinear Bogoyavlenskii system on the half-line is studied
by the inverse problem method. The solution of the mixed problem is reduced to
the solution of the inverse spectral problem of recovering a forth-order differential
operator on the half-line from the Weyl matrix. We derive evolution equations for
the elements of the Weyl matrix and give an algorithm for the solution of the mixed
problem. Evolution equations of the elements of the Weyl matrix are nonlinear. It
is shown that they can be reduced to a nested system of three successively solvable
matrix Riccati equations.
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1 Introduction

We study the following nonlinear mixed problem

Up = —Uggy + OUUL + OV, U = 2040, — Ouv,, x>0,1t>0, (1.1)
Uj—o = uo(T), V=0 = vo(), (1.2)

ak—lu ak—l,u
_— = t s e - t 5 k’ - 1, 3 13
Oxk—1 |z=0 uk(t) OxkF—1 |z=0 ve(t) (13)

Here wg,vi, kK = 0,3 are continuous complex-valued functions. It was shown by
Bogoyavlenskii in [5, 6] and can be verified by elementary calculations that system



(1.1) is equivalent to the Lax equation L = [A, L], where
Ly =y = 2(uwy) +wy, w:=v+u>—u", (1.4)

Ay = —4y" + 6uy’ + 3u'y,

i.e. system (1.1) is completely integrable. Here and below ”prime” denotes differen-
tiation with respect to x, and ”"dot” denotes differentiation with respect to t.

For solving the mixed problem (1.1)-(1.3) we will apply the inverse problem
method in which the nonlinear problem (1.1)-(1.3) will be reduced to an inverse
spectral problem for the fourth-order linear differential operator (1.4) on the half-
line. The inverse problem method was intensively used in many works (see [1, 7, 8,
10, 14, 15, 18, 19] and the references therein). Most of the works are devoted to
Cauchy problems on the line and are dealing with the inverse scattering problem on
the line. However, mixed problems on the half-line are much more difficult problems,
and there is no general theory in this direction. Even the existence of global solutions
is an open question. Some aspects of the solution of mixed problems on the half-line
for the KdV equation and for the nonlinear Schrodinger equation are reflected in [2,
4,11, 12, 16, 17] and other works, where spectral problems for Sturm-Liouville and
Dirac (or ZS-AKNS) operators are used.

On the other hand, a number of completely integrable nonlinear evolution equa-
tions is connected with inverse spectral problems for linear differential equations of
order n > 2. The inverse problem theory for such operators is more complicated
than for Sturm-Liouville and Dirac operators. This produces additional qualitative
difficulties. For example, the Boussinesq equation [1] corresponds to spectral prob-
lems for the third-order differential operator fy := y"” + uy’ + vy , and system (1.1)
corresponds to spectral problems for the forth-order differential operator (1.4). The
Cauchy problem for the Boussinesq equation on the line was studied in [9], and the
mixed problem for the Boussinesq equation was investigated in [20].

In the present paper we study the mixed problem (1.1)-(1.3) by the inverse prob-
lem method and reduce the solution of (1.1)-(1.3) to the solution of the inverse spec-
tral problem of recovering the fourth-order linear differential operator (1.4) on the
half-line from the Weyl matrix. We derive evolution equations for the elements of
the Weyl matrix and give an algorithm for the solution of problem (1.1)-(1.3). We
essentially use the results on the inverse problem of recovering higher-order differ-
ential operators from the Weyl matrix from [21, 22]. We note that the existence of
the global solution of (1.1)-(1.3) is equivalent to the solvability of the corresponding
inverse problem (see Remark 1).

The evolution equations for the elements of the Weyl matrix are nonlinear (see
(2.4)). We show that they can be reduced to a chain of three successively solvable
matrix Riccati equations of dimensions 3x1, 2x1 and 1x1. Since the solution of
the Korteweg-de Vries equation resp. of the Boussinesq equation by the inverse spec-
tral method leads to a scalar Riccati equation (see [13, Sec. 4.2]) resp. to two Riccati
equations of dimensions 2 x 1 and 1 x 1 in cascade (see [20]), this indicates that
one can expect that, in general, nested systems of Riccati equations of dimensions
kx1, (k—1)x1,..., 1x1 will appear in the solution of completely integrable
systems of partial differential equations that are connected with spectral problems of



order k.

2 Evolution of the Weyl matrix

Let D = {(x,t): x >0,t > 0}. Denote by J the set of functions f(x,t) such that
the functions % f(z,t), 0 < j+2k <2 are continuous in D and are integrable
on the half-line x € (0,00) for each fixed ¢ > 0. We shall say that {u,v} € Q if
u,v € J and wu? € L(0,00) with respect to z for each fixed ¢ > 0. We will seek
the solution of problem (1.1)-(1.3) in the class €.

Let {u,v} be a solution of problem (1.1)-(1.3). For a fixed t > 0 we consider
the differential equation with respect to x :

Ly =y = 2(uy/) +wy = XNy, x>0, (2.1)
where w = v +u? — u”. Let X\ = p*. It is known that the p - plane can be
partitioned into sectors S of angle 7 (arg pE (%, (I’JFTI)”), v = W) in which the
roots Ry, Rs, R3, Ry of the equation R* —1 = 0 can be numbered in such a way
that

Re(pRy) < Re(pRy) < ... < Re(pR,), pe€S. (2.2)

Let functions ®(z,t,\), k = 1,4 be solutions of equation (2.1) satisfying the con-
ditions ®YV(0,¢,0) = 6,4, j = 1,k and ®y(z,t,)) = O(exp(pRpz)), = — o0,
p € S. Here and in the sequel, ¢;; is the Kronecker symbol. Denote Mjy;(t,\) =

@,(ﬁjfl)((),t,)\), k < j. The functions @, and My; are called the Weyl solutions and
the Weyl functions, respectively. The matrix

M(t, A) = [Mp;(t, My, j=ta

where My;(t,\) = 0xj, j = 1,k, is called the Weyl matriz of L (see [21], [22] for
details).

Denote by M;(A) the Weyl functions for the operator L% := y™ — 2(ugy’)’ +
woy, where wy = vo + ug — ug . In other words, Mp;(A\) = My;(0,)) is the Weyl
functions for ¢+ = 0. We introduce the matrix F(¢,\) = [Fi;(t,\)], =1z by the
formulas

3UQ 6U1 0 —4

—4X\ + dvy + du? —uz Uy —2u4 0

4vy + 8uiug — Uy —AN +4v; +4uy —u —2uy

F41 8?}2 + 12U1U2 — Uy —4) + 4?}1 — Us —3UQ
where

F41 = —2u1()\ — V1 — u% - 3U3) + 41)3 + 8(u§) — Us,

Uyg = —’l.tl + 6U1U2 + 6U2, Us = —712 + 6U1U3 + 6U§ + 6U3.



Theorem 1. The Weyl functions My;(t,\) satisfy the following evolution equations

Mlj = (Fj1 + FjaMs + FjsMys + Fj4My)
—Myj(Fi1 + FioMig + FigMis + FiuMis), j =2,3,4,
sz = (Fjo + FjsMas + FjuMss) — Moj(Foo + Fo3Mag + FosMoy)
+(—=Myj + MyoMs;)(Fia + FizsMas + FiaMay), j = 3,4, (2.4)
M3y = (Fis + FiyMsy) — Mag(Fz + FiMsy)
+(—May + Moz Msy)(Foz + FoyMsy)
(=M + Mg My + MigMsy — My Moz Msy)(Fiz + FraMsy).

Proof. Since {u,v} is the solution of problem (1.1)-(1.3), and L®; = A®; , we
get that for fixed ¢ and ), the functions Uy := &, — Ad, are solutions of equation
(2.1). Moreover, Wy(x,t,\) = O(exp(pRix)) for x — oo, p € S in each sector S
with property (2.2). Since the functions ®;, k = 1,4 form a fundamental system
of solutions of equation (2.1) and Py (x,t,\) = O(exp(pRrx)), * — o0, p € S, one
has the representation

k(T t,\) Zozk]t)\ (z,t, N),

where the coefficients ay;(t,A) do not depend on z. Hence

= Ad; + a1y,
(i)Q = APy + 91 D1 + o2 Po, (2.5)
(133 = A(I)g -+ 0631(1)1 + 0632(132 + 0633(133.

Taking x = 0 in (2.5) and using the conditions on the Weyl solutions &, we
calculate oy; :

ar = —(APq)je=0,
g1 = —(A®y)jsp, o2 = —(A1P2)je—0 — 21 (D)) 20,
ag; = —(APs)jp—0, 32 = —(A1P3) =0 — 31(P))je=0,
a3y = —(AaP3)e—0 — 32(Py) o0 — @31 (P]) a0,

(2.6)

where Apy = di—kk(Ay) , k=1,2,3. Differentiating (2.5) with respect to z, taking
x =0 and using (2.6), we arrive at (2.4). O
3 A nested system of Riccati equations

The evolution equations (2.4) with respect to Mj; are nonlinear. However they can
be reduced to a chain of three successively solvable Riccati equations.



We briefly remind Radon’s Lemma for the matrix Riccati equation (see, for exam-
ple, [3, 13]). Let us consider the following Cauchy problem for the Riccati equation:
Z=Qu(t)+ Qu(t)Z — ZQu(t) — ZQ12(t)Z, t € [to, ], }

Z(to) = Zo, 3

where Z(t), Zy, Q11(t), Q12(t), Q21(t) and Qq2(t) are complex matrix of dimensions
mxmn,mxn,nxn,nxm,mxn, and m xm respectively, and Q;(t) € C[to,t1].

Let the matrices (X(t),Y(t), t € [to,t1]), be the unique solution of the linear
Cauchy problem

X =Qut)X +Qu®)Y,  X(t) =1, }
(3.2)

Y = Qu(t)X + Qu(t)Y, Y (to) = Zo,
where [ is the identity n x n matrix.

Radon’s Lemma. The Cauchy problem (3.1) has a unique solution Z(t) € Ci[to,t1],
if and only if det X(t) #0 for all t € [to,t1]. Moreover,

Z(t) =Y ()(X(1) " (3.3)

We rewrite now the nonlinear system (2.4) with the boundary conditions Mj;(t,\) =
Mg;(A) as a chain of Riccati equations.

Step 1. We consider the following Cauchy problem for the Riccati equation:

2= QW + QW7 — 2,0V — 2.0\ 2, Z,(0,)) = 20N, (3.4)
where
M, MY, . Fy .
Zy=| My |, Z0=| My |, QY =|F |, Q=r,
M4 MY, Fp
, Fyy Fo3 Py .
éz): Fsz F33 F34 ) ng):[Fm,Fl?,,FM]-
Fyo Fuz Fuy

Then, according to (3.3),
-1
Zy(t, N) = Yi(t, ) (X1 (£ V) (3.5)
where the pair {X;(t,\),Y1(t,\)} is the solution of the Cauchy problem for the

linear system

X=X  +QWyy, X,(0,0) =1,
Vi = QWX+ Wy, Yi(0,)) = Z0(\).

Step 2. We consider the following Cauchy problem for the Riccati equation:
Zy = Q8 + Q% Zs — Z,Q7) — 200 Zs,  Z,(0,)) = ZI(N), (3.6)



where

| Mas 0 __ Mgg @ _ | F32— Fi2Mi3 2)
%= l May ] » 42 = [ M3y | @ = Fyp — FigMyy |7 @it = Far — Fra Moy,

@2 = | po_ FuMy Fu— FuuM,
Then

F33 — FisMys Fyy — FiuM
= [ > SOV e ] ) Qg) = [Pz — FigMyz, F3q — FiaMio].
-1
Zo(t, N) = Ya(t, M) (Xa(t, V) (3.7)

where the pair {Xs(t,\),Ya(¢t,\)} is the solution of the Cauchy problem for the
linear system

X, = Q7 Xy +Q0Ys,  X5(0,0) =1,
Yo = QP X, + Q¥Ys,  Y5(0,)) = Z0(N).

Step 3. We consider the following Cauchy problem for the Riccati equation:

Zy= Q5 + Q52 = Z,Q7) — 2,010 2, Z5(0,0) = Z3(V),  (38)
where
Zy= My, Zy= M3,
Qg) = Fuz — Fo3 Moy — (M14 - M12M24)F137 Qﬁ) =0,
Qg;) = Fuy — P33 — Fo4 Moy + Fo3Mo3

+(Mi3 — MigMys) Fiz — (Myy — MiaMoy) Fly,

15 = Fsa — FouMag — (Mus — My Mag) Fia.
Then

Zy(t N) = Ya(t, \) (Xt 1) (3.9

where the pair {X3(¢,\),Ys3(t,A\)} is the solution of the Cauchy problem for the
linear system

X3 = QX5 +QWYs, X3(0,0) =1,

Vs = QY X5+ Q%)Y Y3(0,)) = Z3(N).

4 Solution of the mixed problem

Using the evolution equations (2.4) and the solution of the inverse problem of recov-
ering L from the Weyl matrix, we get the following algorithm for the solution of the
problem (1.1)-(1.3).



Algorithm 1. Let the functions wug,v,, K =0,3 be given.

1) Calculate the matrix F'(¢,\) by (2.3).

2) Construct the Weyl matrix M%(\) for ¢ = 0.

3) Solve the Cauchy problems (3.4), (3.6) and (3.8) by (3.5), (3.7) and (3.9), and find
the Weyl matrix M(t,\) for all ¢ > 0.

4) Construct the functions u(x,t) and wv(z,t) by solving the inverse problem from
the Weyl matrix (see [21]-[22]).

Remark 1. The solution of the mixed problem (1.1)-(1.3) does not exist for arbi-
trary functions wg,vr appearing in the boundary conditions. For the solvability of
(1.1)-(1.3) there must be connections between wu; and vy . These connections can
be described in terms of the Weyl matrix. It can be shown that the existence of
the global solution of the mixed problem (1.1)-(1.3) is equivalent to the solvability
of the inverse problem (see [23]). In other words, the solution of the mixed problem
(1.1)-(1.3) exists if and only if (i) the solutions of the Cauchy problems (3.4), (3.6)
and (3.8) exist for ¢ > 0; (ii) for each fixed ¢ the matrix M(¢,\), constructed by
Algorithm 1, is the Weyl matrix for a certain differential operator L of the form
(1.4) (i.e. M(t,\) satisfies necessary and sufficient conditions for the solvability of
the inverse problem from the Weyl matrix given in [21, 22]).
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