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Abstract

A mixed problem for the nonlinear Bogoyavlenskii system on the half-line is studied
by the inverse problem method. The solution of the mixed problem is reduced to
the solution of the inverse spectral problem of recovering a forth-order differential
operator on the half-line from the Weyl matrix. We derive evolution equations for
the elements of the Weyl matrix and give an algorithm for the solution of the mixed
problem. Evolution equations of the elements of the Weyl matrix are nonlinear. It
is shown that they can be reduced to a nested system of three successively solvable
matrix Riccati equations.

AMS Classification: 35Q58, 34A34, 34A55

1 Introduction

We study the following nonlinear mixed problem

ut = −uxxx + 6uux + 6vx, vt = 2vxxx − 6uvx, x > 0, t > 0, (1.1)

u|t=0 = u0(x), v|t=0 = v0(x), (1.2)

∂k−1u

∂xk−1 |x=0
= uk(t),

∂k−1v

∂xk−1 |x=0
= vk(t), k = 1, 3. (1.3)

Here uk, vk, k = 0, 3 are continuous complex-valued functions. It was shown by
Bogoyavlenskii in [5, 6] and can be verified by elementary calculations that system
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(1.1) is equivalent to the Lax equation L̇ = [A, L], where

Ly := y(4) − 2(uy′)′ + wy, w := v + u2 − u′′, (1.4)

Ay := −4y′′′ + 6uy′ + 3u′y,

i.e. system (1.1) is completely integrable. Here and below ”prime” denotes differen-
tiation with respect to x, and ”dot” denotes differentiation with respect to t.

For solving the mixed problem (1.1)-(1.3) we will apply the inverse problem
method in which the nonlinear problem (1.1)-(1.3) will be reduced to an inverse
spectral problem for the fourth-order linear differential operator (1.4) on the half-
line. The inverse problem method was intensively used in many works (see [1, 7, 8,
10, 14, 15, 18, 19] and the references therein). Most of the works are devoted to
Cauchy problems on the line and are dealing with the inverse scattering problem on
the line. However, mixed problems on the half-line are much more difficult problems,
and there is no general theory in this direction. Even the existence of global solutions
is an open question. Some aspects of the solution of mixed problems on the half-line
for the KdV equation and for the nonlinear Schrödinger equation are reflected in [2,
4, 11, 12, 16, 17] and other works, where spectral problems for Sturm-Liouville and
Dirac (or ZS-AKNS) operators are used.

On the other hand, a number of completely integrable nonlinear evolution equa-
tions is connected with inverse spectral problems for linear differential equations of
order n > 2 . The inverse problem theory for such operators is more complicated
than for Sturm-Liouville and Dirac operators. This produces additional qualitative
difficulties. For example, the Boussinesq equation [1] corresponds to spectral prob-
lems for the third-order differential operator `y := y′′′ + uy′ + vy , and system (1.1)
corresponds to spectral problems for the forth-order differential operator (1.4). The
Cauchy problem for the Boussinesq equation on the line was studied in [9], and the
mixed problem for the Boussinesq equation was investigated in [20].

In the present paper we study the mixed problem (1.1)-(1.3) by the inverse prob-
lem method and reduce the solution of (1.1)-(1.3) to the solution of the inverse spec-
tral problem of recovering the fourth-order linear differential operator (1.4) on the
half-line from the Weyl matrix. We derive evolution equations for the elements of
the Weyl matrix and give an algorithm for the solution of problem (1.1)-(1.3). We
essentially use the results on the inverse problem of recovering higher-order differ-
ential operators from the Weyl matrix from [21, 22]. We note that the existence of
the global solution of (1.1)-(1.3) is equivalent to the solvability of the corresponding
inverse problem (see Remark 1).

The evolution equations for the elements of the Weyl matrix are nonlinear (see
(2.4)). We show that they can be reduced to a chain of three successively solvable
matrix Riccati equations of dimensions 3×1 , 2×1 and 1×1 . Since the solution of
the Korteweg-de Vries equation resp. of the Boussinesq equation by the inverse spec-
tral method leads to a scalar Riccati equation (see [13, Sec. 4.2]) resp. to two Riccati
equations of dimensions 2 × 1 and 1 × 1 in cascade (see [20]), this indicates that
one can expect that, in general, nested systems of Riccati equations of dimensions
k × 1 , (k − 1) × 1 , . . . , 1 × 1 will appear in the solution of completely integrable
systems of partial differential equations that are connected with spectral problems of
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order k .

2 Evolution of the Weyl matrix

Let D = {(x, t) : x ≥ 0, t ≥ 0}. Denote by J the set of functions f(x, t) such that

the functions ∂j+k

∂xj∂tk
f(x, t), 0 ≤ j + 2k ≤ 2 are continuous in D and are integrable

on the half-line x ∈ (0,∞) for each fixed t > 0. We shall say that {u, v} ∈ Ω if
u, v ∈ J and u2 ∈ L(0,∞) with respect to x for each fixed t ≥ 0. We will seek
the solution of problem (1.1)-(1.3) in the class Ω.

Let {u, v} be a solution of problem (1.1)-(1.3). For a fixed t ≥ 0 we consider
the differential equation with respect to x :

Ly := y(4) − 2(uy′)′ + wy = λy, x > 0, (2.1)

where w := v + u2 − u′′. Let λ = ρ4. It is known that the ρ - plane can be
partitioned into sectors S of angle π

4

(
arg ρ ∈

(
νπ
4

, (ν+1)π
4

)
, ν = 0, 7

)
in which the

roots R1, R2, R3, R4 of the equation R4 − 1 = 0 can be numbered in such a way
that

Re(ρR1) < Re(ρR2) < . . . < Re(ρRn), ρ ∈ S. (2.2)

Let functions Φk(x, t, λ), k = 1, 4 be solutions of equation (2.1) satisfying the con-

ditions Φ
(j−1)
k (0, t, λ) = δjk , j = 1, k and Φk(x, t, λ) = O(exp(ρRkx)), x → ∞,

ρ ∈ S. Here and in the sequel, δjk is the Kronecker symbol. Denote Mkj(t, λ) =

Φ
(j−1)
k (0, t, λ), k < j. The functions Φk and Mkj are called the Weyl solutions and

the Weyl functions, respectively. The matrix

M(t, λ) = [Mkj(t, λ)]k,j=1,4,

where Mkj(t, λ) = δkj, j = 1, k, is called the Weyl matrix of L (see [21], [22] for
details).

Denote by M0
kj(λ) the Weyl functions for the operator L0y := y(4) − 2(u0y

′)′ +
w0y, where w0 = v0 + u2

0 − u′′
0 . In other words, M0

kj(λ) = Mkj(0, λ) is the Weyl
functions for t = 0. We introduce the matrix F (t, λ) = [Fkj(t, λ)]k,j=1,4 by the
formulas

F =


3u2 6u1 0 −4
−4λ + 4v1 + 4u2

1 − u3 u2 −2u1 0
4v2 + 8u1u2 − u4 −4λ + 4v1 + 4u2

1 −u2 −2u1

F41 8v2 + 12u1u2 − u4 −4λ + 4v1 − u3 −3u2

 , (2.3)

where
F41 = −2u1(λ− v1 − u2

1 − 3u3) + 4v3 + 8(u2
2)− u5,

u4 = −u̇1 + 6u1u2 + 6v2, u5 = −u̇2 + 6u1u3 + 6u2
2 + 6v3.
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Theorem 1. The Weyl functions Mkj(t, λ) satisfy the following evolution equations

Ṁ1j = (Fj1 + Fj2M12 + Fj3M13 + Fj4M14)

−M1j(F11 + F12M12 + F13M13 + F14M14), j = 2, 3, 4,

Ṁ2j = (Fj2 + Fj3M23 + Fj4M24)−M2j(F22 + F23M23 + F24M24)

+(−M1j + M12M2j)(F12 + F13M23 + F14M24), j = 3, 4,

Ṁ34 = (F43 + F44M34)−M34(F33 + F34M34)

+(−M24 + M23M34)(F23 + F24M34)

+(−M14 + M12M24 + M13M34 −M12M23M34)(F13 + F14M34).



(2.4)

Proof. Since {u, v} is the solution of problem (1.1)-(1.3), and LΦk = λΦk , we
get that for fixed t and λ, the functions Ψk := Φ̇k−AΦk are solutions of equation
(2.1). Moreover, Ψk(x, t, λ) = O(exp(ρRkx)) for x → ∞, ρ ∈ S in each sector S
with property (2.2). Since the functions Φk, k = 1, 4 form a fundamental system
of solutions of equation (2.1) and Φk(x, t, λ) = O(exp(ρRkx)), x →∞, ρ ∈ S, one
has the representation

Ψk(x, t, λ) =
k∑

j=1

αkj(t, λ)Φj(x, t, λ),

where the coefficients αkj(t, λ) do not depend on x. Hence

Φ̇1 = AΦ1 + α11Φ1,

Φ̇2 = AΦ2 + α21Φ1 + α22Φ2,

Φ̇3 = AΦ3 + α31Φ1 + α32Φ2 + α33Φ3.

 (2.5)

Taking x = 0 in (2.5) and using the conditions on the Weyl solutions Φk, we
calculate αkj :

α11 = −(AΦ1)|x=0,

α21 = −(AΦ2)|x=0 , α22 = −(A1Φ2)|x=0 − α21(Φ
′
1)|x=0,

α31 = −(AΦ3)|x=0 , α32 = −(A1Φ3)|x=0 − α31(Φ
′
1)|x=0 ,

α33 = −(A2Φ3)|x=0 − α32(Φ
′′
2)|x=0 − α31(Φ

′′
1)|x=0,


(2.6)

where Aky := dk

dxk

(
Ay

)
, k = 1, 2, 3. Differentiating (2.5) with respect to x, taking

x = 0 and using (2.6), we arrive at (2.4). 2

3 A nested system of Riccati equations

The evolution equations (2.4) with respect to Mkj are nonlinear. However they can
be reduced to a chain of three successively solvable Riccati equations.
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We briefly remind Radon’s Lemma for the matrix Riccati equation (see, for exam-
ple, [3, 13]). Let us consider the following Cauchy problem for the Riccati equation:

Ż = Q21(t) + Q22(t)Z − ZQ11(t)− ZQ12(t)Z, t ∈ [t0, t1],

Z(t0) = Z0,

 (3.1)

where Z(t), Z0, Q11(t), Q12(t), Q21(t) and Q22(t) are complex matrix of dimensions
m× n, m× n, n× n, n×m, m× n, and m×m respectively, and Qjk(t) ∈ C[t0, t1].

Let the matrices (X(t), Y (t), t ∈ [t0, t1]), be the unique solution of the linear
Cauchy problem

Ẋ = Q11(t)X + Q12(t)Y, X(t0) = I,

Ẏ = Q21(t)X + Q22(t)Y, Y (t0) = Z0,

 (3.2)

where I is the identity n× n matrix.

Radon’s Lemma.The Cauchy problem (3.1) has a unique solution Z(t) ∈ C1[t0, t1],
if and only if det X(t) 6= 0 for all t ∈ [t0, t1]. Moreover,

Z(t) = Y (t)(X(t))−1. (3.3)

We rewrite now the nonlinear system (2.4) with the boundary conditions Mkj(t, λ) =
M0

kj(λ) as a chain of Riccati equations.

Step 1. We consider the following Cauchy problem for the Riccati equation:

Ż1 = Q
(1)
21 + Q

(1)
22 Z1 − Z1Q

(1)
11 − Z1Q

(1)
12 Z1, Z1(0, λ) = Z0

1(λ), (3.4)

where

Z1 =

 M12

M13

M14

 , Z0
1 =

 M0
12

M0
13

M0
14

 , Q
(1)
21 =

 F21

F31

F41

 , Q
(1)
11 = F11,

Q
(1)
22 =

 F22 F23 F24

F32 F33 F34

F42 F43 F44

 , Q
(1)
12 = [F12, F13, F14].

Then, according to (3.3),

Z1(t, λ) = Y1(t, λ)
(
X1(t, λ)

)−1
, (3.5)

where the pair {X1(t, λ), Y1(t, λ)} is the solution of the Cauchy problem for the
linear system

Ẋ1 = Q
(1)
11 X1 + Q

(1)
12 Y1, X1(0, λ) = 1,

Ẏ1 = Q
(1)
21 X1 + Q

(1)
22 Y1, Y1(0, λ) = Z0

1(λ).


Step 2. We consider the following Cauchy problem for the Riccati equation:

Ż2 = Q
(2)
21 + Q

(2)
22 Z2 − Z2Q

(2)
11 − Z2Q

(2)
12 Z2, Z2(0, λ) = Z0

2(λ), (3.6)
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where

Z2 =

[
M23

M24

]
, Z0

2 =

[
M0

23

M0
24

]
, Q

(2)
21 =

[
F32 − F12M13

F42 − F12M14

]
, Q

(2)
11 = F22 − F12M12,

Q
(2)
22 =

[
F33 − F13M13 F34 − F14M13

F43 − F13M14 F44 − F14M14

]
, Q

(2)
12 = [F23 − F13M12, F34 − F14M12].

Then
Z2(t, λ) = Y2(t, λ)

(
X2(t, λ)

)−1
, (3.7)

where the pair {X2(t, λ), Y2(t, λ)} is the solution of the Cauchy problem for the
linear system

Ẋ2 = Q
(2)
11 X2 + Q

(2)
12 Y2, X2(0, λ) = 1,

Ẏ2 = Q
(2)
21 X2 + Q

(2)
22 Y2, Y2(0, λ) = Z0

2(λ).


Step 3. We consider the following Cauchy problem for the Riccati equation:

Ż3 = Q
(3)
21 + Q

(3)
22 Z3 − Z3Q

(3)
11 − Z3Q

(3)
12 Z3, Z3(0, λ) = Z0

3(λ), (3.8)

where
Z3 = M34, Z0

3 = M0
34,

Q
(3)
21 = F43 − F23M24 − (M14 −M12M24)F13, Q

(3)
11 = 0,

Q
(3)
22 = F44 − F33 − F24M24 + F23M23

+(M13 −M12M23)F13 − (M14 −M12M24)F14,

Q
(3)
12 = F34 − F24M23 − (M13 −M12M23)F14.

Then
Z3(t, λ) = Y3(t, λ)

(
X3(t, λ)

)−1
, (3.9)

where the pair {X3(t, λ), Y3(t, λ)} is the solution of the Cauchy problem for the
linear system

Ẋ3 = Q
(3)
11 X3 + Q

(3)
12 Y3, X3(0, λ) = 1,

Ẏ3 = Q
(3)
21 X3 + Q

(3)
22 Y3, Y3(0, λ) = Z0

3(λ).


4 Solution of the mixed problem

Using the evolution equations (2.4) and the solution of the inverse problem of recov-
ering L from the Weyl matrix, we get the following algorithm for the solution of the
problem (1.1)-(1.3).
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Algorithm 1. Let the functions uk, vk, k = 0, 3 be given.
1) Calculate the matrix F (t, λ) by (2.3).
2) Construct the Weyl matrix M0(λ) for t = 0.
3) Solve the Cauchy problems (3.4), (3.6) and (3.8) by (3.5), (3.7) and (3.9), and find
the Weyl matrix M(t, λ) for all t ≥ 0.
4) Construct the functions u(x, t) and v(x, t) by solving the inverse problem from
the Weyl matrix (see [21]-[22]).

Remark 1. The solution of the mixed problem (1.1)-(1.3) does not exist for arbi-
trary functions uk, vk appearing in the boundary conditions. For the solvability of
(1.1)-(1.3) there must be connections between uk and vk . These connections can
be described in terms of the Weyl matrix. It can be shown that the existence of
the global solution of the mixed problem (1.1)-(1.3) is equivalent to the solvability
of the inverse problem (see [23]). In other words, the solution of the mixed problem
(1.1)-(1.3) exists if and only if (i) the solutions of the Cauchy problems (3.4), (3.6)
and (3.8) exist for t > 0 ; (ii) for each fixed t the matrix M(t, λ) , constructed by
Algorithm 1, is the Weyl matrix for a certain differential operator L of the form
(1.4) (i.e. M(t, λ) satisfies necessary and sufficient conditions for the solvability of
the inverse problem from the Weyl matrix given in [21, 22]).
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