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Abstract. A short review on inverse problems of spectral analysis for higher-order
differential equations and systems on the half-line and on a finite interval is given. As the
main spectral characteristics for the formulation and solution of inverse problems we use
the so-called Weyl matrix, which is one of the possible generalizations of Weyl’s classical
m - function. Using the concept of the Weyl matrix and the method of spectral mappings
we provide the solution of the inverse problem for non-selfadjoint differential equations
and systems. We also obtain necessary and sufficient conditions for the solvability of the
inverse problem.
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1. Introduction. This short review deals with the inverse spectral problem for the
following two main objects:

(i) The higher-order differential equation

`y := y(n) +
n−2∑
k=0

pk(x)y
(k) = λy, n > 2, (1)

here pk(x) are complex-valued integrable functions, and
(ii) the system of differential equations

lY (x) := Q0Y
′(x) +Q(x)Y (x) = ρY (x), (2)

here Y = [yk]
T
k=1,n

is a column-vector ( T is the sign for the transposition), Q0 =

diag[qk]k=1,n , Q(x) = [qkj(x)]k,j=1,n , where qk are complex numbers, qkj(x) are complex-
valued integrable functions, and qkk(x) ≡ 0 , k = 1, n .

Inverse problems of spectral analysis consist in recovering operators from their spectral
characteristics. Such problems often appear in mathematics, mechanics, physics, electron-
ics, geophysics, meteorology and other branches of natural sciences and engineering.

We will consider (1) and (2) on the half-line x > 0 or on a finite interval x ∈ (0, b).
As the main spectral characteristics for formulation and solution of inverse problems for
(1) and (2) we introduce and study the so-called Weyl matrices which are generalizations
of the classical Weyl function for the Sturm-Liouville operator. These matrices express
most completely the spectral properties of the non-selfadjoint operators ` and l . The
concept of the Weyl matrix and the use of the method of spectral mappings (see [1]) enable



2

us to construct a general theory of the inverse problem for non-selfadjoint operators (1)
and (2) when the behaviour of the spectrum is arbitrary.

We note that there is another generalization of the Weyl function of the Sturm-
Liouville operator (see, for example, [2] and Remark 3 below), which is convenient for
studying direct spectral problems for (1) and (2) in the selfadjoint case, namely for prov-
ing completeness and expansion theorems. However, for solving inverse problems this
generalization turned out to be unsuitable, and the concept of the Weyl matrix is more
natural and convenient to construct the inverse problem theory. We also note that the
Weyl matrix was first introduced in [3]-[4] for differential operators (1) (for more details
see [5]).

2. Inverse problems for higher-order differential equations. The greatest
success in the inverse problem theory for equation (1) was achieved for n = 2 (i.e. for
the Sturm-Liouville equation). The central role there was played by the transformation
operator method (see [6], [7]) which allowed one to give a constructive procedure for
the solution of the inverse problem as well as necessary and sufficient conditions for
its solvability. Inverse Sturm-Liouville problems were studied in many works (see the
monographs [6]-[11] and the references therein). We note that in [11, Ch.1] one can find
a historical review on the inverse problems of spectral analysis for ordinary differential
operators.

Unlike Sturm-Liouville operators, inverse problems for n > 2 turned out to be much
more difficult for studying. For n > 2 transformation operators have a more complicated
structure than for the Sturm-Liouville operator, and they do not work in the general case.
However, in the case of analytic coefficients the transformation operators have the same
”triangular” form as for Sturm-Liouville operators. Sakhnovich [12] and Khachatryan
[13] used a ”triangular” transformation operator to investigate the inverse problem of
recovering selfadjoint differential operators on the half-line with analytic coefficients from
the spectral function, as well as the inverse scattering problem.

A more effective and universal method in the inverse spectral theory is the method
of spectral mappings (see [1]) connected with ideas of the contour integral method. This
method enables us to construct a general theory of inverse problems for non-selfadjoint
differential operators (1) and for many other classes of operators. In particular, in [5]
the inverse problem of recovering operator (1) from its Weyl matrix was studied on the
half-line and on a finite interval. The inverse scattering problem on the line for operator
(1) has been treated in various settings in [14]-[17] and other works. We note that the use
of the Riemann problem in the inverse scattering theory can be considered as a particular
case of the method of spectral mappings (see, for example, [15]).

Let us briefly formulate the main results on the inverse problem for equation (1) on
the half-line x > 0 (for more details see [5]).

The Weyl matrix. Consider the linear forms U = [Uξ]ξ=1,n :

Uξ(y) = y(σξ)(0) +
σξ−1∑
ν=0

uξνy
(ν)(0), ξ = 1, n,

where 0 ≤ σξ ≤ n − 1 , σξ 6= ση for ξ 6= η. For studying the inverse problem we will
use spectral properties of a chain of n− 1 boundary value problems Bm , m = 1, n− 1
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for equation (1) with m boundary conditions at zero: Uξ(y) = 0 , ξ = 1,m, and with
boundary conditions at infinity on the growth of the solutions.

Let λ = ρn. It is known that the ρ - plane can be partitioned into sectors Sν of
angle π

n

(
Sν := {ρ : arg ρ ∈

(
νπ
n
, (ν+1)π

n

)
}, ν = 0, 2n− 1

)
in each of which the roots

R1, R2, . . . , Rn of the equation Rn − 1 = 0 can be numbered in such a way that

Re(ρR1) < Re(ρR2) < . . . < Re(ρRn), ρ ∈ Sν . (3)

Let the functions Φm(x, λ), m = 1, n be the solutions of equation (1) satisfying the
conditions Uξ(Φm) = δξm , ξ = 1,m and Φm(x, λ) = O(exp(ρRmx)), x →∞, ρ ∈ Sν

in each sector with property (3). Here and in the sequel, δξm is the Kronecker symbol.
These conditions uniquely determine the solutions Φm(x, λ).

Denote Mmk(λ) = Uk(Φm), k = m+ 1, n. The functions Mmk(λ) are called the
Weyl-Yurko functions, and the matrix

M(λ) = [Mmk(λ)]m,k=1,n,

where Mmk(λ) = δmk, k = 1,m, is called the Weyl matrix or the spectrum of L. We
note that the Weyl matrix is a triangular matrix and detM(λ) = 1.

Formulation of the inverse problem. Given the Weyl matrix M(λ) , construct the
differential expression ` and the linear forms U (i.e. construct the pair L = (`, U) ).

Properties of the Weyl matrix. Let Γ± := {λ : ±λ ≥ 0}, and let Π± be the λ -
plane with a cut along Γ± .

For definiteness it will be assumed below that σξ = n− ξ.

Theorem 1. The Weyl matrix M(λ) has the following properties:
1) Mmk(λ) = δmk, m ≥ k.
2) The Weyl functions Mmk(λ) are analytic in Π(−1)n−m with the exception of at most

countable bounded sets Λ′
mk of poles and are continuous in Π̄(−1)n−m with the exception

of bounded sets Λmk .
3) Mmk(λ) = O(ρm−k) as |λ| → ∞.
4) The functions Mmk(λ)−Mm,m+1(λ)Mm+1,k(λ) are analytic for λ ∈ Γ(−1)n−m \ Λ,

where Λ =
⋃

m,k Λmk .

Denote by Wν the set of functions f(x) such that f(x), f ′(x), . . . , f (ν−1)(x) are
absolutely continuous and f (k)(x) ∈ L(0,∞), k = 0, ν. Let N ≥ 0 be a fixed integer.
We say that L ∈ VN if pν(x) ∈ Wν+N , ν = 0, n− 2. We shall solve the inverse problem
in the classes VN . We define pn(x) = 1, pn−1(x) = 0 , and uξν = δν,n−ξ, ν ≥ n − ξ.
Let

〈y(x), z(x)〉` :=
n−1∑

ν,j=0

Lνj(x)y
(ν)(x)z(j)(x),

Lνj(x) =
n−ν−1∑

s=j

(−1)s

(
s

j

)
ps−j

s+ν+1(x), ν + j ≤ n− 1,

Lνj(x) = 0, ν + j > n− 1.


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We consider the differential equation and the linear forms

`∗z := (−1)nz(n) +
n−2∑
ν=0

(−1)ν(pν(x)z)
(ν) = λz, (4)

U∗
ξ (z) = z(n−ξ)(0) +

n−ξ−1∑
ν=0

u∗ξνz
(ν)(0), ξ = 1, n,

where the linear forms U∗
ξ are determined from the relation

〈y, z〉` |x=0 =
n∑

k=1

(−1)k−1Uk(y)U
∗
n−k+1(z).

Notice that ¯̀∗ is the adjoint of `. It is clear that for any sufficiently smooth functions
y(x) and z(x)

`y z − y `∗z =
d

dx
〈y, z〉` .

Solution of the inverse problem. First we formulate the uniqueness theorem for the
inverse problem considered. For this purpose together with L = (`, U) we consider a
pair L̃ = (˜̀, Ũ) of the same form but with different coefficients. Everywhere below if a
symbol α denotes an object related to L, then α̃ denotes the analogous object related
to L̃.

Theorem 2. If M(λ) = M̃(λ), then L = L̃.

Thus, the specification of the Weyl matrix M(λ) determines the differential equation
and the linear forms uniquely. A counterexample [5, Ch.1] shows that dropping one
element of the Weyl matrix violates the uniqueness of the solution of the inverse problem.

The central role for the solution of the inverse problem is played by the so-called
main equation of the inverse problem (see (5) below), which is a linear integral singular
equation. We give a derivation of the main equation and prove its solvability in a suitable
Banach space. Using the main equation we give a constructive procedure for the solution
of the inverse problem along with necessary and sufficient conditions for its solvability.

Let M(λ) be the Weyl matrix for the pair L = (`, U). Let L̃ = (˜̀, Ũ) be a known
pair. In the λ - plane we consider the contour γ = γ−1∪γ0∪γ1 (with a counterclockwise
circuit), where γ0 is a bounded closed contour encircling the set Λ ∪ Λ̃ ∪ {0} (i.e.
Λ ∪ Λ̃ ∪ {0} ⊂ intγ0 ), and γ±1 is a two-sided cut along the ray {λ : ±λ > 0, λ /∈
intγ0} . Denote Jγ = {λ : λ /∈ γ ∪ intγ0} . Let the functions Φ∗

m(x, λ) , m = 1, n
be the solutions of equation (4) under the conditions U∗

ξ (Φ∗
m) = δξm , ξ = 1,m, and

Φ∗
m(x, λ) = O(exp(ρR∗

mx)), x→∞, ρ ∈ S, where R∗
m = −Rn−m+1. Denote

Y = [δj,k−1]j=1,n−1,k=1,n, In−1 = [δjk]j,k=1,n−1, A0(λ) = (M(λ)− M̃(λ))M̃−1(λ),

and for λ ∈ γ set

Q(λ) = In−1 −
1

2
χ+1(λ)χ−1(λ)Y A0(λ)Y T ,

ϕ(x, λ) = [χ((−1)n−k+1λ)Φk(x, λ)]k=2,n, g(x, λ) = [(−1)k−1Φ̃∗
n−k+1(x, λ)]Tk=1,nA(λ)Y T ,
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where χ±1(λ) = 1 for λ ∈ γ0 ∪ γ±1, χ±1(λ) = 0 for λ ∈ γ∓1 , and

A(λ) =

 A0(λ) λ ∈ γ0,

[δj,ν−1χ(−1)n−j(λ)(Mj,j+1(λ)− M̃j,j+1(λ)]j,ν=1,n λ ∈ γ1 ∪ γ−1 .

Theorem 3. For each fixed x ≥ 0, the vector ϕ(x, λ) is a solution of the linear
integral equation

ϕ̃(x, λ) = Q(λ)ϕ(x, λ) +
1

2πi

∫
γ

H(x, λ, µ)

µ− λ
ϕ(x, µ) dµ, λ ∈ γ, (5)

where H(x, λ, µ) = 〈ϕ̃(x, λ), g(x, µ)〉˜̀ .

Equation (5) is called the main equation of the inverse problem.
Denote Ω(x, λ) = diag [ρn−k exp(−ρRkx)]k=2,n, γ′′ = {λ : λ ∈ γ1 ∪ γ−1, d(λ, γ0) ≥

α0 > 0}, γ′ = γ \ γ′′, where d(λ, γ0) := inf |λ − µ|, µ ∈ γ0 . Thus, γ = γ′ ∪ γ′′ .
We introduce the Banach space B = Ln−1

2 (γ′) ⊕ Ln−1
∞ (γ′′) of vector-valued functions

z(λ) = [zj(λ)]j=1,n−1, λ ∈ γ with the norm

‖z‖B =
n−1∑
j=1

(
‖zj‖L2(γ′) + ‖zj‖L∞(γ′′)

)
.

Now we establish the unique solvability of the main equation.

Theorem 4. For each fixed x ≥ 0, the main equation (5) has a unique solution in
the class Ω(x, λ)ϕ(x, λ) ∈ B . Moreover, sup

x
‖Ω(x, λ)ϕ(x, λ)‖B <∞ .

Let us denote

κνs(x) =
1

2πi

∫
γ
g̃(ν)(x, µ)ϕ(s)(x, µ) dµ, ν + s ≤ n− 1,

tjν(x) = −
j∑

β=ν+1

(
j

β

)(
β − 1

ν

)
κβ−ν−1,j−β(x), j > ν,

tjν(x) = δjν , j ≤ ν; j, ν = 0, n,


ξν(x) =

n−ν−1∑
s=0

n−s∑
j=ν+1

((j + s

j

)(
j − 1

ν

)
p̃j+s(x)κj−ν−1,s(x)

+δs0(−1)j−ν
j−ν−1∑

r=0

(
j − ν − 1

r

)
p̃

(j−ν−1−r)
j (x)κr0(x)

)
, ν = 0, n− 2,

εν(x) = ξν(x)−
n−2∑

j=ν+1

εj(x)tjν(x), ν = 0, n− 2. (6)

The following theorem gives us explicit formulae for calculating the coefficients of the
differential equation and the linear forms L = (`, U) .
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Theorem 5. The following relations hold

pν(x) = p̃ν(x) + εν(x), ũξν =
n−1∑
j=0

uξjtjν(0). (7)

Thus, we arrive at the following algorithm for the solution of the inverse problem.

Algorithm 1. Let the Weyl-Yurko matrix M(λ) for the pair L = (`, U) be given.
1) Choose L̃ = (˜̀, Ũ).
2) Construct the matrices H(x, λ, µ), Q(λ), ϕ̃(x, λ) , x ≥ 0, λ, µ ∈ γ.
3) Find ϕ(x, λ), x ≥ 0, λ ∈ γ by solving the main equation (5).
4) Calculate εν(x) by (6).
5) Construct L = (`, U) by (7).

Now let us state necessary and sufficient conditions for the solvability of the inverse
problem considered. For definiteness, let arg ρ ∈ (0, 2π/n). We denote by M the set of
matrices M(λ) having properties 1-4 of Theorem 1.

Theorem 6. A matrix M(λ) ∈M is the Weyl matrix for a certain L ∈ VN if and
only if the following conditions hold:
1) (Asymptotics) There exists L̃ ∈ VN such that Mm,m+1(λ) − M̃m,m+1(λ) = O(ρ−n−2)
as |λ| → ∞ .
2) (Condition S) For each fixed x ≥ 0, equation (5) has a unique solution in the class
Ω(x, λ)ϕ(x, λ) ∈ B , and sup

x
‖Ω(x, λ)ϕ(x, λ)‖B <∞ .

3) εν(x) ∈ Wν+N , ν = 0, n− 2 , where the functions εν(x) are defined by (6).
Under these conditions the differential equation and the linear forms L = (`, U) are
constructed via (7).

Connection with the Gelfand-Levitan equation. Let us consider the Sturm-Liouville
selfadjoint equation

−y′′ + q(x)y = λy, x > 0 (8)

with the condition y′(0)−hy(0) = 0, where q(x) ∈ L(0,∞) and h are real. Let ϕ(x, λ)
be a solution of (8) under the conditions ϕ(0, λ) = 1 and ϕ′(0, λ) = h, and let σ(λ) be
the spectral function. Then the main equation of the inverse problem, after contracting
the contour to the real axis, becomes

ϕ̃(x, λ) = ϕ(x, λ) +
∫ ∞

−∞

( ∫ x

0
ϕ̃(t, λ)ϕ̃(t, µ) dt

)
ϕ(x, µ) dτ(µ), (9)

where τ(λ) = σ(λ)− σ̃(λ). Let for definiteness, q̃(x) = h̃ = 0. Then ϕ̃(x, λ) = cos
√
λt.

¿From (9), using the cosine Fourier transform and the representation

ϕ(x, λ) = cos
√
λx+

∫ x

0
G(x, t) cos

√
λt dt,

we obtain the Gelfand-Levitan equation

G(x, t) + F (x, t) +
∫ x

0
G(x, s)F (s, t)ds = 0, 0 < t < x,
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F (x, t) =
∫ ∞

−∞
cos

√
µx cos

√
µt dτ(µ).

Remark 1. One of the conditions in Theorem 6 under which an arbitrary matrix
M(λ) is the Weyl matrix for a non-selfadjoint differential operator (1) is the requirement
of the unique solvability of the main equation. It is difficult to verify this condition in the
general case. Therefore, an important problem is that of obtaining sufficient conditions for
the solvability of the main equation, and the extraction of classes of operators for which
unique solvability can be proved. One of such classes is the class of selfadjoint operators.
In [18] this class was investigated, and the unique solvability of the main equation was
proved. We also note that if only the discrete spectrum is perturbed, then the main
equation becomes a linear algebraic system, and condition S is the condition that the
determinant of this system is nonzero.

Remark 2. Similar arguments can be used for studying the inverse problem for
equation (1) on a finite interval x ∈ (0, b) ; for details see [5, Ch.1]. Here we only show
how to introduce the Weyl matrix and how to formulate the inverse problem. For this
purpose together with the linear forms Uξ0 we consider the linear forms Uξ1 :

Uξ1(y) = y(τξ)(b) +
τξ−1∑
ν=0

uξν1y
(ν)(b), ξ = 1, n,

where 0 ≤ τξ ≤ n − 1 , τξ 6= τη for ξ 6= η. Let the functions Φm(x, λ), m = 1, n be
the solutions of equation (1) satisfying the conditions Uξ(Φm) = δξm , Uη1(Φm) = 0 ,
ξ = 1,m, η = 1, n−m. Denote Mmk(λ) = Uk(Φm), k = m+ 1, n. The matrix

M(λ) = [Mmk(λ)]m,k=1,n,

where Mmk(λ) = δmk, k = 1,m, is called the Weyl matrix for (1) on a finite interval. The
inverse problem is formulated as follows: given the Weyl matrix, construct the coefficients
of the differential system and the linear forms. The solution of this inverse problem along
with necessary and sufficient conditions of its solvability see in [1] and [5].

Remark 3. We mentioned above that there is another generalization of the Weyl
function for the Sturm-Liouville equation. Let us compare the concept of the Weyl matrix
introduced above and the concept of the Weyl matrix from [2, Sect. 21.4] (where a slightly
different notation is used). For simplicity, let n = 4 and Uξ(y) = y(ξ−1)(0) . Let the
functions Φk(x, λ), k = 1, 4 be solutions of equation (1) for n = 4 under the conditions

Φ
(ν−1)
k (0, λ) = δνk , ν = 1, k , Φk(x, λ) = O(exp(ρRkx)), x→∞, ρ ∈ Sµ in each sector

with property (3), and let Mkν(λ) = Φ
(ν−1)
k (0, λ) , ν > k . Thus,

Φ1(0, λ) = 1, Φ1(x, λ) = O(exp(ρR1x)), x→∞,

Φ2(0, λ) = 0, Φ′
2(0, λ) = 1, Φ2(x, λ) = O(exp(ρR2x)), x→∞,

Φ3(0, λ) = Φ′
3(0, λ) = 0, Φ′′

3(0, λ) = 1, Φ3(x, λ) = O(exp(ρR3x)), x→∞,

Φ4(0, λ) = Φ′
4(0, λ) = Φ′′

4(0, λ) = 0, Φ′′′
4 (0, λ) = 1,

M12(λ) = Φ′
1(0, λ), M13(λ) = Φ′′

1(0, λ), M14(λ) = Φ′′′
1 (0, λ),
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M23(λ) = Φ′′
2(0, λ), M24(λ) = Φ′′′

2 (0, λ),

M34(λ) = Φ′′′
3 (0, λ),

and the Weyl-Yurko matrix M(λ) has the form

M(λ) =


1 M12(λ) M13(λ) M14(λ)
0 1 M23(λ) M24(λ)
0 0 1 M34(λ)
0 0 0 1

 .
Clearly, 

Φ1(x, λ)
Φ2(x, λ)
Φ3(x, λ)
Φ4(x, λ)

 =


1 M12(λ) M13(λ) M14(λ)
0 1 M23(λ) M24(λ)
0 0 1 M34(λ)
0 0 0 1



C1(x, λ)
C2(x, λ)
C3(x, λ)
C4(x, λ)

 ,
where Ck(x, λ), k = 1, 4 are solutions of (1) for n = 4 under the initial conditions

C
(ν−1)
k (0, λ) = δνk , ν, k = 1, 4 . For the functions Φk(x, λ) we have the scale of growth:

the smallest exponents is for Φ1 , the biggest one is for Φ4. Moreover, Φ1 and Φ2 vanish
at infinity, and Φ3 and Φ4 do not.

Let now ψk(x, λ), k = 1, 2 be solutions of equation (1) for n = 4 under the conditions

ψ1(0, λ) = 0, ψ′1(0, λ) = −1, ψ1(x, λ) ∈ L2(0,∞),

ψ2(0, λ) = 1, ψ′2(0, λ) = 0, ψ2(x, λ) ∈ L2(0,∞),

and let
m11(λ) = ψ′′1(0, λ), m12(λ) = ψ′′′1 (0, λ),

m21(λ) = ψ′′2(0, λ), m22(λ) = ψ′′′2 (0, λ).

The matrix

m(λ) =

[
m11(λ) m12(λ)
m21(λ) m22(λ)

]
is called the m - matrix; see [2] for more details. Clearly,[

ψ1(x, λ)
ψ2(x, λ)

]
=

[
−C2(x, λ)
C1(x, λ)

]
+m(λ)

[
C3(x, λ)
C4(x, λ)

]
,

and
ψ1(x, λ) = −Φ2(x, λ), ψ2(x, λ) = Φ1(x, λ)−M12(λ)Φ2(x, λ),

m11(λ) = −M23(λ), m12(λ) = −M24(λ),

m21(λ) = M13(λ)−M12(λ)M23(λ), m22(λ) = M14(λ)−M12(λ)M24(λ).

In the selfadjoint case the specification of the m - matrix m(λ) is equivalent to the
specification of the spectral matrix σ(λ) , and

m(λ) =
∫ ∞

−∞

dσ(µ)

µ− λ
.
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The spectral matrix σ(λ) and the m - matrix m(λ) are used for studying direct problems
of spectral analysis for equation (1) in the self-adjoint case (see [2] for more details), but
they are not suitable for solving general inverse problems. Moreover, the specification of
the m - matrix does not uniquely determine the operator. For studying inverse problems
the concept of the Weyl matrix introduced above is more natural (see [1] and [5] for more
details). Similar arguments are used for the case of a finite interval.

We mention that for the selfadjoint case there are the following connections between
Mkj(λ) :

M12(λ) = M34(λ), M24(λ) = −M13(λ) +M12(λ)M23(λ).

3. Inverse problem for systems of differential equations. Many papers are
devoted to inverse problems for systems of differential equations (see [10], [19]-[30] and
the references therein). Some systems can be treated similarly to the Sturm-Liouville
operator. As example we mention inverse problems for Dirac and AKNS systems and
their generalizations ([10], [21], [23], [24], [26], [27]). For such systems the transformation
operator method can be used for solving the inverse problem. The transformation operator
method can be also used for systems with analytic potentials similarly to higher-order
differential operators (see, for example, [25]). But in the general case, the inverse problems
for systems of the form (2) deal with more serious difficulties like those for operators (1)
with integrable coefficients. There are only a number of works where inverse problems
for such systems are studied. We mark the important works [19], [20], [28] in which by
using the Riemann problem the inverse scattering problem for system (2) on the line was
studied. The inverse problem theory for system (2) on the half-line and on a finite interval
in the general case has not been constructed yet.

In this paper we study the inverse problem for non-selfadjoint system (2) on the half-
line in the general case, i.e. with arbitrary roots of the characteristic polynomial and
with arbitrary behavior of the spectrum. As the main spectral characteristics for (2)
we introduce and study the so-called Weyl matrix which is an analog of the Weyl matrix
introduced in Section 2 for operators (1). Developing the method of spectral mappings we
give a constructive procedure for the solution of the inverse problem of recovering system
(2) from the given Weyl matrix, prove the uniqueness theorem and provide necessary and
sufficient conditions for the solvability of this inverse problem.

Let us consider system (2) on the half-line x > 0. The matrix Q(x) is called the
potential. We shall say that l ∈ VN if qkj(x) ∈ WN , k, j = 1, n. Below we will consider
the operator l in the classes VN , N ≥ 1. Let for definiteness qk 6= 0 and qk 6= qj for
k 6= j , k, j = 1, n . Denote βk = 1/qk . It is known that the ρ - plane can be partitioned
into sectors Sj = {ρ : arg ρ ∈ (θj, θj+1)} , j = 0, 2r − 1, 0 ≤ θ0 < θ1 < . . . < θ2r−1 ≤ 2π
in which there exist permutations ik = ik(Sj) of the numbers 1, . . . , n, such that for the
numbers Rk = Rk(Sj) of the form Rk = βik one has

Re(ρR1) < . . . < Re(ρRn), ρ ∈ Sj. (10)

Let a matrix h = [hξν ]ξ,ν=1,n, deth 6= 0, be given, where hξν are complex numbers.
We introduce the linear forms U(Y ) = [Uξ(Y )]T

ξ=1,n
by the formula U(Y ) = hY (0), i.e.

Uξ(Y ) = [hξ1, . . . , hξn]Y (0). Denote Ω0
mk(j1, . . . , jm) = det[hξ,jν ]ξ=1,m−1,k; ν=1,m . Suppose
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that
Ω0

mm(i1, . . . , im) 6= 0, m = 1, n− 1, , j = 0, 2r − 1, (11)

where ik = ik(Sj) is the above-mentioned permutation for the sector Sj . Condition (11)
is called the regularity condition for the pair L = (l, U). Systems, which do not satisfy
the regularity condition, possess qualitatively different properties for investigating inverse
problems, and are not considered in this paper. Without loss of generality we assume that
the following normalizing conditions are fulfilled: deth = 1, and for a fixed sector (for
definiteness, for the sector S0 ) one has Ω0

m(i1, . . . , im) = 1, m = 1, n− 1. Everywhere
below we shall assume that the regularity conditions and the normalizing conditions are
fulfilled.

The Weyl matrix. Let the vector-functions Φm(x, ρ) = [Φkm(x, ρ)]T
k=1,n

, m =

1, n be the solutions of (2) satisfying the conditions Uξ(Φm) = δξm, ξ = 1,m, and
also Φm(x, ρ) = O(exp(ρRmx)), x → ∞, ρ ∈ Sj in each sector Sj with property
(10). These conditions uniquely determine the solutions Φm(x, ρ). Denote Mmξ(ρ) =
Uξ(Φm), ξ > m , M(ρ) = [Mmξ(ρ)]m,ξ=1,n , Mmξ(ρ) = δξm for ξ ≤ m , Φ(x, ρ) =
[Φ1(x, ρ), . . . ,Φn(x, ρ)] = [Φkm(x, ρ)]k,m=1,n . The functions Φm(x, ρ) and Mmξ(ρ) are
called the Weyl solutions and the Weyl functions respectively. The matrix M(ρ) is
called the Weyl matrix or the spectrum of L = (l, U). We note that the Weyl matrix is
a triangular matrix and detM(ρ) ≡ 1.

Formulation of the inverse problem. Fix Q0, i.e. the numbers βk = 1/qk , k = 1, n,
are known and fixed. The inverse problem is formulated as follows: Given the Weyl matrix
M(ρ), construct the pair L = (l, U).

Properties of the Weyl matrix. Denote Φ∗(x, ρ) = (Q0Φ(x, ρ))−1 , N (ρ) = MT (ρ) ,
N ∗(ρ) = (N (ρ))−1 . For ξ = 0, n− 2 we introduce functions Bξ

mk(ρ) , m = 1, n− ξ − 1, k =
m+ ξ + 1, n by the recurrence formulae:

B0
mk(ρ) = Mmk(ρ), Bξ

mk(ρ) = Bξ−1
mk (ρ)−Bξ−1

m,m+ξ(ρ)B
0
m+ξ,k(ρ).

Denote Γj = {ρ : arg ρ = θj} , j = 0, 2r − 1 , Γ2r := Γ0 . We cut the ρ - plane along
the rays Γj and denote by Γ±j = {ρ : arg ρ = θj ± 0} the sides of the cuts. We put

Sj = Sj∪Γ+
j ∪Γ−j+1 and denote by Σ = C\

( 2r−1⋃
j=0

Γj

)
=

2r−1⋃
j=0

Sj the ρ - plane without the

cuts along the rays Γj , and denote by Σ =
2r−1⋃
j=0

S̄j the closure of Σ (we distiunguish

between the sides of the cuts).
Fix j = 0, 2r − 1. Notice that for ρ ∈ Γj strict inequalities in (10) in some places

become equalities. Let mi = mi(j) , pi = pi(j) , i = 1, s be such that for ρ ∈ Γj :

Re(ρRmi−1) < Re(ρRmi
) = . . . = Re(ρRmi+pi

) < Re(ρRmi+pi+1), i = 1, s,

where Rk = Rk(Sj). Denote Nj := {m : m = m1,m1 + p1 − 1, . . . ,ms,ms + ps − 1} ,
Jm := {j : m ∈ Nj} , γm =

⋃
j∈Jm

Γj , and let Σm = C \ γm be the ρ - plane without the

cuts along the rays from γm , and let Σm be the closure of Σm (we distinguish between
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the sides of the cuts). Clearly, the domain Σm =
⋃
ν
Smν consist of sectors Smν , each of

which is a union of several sectors Sj with the same collection {Rξ}ξ=1,m .
Denote by M the set of functions M(ρ) = [Mmk(ρ)]m,k=1,n with the properties:

1) Mmk(ρ) ≡ δmk for m ≥ k ;
2) the functions Mmk(ρ), k > m are analytic in Σm with the exeption of an at most
countable bounded set Λ′

m of poles and are continuous in Σm with the exeption of a
bounded set Λm (in general the sets Λ′

m and Λm are different for each matrix M(ρ)
from M );
3) the functions Bm−ν

νk (ρ) are analytic on Γj \Λ′
m for j /∈ Jm, 1 ≤ ν ≤ m ≤ n− 1, m+

1 ≤ k ≤ n .
4) For |ρ| → ∞, ρ ∈ Sj,

Mmk(ρ) = µ0
mk(Sj) +O(ρ−1), µ0

mk(Sj) =
Ω0

mk(i1, . . . , im)

Ω0
mm(i1, . . . , im)

, ik = ik(Sj).

Theorem 7. If M(ρ) is the Weyl matrix for L = (l, U), then M(ρ) ∈M .

Solution of the inverse problem. Let us first formulate the uniqueness theorem.

Theorem 8. The specification of the Weyl matrix M(ρ) uniquely determines the
potential Q(x) and the matrix h.

We note that the matrix h is uniquely determined by the specification of the numbers
µ0

mk(Sj) for all m, k, j.

Let us now give a constructive procedure for the solution of the inverse problem along
with necessary and sufficient conditions for its solvability. For this purpose together with
L = (l, U) we consider a pair L̃ = (l̃, Ũ) of the same form but with different matrices
Q̃, h̃ (we remind that the matrix Q0 is known a priori and fixed). As before everywhere
below if a symbol α denotes an object related to L, then α̃ denotes the analogous
object related to L̃, Let a pair L̃ = (˜̀, Ũ) be taken such that

M(ρ)− M̃(ρ) = O(ρ−1), |ρ| → ∞, (12)

i.e. µ0
mk(Sj) = µ̃0

mk(Sj) for all m, k, j. We note that condition (12) is equivalent to the
condition h = h̃. For example, one can take Q̃(x) ≡ 0.

In the ρ - plane we consider the contour ω = ω0 ∪ ω+ ∪ ω− (with a counterclockwise
circuit), where ω0 is a bounded closed contour encircling the set Λ ∪ Λ̃ ∪ {0} (i.e.

Λ ∪ Λ̃ ∪ {0} ⊂ intω0), and ω± =
2r−1⋃
j=0

ω±j , ω±j = Γ±j \ intω0 .

We define the matrices A(ρ) = [amk(ρ)]m,k=1,n and Ã(ρ) = [ãmk(ρ)]m,k=1,n by the

formulae A(ρ) = N ∗(ρ)(N (ρ) − Ñ (ρ)) , Ã(ρ) = Ñ ∗(ρ)(N (ρ) − Ñ (ρ)) , where N (ρ) =
(M(ρ))T , N ∗(ρ) = (M∗(ρ))T .

Fix j = 0, 2r − 1. Let Nj = {m1,m1 + p1 − 1, . . . ,ms,ms + ps − 1} , mi−1,mi+pi /∈
Nj, i = 1, s . Consider the matrices A(j)(ρ) = [a

(j)
kξ (ρ)]k,ξ=1,n , Ã(j)(ρ) = [ã

(j)
kξ (ρ)]k,ξ=1,n ,

ρ ∈ Γ±j , where a
(j)
kξ (ρ) = akξ(ρ) , ã

(j)
kξ (ρ) = ãkξ(ρ) for mi ≤ ξ < k ≤ mi + pi, i = 1, s,
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and a
(j)
kξ (ρ) = ã

(j)
kξ (ρ) = 0 otherwise. For ρ ∈ ω we introduce the matrices A0(ρ) and

Ã0(ρ) by the formulae

A0(ρ) =

 A(j)(ρ), ρ ∈ ω±j ,
A(ρ), ρ ∈ ω0,

Ã0(ρ) =

 Ã(j)(ρ), ρ ∈ ω±j ,

Ã(ρ), ρ ∈ ω0.

In the contour ω it is convenient to stick together the sides of the cuts. Therefore, in

the ρ - plane we consider the contour ω∗ := ω0 ∪ ω1, where ω1 =
2r−1⋃
j=0

ω1
j , ω1

j := {ρ :

ρ ∈ Γj \ω0} (with the orientation towards the growth of the modulus of ρ ). For ρ ∈ ω∗
we define the matrices ϕ(x, ρ) , ϕ̃(x, ρ) , G̃(x, ρ) , S̃(ρ) , r̃(x, µ, ρ) D(x, ρ) by the
formulae

ϕ(x, ρ) =

 [Φ+(x, ρ),Φ−(x, ρ)], ρ ∈ ω1,

Φ(x, ρ), ρ ∈ ω0,
ϕ̃(x, ρ) =

 [Φ̃+(x, ρ), Φ̃−(x, ρ)], ρ ∈ ω1,

Φ̃(x, ρ), ρ ∈ ω0,

G̃(x, ρ) =

[
−(A0(ρ)Φ̃

∗(x, ρ))+Q0

(A0(ρ)Φ̃
∗(x, ρ))−Q0

]
, ρ ∈ ω1, G̃(x, ρ) = A0(ρ)Φ̃

∗(x, ρ)Q0, ρ ∈ ω0,

S̃(ρ) =

 I − 1
2
A+

0 (ρ) 1
2

(
A0(ρ)Ñ ∗(ρ)

)+
Ñ−(ρ)

1
2

(
A0(ρ)Ñ ∗(ρ)

)−
Ñ+(ρ) I − 1

2
A−

0 (ρ)

 , ρ ∈ ω1, f± := f|ω± ,

S̃(ρ) = I − 1

2
A0(ρ), ρ ∈ ω0, r̃(x, µ, ρ) =

G̃(x, µ)ϕ̃(x, ρ)

µ− ρ
, ρ, µ ∈ ω∗,

D(x, ρ) = diag [Dk(x, ρ)]k=1,n, Dk(x, ρ) = exp(−ρRkx), Rk = Rk(Sj) for ρ ∈ ω0,

D(x, ρ) = diag [Dk(x, ρ)]k=1,2n, Dk(x, ρ) = exp(−ρRkx) (k ≤ n),

Dk(x, ρ) = exp(−ρRk−nx) (k > n), Rk = Rk(Sj) for ρ ∈ ω1
j ,

where I is the identity matrix. We consider the Banach space Bp := {f(ρ) : f(ρ)ρ−1 ∈
Lp(ω

∗)} , p > 1 with the norm ‖f‖Bp := ‖f(ρ)ρ−1‖Lp(ω∗).

Theorem 9. Let M(ρ) be the Weyl matrix for a pair L = (l, U). Let a pair
L̃ = (l̃, Ũ) be taken such that (12) holds. Then

ϕ̃(x, ρ) = ϕ(x, ρ)S̃(ρ) +
1

2πi

∫
ω∗
ϕ(x, µ)r̃(x, µ, ρ) dµ, ρ ∈ ω∗. (13)

For each fixed x ≥ 0, equation (13) has a unique solution ϕ(x, ρ) in the class
ϕ(x, ρ)D(x, ρ) ∈ Bp for each p > 1, and sup

x≥0
‖ϕ(x, ρ)D(x, ρ)‖Bp <∞.

Equation (13) is called the main equation of the inverse problem. Let us now formulate
necessary and sufficient conditions for the solvability of the inverse problem.

Theorem 10. For a matrix M(ρ) ∈M to be the Weyl matrix for a pair L = (l, U) ,
l ∈ VN , it is necessary and sufficient that the following conditions are fulfilled:

1) (Asymptotics) There exists a pair L̃ = (l̃, Ũ) such that (12) holds.
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2) (Condition P) For each fixed x ≥ 0, the main equation (13) has a unique solution
ϕ(x, ρ) in the class ϕ(x, ρ)D(x, ρ) ∈ Bp , p > 1, and sup

x≥0
‖ϕ(x, ρ)D(x, ρ)‖Bp <∞ .

3) ε(x) ∈ WN , where

ε(x) =
1

2πi

∫
ω

(
Φ(x, µ)A0(µ)Φ̃∗(x, µ)Q0 −Q0Φ(x, µ)A0(µ)Φ̃∗(x, µ)

)
dµ. (14)

Under these conditions the pair L = (l, U) is constructed by the formulae

Q(x) = Q̃(x) + ε(x), h = h̃. (15)

Algorithm 2. Let the Weyl matrix M(λ) for the pair L = (l, U) be given.
1) Choose L̃ = (l̃, Ũ) such that (12) holds.
2) Construct the matrices ϕ̃(x, ρ), S̃(ρ), r̃(x, µ, ρ) , x ≥ 0, µ, ρ ∈ ω∗ .
3) Find ϕ(x, ρ), x ≥ 0, ρ ∈ ω∗ by solving the main equation (13), i.e. find Φ(x, ρ)

for x ≥ 0, ρ ∈ ω.
4) Calculate εν(x) by (14).
5) Construct L = (l, U) by (15).

Remark 4. Analogously one can study the inverse problem for system (1) on a
finite interval.
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