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Singular boundary conditions are formulated for non-selfadjoint Sturm-Liouville problems which are limit-
circle in a very general sense. The characteristic determinant is constructed and it is shown that it can be used
to extend the Birkhoff theory for so called ‘Birkhoff regular boundary conditions’ to the singular case. This is
illustrated for a class of singular Birkhoff-regular problems; in particular we prove for this class an asymptotic
formula for the eigenvalues and an expansion theorem.

1 Introduction

In 1908 Birkhoff published two seminal papers [2], [3] in which he proved the existence and asymptotic behavior
of eigenvalues and the associated expansion theory for a large class of non-selfadjoint regular boundary value
problems. The boundary conditions of these problems have come to be known as ‘Birkhoff-regular’ boundary
conditions. In this paper we construct general singular non-selfadjoint boundary conditions for Sturm-Liouville
problems and show how these can be used to identify singular problems to which the ‘Birkhoff regular’ theory
can be applied to obtain the existence and asymptotic form of the eigenvalues and an expansion theorem.

The definition of ‘Birkhoff-regular’ boundary conditions, see the now classic book by Naimark [12], involves
the values of solutions and their derivatives at the endpoints of the underlying interval. In general these do not
exist at a singular endpoint. But if this singular endpoint is of ‘limit-circle’ type, in a very general sense made
precise below, then the Lagrange form exists and has finite limits. It is these limits upon which our definition is
based. These forms involve ‘boundary condition functionsi. At a regular endpoint these boundary condition
functions can be chosen so that the singular conditions reduce to the familiar regular ones, and in this case we
show that the singular ‘Birkhoff regular’ theory presented here reduces to the classical ‘Birkhoff regular’ theory
and is a natural extension of it. (We lament the double meaning of the word ‘regular’ in this discussion, as in
‘regular endpoint’ and ‘Birkhoff regular’ boundary conditions, but both meanings are so well established in the
literature that it would be presumptuous of us to try to change either one.)

In the self-adjoint case, general singular boundary conditions, defined in terms of such boundary condition
functionsu, v, are known, see [18] and the references therein. For singular nonselfadjoint problems the Birkhoff
approach has been successfully employed by Stone [14], and by Freiling, Rykhlov and Yurko [8], [7], in each case
for a special specific boundary condition at the singular endpoint. The theory of general singular nonselfadjoint
boundary conditions presented here seems to be new.
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2 Preliminary Results

We study the Sturm-Liouville differential equation
My = —(py") +qy = wy on J = (a,b), —oo < a <b< oo, Q)

under the general assumption

1
L € Liye(J,C), A=:p? € C. (2)

Definition 2.1 (Limit-Circle) The left endpoint: is in the limit circle (LC) case if all solutions of equation
(1) are inL?((a, c), |w|) for somec € J and for some\ € C. Similarly, the right endpoink is in the limit-circle
case if all solutions of (1) are ih?((c, b), |w|) for somec € J and for some\ € C.

Remark 2.2 It follows from (2) that if all solutions of equation (1) are ¥ ((a, c), |w|) for somec € J
then this is true for alt € J and similarly forL?((c, b), |w|). The next lemma shows that the definition of LC
is also independent of € C. Thus the LC classification at each endpaint depends only on the coefficients
p, q, w, (More accurately, in view of (2) and the basic existence-uniqueness theory for initial value problems, on
1/p, q,w). For whatp, ¢, w does the LC case hold at atb? There is a voluminous literature on this question
- for real-valued coefficientp, ¢, w satisfying the additional restrictions > 0, w > 0 - dating back to the
seminal 1910 paper of Hermann Weyl [15]. For this case many sufficient conditions, as well as many necessary
conditions, are known. Even some necessary and sufficient conditions are known [9]. Yet the problem is still open
for this case, since no necessary and sufficient conditidmnish can be checked for each equateme known.
In general, under condition (2), very little about the LC case is known except the results proved or mentioned in
[13]. We want to mention that in the case where- 0, andg, w change sign there is a whole section (Section
3.5, p. 147) in Mingarellis book [13] that gives explicit criteria for LC on a half-line..

Lemma 2.3 Let (1), (2) hold and let < J. If all solutions of (1) are inL?((a, c), |w|) for somex = )¢ €
C, then this is true for every € C. Similarly for the endpoint.

Proof. Let

(g2 e[ 8]

Then (1) is equivalent to
Y'= (P - W)Y on J. 3

Let

v u
o= ]
pv’ pu

be a fundamental matrix of (3) for some particular value ef Ao normalized so thadet(U)(t) = 1, ¢ € J. For
all A € C, let

Z( A =U"Y (N, 4)
Then a computation shows that
Z'(N) = o= N UTTWU)Z(,A) = (Ao =N GZ(-, ) on J, AeC,
—uvw

G = gl = { 2 —ww } - (5)

vTw uvw



mn header will be provided by the publisher 5

By the Cauchy-Schwarz inequality we have

c 2 c 2 c c
([ tattottat) = ([ ullof o1 72) < [ulal [ 0%l <o ©

Thusg;; andgss are inL((a, c), C). It follows similarly thatg;» andg.; are inL!(a,c). Thus the system
(5) is regular at: and therefore all its solutions can be continuously extended to the endpdimé¢ proof for the
endpointh is similar. In particular all solutions of (5) are bounded on the closure of the (bounded or unbounded)

interval J. Letting Z = 2 } and reversing the transformation (4) we get the following representation of
solutionsy of (1) and of their quasi-derivatives,’ :
y(, A) =vzi(A) Fuz(,A), (py)(5A) = ()2 A) + (pu') 22(,A), A€ C. @)
From (7), the boundedness of in (a, c) and the hypothesis om v it follows thaty(-, \) € L?((a,c),|w]),
for all A € C. The proof for the endpoiritis similar and hence omitted. O

Remark 2.4 The X invariance of Lemma 2.3 is established under Hypothesis (2); thus the celebrated LC/LP
dichotomy inL?((a,c), |w|) of Hermann Weyl holds not only for real-valued coefficients= 1/p, ¢, w with
p > 0, w > 0 but also when

¢ the real-valued functions = 1/p, ¢, w change sign or are identically zero on one or more subintervals
e and/or when these coefficients are complex-valued.
Lemma 2.5 Let (1), (2) hold. Then the limits

yla) = lim y(t), (py')(a) = lim (py')(¢) (resp. y(b), (py")(b)) ®)
exist and are finite for all solutiong of (1) if and only if

1/p,q,w € L'((a,c),C) (resp. 1/p,q,w € L'((c,b),C)). 9
Proof. See [6]. O

In the next lemma we also consider the adjoint equation of (1):
M*z=—(p) +qz = Mwz on J. (10)

Note thaty is a solution of (1) if and only i = 7 is a solution of (10).
In the formulation of singular boundary conditions below an important role is played by the Lagrange sesquilin-
ear form:

ly, 2] = y(pZ') — Z(py’). (11)

This is defined for all; in the expression domain @ff and allz in the expression domain @f ™ ; the former con-
sists of all complex valued functiogssuch thay and(py’) are absolutely continuous on all compact subintervals
of J. Note thatMy existsa.e. for all i in the expression domain a@ff. A similar definition and observation is
made forM .

Definition 2.6 Assume thatw| > 0 a.e. onJ. Let H = L?(J, |w|). The maximal domains af/ and)M* are
defined by

1

Dmax(M) = {f € Hu f7 (ﬁf/) S ACZOC(‘])7 me € H}v
Do (M*) = {f € H, f,(f)) € ACioelJ), |;—‘M*f c H).

Here AC,.(J) denotes the set of complex valued functions.bmhich are absolutely continuous on all
compact subintervals of.
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Lemma 2.7 Assume thalw| > 0 a.e. onJ. Suppose thak (resp. a) is LC for both (1) and (10). Then the
limit

[f,91(b) = lim [f, g](t) (resp. [f,gl(a) = lim [f,g](¢)) (12)

exists and is finite for alf € Dy (M) andg € Dyax (M ™).

Proof. We first show that
gMf— fM+g=1f,g] (13)

gMf— fM*gg =g{—(pf") +af}— f{—@9) +ag} = —g(pf") + f0g) = {frd =g/} = .9’

Letc € J. Now

b 1/2
/ 3110 = / ol sl < (/ ok |w|> ( ol f|2> <o (19)

Similarly

b
/ |I[3TFg] < ov. (15)

Integrating (13) fronte to 3, we obtain

B .
/ {GMf ~ fATFg} = [1.9)(8) - [/, 4 (c). (16)

Now the conclusion follows from (14) and (15) by letting— b~. The proof for the endpoint is similar. O

Using the finite limits of the Lagrange forms established by Lemma 2.7 one can formulate singular initial (or
terminal) value problems at singular endpoints. The next lemma shows that these problems have unique solutions.

Lemma 2.8 Assume that the left endpoimis LC and
1
];a q,w € Lloc(Jv C) (17)

Assumaey, v are solutions of (1) for some = )\ € C, normalized to satisfy
[v,al(t) =1, t e J (18)

Let A € C. Then for anyh, k € C there exists a unique solution= y(-, A) of (1) satisfying the initial (or
terminal) conditions:

[’va](a) =h, [yvﬂ](a) =k. (29)

This solutiony(t, ) is an entire function of for each fixed € J.
A similar result holds at the endpoiht

Proof. We use the notation and proof of Lemma 2.3. From (7) and Cramer’s rule we get
21(t) = [y, ul(t), 2a(t) = [v,7)(1), t € J. (20)

By (5), (6) (and the remark following (6)), the initial value problea{a) = k, 22(a) = h has a unique
solution Z defined on the closure of and therefore (19) has a unique solutipdefined onJ. Furthermore it
follows from (7) thaty(¢, A) is an entire function o sincez; (¢, \) andzz (¢, \) are entire functions of. O
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Lemma 2.9 LetU be defined as in the proof of Lemma 2.3,Jet= ¥(-, A) be the fundamental solution of
(5) determined by the initial conditio®i (a, \) = I. Then¥ (¢, ) is defined form <t < b, A € C. Let

X =UV = (v5). (21)
Thenzy, 12 are solutions of (1), andy; = pa);, 222 = px),. Furthermore we have forall, a <t < b,

P11(t) = [z11,U)(8), 21(t) = [v, Z1a](t), ¥12(t) = [212,7](F), Y22(t) = [0, T12](2). (22)
Proof. The proof is similar to the proof of Lemma 2.8. From (21) we get

T11 = w11+ uo,

/ 23
o1 = pv'i + pu'thor. (23)

Now 11 (t) = [x11,T](¢), 21 (t) = [v,T11](¢) follows from (23), Cramer’s rule, and the normalization (18).
The other two identities in (22) are established similarly. O

Remark 2.10 Let the hypotheses and notation of Lemma 2.9 hold. Sirice (A— o) GV andtraceG = 0,
it follows from Abel's Theorem thatlet ¥(¢) = 1, a < t < b. This, combined with Lemma 2.9, yields an
alternate proof and an extension of thédKer Identity:

[xu,ﬂ](t,)\)[v,flg](t,)\) — [’07511}(757)\)[.’1312,E}(t,)\) =1,a<t<b e C.

3 Construction of the Characteristic Determinant

In this section we construct the characteristic matrix and the associated determinant which characterizes the
eigenvalues of singular problems with general limit-circle endpoints, i.e. we assume below thatbatthare
LC. The application of the ‘Birkhoff regular theory’ to singular problems is based on this determinant.

Let M>(C) denote the set of x 2 matrices with complex components.

Theorem 3.1 Let (1), (2) hold and let andb be LC'. Assumey, v are solutions of (1) for some= )y € C,
normalized to satisfjv, @|(t) = 1, ¢t € J. Let¥ (-, \) = (¢5;) be the fundamental matrix of the regular system
(5) determined by the initial conditio®(a, A\) = I. ThenW¥(¢, A) is defined for allt, a < ¢ < b and, by
Lemma2.9X = UV and

_ [mllaﬂ](ta/\) [x12vﬂ](tv)‘) a
) = [ o, 70)(bA) [0, 712] (1) ] y a<t<b @4)

Then a complex numberis an eigenvalue of the singular boundary value problem consisting of equation (1)
with the boundary condition

Aw@+3wm:oAu:{%ﬁ],ABeMx®, (25)
if and only if
5(A) = det{A + BU(b, \)} = 0. (26)

Proof. Consider the boundary value problem consisting of the regular system (5) together with the boundary
condition

AZ(a) + BZ(b) = 0. @7)

From the theory of boundary value problems for regular systems it is well knowrh tisan eigenvalue of
(5), (27) if and only if (26) holds. Lettingg = U 'Y and proceeding as in the proof of Lemma 2.3, we see that
Z is a solution of (5), (27) if and only iY” is a solution of (1), (25). This completes the proof. O
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Theorem 3.2 Letu, v be as in Theorem 3.1 and letandb be LC. Lety;, y» be the unique solutions of (1)
determined by the singular initial conditions

[y1,T](a, A) =1 = —[y2,7](a, \), [y2,u|(a,A) =0 =[y1,7](a,A), A € C. (28)

Let
[yl,ﬂ](t, )‘) [y27ﬂ}(t7 )‘)
D(t,\) = > i ,a<t<h. 29
EN=] pmlen ey ] )

Then a complex numberis an eigenvalue of the singular boundary value problem consisting of equation (1)
with the boundary condition (25) if and only if

O0(A\) = det{A+ B®(b,\)} =0. (30)

Proof. From Lemma 2.8 it follows thaj; = x1; andys = z12. Hence®(t, \) = ¥ (¢, \) and Theorem 3.2

follows from Theorem 3.1. O

Definition 3.3 The determinané(\) = det{.A 4+ B®(b, \)}, is called the characteristic determinant of the
boundary value problem (1), (25).

Remark 3.4 Since®(b, A) = ¥ (b, \) and the latter is an entire function &f it follows thatd()\) is an entire
function of \. Thus the eigenvalues of singular boundary value problems with general LC endpoints and boundary
conditions of the form (25) are the zeros of an entire function as in the regular case.

Next we illustrate the construction of the characteristic functipk) for some special boundary conditions
(25) with some examples.

Example 3.5 Let y be the unique solution of (1) determined by the singular initial value problem:

[yaﬂ](aa )‘) =0, [v,y](a, )‘) =1,

according to Lemma 2.8. Let
10 0 0
A_[o 0}’8_[1 0}

5(\) = [y,1)(b,\), X € C. (31)

Then

Example 3.6 Let y be the unique solution of (1) determined by the singular initial value problem:

[y’ﬂ](a’)‘) =1, [v,@](a,)\) =0,

according to Lemma 2.8. Let
0 0 0 1
SIS

0(A) = [y,7](b,A), A € C. (32)

Then

The boundary conditions for Examples 3.5 and 3.6 are selfadjoint in the (right-definite) theonpwhen
are real-valued anda is positive; the next example is not selfadjoint in this sense.

Example 3.7 Let y be determined as in Example 3.5; let

[32)ee8 2]

5(A) =1—[y,7](b,\), A € C. (33)

Then



mn header will be provided by the publisher 9

4 Birkhoff-regular boundary conditions for a class of singular SLP

The main purpose of this section is to illustrate how the Birkhoff theory of non-selfadjoint regular boundary
value problems can be combined with the theory of singular problems developed in this paper to obtain a class
of non-selfadjoint singular Sturm-Liouville problems which are ‘regular’ in the sense of Birkhoff and to which
the ‘Birkhoff regular’ theory can be applied. No attempt is made here at finding the largest such class, but our
approach shows how one can identify much larger classes of ‘Birkhoff regular’ singular problems.

Consider

M(y) == —y" + (% + qo(2))y = Ay =: p*y, x € (0,1] (34)

where

wle) = 2 + C(a), (35)

A and B are complex constants addis a complex-valued integrable function.
We assume in the sequel that

n= %\/ 1+4A
andq satisfy
0 <| Ren|< 1andgo(z)al ~ 2ReM ¢ [0, 1], (36)

which ensures in particular thats LC.
Although the proofs given below are for Res (0, 1), the results hold for

0 <| Ren|< 1sinceinthe case Rge (—1,0) the proofs are similar. The case Re= 0 is not considered
in this paper; however see the last paragraph of this section regarding the-ease

Fork € Z and0 < § < 1 we consider the sectors (on the Riemann surfaces of log)

YW= {g|(k — 14 6)m < arg€ < (k+1— §)r}.
By H,(Il) andH,SQ) we denote the Hankel functions (i.e. Bessel functions of third kind).

Recall (see [1]) that fon ¢ Z
Hy(2) = i esc(nm){e ™ Iy (2) — J_y(2)},

HP (2) = i esc(nm){J_n(2) — €T, (2)},

where
R S <ol
Tul(2) = (37) ;;) ET(v+k+1)

denotes a Bessel function of first kind.

In the sequel we use the symt%l instead of = in order to signify that a given formula is valid and also that the
corresponding formula obtained by formal differentiation with respegt tgnoring the formal differentiation of

all error terms, is valid.

Moreover we shall write two formulas in one by the use of double signs together with anjintfexupper signs
are to be associated with the valje- 1 and the lower signs with = 2.

The solutions of (34) behave fdp| — oo andx — 0+ like linear combinations ofx%H,(,l)(:cp) and
x%H,(Iz) (xp); this was proved by Langer [11] under the assumptiondh@t) — g is real analytic, according to
Yurko [17] it is here sufficient that the integrability condition in (36) holds. The following theorem summarizes
the estimates derived in [11] (see formulae (11) — (16))
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Theorem 4.1 Let/ € Z. The differential equation (34) has fer=£ 0, andz € (0, 1] a fundamental system
of solutionsv, (-, p), ve2(+, p) satisfying (together with its derivatives) for a fixed, sufficiently lakge> 0 and

pE XE;O) the following estimates:

(i) For|ep| <N, 1<j <2

U@,j(l‘,p) (_i) VT 271 E02)i% g3 Pi Hnj)(effwiajp)

(37)
+a s (x, p)
with
zlog p
m;(z, p) = O( ) for |p| — oo. (38)
(i) For|zp| > N, 1<j <2
2) 1 _1 iox lo iop lo
s 0) 2 28 HEG (14 O 3™ (14 O], (39)
and
0 —s+1sin(2s—2¢— T
Al = (cnerme .
o ) .’Ep S X§ U X§ )
() (_q)e—s+1isin@s—20nm
1 = (1) sin (40)
) = (cpyferiisinGe20u
5 s nm . ,
o (2s_2641) , TP € X((s%) U X((;QSH)-
Gy = (1R
Notice that fors = 0 we havecg?{ =1, cé?{ =0, cg?% =0, cg?% = 1. Furthermore
1124,1(1’7/?) = Uze+1,1($,P),
va—12(@,p) = vaa(w,p).
(iii) The WronskiaiV satisfies
3. 1 1
W (v, vez) = —2%ip3 (1 + 0(%)) (€ 7). (41)

Remark 4.2 We mention here that the factarin the righthand side of (38) does not appear explicitly in the
formulas derived in [11], but it can be seen from the proof therein that the errorteytas p) have the form (38).

Remark 4.3 It is clear from the argument of the Hankel function in formula (37) that the rolee®fZ is to
obtain a fundamental system of solutions in each seéfar

For the formulation of the subsequent results we introduce the following abbreviations:
Fora e C,z € (0,1]and—7m+d <argp <7 — 9§

= a+o(kEe),
[al. = a+O0(),
[a] = a+O(xse),
lal, = a+0(k).
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which yieldslim, o [[a]] = lim,_ 04+ [[a]]. = a; moreover we set

1 1 3 i
dn = Vw2 1 7—— ¢5-MF csepn,
no= Ve !
1 ]. 3 im
d = —ym2ath — — €(§+77)7 csenm,
12 T(—n+1) 1
dop = iem”du and doy = ieiinﬂdll

From Theorem 4.1 it follows by elementary calculations that the solutipfisp) := vo1(+, p) andys (-, p) :=

vo2(-, p) of (34) satisfy forz € (0,1],j =1,2andp € sto) with |zp| < N the estimates

yi(x, p) = 23071 [[dp]] + @2 ~"pi " [[d;2]],

iy ped EER (42)
yj(@,p) = (5 +m)a= 2t [[dp]] + 2= 7p5[(3 — )y
Moreover forp € '\ with |p| > N
yi(L,p) =28 p=ie[1],
vi(1,p) = i2ipieo[L],
(43)

ya(1,p) = 25 p~ e (1],

yh(1,p) = —i2ipie P[1].

Now we choosg, > 0 sufficiently large and define

e

U= w(-,po)ﬂg_z andv := y2(',PO)P8_ )

thenw andv are, according to Theorem 4.1, linearly independent solutions of (34) fer p3. Therefore

u(x)pg_n andv(x)pg_" can be estimated far < pﬂo by replacing in the right-hand side of the corresponding
formula in (42)p by po and[[—]] by [[-]]=; for convenience we assume below that without loss of generality
pPo = 1.

Using these estimates and the estimates (42) we gptdox,”
(10, T(0) =ty o {31 o, )0 (0) — v & pu(a)}
= limg o {275~ ([[daa]] [[(3 = m)dualle = [[(5 = m)dra]) [[daa]]2)
o [dul) (] — mdizle
+p371(3 + ) [[dra]] [l ]l
=4 7"([(5 = mda]] [[du]la
—pF (% 4 ) (] [[dra]].

+O(x2pt )},

Since, according to Lemma 2.[¢ (-, p), u](0) exists, it follows that the first term in the preceding sum is of the
form O(pi~—") for 0 < Ren < 1. Hence (fol0 < Ren < 1)
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[y1(-, ), @) (0) = —20p"* Td11dra(1 + O(p~2")) = —20p"* 7 [d11d2],. (44)

Similarly we derive in this case

[y1 (-, p),7](0) = —2np"* 1 [d11dao],,
[y2(-, p), T(0) = —2np"* % [doyd1a],, (45)

[y2(+, p),7)(0) = —2np"* ¥ [da1dno],.

Now we are able to study the boundary value problem

M(y) = Ay,
Ui(y) =0 = Ua(y), (46)

whereM (y) is defined by (34) and

Ui(y) = a1o[y, ) (0) + a11[y, 9)(0) + bioy(1) + b11y' (1),
Usz(y) = azoly, u](0) + a21[y,7](0) + baoy(1) + b21y/'(1).

In the sequel we assume without loss of generality that these boundary conditions are normalized with respect to
x =1, i.e. we assume below that; = 0 and eithe; = 1 orby; = byg = 0 andbyy = 1.
We mention that

Ut(y) = a1oly, @(0) + ax [y, )(0) + buoly, w(1) + bus [y, 7)(1),
Ua(y) = azoly, u](0) + a21[y,](0) + baoly, u](1) + 21y, ] (1)

for appropriate constants; ,512,521 ,322; this shows that these boundary conditions are of the general form (25).

The following definition shows how the classical definition of Birkhoff-regular boundary value problems (i.e.
problems without singular points) can be generalized to problems of the form (46). A similar definition can be
made for more general second order and for higher order boundary value problems with singular endpoints of LC

type.

Definition 4.4 The boundary value problem (46) is called Birkhoff-regular if either

Case 1:by; =1 and191 = agoie“” — a21 7é 0

or

Case 2:b11 = by =0,b190=1 andd, 7é 0

or

Case 3:agg = as1 = 0,byg =b11 =1 and192 = aloie””’ — a11 7é 0.

Remark 4.5 (i) In the special casd = B = 0 (thenn = % and the coefficieng in (34) has no singularity)
the conditions of Definition 3.3 correspond essentially to the classical conditions for Birkhoff-regularity (see for
example [12], 4.8.).
In this case and also forRe 7 |= 1 the boundary conditions; (y) can be written in the classical form as

Ur(y) = (a10u/(0) + a110'(0)) y(0) — (a10u(0) + a110(0))y’(0) + broy(1) + b11y'(1),

Ua(y) = (a0’ (0) + a21v'(0)) y(0) — (az0u(0) + a21v(0))y’(0) + baoy(1). (47)
With the corresponding abbreviations introduced in [12], p. 57, we derive in Case 1
@71 S — algu(O) — all'u(O) algu(O) + allv(O) -1

4+ Oy +6;s5:= s
s —agou(O) — aglv(O) GQQU(O) + 0,21’1)(0)
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Therefore (46) is Birkhoff-regular in the classical sense if we have

alou(O) + anv(O)

1
O_1=-0;=
az0u(0) + ag1v(0) 0

£0.

From (37), (38) we conclude that0) = —iei™v(0) # 0, therefore©_; # 0 # O, is equivalent with the
condition of Definition 4.4, Case 1 and, as can be derived similarly, also in Case 2 and Case 3.

(i) It is worth while to mention that fot Ren |= % there exists another subclass of boundary conditions
that we should call Birkhoff-regular (since these boundary conditions are ﬁ@r% regular in the classical
sense) although this class does not belong to the three cases considered in Definition 4.4. This results from the
fact that the asymptotic estimates derived in Theorem 4.1 do not allow us to normalize the boundary conditions
under consideration also with respectite= 0 if | Re n |# % Notice that periodic and anti-periodic boundary
conditions are examples of such Birkhoff-regular boundary conditions (in the sense of Naimark, [12]) that do not
satisfy one of the three conditions of Definition 4.4. We mention that the fagan0) + a2;v(0) in front of
y'(0) in (47) vanishes if and only if; = 0. Since we are here mainly interested in the daBe 7 |# § we do
not discuss this special situation in detail.

The concept of Birkhoff-regularity introduced above allows us to investigate singular boundary value problems
of the form (46) analogously to the well known non-singular case. The following theorem on the distribution of
the eigenvalues of (46) is the main result of this section.

Theorem 4.6 Assume) <| Ren |< 1. If the boundary value problem (46) is Birkhoff-regular it has a
countable set of eigenvalues which are forn # % simple for sufficiently large modulus and which can be
estimated fok > kg by

Ak = (k)2 {1+ Ok~ ?logk)}.

In order to prove Theorem 4.6 we derive asymptotic estimates for the characteristic determinant

_ Ul(yl('vp)) Ul(y2('ap))
A= o (1p) Ualya )

Theorem 4.7 Under the assumptions of Theorem 4.6 we have faerxf;o)
(i) in Case 1
Alp) = 2¥in o didaodn {ie™ e [1]]) + e #[I]} + Op?),
(i) in Case 2
Alp) = 21n pdudaed fie™e[[[1]]] — e [[L]]} + O(p?).
(iii) in Case 3
Ap) = =2t p duidagdfie™ e [[[1]) — e #[I[L]]]} + 22 )

Proof. We give first the proof for Case 1 - the proof for Case 2 is analogous. From (42) - (45) we obtain in
Case 1 with

rn = —2na10[d11d12]np”+% - 277a11[dudzz}npwé +[i]21pte™,

To1 = —2na20[d11d12]np7’+% - 2na21[d11d22}np”+% + [520]2%/)_%6%
r2 = —2nagldardialyp™ T — 2nar [dardaalyp" T — [i]27 pie,
re = —2nagodardialnpt T — 2nag [da1daa]y " + [bao) 25 p T e
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11 Ti2

A(p) = =0(p?)
21 T22

+p’7+1{ i21 —2nayodiadsy i21 —2na11da1dos }eip[[[l]]]
0 —2nagodi2da; 0 —2nag1da1daz

w1 J| —2narediidi,  —i23 —2nayidyydyy  —i2% _
4 {‘ —2nazodiidiz 0 ’ —2nazidirdaz 0 ‘} al(Cl
= O(p?) + 2 p" nidagh (dar e [[[1]]] + drre=**[[[1]]])
= 23y p"+ dyy dood {ie™e P ([[1]] + e [[[1]]]} + O(p?),
sinced s = —ie'™dyy anddsy; = ie?™dy;. Hence (i) is proved.
In Case 3 we assume (without loss of generality) that= 0. We obtain,using the preceding notation, and
¥y = a1pie’™ — ay; # 0, that in this case

ry = 277pn+%d22192[d11]n+[i]2
T2 = 2np’7+%d22192[d21]77—[i

™

Therefore we get

T11 12
Alp) = 2pip”
e”[1] em'[l]

Nl

e

=23 pdyy9a{—dore[[[1]] + dire [[[1]]]} + 2
On account ofly; = ie?""dy;, this proves assertion (jii). O

Since we can choose = % in Theorem 4.7, it follows that the zeros Af(p) (i.e. the square-roots of the
eigenvalues of (46)) are asymptotically distributed like the zeros of

{ie™et[[[1]]] £ e~ [[[]]]} + O(p") = 0,

where the upper (lower) sign and = —% —n(k = % — m)has to be used in Case 1 (Case 2 and Case 3),
respectively.
Therefore we obtain analogously to the proof of Theorem 3§2iaf [12] (see also the results of Langer [10] on
the distribution of the zeros of such exponential sums), that the assertion of Theorem 4.6 is valid - we omit details.
We mention here only that in many situations (for example if we have estimates(fgras in Theorem 4.7,
Case 3) we can derive more precise asymptotic estimates for the eigenvathes those given in Theorem 4.6
(compare the estimates given in [4], Satz 2).

Finally we mention that the case= 0 can be treated similarly as above but in this case the solutions of (34)
behave neab asymptotically like linear combinations of

m%p% J1(xzp) and log(xp)a?%p% J1(xp).

1 1
2 2

5 An expansion theorem

To complete the investigation of the singular boundary value problem (46) we prove an expansion theorem with
respect to its eigenfunctions. The method used is based on estimating the Green'’s fiictign\) with respect

to the eigenvalue parameterFor f € L,[0, 1] the solution of the inhomogeneous equatidity) = p?y + f(z)

is of the following form if A = p? is no eigenvalue of (46):

vap) = [ Gt )0t
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Using an arbitrary fundamental system(-, p), w2(+, p) of solutions of (34), the Green'’s functid@r is defined
by

6ot ) = T for .0 € 0.1 p € (", Bulp) 20
wl(zvp) wg(x,p) g(I,t,p)

H(x,t,p):= | Ur(wy) Ui(wz2) Uilg(-t,p)(t) |,
Ua(w1)  Us(wz)  Ua(g(- 1, p))(F)

_ | Ui(w1)  Ui(we)
Aw(p) _’ Ug(wl) Ug(wg) ’
and
L 1 wl(xv )w2(t7 ) if x <t,
g(x,t,p) = W (wy, ws) { wg(x,g)wl(t,Z) if v >t.

We consider the contour integral

1
T om

1

SaN)@)i=5m [ [ Gt s@ard (e ), (48)

0 JIpe
whereR > 0 is chosen such that there is no eigenvalue on the dtgleof radiusR2. Since the eigenvalues
An n € N, are poles of the Green'’s function and since the residueg R&s:, t, \) can (see [12]) be represented
by products of eigen- and associated functions (e.a.f.) of (1.1), (1.2) and of the corresponding adjoint problem,
which we denote by,, andw,,, the integralSi(f)(x) represents a partial sum of the expansioyf ofto a series
in e.a.f. of (46):

Sr(f)(@) = Y anpa(z)
neMpr

with
1
an = / (&) on(Ddt, Mg = {n € N| |\,| < R?}.
0

If f has an absolutely continuous derivatiffewith f” € L[0, 1] and if in additionU;(f) =01 < j < 2 then
we infer from (48) by partial integration and using the properties of the Green'’s function (see for example [12])
that

Sl = fa)+ 5 [ [ EEE 0 dean (@9)

provided all integrals exist.
Using here the fundamental systems

wi(z, p) = y1(z, p),
wa(, p) = ePya(z, p),

for0 <z <land0 <argp< 7, p#0and

wi(z, p) = y2(z, p),
wa(z, p) = e~ y1(z, p),

for0 <z < 1,and-% < argp < 0, p # 0 and the asymptotic estimates proved in Section 4ot p)
andy(z, p), it can be shown by elementary but lengthy calculations @@at, ¢, p?) satisfies the subsequent
asymptotic estimates. Since the method used is well established and similar to that used for example in [5],
Sections 6.2 and 6.3 we omit details.
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Lemma 5.1 There exists a strictly increasing sequeri@®,),cn With lim,, ., R, = oo and a constant
¢ > 0 such that

(i) in case0 < |[Ren| < %

G, €M) €~ (50)
A%
uniformly for0 < z,¢,<1andX € U, cn TRz,

(i) in casel < |Ren| <1

Ren| ¢
AlF
uniformly for0 < z, § <landA € U,cn Rz -
Consequently we can derive from (48),, (51) the following expansion theorem:

Theorem 5.2 Let f have an absolutely continuous derivatifewith f” € L[0, 1] and letU;(f) = 0 for
1 < j < 2. Moreover assume that (36) holds and that (46) is Birkhoff-regular. Then () defined as in
Lemmab5.1)

G, < (alle2 |

(51)

a) for0 < |Rep| < 1

uniformly on|0, 1];

b) for 3 < | Ren| < 1 and under the assumption

1
1 -
INE R p0)jat < oo (52)

lim Sg,(f)(z) = f(z)
n—oo
uniformly on any intervala, 1], 0 < a < 1.
Notice that the assumptions of Theorem 4.7 ensure that, as a consequence of Lemma 5.1, the integrals

1 1
/ G(a,€, \) f(€)dé and, consequently/ G, €, NE(f()de
0 0

exist and that the second term in (49) tende for R,, — oo uniformly in [0, 1] for 0 < | Rep| <  and in[a, 1]
for £ < | Ren| < 1, respectively.

We mention that in [5], Assumption 6.1, the term "with = —1" should be omitted and the integrability
condition in Theorem 6.9 must be corrected; moreover] farv < m one should assume therein that

— B,
(il'—l'y)l 2Renu[ﬁ+cy((£)] €L[.’L’V—€,£L'V+€], e <eg,

since [5], Theorem 2.4, is taken from [11], where an equivalent assumption has been used for its proof.
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