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Singular boundary conditions are formulated for non-selfadjoint Sturm-Liouville problems which are limit-
circle in a very general sense. The characteristic determinant is constructed and it is shown that it can be used
to extend the Birkhoff theory for so called ‘Birkhoff regular boundary conditions’ to the singular case. This is
illustrated for a class of singular Birkhoff-regular problems; in particular we prove for this class an asymptotic
formula for the eigenvalues and an expansion theorem.

1 Introduction

In 1908 Birkhoff published two seminal papers [2], [3] in which he proved the existence and asymptotic behavior
of eigenvalues and the associated expansion theory for a large class of non-selfadjoint regular boundary value
problems. The boundary conditions of these problems have come to be known as ‘Birkhoff-regular’ boundary
conditions. In this paper we construct general singular non-selfadjoint boundary conditions for Sturm-Liouville
problems and show how these can be used to identify singular problems to which the ‘Birkhoff regular’ theory
can be applied to obtain the existence and asymptotic form of the eigenvalues and an expansion theorem.

The definition of ‘Birkhoff-regular’ boundary conditions, see the now classic book by Naimark [12], involves
the values of solutions and their derivatives at the endpoints of the underlying interval. In general these do not
exist at a singular endpoint. But if this singular endpoint is of ‘limit-circle’ type, in a very general sense made
precise below, then the Lagrange form exists and has finite limits. It is these limits upon which our definition is
based. These forms involve ‘boundary condition functions’,u, v. At a regular endpoint these boundary condition
functions can be chosen so that the singular conditions reduce to the familiar regular ones, and in this case we
show that the singular ‘Birkhoff regular’ theory presented here reduces to the classical ‘Birkhoff regular’ theory
and is a natural extension of it. (We lament the double meaning of the word ‘regular’ in this discussion, as in
‘regular endpoint’ and ‘Birkhoff regular’ boundary conditions, but both meanings are so well established in the
literature that it would be presumptuous of us to try to change either one.)

In the self-adjoint case, general singular boundary conditions, defined in terms of such boundary condition
functionsu, v, are known, see [18] and the references therein. For singular nonselfadjoint problems the Birkhoff
approach has been successfully employed by Stone [14], and by Freiling, Rykhlov and Yurko [8], [7], in each case
for a special specific boundary condition at the singular endpoint. The theory of general singular nonselfadjoint
boundary conditions presented here seems to be new.
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2 Preliminary Results

We study the Sturm-Liouville differential equation

My = −(py′)′ + qy = λwy on J = (a, b), −∞ ≤ a < b ≤ ∞, (1)

under the general assumption

1
p
, q, w ∈ Lloc(J,C), λ =: ρ2 ∈ C. (2)

Definition 2.1 (Limit-Circle) The left endpointa is in the limit circle (LC) case if all solutions of equation
(1) are inL2((a, c), |w|) for somec ∈ J and for someλ ∈ C. Similarly, the right endpointb is in the limit-circle
case if all solutions of (1) are inL2((c, b), |w|) for somec ∈ J and for someλ ∈ C.

Remark 2.2 It follows from (2) that if all solutions of equation (1) are inL2((a, c), |w|) for somec ∈ J
then this is true for allc ∈ J and similarly forL2((c, b), |w|). The next lemma shows that the definition of LC
is also independent ofλ ∈ C. Thus the LC classification at each endpointa, b depends only on the coefficients
p, q, w, (more accurately, in view of (2) and the basic existence-uniqueness theory for initial value problems, on
1/p, q, w). For whatp, q, w does the LC case hold ata? at b? There is a voluminous literature on this question
- for real-valued coefficientsp, q, w satisfying the additional restrictionsp > 0, w > 0 - dating back to the
seminal 1910 paper of Hermann Weyl [15]. For this case many sufficient conditions, as well as many necessary
conditions, are known. Even some necessary and sufficient conditions are known [9]. Yet the problem is still open
for this case, since no necessary and sufficient conditionswhich can be checked for each equationare known.
In general, under condition (2), very little about the LC case is known except the results proved or mentioned in
[13]. We want to mention that in the case wherep > 0, andq, w change sign there is a whole section (Section
3.5, p. 147) in Mingarellis book [13] that gives explicit criteria for LC on a half-line..

Lemma 2.3 Let (1), (2) hold and letc ∈ J . If all solutions of (1) are inL2((a, c), |w|) for someλ = λ0 ∈
C, then this is true for everyλ ∈ C. Similarly for the endpointb.

P r o o f. Let

Y =
[

y
py′

]
, P =

[
0 1/p
q 0

]
, W =

[
0 0
w 0

]
.

Then (1) is equivalent to

Y ′ = (P − λW )Y on J. (3)

Let

U =
[

v u
pv′ pu′

]

be a fundamental matrix of (3) for some particular value ofλ = λ0 normalized so thatdet(U)(t) = 1, t ∈ J. For
all λ ∈ C, let

Z(·, λ) = U−1 Y (·, λ). (4)

Then a computation shows that

Z ′(·, λ) = (λ0 − λ) (U−1WU)Z(·, λ) = (λ0 − λ) GZ(·, λ) on J, λ ∈ C,

G = [gij ] =
[ −uvw −u2w

v2w uvw

]
. (5)
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By the Cauchy-Schwarz inequality we have
(∫ c

a

|u| |v| |w|
)2

=
(∫ c

a

|u| |v| |w|1/2|w|1/2

)2

≤
∫ c

a

|u| 2 |w|
∫ c

a

|v| 2|w| < ∞. (6)

Thusg11 andg22 are inL1((a, c),C). It follows similarly thatg12 andg21 are inL1(a, c). Thus the system
(5) is regular ata and therefore all its solutions can be continuously extended to the endpointa. The proof for the
endpointb is similar. In particular all solutions of (5) are bounded on the closure of the (bounded or unbounded)

interval J. Letting Z =
[

z1

z2

]
and reversing the transformation (4) we get the following representation of

solutionsy of (1) and of their quasi-derivativespy′ :

y(·, λ) = v z1(·, λ) + u z2(·, λ), (py′)(·, λ) = (pv′)z1(·, λ) + (pu′) z2(·, λ), λ ∈ C. (7)

From (7), the boundedness ofzj in (a, c) and the hypothesis onu, v it follows thaty(·, λ) ∈ L2((a, c), |w|),
for all λ ∈ C. The proof for the endpointb is similar and hence omitted.

Remark 2.4 Theλ invariance of Lemma 2.3 is established under Hypothesis (2); thus the celebrated LC/LP
dichotomy inL2((a, c), |w|) of Hermann Weyl holds not only for real-valued coefficientsr = 1/p, q, w with
p > 0, w > 0 but also when

• the real-valued functionsr = 1/p, q, w change sign or are identically zero on one or more subintervals

• and/or when these coefficients are complex-valued.

Lemma 2.5 Let (1), (2) hold. Then the limits

y(a) = lim
t→a+

y(t), (py′)(a) = lim
t→a+

(py′)(t) (resp. y(b), (py′)(b)) (8)

exist and are finite for all solutionsy of (1) if and only if

1/p, q, w ∈ L1((a, c),C) (resp. 1/p, q, w ∈ L1((c, b),C)). (9)

P r o o f. See [6].

In the next lemma we also consider the adjoint equation of (1):

M+z = −(pz′)′ + qz = λwz on J. (10)

Note thaty is a solution of (1) if and only ifz = y is a solution of (10).
In the formulation of singular boundary conditions below an important role is played by the Lagrange sesquilin-

ear form:

[y, z] = y(pz′)− z(py′). (11)

This is defined for ally in the expression domain ofM and allz in the expression domain ofM+; the former con-
sists of all complex valued functionsy such thaty and(py′) are absolutely continuous on all compact subintervals
of J . Note thatMy existsa.e. for all y in the expression domain ofM. A similar definition and observation is
made forM+.

Definition 2.6 Assume that|w| > 0 a.e. onJ. Let H = L2(J, |w|). The maximal domains ofM andM+ are
defined by

Dmax(M) = {f ∈ H, f, (pf ′) ∈ ACloc(J),
1
|w|Mf ∈ H},

Dmax(M+) = {f ∈ H, f, (pf ′) ∈ ACloc(J),
1
|w|M

+f ∈ H}.

HereACloc(J) denotes the set of complex valued functions onJ which are absolutely continuous on all
compact subintervals ofJ.
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Lemma 2.7 Assume that|w| > 0 a.e. onJ. Suppose thatb (resp. a) is LC for both (1) and (10). Then the
limit

[f, g](b) = lim
t→b−

[f, g](t) (resp. [f, g](a) = lim
t→a+

[f, g](t)) (12)

exists and is finite for allf ∈ Dmax(M) andg ∈ Dmax(M+).

P r o o f. We first show that

gMf − fM+g = [f, g]′. (13)

gMf−fM+gg = g{−(pf ′)′+qf}−f{−(pg′)′ + qg} = −g(pf ′)′+f(pg′)′ = {fpg′−g(pf ′)}′ = [f, g]′.
Let c ∈ J. Now

∫ b

c

|g| |Mf | =
∫ b

c

|g||w|1/2 1
|w|1/2

|Mf | ≤
(∫ b

c

|g|2 |w|
)1/2 (∫ b

c

1
|w| |Mf |2

)1/2

< ∞. (14)

Similarly

∫ b

c

|f | |M+g| < ∞. (15)

Integrating (13) fromc to β, we obtain

∫ β

c

{gMf − fM+g} = [f, g](β)− [f, g](c). (16)

Now the conclusion follows from (14) and (15) by lettingβ → b−. The proof for the endpointa is similar.

Using the finite limits of the Lagrange forms established by Lemma 2.7 one can formulate singular initial (or
terminal) value problems at singular endpoints. The next lemma shows that these problems have unique solutions.

Lemma 2.8 Assume that the left endpointa is LC and

1
p
, q, w ∈ Lloc(J,C). (17)

Assumeu, v are solutions of (1) for someλ = λ0 ∈ C, normalized to satisfy

[v, u](t) = 1, t ∈ J. (18)

Let λ ∈ C. Then for anyh, k ∈ C there exists a unique solutiony = y(·, λ) of (1) satisfying the initial (or
terminal) conditions:

[v, y](a) = h, [y, u](a) = k. (19)

This solutiony(t, λ) is an entire function ofλ for each fixedt ∈ J.
A similar result holds at the endpointb.

P r o o f. We use the notation and proof of Lemma 2.3. From (7) and Cramer’s rule we get

z1(t) = [y, u](t), z2(t) = [v, y](t), t ∈ J. (20)

By (5), (6) (and the remark following (6)), the initial value problemz1(a) = k, z2(a) = h has a unique
solutionZ defined on the closure ofJ and therefore (19) has a unique solutiony defined onJ. Furthermore it
follows from (7) thaty(t, λ) is an entire function ofλ sincez1(t, λ) andz2(t, λ) are entire functions ofλ.
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Lemma 2.9 Let U be defined as in the proof of Lemma 2.3, letΨ = Ψ(·, λ) be the fundamental solution of
(5) determined by the initial conditionΨ(a, λ) = I. ThenΨ(t, λ) is defined fora ≤ t ≤ b, λ ∈ C. Let

X = UΨ = (xij). (21)

Thenx11, x12 are solutions of (1), andx21 = px′11, x22 = px′12. Furthermore we have for allt, a ≤ t ≤ b,

ψ11(t) = [x11, u](t), ψ21(t) = [v, x11](t), ψ12(t) = [x12, u](t), ψ22(t) = [v, x12](t). (22)

P r o o f. The proof is similar to the proof of Lemma 2.8. From (21) we get

x11 = vψ11 + uψ21,
x21 = pv′ψ11 + pu′ψ21.

(23)

Now ψ11(t) = [x11, u](t), ψ21(t) = [v, x11](t) follows from (23), Cramer’s rule, and the normalization (18).
The other two identities in (22) are established similarly.

Remark 2.10 Let the hypotheses and notation of Lemma 2.9 hold. SinceΨ′ = (λ−λ0) GΨ andtraceG = 0,
it follows from Abel’s Theorem thatdet Ψ(t) = 1, a ≤ t ≤ b. This, combined with Lemma 2.9, yields an
alternate proof and an extension of the Plücker Identity:

[x11, u](t, λ)[v, x12](t, λ)− [v, x11](t, λ)[x12, u](t, λ) = 1, a ≤ t ≤ b, λ ∈ C.

3 Construction of the Characteristic Determinant

In this section we construct the characteristic matrix and the associated determinant which characterizes the
eigenvalues of singular problems with general limit-circle endpoints, i.e. we assume below that botha andb are
LC. The application of the ‘Birkhoff regular theory’ to singular problems is based on this determinant.

Let M2(C) denote the set of2× 2 matrices with complex components.

Theorem 3.1 Let (1) , (2) hold and leta andb beLC. Assumeu, v are solutions of (1) for someλ = λ0 ∈ C,
normalized to satisfy[v, u](t) = 1, t ∈ J . LetΨ(·, λ) = (ψij) be the fundamental matrix of the regular system
(5) determined by the initial conditionΨ(a, λ) = I. ThenΨ(t, λ) is defined for allt, a ≤ t ≤ b and, by
Lemma 2.9,X = UΨ and

Ψ(t, λ) =
[

[x11, u](t, λ) [x12, u](t, λ)
[v, x11](t, λ) [v, x12](t, λ)

]
, a ≤ t ≤ b. (24)

Then a complex numberλ is an eigenvalue of the singular boundary value problem consisting of equation (1)
with the boundary condition

AY (a) + BY (b) = 0, Y =
[

[y, u]
[v, y]

]
, A,B ∈ M2(C), (25)

if and only if

δ(λ) = det{A+ BΨ(b, λ)} = 0. (26)

P r o o f. Consider the boundary value problem consisting of the regular system (5) together with the boundary
condition

AZ(a) + BZ(b) = 0. (27)

From the theory of boundary value problems for regular systems it is well known thatλ is an eigenvalue of
(5), (27) if and only if (26) holds. LettingZ = U−1Y and proceeding as in the proof of Lemma 2.3, we see that
Z is a solution of (5), (27) if and only ifY is a solution of (1), (25). This completes the proof.
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Theorem 3.2 Let u, v be as in Theorem 3.1 and leta andb beLC. Lety1, y2 be the unique solutions of (1)
determined by the singular initial conditions

[y1, u](a, λ) = 1 = −[y2, v](a, λ), [y2, u](a, λ) = 0 = [y1, v](a, λ), λ ∈ C. (28)

Let

Φ(t, λ) =
[

[y1, u](t, λ) [y2, u](t, λ)
[v, y1](t, λ) [v, y2](t, λ)

]
, a ≤ t ≤ b. (29)

Then a complex numberλ is an eigenvalue of the singular boundary value problem consisting of equation (1)
with the boundary condition (25) if and only if

δ(λ) = det{A+ BΦ(b, λ)} = 0. (30)

P r o o f. From Lemma 2.8 it follows thaty1 = x11 andy2 = x12. HenceΦ(t, λ) = Ψ(t, λ) and Theorem 3.2
follows from Theorem 3.1.

Definition 3.3 The determinantδ(λ) = det{A + BΦ(b, λ)}, is called the characteristic determinant of the
boundary value problem (1), (25).

Remark 3.4 SinceΦ(b, λ) = Ψ(b, λ) and the latter is an entire function ofλ, it follows thatδ(λ) is an entire
function ofλ. Thus the eigenvalues of singular boundary value problems with general LC endpoints and boundary
conditions of the form (25) are the zeros of an entire function as in the regular case.

Next we illustrate the construction of the characteristic functionδ(λ) for some special boundary conditions
(25) with some examples.

Example 3.5 Let y be the unique solution of (1) determined by the singular initial value problem:

[y, u](a, λ) = 0, [v, y](a, λ) = 1,

according to Lemma 2.8. Let

A =
[

1 0
0 0

]
, B =

[
0 0
1 0

]
.

Then

δ(λ) = [y, u](b, λ), λ ∈ C. (31)

Example 3.6 Let y be the unique solution of (1) determined by the singular initial value problem:

[y, u](a, λ) = 1, [v, y](a, λ) = 0,

according to Lemma 2.8. Let

A =
[

0 0
0 1

]
, B =

[
0 1
0 0

]
.

Then

δ(λ) = [y, v](b, λ), λ ∈ C. (32)

The boundary conditions for Examples 3.5 and 3.6 are selfadjoint in the (right-definite) theory whenp, q, w
are real-valued andw is positive; the next example is not selfadjoint in this sense.

Example 3.7 Let y be determined as in Example 3.5; let

A =
[

1 0
0 1

]
, B =

[
0 0
0 1

]
.

Then

δ(λ) = 1− [y, v](b, λ), λ ∈ C. (33)
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4 Birkhoff-regular boundary conditions for a class of singular SLP

The main purpose of this section is to illustrate how the Birkhoff theory of non-selfadjoint regular boundary
value problems can be combined with the theory of singular problems developed in this paper to obtain a class
of non-selfadjoint singular Sturm-Liouville problems which are ‘regular’ in the sense of Birkhoff and to which
the ‘Birkhoff regular’ theory can be applied. No attempt is made here at finding the largest such class, but our
approach shows how one can identify much larger classes of ‘Birkhoff regular’ singular problems.

Consider

M(y) := −y′′ + (
A

x2
+ q0(x))y = λy =: ρ2y, x ∈ (0, 1] (34)

where

q0(x) =
B

x
+ C(x), (35)

A andB are complex constants andC is a complex-valued integrable function.
We assume in the sequel that

η =
1
2

√
1 + 4A

andq0 satisfy

0 <| Re η |< 1 andq0(x)x1− 2Reη ∈ L[0, 1], (36)

which ensures in particular that0 is LC.
Although the proofs given below are for Reη ∈ (0, 1), the results hold for

0 <| Re η |< 1 since in the case Reη ∈ (−1, 0) the proofs are similar. The case Reη = 0 is not considered
in this paper; however see the last paragraph of this section regarding the caseη = 0.

Fork ∈ Z and0 < δ < 1 we consider the sectors (on the Riemann surfaces of log)

χ
(k)
δ := {ξ|(k − 1 + δ)π ≤ arg ξ ≤ (k + 1− δ)π}.

By H
(1)
η andH

(2)
η we denote the Hankel functions (i.e. Bessel functions of third kind).

Recall (see [1]) that forη /∈ Z

H
(1)
η (z) = i csc(ηπ){e−ηπiJη(z)− J−η(z)},

H
(2)
η (z) = i csc(ηπ){J−η(z)− eηπiJη(z)},

where

Jν(z) = (
1
2
z)ν

∞∑

k=0

(− 1
4z2)k

k!Γ(ν + k + 1)

denotes a Bessel function of first kind.
In the sequel we use the symbol

(2)
= instead of = in order to signify that a given formula is valid and also that the

corresponding formula obtained by formal differentiation with respect tox, ignoring the formal differentiation of
all error terms, is valid.
Moreover we shall write two formulas in one by the use of double signs together with an indexj: the upper signs
are to be associated with the valuej = 1 and the lower signs withj = 2.

The solutions of (34) behave for|ρ| → ∞ and x → 0+ like linear combinations ofx
1
2 H

(1)
η (xρ) and

x
1
2 H

(2)
η (xρ); this was proved by Langer [11] under the assumption thatq0(x)− B

x is real analytic, according to
Yurko [17] it is here sufficient that the integrability condition in (36) holds. The following theorem summarizes
the estimates derived in [11] (see formulae (11) – (16))
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Theorem 4.1 Let ` ∈ Z. The differential equation (34) has forρ 6= 0, andx ∈ (0, 1] a fundamental system
of solutionsv`1(·, ρ), v`2(·, ρ) satisfying (together with its derivatives) for a fixed, sufficiently largeN > 0 and

ρ ∈ χ
(0)
δ the following estimates:

(i) For |xρ| ≤ N, 1 ≤ j ≤ 2

v`,j(x, ρ)
(2)
=
√

π 2−
1
4 e±(η+ 1

2 )i π
2 x

1
2 ρ

1
4 H

(j)
η (e−`πixρ)

+x
1
2−ηρ

1
4−ηmj(x, ρ)

(37)

with

mj(x, ρ) = O(
x log ρ

ρ
) for |ρ| → ∞. (38)

(ii) For |xρ| > N, 1 ≤ j ≤ 2

v2`,j(x, ρ)
(2)
= 2

1
4 ρ−

1
4 {c(`)

j,1e
iρx(1 + O(

log ρ

xρ
)) + c

(`)
j,2e

−iρx(1 + O(
log ρ

xρ
))}, (39)

and 



c
(`)
1,1 = (−1)`−s+1 sin(2s−2`−1)ηπ

sin ηπ

c
(`)
2,1 = (−1)`−s+1 i sin(2s−2`)ηπ

sin ηπ





, xρ ∈ χ
(2s−1)
δ ∪ χ

(2s)
δ ,

c
(`)
1,2 = (−1)`−s+1 i sin(2s−2`)ηπ

sin ηπ

c
(`)
2,2 = (−1)`−s sin(2s−2`+1)ηπ

sin ηπ





, xρ ∈ χ
(2s)
δ ∪ χ

(2s+1)
δ .

(40)

Notice that fors = 0 we havec(0)
1,1 = 1, c

(0)
2,1 = 0, c

(0)
1,2 = 0, c

(0)
2,2 = 1. Furthermore

v2`,1(x, ρ) = v2`+1,1(x, ρ),
v2`−1,2(x, ρ) = v2`,2(x, ρ).

(iii) The WronskianW satisfies

W (v`,1, v`,2) = −2
3
2 iρ

1
2 (1 + O(

log ρ

ρ
)) (` ∈ Z). (41)

Remark 4.2 We mention here that the factorx in the righthand side of (38) does not appear explicitly in the
formulas derived in [11], but it can be seen from the proof therein that the error termsmj(x, ρ) have the form (38).

Remark 4.3 It is clear from the argument of the Hankel function in formula (37) that the role of` ∈ Z is to
obtain a fundamental system of solutions in each sectorχ

(k)
δ .

For the formulation of the subsequent results we introduce the following abbreviations:
Fora ∈ C, x ∈ (0, 1] and−π + δ < arg ρ ≤ π − δ

[a] = a + O( log ρ
ρ ),

[[a]]x = a + O(x),

[[a]] = a + O(x log ρ
ρ ),

[a]η = a + O( 1
ρ2η ),

[[[a]]] = [a] + O( 1
ρ2η ),
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which yieldslimx→0+ [[a]] = limx→0+ [[a]]x = a; moreover we set

d11 =
√

π 2−
1
4−η 1

Γ(η + 1)
e( 3

2−η) iπ
2 cscηπ,

d12 = −√π 2−
1
4+η 1

Γ(−η + 1)
e( 3

2+η) iπ
2 cscηπ,

d21 = ieiηπd11 and d22 = ie−iηπd12.

From Theorem 4.1 it follows by elementary calculations that the solutionsy1(·, ρ) := v01(·, ρ) andy2(·, ρ) :=
v02(·, ρ) of (34) satisfy forx ∈ (0, 1], j = 1, 2 andρ ∈ χ

(0)
δ with |xρ| ≤ N the estimates

yj(x, ρ) = x
1
2+ηρη+ 1

4 [[dj1]] + x
1
2−ηρ

1
4−η[[dj2]],

y′j(x, ρ) = ( 1
2 + η)x−

1
2+ηρη+ 1

4 [[dj1]] + x−
1
2−ηρ

1
4−η[[( 1

2 − η)dj2]].
(42)

Moreover forρ ∈ χ
(0)
δ with |ρ| ≥ N

y1(1, ρ) = 2
1
4 ρ−

1
4 eiρ[1],

y′1(1, ρ) = i2
1
4 ρ

3
4 eiρ[1],

y2(1, ρ) = 2
1
4 ρ−

1
4 e−iρ[1],

y′2(1, ρ) = −i2
1
4 ρ

3
4 e−iρ[1].

(43)

Now we chooseρ0 > 0 sufficiently large and define

u := y1(·, ρ0)ρ
η− 1

4
0 andv := y2(·, ρ0)ρ

η− 1
4

0 ,

then u and v are, according to Theorem 4.1, linearly independent solutions of (34) forλ = ρ2
0. Therefore

u(x)ρ
1
4−η
0 andv(x)ρ

1
4−η
0 can be estimated forx ≤ N

ρ0
by replacing in the right-hand side of the corresponding

formula in (42)ρ by ρ0 and [[−]] by [[−]]x; for convenience we assume below that without loss of generality
ρ0 = 1.

Using these estimates and the estimates (42) we get forρ ∈ χ
(0)
ρ

[y1(·, ρ), u](0) = limx→0+{y1(x, ρ)u′(x)− y′1(x, ρ)u(x)}

= limx→0+{x−2ηρ
1
4−η([[d12]] [[( 1

2 − η)d12]]x − [[( 1
2 − η)d12]] [[d12]]x)

+ρη+ 1
4 [[d11]] [[( 1

2 − η)d12]]x

+ρ
1
4−η( 1

2 + η)[[d12]] [[d11]]x

−ρ
1
4−η[[( 1

2 − η)d12]] [[d11]]x

−ρ
1
4+η( 1

2 + η)[[d11]] [[d12]]x

+O(x2ηρη+ 1
4 )}.

Since, according to Lemma 2.7,[y1(·, ρ), u](0) exists, it follows that the first term in the preceding sum is of the
form O(ρ

1
4−η) for 0 < Re η < 1. Hence (for0 < Reη < 1)
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[y1(·, ρ), u](0) = −2ηρη+ 1
4 d11d12(1 + O(ρ−2η)) = −2ηρη+ 1

4 [d11d12]η. (44)

Similarly we derive in this case

[y1(·, ρ), v](0) = −2ηρη+ 1
4 [d11d22]η,

[y2(·, ρ), u](0) = −2ηρη+ 1
4 [d21d12]η,

[y2(·, ρ), v](0) = −2ηρη+ 1
4 [d21d22]η.

(45)

Now we are able to study the boundary value problem

M(y) = λy,
U1(y) = 0 = U2(y), (46)

whereM(y) is defined by (34) and

U1(y) = a10[y, u](0) + a11[y, v](0) + b10y(1) + b11y
′(1),

U2(y) = a20[y, u](0) + a21[y, v](0) + b20y(1) + b21y
′(1).

In the sequel we assume without loss of generality that these boundary conditions are normalized with respect to
x = 1, i.e. we assume below thatb21 = 0 and eitherb11 = 1 or b11 = b20 = 0 andb10 = 1.
We mention that

U1(y) = a10[y, u](0) + a11[y, v](0) + b̃10[y, u](1) + b̃11[y, v](1),
U2(y) = a20[y, u](0) + a21[y, v](0) + b̃20[y, u](1) + b̃21[y, v](1)

for appropriate constants̃b11, b̃12, b̃21, b̃22; this shows that these boundary conditions are of the general form (25).

The following definition shows how the classical definition of Birkhoff-regular boundary value problems (i.e.
problems without singular points) can be generalized to problems of the form (46). A similar definition can be
made for more general second order and for higher order boundary value problems with singular endpoints of LC
type.

Definition 4.4 The boundary value problem (46) is called Birkhoff-regular if either
Case 1:b11 = 1 andϑ1 := a20ie

iπη − a21 6= 0
or
Case 2:b11 = b20 = 0, b10 = 1 andϑ1 6= 0
or
Case 3:a20 = a21 = 0, b20 = b11 = 1 andϑ2 := a10ie

iπη − a11 6= 0.

Remark 4.5 (i) In the special caseA = B = 0 (thenη = 1
2 and the coefficientq0 in (34) has no singularity)

the conditions of Definition 3.3 correspond essentially to the classical conditions for Birkhoff-regularity (see for
example [12], 4.8.).
In this case and also for| Re η |= 1

2 the boundary conditionsUi(y) can be written in the classical form as

U1(y) = (a10u
′(0) + a11v

′(0)) y(0)− (a10u(0) + a11v(0))y′(0) + b10y(1) + b11y
′(1),

U2(y) = (a20u
′(0) + a21v

′(0)) y(0)− (a20u(0) + a21v(0))y′(0) + b20y(1). (47)

With the corresponding abbreviations introduced in [12], p. 57, we derive in Case 1

Θ−1

s
+ Θ0 + Θ1s :=

∣∣∣∣∣
s− a10u(0)− a11v(0) a10u(0) + a11v(0)− 1

s

−a20u(0)− a21v(0) a20u(0) + a21v(0)

∣∣∣∣∣ .
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Therefore (46) is Birkhoff-regular in the classical sense if we have

Θ−1 = −Θ1 =

∣∣∣∣∣
a10u(0) + a11v(0) 1

a20u(0) + a21v(0) 0

∣∣∣∣∣ 6= 0.

From (37), (38) we conclude thatu(0) = −ieiπηv(0) 6= 0, thereforeΘ−1 6= 0 6= Θ1 is equivalent with the
condition of Definition 4.4, Case 1 and, as can be derived similarly, also in Case 2 and Case 3.

(ii) It is worth while to mention that for| Reη |= 1
2 there exists another subclass of boundary conditions

that we should call Birkhoff-regular (since these boundary conditions are forη = 1
2 regular in the classical

sense) although this class does not belong to the three cases considered in Definition 4.4. This results from the
fact that the asymptotic estimates derived in Theorem 4.1 do not allow us to normalize the boundary conditions
under consideration also with respect tox = 0 if | Re η |6= 1

2 . Notice that periodic and anti-periodic boundary
conditions are examples of such Birkhoff-regular boundary conditions (in the sense of Naimark, [12]) that do not
satisfy one of the three conditions of Definition 4.4. We mention that the factora20u(0) + a21v(0) in front of
y′(0) in (47) vanishes if and only ifϑ1 = 0. Since we are here mainly interested in the case| Re η |6= 1

2 we do
not discuss this special situation in detail.

The concept of Birkhoff-regularity introduced above allows us to investigate singular boundary value problems
of the form (46) analogously to the well known non-singular case. The following theorem on the distribution of
the eigenvalues of (46) is the main result of this section.

Theorem 4.6 Assume0 <| Reη |< 1. If the boundary value problem (46) is Birkhoff-regular it has a
countable set of eigenvaluesλk which are forη 6= 1

2 simple for sufficiently large modulus and which can be
estimated fork ≥ k0 by

λk = (kπ)2{1 + O(k−1/2 log k)}.

In order to prove Theorem 4.6 we derive asymptotic estimates for the characteristic determinant

∆(ρ) =
∣∣∣∣

U1(y1(·, ρ)) U1(y2(·, ρ))
U2(y1(·, ρ)) U2(y2(·, ρ))

∣∣∣∣ .

Theorem 4.7 Under the assumptions of Theorem 4.6 we have forρ ∈ χ
(0)
δ

(i) in Case 1

∆(ρ) = 2
5
4 iη ρη+1d11d22ϑ1{ieiπηeiρ[[[1]]] + e−iρ[[[1]]]}+ O(ρ

1
2 ),

(ii) in Case 2

∆(ρ) = 2
5
4 η ρηd11d22ϑ1{ieiπηeiρ[[[1]]]− e−iρ[[[1]]]}+ O(ρ

1
2 ).

(iii) in Case 3

∆(ρ) = −2
5
4 η ρηd11d22ϑ2{ieiπηeiρ[[[1]]]− e−iρ[[[1]]]}+ 2

3
2 ρ

1
2 [i].

P r o o f. We give first the proof for Case 1 - the proof for Case 2 is analogous. From (42) - (45) we obtain in
Case 1 with

r11 = −2ηa10[d11d12]ηρη+ 1
4 − 2ηa11[d11d22]ηρη+ 1

4 + [i]2
1
4 ρ

3
4 eiρ,

r21 = −2ηa20[d11d12]ηρη+ 1
4 − 2ηa21[d11d22]ηρη+ 1

4 + [b20]2
1
4 ρ−

1
4 eiρ,

r12 = −2ηa10[d21d12]ηρη+ 1
4 − 2ηa11[d21d22]ηρη+ 1

4 − [i]2
1
4 ρ

3
4 e−iρ,

r22 = −2ηa20[d21d12]ηρη+ 1
4 − 2ηa21[d21d22]ηρη+ 1

4 + [b20]2
1
4 ρ−

1
4 e−iρ,
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∆(ρ) =

∣∣∣∣∣∣∣

r11 r12

r21 r22

∣∣∣∣∣∣∣
= O(ρ

1
2 )

+ρη+1

{∣∣∣∣
i2

1
4 −2ηa10d12d21

0 −2ηa20d12d21

∣∣∣∣ +
∣∣∣∣

i2
1
4 −2ηa11d21d22

0 −2ηa21d21d22

∣∣∣∣
}

eiρ[[[1]]]

+ρη+1

{∣∣∣∣
−2ηa10d11d12 −i2

1
4

−2ηa20d11d12 0

∣∣∣∣ +
∣∣∣∣
−2ηa11d11d22 −i2

1
4

−2ηa21d11d22 0

∣∣∣∣
}

e−iρ[[[1]]]

= O(ρ
1
2 ) + 2

5
4 ρη+1ηid22ϑ1(d21e

iρ[[[1]]] + d11e
−iρ[[[1]]])

= 2
5
4 iη ρη+1d11d22ϑ1{ieiπηeiρ[[[1]]] + e−iρ[[[1]]]}+ O(ρ

1
2 ),

sinced12 = −ieiηπd22 andd21 = ieiηπd11. Hence (i) is proved.
In Case 3 we assume (without loss of generality) thatb10 = 0. We obtain,using the preceding notation, and
ϑ2 := a10ie

iπη − a11 6= 0, that in this case

r11 = 2ηρη+ 1
4 d22ϑ2[d11]η + [i]2

1
4 ρ

3
4 eiρ,

r12 = 2ηρη+ 1
4 d22ϑ2[d21]η − [i]2

1
4 ρ

3
4 e−iρ.

Therefore we get

∆(ρ) =

∣∣∣∣∣∣∣

r11 r12

eiρ[1] e−iρ[1]

∣∣∣∣∣∣∣
2ρ

1
4 ρ−

1
2

= 2
5
4 ρηd22ϑ2{−d21e

iρ[[[1]]] + d11e
−iρ[[[1]]]}+ 2

3
2 ρ

1
2 [i].

On account ofd21 = ieiηπd11, this proves assertion (iii).

Since we can chooseδ = 1
2 in Theorem 4.7, it follows that the zeros of∆(ρ) (i.e. the square-roots of the

eigenvalues of (46)) are asymptotically distributed like the zeros of

{ieiπηeiρ[[[1]]]± e−iρ[[[1]]]}+ O(ρκ) = 0,

where the upper (lower) sign andκ = − 1
2 − η (κ = 1

2 − η)has to be used in Case 1 (Case 2 and Case 3),
respectively.
Therefore we obtain analogously to the proof of Theorem 3.2 in§4 of [12] (see also the results of Langer [10] on
the distribution of the zeros of such exponential sums), that the assertion of Theorem 4.6 is valid - we omit details.
We mention here only that in many situations (for example if we have estimates for∆(ρ) as in Theorem 4.7,
Case 3) we can derive more precise asymptotic estimates for the eigenvaluesλk than those given in Theorem 4.6
(compare the estimates given in [4], Satz 2).

Finally we mention that the caseη = 0 can be treated similarly as above but in this case the solutions of (34)
behave near0 asymptotically like linear combinations of

x
1
2 ρ

1
4 J 1

2
(xρ) and log(xρ)x

1
2 ρ

1
4 J 1

2
(xρ).

5 An expansion theorem

To complete the investigation of the singular boundary value problem (46) we prove an expansion theorem with
respect to its eigenfunctions. The method used is based on estimating the Green’s functionG(x, ξ, λ) with respect
to the eigenvalue parameterλ. Forf ∈ L2[0, 1] the solution of the inhomogeneous equationM(y) = ρ2y +f(x)
is of the following form ifλ = ρ2 is no eigenvalue of (46):

y(x, ρ) =
∫ 1

0

G(x, t, ρ2)f(t)dt.
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Using an arbitrary fundamental systemw1(·, ρ), w2(·, ρ) of solutions of (34), the Green’s functionG is defined
by

G(x, t, ρ2) =
H(x, t, ρ)
∆w(ρ)

for (x, t) ∈ [0, 1]2, ρ ∈ χ
(0)
δ , ∆w(ρ) 6= 0.

H(x, t, ρ) :=

∣∣∣∣∣∣

w1(x, ρ) w2(x, ρ) g(x, t, ρ)
U1(w1) U1(w2) U1(g(·, t, ρ))(t)
U2(w1) U2(w2) U2(g(·, t, ρ))(t)

∣∣∣∣∣∣
,

∆w(ρ) =
∣∣∣∣

U1(w1) U1(w2)
U2(w1) U2(w2)

∣∣∣∣
and

g(x, t, ρ) :=
1

W (w1, w2)

{
w1(x, ρ)w2(t, ρ) if x ≤ t,
w2(x, ρ)w1(t, ρ) if x > t.

We consider the contour integral

SR(f)(x) :=
1

2πi

∫ 1

0

∫

ΓR2

G(x, t, λ)f(t)dλ dt (x ∈ [0, 1]), (48)

whereR > 0 is chosen such that there is no eigenvalue on the circleΓR2 of radiusR2. Since the eigenvalues
λn n ∈ N, are poles of the Green’s function and since the residues ResλnG(x, t, λ) can (see [12]) be represented
by products of eigen- and associated functions (e.a.f.) of (1.1), (1.2) and of the corresponding adjoint problem,
which we denote byϕn andψn, the integralSR(f)(x) represents a partial sum of the expansion off into a series
in e.a.f. of (46):

SR(f)(x) =
∑

n∈MR

αnϕn(x)

with

αn :=
∫ 1

0

f(t)ψn(t)dt, MR := {n ∈ N| |λn| < R2}.

If f has an absolutely continuous derivativef ′ with f ′′ ∈ L[0, 1] and if in additionUj(f) = 0 1 ≤ j ≤ 2 then
we infer from (48) by partial integration and using the properties of the Green’s function (see for example [12])
that

SR(f)(x) = f(x) +
1

2πi

∫

ΓR2

∫ 1

0

G(x, t, λ)
λ

M(f)(t) dt dλ, (49)

provided all integrals exist.
Using here the fundamental systems

w1(x, ρ) = y1(x, ρ),
w2(x, ρ) = eiρy2(x, ρ),

for 0 < x ≤ 1 and0 ≤ arg ρ ≤ π
2 , ρ 6= 0 and

w1(x, ρ) = y2(x, ρ),
w2(x, ρ) = e−iρ y1(x, ρ),

for 0 < x ≤ 1, and−π
2 ≤ arg ρ ≤ 0, ρ 6= 0 and the asymptotic estimates proved in Section 4 fory1(x, ρ)

andy2(x, ρ), it can be shown by elementary but lengthy calculations thatG(x, ξ, ρ2) satisfies the subsequent
asymptotic estimates. Since the method used is well established and similar to that used for example in [5],
Sections 6.2 and 6.3 we omit details.
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Lemma 5.1 There exists a strictly increasing sequence(Rn)n∈N with limn→∞Rn = ∞ and a constant
c > 0 such that

(i) in case0 < |Reη| ≤ 1
2

|G(x, ξ, λ)| ≤ c

|λ| 14 (50)

uniformly for0 ≤ x, ξ,≤ 1 andλ ∈ ⋃
n∈N ΓR2

n
,

(ii) in case 1
2 < | Reη| < 1

|G(x, ξ, λ)| ≤ (|x||ξ|)
1
2
− | Reη| c

|λ| 14 , (51)

uniformly for0 < x, ξ ≤ 1 andλ ∈ ⋃
n∈N ΓR2

n
.

Consequently we can derive from (48),· · · , (51) the following expansion theorem:

Theorem 5.2 Let f have an absolutely continuous derivativef ′ with f ′′ ∈ L[0, 1] and letUj(f) = 0 for
1 ≤ j ≤ 2. Moreover assume that (36) holds and that (46) is Birkhoff-regular. Then (with(Rn) defined as in
Lemma 5.1)

a) for 0 < | Reη| ≤ 1
2

limn→∞ SRn(f) = f(x)

uniformly on[0, 1];

b) for 1
2 < | Reη| < 1 and under the assumption

∫ 1

0

|t|
1
2
− |Reη||f(t)|dt < ∞ (52)

lim
n→∞

SRn(f)(x) = f(x)

uniformly on any interval[a, 1], 0 < a < 1.

Notice that the assumptions of Theorem 4.7 ensure that, as a consequence of Lemma 5.1, the integrals
∫ 1

0

G(x, ξ, λ)f(ξ)dξ and, consequently,
∫ 1

0

G(x, ξ, λ)`(f(ξ)dξ

exist and that the second term in (49) tends to0 for Rn →∞ uniformly in [0, 1] for 0 < | Reη| ≤ 1
2 and in[a, 1]

for 1
2 < | Reη| < 1, respectively.

We mention that in [5], Assumption 6.1, the term ”withlν = −1” should be omitted and the integrability
condition in Theorem 6.9 must be corrected; moreover, for1 ≤ ν ≤ m one should assume therein that

(x− xν)1− 2Reην [
Bν

x− xν
+ Cν(x)] ∈ L[xν − ε, xν + ε], ε < ε0,

since [5], Theorem 2.4, is taken from [11], where an equivalent assumption has been used for its proof.
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