Math. Nachr. 278, No. 12-13, 1561 - 1578 (2005) / DOI 10.1002/mana.200410322

Inverse problems for differential operators with singular boundary condi-
tions

Gerhard Freiling*! and Vjacheslav Yurko?

! Mathematics Department, University Duisburg-Essen, 47048 Duisburg, Germany
2 Mathematics Department, Saratov State University, Saratov 410026, Russia

Received 6 December 2004, revised 21 February 2005, accepted 22 February 2005
Published online 8 September 2005

Key words Differential operators, singular boundary conditions, inverse spectral problems
MSC (2000) 34A5S5, 34B24, 34140, 47E05

Dedicated to the memory of F. V. Atkinson

Singular boundary conditions are formulated for Sturm-Liouville operators having singularities and turning
points at the end-points of the interval. For boundary-value problems with singular boundary conditions, inverse
problems of spectral analysis are studied. We give formulations of the inverse problems both for the case of
separated and non-separated singular boundary conditions. For each class of inverse problems we prove a
uniqueness theorem and give a procedure for constructing the solution of the inverse problem.
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1 Introduction

We consider a class of singular differential equations of the form

d dz
—E(pz(t) %> +p1(t)z(t) = Apo(t)z(t), t € (to,t1). (1.1)
Here ) is the spectral parameter, and the real- or complex-valued functions py (¢) have zeros or/and singularities
at the end-points of the interval (¢o, t1). More precisely,

pr(t) = (t—to)™ (t1 — )™ pro(t)

where sy, are real numbers, p1o(t) € Clto, 1], pro(t) € C?[to,t1], pro(t) > 0 for k = 0,2, and t € [to,t1].
We assume that so,,, < Som + 2, Som < S1m + 2, m = 0,1, i.e., we consider the case of the so-called regular
singularities. Irregular singularities possess different qualitative properties and require different investigations.

Since the solutions of Eq. (1.1) have singularities at the end-points of the interval, and since in general the
values of the solutions and of their derivatives at the end-points are not defined, an important question is how to
introduce singular two-point boundary conditions in the general case under consideration. For some particular
cases, this problem was studied in [1]-[6] and other works. For example, in [1] singular boundary conditions were
constructed in the case when the end-points are of “limit-circle” type. In a preceding paper [7] we demonstrated
how one can define two-point singular boundary conditions in the general case—see also Section 2 where we
construct singular boundary conditions and formulate the corresponding boundary-value problems.

The main purpose of this paper is to study inverse spectral problems for differential operators with singular
boundary conditions (see Sections 3 and 4). For the classical Sturm—Liouville operators, inverse problems have
been studied fairly completely in many works (see, for example, [8]-[11] and the references therein). Singular
boundary conditions produce new qualitative modifications in the investigation of the inverse problems. To
study the inverse problem for singular boundary conditions, in this paper we develop the ideas of the method
of spectral mappings [12]. This gives us an opportunity to construct the inverse problem theory for operators
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1562 Freiling and Yurko: Inverse singular SL-Problems

with singular boundary conditions. Section 3 is devoted to inverse problems for the case of separated singular
boundary conditions, and in Section 4 we study the inverse problem for boundary-value problems with non-
separated singular boundary conditions. For each class of these inverse problems we prove a uniqueness theorem
and give a procedure for constructing the solution of the inverse problem. For studying the inverse problem for
non-separated singular boundary conditions in Section 4 we essentially use the results obtained in Section 3 for
the case of separated singular boundary conditions.

For simplicity, we confine ourselves to the case when there are no singularities and turning points inside the
interval. We note that direct and inverse spectral problems for differential equations having singularities and/or
turning points inside the interval (with classical boundary conditions at the end-points) were studied in [13]—[24]
and other works.

2 Boundary-value problems with singular boundary conditions

Denote

o — Do) _n) ) (0N [ e
0 = B8 - 2O PO (PO e,

Sm = Som — Sam. Then s, > —2, and there exist the finite limits

o 12 % 2
o = dm o)X, xa = dm (0 =10
Denote
2
VUm = (Xm + 1/4)1/2, m = 0,1.

Sm +2

For definiteness, let v,,, > 0, v,,, ¢ N, m = 0,1 (other cases require minor modifications). We transform
Eq. (1.1) by means of the replacement

v [ @) 2de, y@) = GolOpal) =0

to

to the differential equation
—y"(x) +q(@)y(x) = My(x), =€(0,T), 2.1

where ¢(x) = #(t) (417~2(7f))_1 —5(i(t))(16r3(t)) "+ x(t)(r(t))~! is real-valued. The function ¢(z) is con-
tinuous for x € (0,T), and it has quadratic singularities at the ends of the interval:

wo
ﬁ+q0(x), x € (0,7/2],

Q(x) = w1
m‘FQO(x)a ze(T/2,T),

where w,, = 2, —1/4, m = 0, 1. We assume that go(z)z 2% (T — 2)~2% € £(0,T), where 0,, := v,,, — 1/2,
m=0,1.

In [25] fundamental systems of solutions {.Sjn, (z, A) }j=1,2, m = 0,1, of Eq. (2.1) were constructed with the
following properties:

(a) For each fixed x € (0,T), the functions Sj(;? (x,\), v =0, 1, are entire in \.
(b) Denote jtj,, = (—1)7vy, + 1/2. Then for j = 1,2,

Sio(z,\) = O(x*°) as z — 0 and Si(z,A) = O((T —x)**) as ¢ — T.
(c) The following relation
(S1im(z,A), Som(z,A)) =1, m = 0,1, (2.2)
holds, where (y(z),y(x)) := y(z)y'(x) — y/'(z)y(x) is the Wronskian of y and 7.
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(d) Let A = p2. Here and below we assume that arg p € (—7 /2, 7/2]. For |p| — o0, |p| 2 > 1, |p|(T —x)>1

v=0,1j=1,2,
S, N) = djop 9 ((ip)” exp(~ipz)[1]o + (ip)” exp(—impjo) exp(ipz)[l]o) (2.3)
SW(a,A) = (1) djp " ((ip)" exp(=ip(T — 2))[1]o o

+(—ip)” exp(—imp 1) exp(ip(T — x))[1]o),

where di,, = 1, day = —(4isiny,)~t m 0,1, [1Jo = 1 + O((Pm)iﬁ) + O((p(T - m))iﬁ) and
B := min(1, 219, 211), i.e., f(z, p) = [1]o means |f(z, p) — 1| < C(|pz| =7 + [p(T — )| 7).

We will call the functions S;,, (z, A) the Bessel-type solutions for Eq. (2.1).

Let us introduce the linear forms

Gl (y) = (~1)* (@), S (@, V)], 7

It follows from Eq. (2.2) that
Okm(Sjm) = 0k, Jj,k=1,2, m =0,1, (2.5)

where 0, is the Kronecker symbol.
We note that for the classical Sturm-Liouville equation one has v,,, = 1/2 (i.e., wy,, = 0), m = 0, 1. Hence
in this case o (y) = y =Y (mT), k = 1,2, m = 0,1, i.e., the boundary functionals have the classical form.
The linear forms o, (y) allow us to introduce singular two-point boundary conditions of the general form for
Eq. (2.1):
ap1010(y) + a2020(y) + apio11(y) + ajooan(y) = 0, k = 1,2,

where we assume that

0 0 1 1

apy @i Ay Qo

rank 0 0 ) X = 2
Ag1 Q32 Q31 QA3

Remark 2.1 Similarly one can introduce singular boundary conditions also for Eq. (1.1). Denote

{2(0.2()} = pa(t) (zof) ZO s dfzgt)) |

Then

where y(z) = (po(t)p2(1))"/*2(t), §()
are solutions of Eq. (1.1) then the expression {z(¢),Z(¢)} does not depend on ¢. Let

=1,2, m=0,1.

(po(t)p2 () 4Z(t), x = j;to (r(£))Y/? d¢. Moreover, if z(t) and Z(t)

Sjm(ta )‘) = (pO(t)pQ(t))1/4Sjm(m7)‘)a j
k=1,2, m=0,]1.

T (2) = (~1)Fz(0), 33k (6},
Then the functions s, (¢, A) are solutions of Eq. (1.1) and 7., (2) = okm (y), k =1,2, m =0, 1.
The linear forms 7, (z) allow us to introduce singular two-point boundary conditions of the general form for

Eq. (1.1):
k=1,2.

ap1710(2) 4 afoT20(2) + ajy 111 (2) + agemaa(2) = 0,

For definiteness we will study below boundary-value problems for Eq. (2.1). Similar results are also valid for

Egq. (1.1).
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3 Inverse problems for separated boundary conditions

In this section we construct the inverse problem theory for spectral problems defined by the differential equation
(2.1) and separated singular boundary conditions (defined by Eq. (3.1)). We study below three inverse problems
of recovering operators from their spectral characteristics, namely:
(i) from the Weyl function;
(ii) from the so-called spectral data;
(iii) from two spectra.
For each class of inverse problems we prove the corresponding uniqueness theorems and show connections
between the different spectral characteristics. Moreover, we provide a procedure for constructing the solution of
the inverse problem.

3.1 Properties of the spectrum

Let us consider the boundary-value problem L defined by Eq. (2.1) and the separated boundary conditions

U(y) == o20(y) —aiow(y) = 0, V(y) := o2a(y) +az011(y) = 0, (3.1)

where a; and ay are real or complex numbers. Notice that this is a generalized notation of separated boundary
conditions which coincides in the case v, = 1/2, m = 1,2, with the classical notation. We resign to associate
an operator to L—for this purpose one has to introduce weighted normed subspaces of the space of all solutions
of Eq. (2.1) satisfying Eq. (3.1).

Denote by p(x, A) and 1(x, A) the solutions of Eq. (2.1) under the initial conditions o19(¢) = 1, g20(p) = a1,
and 011 (¢) = 1, 021 (¥) = —ao, respectively. Clearly,

oz, ) = Sz, \) +a1520(z,A), (@, ) = S11(z,A) — a5 (z, N, (3.2)
U(SD) =0, UO(SD) =1, VW) =0, Vo(l/J) =1, (3.3)
where Uy (y) := 010(y), Vo(y) := 011(y). Denote

AQ) = (W(z,A), (2, A)) - (34

By virtue of Liouville’s formula for the Wronskian [26, p. 83] ((x, A), ¢(x, A)) does not depend on x. Moreover,
the function A()) is entire in A, and it has an at most countable set of zeros {\,,}. The function A()) is called
the characteristic function of L.

Lemma 3.1 The zeros {\,, } of the characteristic function A(X) coincide with the eigenvalues of the boundary-
value problem L. The functions (x, \,) and ¥ (x, \,,) are eigenfunctions, and there exists a sequence {3,,} such
that

Proof. 1) Since the functions S;o(x, A), j = 1, 2, form a fundamental system of solutions for Eq. (2.1), one
has

Skl(x,)\) = akl()\)Sm(x,/\)+ak2()\)520(a?,/\), 0<zxz<T, k = 1,2. 3.5

Using Eqgs. (2.2), (2.5) and (3.5) we calculate

a11(A) = 010(S11) = 021(52), a12(A) = o20(S11) = —021(50), (3.6)
a21(A) = 010(S21) = —011(S20), a22(A) = 020(521) = 011(S10), '
det[()ékj(A)]k’j:LQ = det[dko(Sjl)]k’j:LQ = det[okl(Sj )]k’jzlyg = 1. (37)
It follows obviously from Egs. (3.1), (3.2), (3.4) and (3.6) that
AN) = Vip) = -U(v). (3.8)
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2) Let Ao be a zero of A()\). Then, by virtue of Egs. (3.3), (3.4) and (3.8), ¥(z, A\o) = Bow(z, Ao), and the
functions v (xz, Ag) and p(x, Ag) satisfy the boundary conditions (3.1). Hence, )¢ is an eigenvalue, and 1 (x, \g)
and ¢(x, \g) are eigenfunctions related to Ao.

3) Let )\ be an eigenvalue of L, and let y be a corresponding eigenfunction. Then U(yg) = V (yo) = 0.
Clearly o10(yo) # 0 (if o10(yo) = 0 then 029 (yo) = 0, and consequently yo(z) = 0). Without loss of generality
we assume that o19(yo) = 1. Then o20(yo) = a1, hence yo(z) = ¢(x,\g). Therefore, Eq. (3.8) yields
A(Xo) = V(e(x, o)) = V(yo(x)) = 0. We have also proved that for each eigenvalue there exists only one (up
to a multiplicative constant) eigenfunction. o

Theorem 3.2 The boundary-value problem L has a countable set of eigenvalues {\, }n>0. For n — oo,
define

s 1
Pn = VAn = —(n+p+w+0<n—ﬁ)), 3.9

T

where (3 := min(1, 2vy, 2v1), and p € Z does not depend on qo(x), a1 and as, and depends only on vg and v1.
Proof. It follows from Egs. (3.1), (3.2), (3.6) and (3.8) that
AN = —ana(A) +ara11(A) + azaz(A) — arazani (M) (3.10)
It was shown in [7] that for |p| — o0, k,j = 1,2,
ari(\) = 2i(=1)" Iy odgy pt (exp(—ipT)[1] — exp(—imri) exp(ipT)[1]), (3.11)
where rjx = p3—j0 + pkt, [1] = 1+ O(p~?). In particular, Eq. (3.11) yields
lar; ()| < C|p' =" | exp([lmp| T) . (3.12)

Here and below the symbol C' denotes various positive constants in the estimates. Substituting Eqgs. (3.11) and
(3.12) into Eq. (3.10) we obtain

AN) = = 2ip" " (exp(—ipT)[1] — exp(—im(p10 + p11)) exp(ipT)[1]) 3.13)
as |p| — oo,
AW < C o+ exp(imp| T). (3.14)
Similarly one can calculate
AN = —Tpt = (exp(—ipT)[1] + exp(—im(p1o + p11)) exp(ipT)[1]) , (3.15)

as ol — oo,
where A()\) = % A()). Using Eq. (3.13) and Rouche’s theorem [27, p. 125] we arrive by the usual way (see
[28, Ch. 1] and the proof of [7, Theorem 1]) at Eq. (3.9).

Fix 6 > 0. Denote G5 := {p € C : |p — pn| > I, n > 0}. By the well-known method [11, Ch. 1] one can
get the following estimate from below:

IAN] > Clpl™ ™ exp(lmp|T), p€Gs. (3.16)

Furthermore, let {)‘%}nzo’ N = (pg)z, be the eigenvalues for the case qo(z) = 0, a; = ap = 0, and let A%(\)

be the corresponding characteristic function. Notice that both p,, and p? satisfy estimates of the form (3.9). Then,
by virtue of Eq. (3.13),

AN = A°W)| < Clp|ot P exp([lmp| T). (3.17)
It follows from Egs. (3.16) and (3.17), and Rouche’s theorem that

pn = pg—|—0<n—lﬁ) as n — oo, (3.18)

and consequently, the integer p from Eq. (3.9) does not depend on ¢o(x), a1 and as. Hence Theorem 3.2 is
proved. O
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1566 Freiling and Yurko: Inverse singular SL-Problems

It follows from Eqs. (3.9) and (3.15) that A()\,,) # 0 for sufficiently large n, i.e., the zeros of A()\) are simple
for n > n*. For convenience we assume below that all eigenvalues are simple—the general case requires minor
modifications.

The authors are grateful to a referee who read the first version of our manuscript carefully; he pointed out
that the boundary conditions (3.1) are—even in the case of real coefficients—in general non-selfadjoint (with
respect to an adequate scalar product) and provided the following simple example that shows that there may exist
non-real eigenvalues:

Choose a1 = az =0and ¢(z) = 3,0 <z < 1,ie, vy =3/2and vy = 1/2; then

A(pz) =c [psinp + cosp — pQCOSp} with ¢ # 0,
which has for example a non-real zero approximately at
A= p%, p = 108177098 + 0.753012221 i .
Notice that in this case the boundary conditions are not separated in the classical sense.

3.2 The inverse problem from the Weyl function

Let ®(x, A) be the solution of Eq. (2.1) under the conditions U(®) = 1 and V(®) = 0. We set M (\) := Up(®P).
The function M () is called the Weyl function for the boundary-value problem L. The notion of the Weyl
function introduced here is a generalization of the notion of the Weyl function for the classical Sturm—Liouville
operators (see [11] and [29]). Clearly,

Bz, ) — _%S) = S0 )+ M(N)(z, A) (3.19)

(p(z,A), (2, ) =1, (3.20)
_ o ap)

M(A) = A (3.21)

where d(\) := Up(¥). Thus, the Weyl function is meromorphic with simple poles in the eigenvalues A = \,,,
n > 0.

Inverse Problem 1. Given the Weyl function M (), construct ¢(z), a1 and as.

Let us prove the uniqueness theorem for the solution of the Inverse Problem 1. For this purpose we agree that
together with L we consider a boundary-value problem L of the same form but with different coefficients q(x),
a1 and a2. Everywhere below if a certain symbol « denotes an object related to L, then the corresponding symbol
a with tilde denotes the analogous object related to L.

Theorem 3.3 If M(\) = M(A), then q(z) = q(z) a.e. on (0,T), ax = a1 and az = ag. Thus, the
specification of the Weyl function uniquely determines L.

Proof. It follows from Egs. (3.2) and (3.6) that
d(A) = a11(A) — aza21(A) . (3.22)

Substituting Egs. (3.11) and (3.12) into Eq. (3.22) we calculate

d(\) = — 2idaop” ™" (exp(—ipT)[1] — exp(—im(p20 + p11)) exp(ipT)[1]) (3.23)
as |p| — oo, '
ld(N)] < Clp[" ™" exp([Imp| T) . (3.24)
Using Egs. (3.16), (3.21) and (3.24) we infer
IM(N)| < Clp[?", peGs. (3.25)
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Moreover, Egs. (3.13), (3.21) and (3.23) yield

— —21/() —
{M(A)— daop=2[1] as [p| — oo, argpe(0,7/2), (3.26)

—daop ™20 exp(—2mivg)[1] as |p| — oo, argpe€ (—7/2,0).

=

~

=
I

Since M(\) = M()\), it follows from Eq. (3.26) that vy = 1.

Furthermore, the functions A(\) and d(\) have no common zeros (otherwise Up(¢)) = U(¢)) = 0 which
is impossible); hence A, = A, for all n > 0. It follows from Eq. (3.14) that A()) is entire in A of order
1/2, and consequently by Hadamard’s factorization theorem [27, p. 289] A(\) is uniquely determined up to a
multiplicative constant by its zeros:

_AT] (1 _ %) (3.27)
n—0 n

(the case when A(0) = 0 requires minor modifications). The constants A and v; can be uniquely determined
\Xith the help of Ehe asymptotics Eq. (3.13). Indeed, since \,, = A, for all n > 0, it follows from Eq. (3.27) that
A(N)/A(X) = A/A. On the other hand, in view of Eq. (3.13) and the equality 7y = v, we get

——= =p1], a=vr1—1n as |p| — oo, argp = 7w/2,

and consequently, 7; = v and A(\) = A(\). By virtue of Eq. (3.21) this ylelds d(A ) = d()\) Since vy, = Ui,
m = 0, 1, it follows from Egs. (2.3), (2.4) and (3.2) that for |[p| x > 1, [p|(T —x) > 1,v =10,1

@ (@, V)] < Clpl®t exp(lr|z), [ (2, N)] < Clp|” " exp(|r|(T - x)),
o) (@, ) = M) (@, )| < Cp|® P exp(|r| ), (3.28)
[0 (2, A) = W) (2, N)| < C |p|® TP exp(||(T — ),

where 7 := Im p.
Let us define the matrix P(z, \) = [Pji(x, A)];,x=1,2 by the formula

B, ) B(,)) p(z,))  B(z, )

P(x, A - = . 3.29

o) [a'(m @'(m)] Lo'(m,A) @’(m)] 29
Using Eqgs. (3.20) and (3.29) we calculate for j = 1, 2

Pjr(x,A) = U= D (2, )P (z,A) — @U~Y (2, )@ (2, ), 330
Pia(a,3) = ®6D (2, N@(@, A) — ¢ (2, )B(z, A) 430
o(x, ) = Pu(z,\)@(x,\) + Pra(z, N (2, \), (331
(x,\) = Pii(z, \)®(z,\) + Prao(z, ) (z, ) '

Pll(xv)‘) =1+ A()\) (~l( a/\)_@l( a/\)) + A(}\) (7/),( 7A)—¢/($aA))
A - AN 7
TN — e NG AN =AW o

© 2005 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



1568 Freiling and Yurko: Inverse singular SL-Problems

By virtue of Egs. (3.16), (3.17) and (3.28), this yields for |p| z > 1, |p|(T —x) > 1, p € G&,

C C

|P11(£L’,)\) — ].| S W, |P12(IE,)\)| S W, (332)
C

| Poo(,\) — 1] < A |Po1(z,\)| < Clp|*=". (3.33)

According to Egs. (3.19) and (3.30),
Pri(x,0) = @z, \)Sho (@, A) — Sao(, )@ (2, A) + (M(X) — M(N))p(2, N F (x,)),
Pra(x,)) = Sao(w, N@(x,A) — @@, A)Sa0(, A) + (M(A) — M(N)p(a, N@(x, A) -

Since M (\) = M()\), it follows that for each fixed z € (0,T'), the functions Pj; (x, A) and Pj2(x, \) are entire
in A. Together with Eq. (3.32) this yields Py1(z, A) = 1 and Pi2(z, A) = 0. Substituting into Eq. (3.31) we get

o(2,\) = @(x,A) and ®(x;, \) = ®(x, A) for all z and A, and consequently, L = L. O
3.3 The inverse problem from the spectral data

The Weyl function M () is meromorphic with simple poles in the points A,,, n > 0. Denote
a, = /\fie/z\s M((A). (3.34)

The data {\,,, oy, }n >0 are called the spectral data of L.
Inverse Problem 2. Given the spectral data {\,,, &, } n>0, construct ¢(x), a1 and as.
Let us first prove a uniqueness theorem for the solution of the Inverse Problem 2.

Theorem 3.4 If \, = Xn and o, = ap, foralln > 0, then q(x) = ¢(z) a.e. on (0,T), a; = ay and as = Q.
Thus, the specification of the spectral data { \,,, an }n>0 uniquely determines L.

Proof. It follows from Eq. (3.21) that

o, = — do\") , (3.35)
A(An)

hence «,, # 0 for all n. Using Egs. (3.9), (3.15), (3.23) and (3.35) we calculate

a, = an'~2 (1 + O(n*ﬁ)) as n — 00, (3.36)
where

a = —idyT?"° 271720 (1 — exp(—2mivy)) # 0. (3.37)
Let us show that

= a
M(N\) = L 3.38
() ;) e (3.38)

By virtue of Eqgs. (3.9) and (3.36), the series in Eq. (3.38) converges absolutely for each A # A,. In order to
prove Eq. (3.38) we consider the contour integral

1 M () )
InQ) = — [ g AeintTy,
n() 27 Jp, A — K mekN
where the contours I'y := {A : |\| = Ry}, Ry — oo (with counterclockwise circuit) are chosen such that

Iy CGsand int Ty N{A, : n >0} = {\, :n=0,N }. Inview of Eq. (3.25), limy 0 Jn(A) = 0. On the
other hand, the residue theorem and Eq. (3.34) yield

A

A=A

N
IN(A) = =M+
n=0
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and consequently Eq. (3.38) is proved.

Since A, = A, and a,, = @&, for all n > 0, it follows from Eq. (3.38) that M) = M()\) According to
Theorem 3.3 this implies ¢(z) = ¢(z) a.e. on (0,7), a1 = a1 and az = 3. Theorem 3.4 is proved. O

Remark 3.5 By virtue of Eq. (3.38), the specification of the Weyl function M () is equivalent to the specifi-
cation of the spectral data {\, an}nZO’ i.e., the Inverse Problem 1 is equivalent to the Inverse Problem 2.

3.4 The inverse problem from two spectra

Let {pn }n>0 be the eigenvalues of the boundary-value problem L; for Eq. (2.1) with the boundary conditions
Uo(y) = V(y) = 0.

Inverse Problem 3. Given two spectra {\,, fin, }n>0, construct ¢(z), a1 and as.

Theorem 3.6 If )\, = Xn and i, = Jiy, foralln > 0, then q(x) = q(x) a.e. on (0,T), ay = a1 and ay = as.

Proof. According to Lemma 2.1, the set {\,, },,>0 coincides with the set of zeros of the function A(\) =
—U(%). Similarly, the set {i, }n>0 coincides with the set of zeros of the function d(\) = Up(%)). Since A(X)
and d()\) are entire in A of order 1/2, it follows that A(\) and d(\) are uniquely determined up to multiplicative
constants by their zeros. Taking the asymptotics (3.13) and (3.23) into account we obtain v,,, = U, m = 0,1,
A(N) = A(X) and d(\) = d()). Together with Eq. (3.21) this yields M (\) = M()). By Theorem 3.3 we get
q(z) = q(x) ae.on (0,T), a1 = a; and ag = as. O

Remark 3.7 It follows from the proofs of Theorems 3.3 and 3.6 that the specification of the Weyl function
M () is equivalent to the specification of two spectra { A, iin }n>0, i.€., the Inverse Problem 1 is equivalent to
the Inverse Problem 3.

Remark 3.8 Similar results are also valid for any other class of separated singular boundary conditions. Let
us briefly formulate the corresponding results for one of these classes which will be used in Section 4.
Let {z, } n>0 be the eigenvalues of the boundary-value problem Q; for Eq. (2.1) with the boundary conditions

U(y) = Wo(y) = 0. The set {z,}n>0 coincides with the set of zeros of the entire function y(A) := Vy(¢). It
follows from Egs. (3.2) and (3.6) that y(\) = aa2(A) — a1 (\), and consequently, by virtue of Eq. (3.11),

Y(A) = = 2ida1p" " (exp(—ipT)[1] — exp(—im(pio + p21)) exp(ipT)[1]) (3.39)
as |p| — o0. '
Denote o (A) := Vp(S2). Let {zg}n>0 be the zeros of o (A), i.e., {zg}n>0 are the eigenvalues of the boundary-

value problem Qg for Eq. (2.1) with the boundary conditions Uy(y) = Vo(y) = 0. The function My()\) =
Yo(A)/7(A) is the Weyl function for ()1, and

e 0

«
Mo(X) = > A_”Z , ab = Res Mo()).
n=0 n —#n

Clearly,

ol = 2 (3.40)

The data {zn, oz‘,)L}n>0 are the spectral data for ;. The following uniqueness theorem is an analog of Theo-
rems 3.3, 3.4 and 3.6 for the boundary-value problem Q).

Theorem 3.9 1) If My(\) = Mg()\), then q(x) = q(z) a.e. on (0,T) and a1 = ay.

2) If 2, = Zyp and Y = &2 for all n > 0, then q(x) = q(z) a.e. on (0,T) and a1 = a.

3) If 2n = Zy and 20 = 20 for all n > 0, then q(x) = ¢(x) a.e. on (0,T) and a1 = a;.
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3.5 Solution of the the inverse problem

In this subsection we give a constructive procedure for the solution of the inverse problem of recovering L from
the given spectral data {\,, o, } n>0. For this purpose we develop the ideas of the method of spectral mappings
(see [11] and [12]). The central role here is played by the so-called main equation of the inverse problem which
connects the spectral characteristics with the corresponding solutions of the differential equation. We give a
derivation of the main equation which is a linear equation in a suitable Banach space. Moreover, we prove the
unique solvability of the main equation. Using the solution of the main equation we provide explicit formulae for
the solution of the inverse problem under consideration.

Let {\, s }n>0 be the spectral data of L and p,, := V. Using Egs. (3.13) and (3.36) we can find v,,,
m = 0, 1. Indeed, by virtue of Eq. (3.36),

1 1 n
v = = (1 - Tim =22 (3.41)
2 n—oo Inn
It follows from Eqs. (3.13) and (3.27) that
In F
v+ = lim nln,E)p) lp| — oo, argpe (0,7/2), (3.42)
where
= A
F(p) := exp(ipT) H (1 - )\—> .

n=0

Let us choose a model boundary-value problem L such that Vm = Um, m = 0, 1, with arbitrary gy (), a; and
as. Denote

b0 = |pn—Pal + (0 + 1 oy — G| and Dz, A p) =

A—p
It follows from Egs. (3.18) and (3.36) that &, = O(n~#), and consequently,
sup »  ——=—— < 00. (3.43)

n>0 45 n—k|+1
Denote
Ao = Any Anl = Ap,
Apo = Qpn, Qp1 = Qp,
eni() = 0(@,Ani),  Pni(r) = H(2, Ani),
Poikj() = D(x, Anis M)k s Prii (@) = D(@, Aniy Mej)ang, n, k >0, i,j =0,1.

Fixe > 0. Letx € [¢,T —¢],n > 0 and ¢,v = 0, 1. It follows from Egs. (3.9) and (3.28) that

ol (@)| < Cln+1)f0t. (3.44)
Moreover, for a fixed a > 0,

e@ (@, N] < Clnt 1™, Jp—pm| < a.

Applying Schwarz’s lemma [27, p. 130] in the p-plane to the circle |p — pp1| < a and to the function f(p) :=
0™ (2, ) — W) (x, A1) with fixed v, n, x and a, we get

0@ (@A) = oW (@, Aar)| < Cln+ 1" [p=pal, |p—pul| < a.
In particular, this yields
%) () — ) (@)| < Cln+1)F |p, — - (3.45)

© 2005 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



Math. Nachr. 278, No. 12-13 (2005) / www.mn-journal.com 1571

By similar arguments one gets that the following estimates are valid for z € [e, T—¢],n,k > 0,and ¢, j,v = 0, 1
C(n+1)%
(k+ 1) (n—kl+1)’
Cérp(n +1)%
(k+1)%(n —k|+1)’

| Prikj ()] <

| Pri,ko(2) — P ()] <

. (3.46)
C¢,(n+1)%
. — : <
|Pn0,kj (z) P,k (z)] < (k+1)%(|n — k| + 1) ) ,
Cfnfk (TL + 1) 0
_ _ < .
| Pro.k0 (%) — Pni,ko(2) — Prok1(2) + Poi ki (z)] < Gt 1)Po(n— k[ +1)
The analogous estimates are also valid for ¢,,; () and ]Bm‘,kj ().
Lemma 3.10 The following relations hold:
A), o o(x,N), P
Pz, \) = oz, \) —|—kZO( (2, )\) W;zix)>ako wro(x) — (el /\)_A,O};;(ll’»am @kl(x))7 (3.47)
(p(x,A), o(z, 1)) (D(z,N), 6(z, 1))
A—p A—p
. _ (3.48)
+Z< (@(z; A), Bro(@)) ro (pro (@), p(@, 1)) (D(;A), i (2)) 1 <s0k1(w),s0(w,u)>) —o.
A — ko Ako — A= Akt Akl —

Both series converge absolutely and uniformly with respect to x € [, T — €], A and p on compact sets.

Proof. 1) Denote N = min,; \,; and take a fixed h > 0.

Let I :={\: |[ImA| < h,ReX > N — h}, and let v := OI be the boundary of I.

Denote I'y = I'n NI, T = I';w \ 'y, vy = 7N int'y. In the A-plane we consider closed contours
YN =N U, 7% = v U T (with counterclockwise circuit). It follows from Egs. (3.30) and (3.19) that for

each fixed z € (0,T), the functions Pj(z, \) are meromorphic in A with simple poles {\,, },>0 and {X"}n>0'
By Cauchy’s integral formula [27, p. 84], a

1 Py (2,8) — 01k . . 0
Pip(z,\) — 01 = 5 [y?\] - ¢, k=1,2, Ae€intvyy. (3.49)
Hence
1 Pip(x,€) 1 / Pyj(z,8) — 01
P A) =01 = — — 2 df — — —_— 3.50
o) o = g | AR o [ BROE Sk (3.50

where Iy is used with counterclockwise circuit. Substituting into Eq. (3.31) we obtain

_ L QZ(I',)\)Pll((E 5) Spl(xa )‘)P12(m75)
o) = BN+ [ - aE +en(, ),
where
L[ @@ N (Pul@,€) 1) + @ (2, M) Pra(a, )
v@A) = ) A—¢ .
By virtue of Eq. (3.32) we have that
ngn en(z,\) =0 (3.51)

uniformly with respect to z € [¢,T — €] and A on compact sets. Taking Eq. (3.30) into account we calculate

ol N) = Bl N) + 5 / (2.0 (@, P (@,6) - (@, )¢ (.€))

+ ) (2 07w 8) - oo, 9B(.6))) 35 +enla ).
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In view of Eq. (3.19), this yields

27i A—&

where M (A) = M) — M (A), since the terms with Sao(x, &) vanish by Cauchy’s theorem. It follows from
Eq. (3.34) that

B = o) + 5 [ DA Ry, €)de + e ), (3.52)

i P, A), Gy (x))an;

Res P02 P00) ey ) = (-1 - Prj () -

§=Akj A=¢

Calculating the integral in Eq. (3.52) by the residue theorem [27, p. 112] and using Eq. (3.51) we arrive at
Eq. (3.47).
2) Since

1 < 11 ) B 1
A—p\A=¢& p—¢§ A=OE -’
we have by Cauchy’s integral formula

ij('xv)‘) _ij(xvu) _ 1 / ij(l‘,f)
2

= — ¢, k,j=1,2, X, pcinty.
N o fo D—gE—pm @ HE i

Acting in the same way as above and using Eqs. (3.32) and (3.33) we obtain

ij('xv)‘) _ij(xvu) _ 1 / ij(l‘,f)
YN (

where limy .o enji(z, A, ) =0, 4,k = 1,n.
From Egs. (3.30) and (3.20) it follows that

{Pll(xa /\)Spl(xv )‘) — Py (JJ, /\)QO(JJ, /\) = (?:(J?, )‘) ) (3.54)
P22(xa )\)QD(SC, )\) - P12(m7 )\)(p'(m7 )‘) = 90(1'7 )‘) )

y(l‘) 4 QO(J), A) ~ (I)(J,‘, A)
P(a,)) ly’@)] = (@), 8, W) Lﬁ’@ A)] = (@) 8N | g, A)] , (355)

for any y(z) € C'[0, 1]. Taking Egs. (3.53) and (3.55) into account, we calculate

P(x,\) — P(x,p) | y(x)
A—p y'(z)

_ 1 o). B(x P@&) | | @) de (3.56)
"), <<y( b )>l @’(%5)1 Wi, ) @’(m,@D 8= n
+enl@ A p),

with limy 00 €% (7, A, ) = 0. According to Eq. (3.29),

Pz, A) | | ez, A)
P(”C’”la(x,m] - Lo'(x,»]'
Therefore,
Pz, A) oz, 1)
det (P(x’/\)[@'(%)\)] ; L”'WWD = (p(z,A), p(z, 1)) -
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Furthermore, using Eq. (3.54) we get

det (P(x,m[&(””’” ] , [z(”“”‘” D — G N (Pur (s 1) 1) — P (s ol 1)

&' (x,\)
— &' (2, \)(Paa(, ) o, 1) — Pra(, 1)’ (2, 1))
(@(x,N), oz, 1)) -

Thus,

det <(P(x, A) — P(z, 1)) [ ’

Consequently, Eq. (3.56) for y(z) = @(x, A) yields

(o, A), p(z, 1)) (p(x; ), oz, 1))
A—u A—p
_ 1 (B, 2), @ (2, €)) (p(@, ), @, 1) (P, N), F, ONB (@, ), o(x, 1)) de
2 ) (A =& —n) A= - n)
+en(@ A p),

with limy _ o E}V(x, A, 1) = 0. By virtue of Egs. (3.19), (3.34) and the residue theorem, we arrive at Eq. (3.48).
O

It follows from the definition of ﬁ7li7kj (@), Prikj (), oni(z) and $y,; (), and from Egs. (3.47) and (3.48) that

)
SEn'L( - @nz + Z ni, kO QOkO( ) - Pn'i,k,l (x)sakl (-73)) 5 (357)
k=0
> ~
Pni,éj (JJ) - nz é] + Z ni, kO PkO é]( ) - Pni,kl (x)Pkl,Ej (JJ)) = 0. (358)
=0

For each fixed « € (0,7), the relation (3.57) can be considered as a system of linear equations with respect to
©ni(x), n > 0,47 =0, 1. But the series in (3.57) converges only “with brackets”. Therefore, it is not convenient
to use (3.57) as a main equation of the inverse problem. Below we will transfer Eq. (3.57) to a linear equation in
a corresponding Banach space of sequences (see Egs. (3.61) or (3.62)).

Let V be a set of indices u = (n,4),n > 0, ¢ = 0, 1. For each fixed « € (0,T"), we define the vector

Yno()

w(m) = [wu(x)]uev = [T/)nl(x)

1 = [¥00, Yo1, Y10, Y11, %20, Y21, ... )"
>0

by the formulae

Yno() = (nf—l)g (¢no(z) — @ur(x)) and o (z) =

et & #0,
= o, €, = 0.

1
m on1(T),

where

We also define the block matrix

Hpoko(x)  Hpoki(x)

Hpko(z)  Hpi g () nk>07

)

H(J)) = [Hu,v(x)]u,ve\/ = l u = (nvi)v v = (k‘,j),
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by the formulae

0o

Hyoko0(7) = Ekxn % (Proko(z) = Priko(2))

(k+1)%
Hpor(z) = Xn CESE) (Pro,k0(2) = Pt ko (@) — Pro g1 (@) + Po1 g (2))

)
Hpiko(z) = & Eii 3 Ppiko(z),
0o

Hmm@w=%{%%Gmm@w4mmmn

Analogously we define ¢(z) and H(z) by replacing in the previous definitions ¢y () by @n; () and Priij(x)
by Py kj(z). It follows from Egs. (3.44)—(3.46) that

v) v . C&
[l @] < Clnt )", Huigy(@)] < =y - (3.59)
Similarly,
(v v o Cf
‘wfu)(x” < C(n+1)", |Hm‘,kj (37)| < m . (3.60)

Let us consider the Banach space m of bounded sequences 5 = [3,]ucy with the norm || ]|, = sup,cy |Bul-

It follows from Egs. (3.43), (3.59) and (3.60) that for each fixed « € (0, T"), the operators E—f—f{f(x) and E—H(x)
(here F is the identity operator), acting from m to m, are linear bounded operators, and

|H @I, |H ) Hé<§g§:m_m+1

Theorem 3.11 For each fixed x € (0,T), the vector \)(x) € m satisfies the equation
U(z) = (E+ H(x))v(x) (3.61)

in the Banach space m. Moreover, the operator E + I;'(x) has a bounded inverse operator, i.e., Eq. (3.61) is
uniquely solvable.

Proof. We rewrite Eq. (3.57) in the form

oo

Pno(2) — Pn1(2) = @no(x) — pni(x Z Pro.ko(7) = Pa1ro(2)) (ero(x) — @r1 (2))

( 20,k0(2) — P go(z) — ﬁno,m(x) + ﬁnl,kl(x))spkl(x)) )

Pn1(r) = @n1(z) + Z 21,k0 () (0ro (2) — @r1 (@) + (Patko(z) — ﬁnl,kl(x))spkl(x)) .
k=0

Taking into account our notations, we obtain

Jni( wnz + Z an kj 1/%3 ) (TL, Z) ’ (kvj) S Vv (362)

which is equivalent to Eq. (3.61). The series in Eq. (3.62) converges absolutely for each fixed z € (0,7).
Similarly, Eq. (3.58) takes the form

Hni,kj(m) — Hp; k] + Zan Zs H@s kj( ) = O; (nvi)v (ka])a (678) € V;
or
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(E+H(z))(E—~H(z)) = E.

Interchanging places for L and Z, we obtain analogously

V(@) = (B~ H(@)(@), (E-H@)(E+H@) = E.
Hence the operator (E +H (m)) ! exists and it is a linear bounded operator. O

Eq. (3.61) is called the main equation of the inverse problem. Solving Eq. (3.61) we find the vector 1)(x), and
consequently, the functions ¢p;(z), n > 0,7 = 0, 1. Since @,;(x) = p(x, \y;) are solutions of Eq. (2.1), we can
construct the potential g(x) by the formula

q(z) = Mni +@ni(@)/onix) (3.63)

or by the formula

Q(x) = A+ 501/('7:7 )\)/(,0(.13, )‘) ) (3.64)

where ¢(z, ) is calculated via Eq. (3.47). Then one can construct the functions S, (x,A), j = 1,2, m = 0,1,
and calculate the coefficients a; and ay by the formulae

28)

3.65
a11(p) (309

ay = 0'20((,0), ag = —< .
A=A,

Thus, we obtain the following algorithm for the solution of the inverse problem.

Algorithm 3.12 Let the numbers {\,, o, }n>0 be given.

(1) Calculate vy, m = 0, 1, via Egs. (3.41) and (3.42). N

(2) Choose L such that Uy, = vy, m = 0,1, and construct 1(z) and H ().

(3) Find ¢(x) by solving Eq. (3.61).

(4) Calculate q(x) via Eq. (3.63) or Eq. (3.64) and find a1 and as via Eq. (3.65).

4 The inverse problem for non-separated boundary conditions
Let us consider the boundary-value problem () for Eq. (2.1) with the following singular boundary conditions

{Wl(y) = 020(y) — a1010(y) +boii(y) = 0,

@.1)
Wa(y) = 021(y) + az011(y) — bowo(y) = 0,

where ¢(x), a1, as and b are real with b # 0. In this section we study the inverse problem for the boundary-value
problem ). We prove the uniqueness theorem and give a constructive procedure for the solution of the inverse
problem. The results obtained here are a generalization of the results from [30] for the classical Sturm-Liouville
operators with the boundary conditions 3’ (0) — a1y(0) + by(T") = ¥'(T) + a2y(T) — by(0) = 0.

The set of eigenvalues {s,, }»>0 of @ coincides with the set of zeros of the entire function

s(A) = det[Wi,(S;0)]k,j=1.2 -
Taking Eqgs. (2.5), (3.2), (3.6), (3.7) and (4.1) into account, we calculate

s(A) = —o21(p) — azo11(p) + b*011(S2) + 2b. (4.2)
Using Eqgs. (3.2), (3.6), (3.11) and (3.12) we obtain

s(A) = 2ip" ¥ (exp(—ipT)[1] — exp(—im(p1o + p11)) exp(ipT)[1]) as |p| — oo, (4.3)

Is(A)] < Cp[" T exp([lm p| T) . 4.4)

Denote
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st(\) = s(A) — 40, 4.5)
PN = (021(¢) + azo11(p) — b*011(52)) /2,
{u()\) = (021() + ason1 () + B2o11 (S)) /2. (4.6
Using Egs. (4.2) and (4.5) we calculate
PN —b = —s(\)/2, p(\)+b = —sT(\)/2, 4.7)
and consequently,
p*(A) = b = s(\)sT(V)/4. (4.8)
Furthermore, it follows from Eq. (4.6) that
{U(A)ﬂ?()\) = 021(p) + az011(p) , 49)
u(N) = p(A) = b2o11(Ss) .

It follows from Egs. (3.2) and (3.7) that

o11()o21(52) — 011(S2)021(p) = 1.
Together with Eq. (4.9) this yields

w?(A) = p*(A) = 0>+ b*y(A\)p(N), (4.10)

where p(\) := 021(S2) + ag011(S2) and y(\) was defined in Subsection 3.4.
Since {2z, }n>0 is the sequence of zeros of (), we infer from Eq. (4.10) that u?(z,,) = p?(2,) — b?, and by
virtue of Eq. (4.8) that

u?(2p) = 5(20)sT(20)/4. 4.11)

Denote w,, := argu(z,) € [0, 27). Then Eq. (4.11) yields

u(zn) = % [5(zn)5+ (2n) |- 4.12)

The inverse problem is formulated as follows:
Inverse problem 4. Given \,, z,, w,, n > 0, and b, construct Q.

Let us prove the following uniqueness theorem for the solution of the Inverse Problem 4.

Theorem 4.1 If s, = S, 2 = Zn, Wn = Wy, foralln >0, and b = 3, then Q = é ie,q(x) =q(x)ae on
(O, T), a; = 51 and as = 52.

Proof. By virtue of Eq. (4.4), the function s(\) is entire in A of order 1/2, and consequently, by Hadamard’s
factorization theorem, s(\) is uniquely determined up to a multiplicative constant by its zeros:

s(\) = A1ﬁ<1—sin).

n=0

YO = Agrﬁ)(l—%>.

Similarly,

The constants vy, v1, A1 and A are uniquely determined with the help of the asymptotics (3.39) and (4.3). Thus,
the functions s(\) and () are uniquely determined by their zeros. Under the assumptions of Theorem 4.1, one
has

Um = Um, m = 0,1, s(A) = 35(A), ~(A) =75(\). (4.13)
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Since b = E, it follows from Eqgs. (4.5), (4.7) and (4.13) that

sT) =57, p(N) = ). (4.14)
Using Eq. (4.12) we obtain u(z,) = u(z,), n > 0. Together with Egs. (4.14) and Eq. (4.9) this yields

Y0(zn) = Fo(zn), n >0, (4.15)
where vo(\) := 011(S2) was defined in Subsection 3.4. It follows from Egs. (3.40), (4.13) and (4.15) that

a? = a° n > 0.
Applying Theorem 3.9 we get ¢(x) = ¢(z) a.e.on (0,T), a1 = a1 and az = as. O

Remark 4.2 The proof of Theorem 4.1 is constructive and it gives us a procedure for constructing the solution
of the Inverse Problem 4.

Remark 4.3 Similar results are valid for all other classes of non-separated singular boundary conditions, in
particular for

WP(y) = afy010(y) + aly020(y) + aiyo11(y) + ajp021(y) = 0,
= a%,010(y) + az011(y) = 0.

3

o
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