SAMPLING THEOREMS ASSOCIATED WITH DIFFERENTIAL
OPERATORS ITERATED FROM LOWER ORDER ONES

M. H. ANNABY, G. FREILING, AND I. A. SOLIMAN

ABSTRACT. In this paper we derive sampling representations for integral trans-
forms, which arise from differential operators of orders greater than one, itera-
tively from sampling series associated with lower order operators. We use the
sampling theorems associated with first and second order differential operators
as basic steps.

1. INTRODUCTION

The classical sampling theorem of Whittaker, Kotel’'nikov and Shannon (WKS)
states that if f(¢) is any element of the Paley-Wiener space PW2, then

(1) 0= 3 f I aec

n—=—oo

Here, PW? is the Hilbert space of all L?(R)— entire functions f which have expo-
nential type w. The convergence of (1.1) is uniform on R and on compact subsets
of C. See e.g. [8, 23, 26, 28].

The connection between sampling theory and eigenvalue problems was first ob-
served by Weiss in his note [27] which is followed by various publications on the
subject as it is seen below. But, to the best we know, Campbell, [9], was the first
to derive (1.1) using the first order eigenvalue problem

(1.2) —iy' =Xy, y(-7) =y(m).

Also, Haddad, Yao and Thomas, [20], derived expansion (1.1) using Green’s func-
tion of the first order problem (1.2). The work of Everitt and Poulkou, [17], provided
a general result in this respect. The papers [9, 14, 15, 16, 18, 24, 29, 33| introduced
sampling theorems associated with second order differential operators. The sam-
pling theory associated with higher order operators is also investigated extensively,

see e.g. [1, 2,7, 32]. The use of Green’s function in sampling theory is studied in
[2, 4, 6, 30]. See also the monographs [21, 31].

The purpose of this paper is to establish sampling theorems associated with
higher order differential operators from those derived using lower order ones. This
idea goes back to Higgins in [22] who established sampling theorems associated
with n-th order problems which are iterates of first order ones. We use below the
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sampling results associated with first and second order eigenvalue problems as basic
steps and then we derive those associated with higher order ones. The next section is
a preliminary section. It contains briefly the mathematical tools used throughout
the paper as well as the basic sampling theorems. Section three is devoted to
deriving sampling theorems associated with n—th order eigenvalue problems which
are iterates of first order ones. A major difference here is that while all eigenvalues
of the basic problem are simple, the eigenvalues of the n—th order problem may be
double. In section four we give sampling representations associated with iterates of
operators defined by general regular second order eigenvalue problems.

2. PRELIMINARIES

Let $ be a Hilbert space and let A : § — $ be a compact self-adjoint opera-
tor. It is known [19, pp.108-114] that A has a denumerable set of real eigenvalues
{1 }72, that tends to 0 as k tend to oo and to each eigenvalue there corresponds a
finite number of orthonormal eigenfunctions. Therefore we can assume that every
eigenvalue is repeated according to its multiplicity and {¢x};2, is a corresponding
set of orthonormal eigenfunctions. Then it is known [19, pp.108-114] that for x € 9,

e x=h+Y (.0) bk hEker A,
k=1

o Az =k (¥, ¢x) O
k=1

The convergence in both series is in the norm of §. For n € Z¥, the operator
A" . $ — § defined by

(2.1) Atz ="t (@, ¢r) d, T € 9.
k

is compact and self adjoint. It has the sequence of eigenvalues {x} }7° ; and the cor-
responding sequence of eigenfunctions {¢x}5° ;. In particular, if § = L?(a,b) and
k(z,€) € L*((a,b) x (a,b)), then the Fredholm integral operator A : L?(a,b) —
L?(a,b) defined by

b
(22) Af@) = [ e Of©d 0 € Plab),
is compact. Moreover, if k(x,&) = k(¢,z), then A is self-adjoint [10, pp.27-28].

Consequently, if {px}32 1, {or}52, are the sequences of eigenvalues and their cor-
responding orthonormal eigenfunctions, then,

b
Af(x) = (/ Ft)or(t) dt) or(x),  f(-) € L*(a,b).
i a

The resolvent kernel, Ry, of k(z,&) is defined to be the unique L?—solution of the
integral equation

b
(2.3) Ri(z,&,\) = k(z,€) + A/ Ri(z,t, \)k(t, &) dt, X # p,
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cf. [10, pp.27-28]. According to the previous discussion, for n € Z™*, the operator
A" : L?(a,b) — L*(a,b) defined by

o b
A f(@) = pp ( / f(tm(t)dt) on(2),  f() € L(ab),
k=1 a

has the sequence of eigenvalues {y]!}72, and the corresponding sequence of eigen-
function {¢y}72 ;. It is not hard to see that A™ is also an integral operator with
the kernel

b
(2.4) kn(z,€) = / kn—1(x,8)k(s,&)ds, ki(z,&) = k(z,§), n > 2.

Before we state the basic sampling results we are using in this paper, we discuss
the relationship between Green’s functions of eigenvalue problems and the resolvent
kernels associated with them. We will prove for the convenience of the reader the
well known fact that they are exactly the same. Consider the eigenvalue problem

(2.5)  Lo(y) : po(2)y™ (z) + pr(2)y" V(@) + ... + pulx)y(z) = Ay, a <z < b,

n

(2.6) Nu(y) =y V(@) +ByyV 0 (0) =0, v=1,....m,
j=1

where the coefficients pi(z), k = 0,1,...,n, have continuous derivatives up to the
order (n— k) inclusive on the interval [a,b] and Ny, N, ..., N,, are linearly indepen-
dent forms in the variables y(a),y(a),...,y™ Y (a),y(b),y'(b),...,y" D (b). Let
L be the operator generated be () and N, (), 1 < v < n. Assume that zero is
not an eigenvalue of (2.5)—(2.6). Let G(z,£) and G(z,£, ) be Green’s functions
associated with L and L — A, I is the identity, respectively, where A is not an
eigenvalue of (2.5)—(2.6) see [25, pp. 28-32]. Let Rg(z,&, A) be the resolvent ker-
nel associated with G(z,£), X is not an eigenvalue of (2.5)—(2.6). We can see that
G(z,&,\) = Rg(x,&, \) because G(x, &, \) satisfies the integral equation (2.3). In-
deed, from the properties of Green’s function, for a fixed £ € [a,b], if A € C is not
an eigenvalue

(2.7) LG(z,&,\) = A\G(z,&, ), LG(z,&) =0.
Thus
(2.8) L{G(z,&, ) — G(x,8)} = AG(x, &, ).

Applying the Fredholm integral operator whose kernel is G(z,&) on both sides of
(2.8) and using [25, Theorem 2, pp. 31-33], we obtain

b
(2'9) G($7§7 )‘) - G(xaf) = )‘/ G(Jﬁ,f, )\)G(.’E,ﬁ)

proving that G(z,&,\) = Ra(z, &, N).
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In the rest of this section we state the basic sampling theorems which we will
employ to derive the new results. These basic theorems include two cases, the first
order case and the regular second order case. We start with the first order setting.
Let £ be the operator generated by the differential expression,

(2.10) O(y) = —iy =Ny, —0o < —0<z<0< o0,

and the boundary condition

(2.11) Uly):= y(—0o)—e“y(o) =0 0 e R,

The domain of £ is the set of all functions which are absolutely continuous and
whose first derivatives are in L?(—o,0) and satisfy (2.11). A fundamental set of
solutions (f.s.) of (2.10) consists of

(2.12) oz, \) = er@+a),

The eigenvalues of (2.10)—(2.11) are the zeros of the characteristic determinant
(CD)

(2.13) AN :=U(p) =1 — o0,

Hence, the eigenvalues and their corresponding eigenfunctions are

9 ,
(2.14) An = o 25 oz, \y) = M@+ ez,
o o

Green’s function of problem (2.10)—(2.11) is given for A # A, by

' ei(A(ﬂc—f))’ —oc<t<z<o,
)

(2.15) G(z,&,N) = e

ei()\(m7€+20)+9)’ —c<z< é‘ < o.

Theorem A. If f(-) € L?(—0,0) and & € [—0,0] is fived, then the transforms,

(2.16) F(\) = 0 f(@)p(z,\)dx; F*(N\) = i F@)ANG(z,&, ) dz, AeC

—0 —0

have the sampling representations,

it _ 6 i(oA+6/2) o by 0/2
= (7 —2) c(A= (5 -3))
Series (2.17) converges absolutely and uniformly on compact subsets of C and uni-

formly on R.
See [1, 6, 7, 9, 17, 30] for proofs, discussions and generalizations.

Now let D be the operator generated by the differential expression,

(2.18) b(y): y'(x) —ple)y(x) = —py, = €la,b], peC,
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and the boundary conditions,

(2.19) Vi(y) := any(a) + azy'(a) + Bry(b) + B2y’ (b) = 0,
(2.20) Va(y) := aziy(a) + ey’ (a) + Bary(b) + B2y’ (b) = 0,
where p(-) is a real-valued continuous function an [a,b] and «;j, B;; € R and
1109 — (X191 = ﬂllﬂQQ — ﬂlgﬂgl and such that ‘/1(), ‘/2() are two linearly

independent forms. The domain of D, Dp, consists of those functions y which
satisfy (2.19)—(2.20), have absolutely continuous first order derivatives on [a,b] and
their second order derivatives lie in L2(a,b). Let ¢i(z, 1) and @g(z, 1) be the f.s.
of (2.18) such that,

wl(avu’) =1 soll (CL,‘LL) = Oa
@a(a,p) =0 ps(a, p) = 1.

Problem (2.18)—(2.20) has a countable set of real eigenvalues {ux}%2,. We may
assume without any loss of generality that all eigenvalues are nonnegative. The
sequence {fu;}72, has oo as the unique limit point, [25]. These eigenvalues py, are
the zeros of the CD

Vipi(z, 1) Vilpz(z, 1))

Va(pr(z, 1)) Va(pz(z, p))

The eigenfunctions corresponding to the eigenvalue p are generated by the two
solutions, ¢(x,p) and x(z,u). Unlike problem (2.10)—(2.11), the eigenvalues of
problem (2.18)—(2.20) may be double. The derivation of the sampling results in
this case depends on the choice of the kernels that generate all eigenfunctions. This
problem is treated in [5, 15, 16]. According to [16] the kernels ¢(z, 1) and x(z, p)
are defined to be

(2.21) Qu) =

1 901(1‘7[/*) %02(3%#)

V)| Va(or(a, ) Valga(a,m) |

1 ‘/vl(@l(xhu)) ‘/1(4,02(33,,“)) C
(223) X(l‘7 /”‘) = Q/(,LL) SOl(x’ M) - (x, u) ) e .

According to [16, p. 219], these functions are entire. Moreover Q'(u) has only
simple zeros at the double zeros eigenvalues of (2.18)—(2.20). In this case ¢(x, p)
and x(z, ) are defined to be

(222)  olw,p)

1 p1(x, 1) pa(z, 1)
224) d(a,p) = |
(2.24) ¢(z, 1) Q" () Vg(%tpl(x,u)) ‘/2(%(,02(1‘,/1))
|| & e ) Vies(@, )
(2.25) x(x,p) := 7 LeC.
() w1(x, 1) NCAD)



6 M. H. ANNABY, G. FREILING, AND I. A. SOLIMAN

If py is an eigenvalue of problem (2.18)-(2.20), then we distinguish between two
cases. If uy is simple, then ¢(x, ur) and x(z, ug) are linearly dependent. When
pr is double, then ¢(x, ug) and x(z, pug) are linearly independent, cf. [15, 16] for
details. Green’s function of problem (2.18)—(2.20) is given by, [25, pp.36-37],

(2.26) H(xz,&p) = Viler)  Vi(ee) Vi(h) |,
2 | alg))  Valgs)  Valh)
o1(x, 1) pa(w, p)
h(z, & p) = -1 ,

where, the positive sign is taken if £ > £ and the negative sign if x < £, and
W(x) = p1(z, p)h(x, n) — i (@, p)p2(, p).

Theorem B. If f(-) € L?*(a,b) and & € [a,b] is fized, then the transforms,
(2.27) P =[x dr, pec
a Q(

F*(w) w)H (z, o, 1)

have the sampling representations,

(228) (2= 5_031 (7)) ooty

and
N Q(u)
2.29 F(n) = F (pn) 777>
(229) ) = 2 ) S
where p, are the eigenvalues of the problem (2.18)—(2.20) and D(u) = % Series

(2.28) converges absolutely and uniformly on compact subsets of C and uniformly
on R.
See [16, 6] for proofs.

In the following we denote by C7[a, b] to the set of all functions y(-) which have
continuous derivatives up to the n—th order inclusive on the interval [a,b] and
w1, ...,w, denote the n—th roots of 1.

3. ITERATIONS FROM FIRST ORDER OPERATORS

This section includes sampling theorems associated with the operator £,, := L™,
where n € Z7T, iterated from those associated with the first order boundary value
problem £. We will derive sampling theorems for integral transforms whose kernels
are either solutions or Green’s function of £,,. The first theorem is similar to that
derived by Higgins in [22]. For this aim we investigate the relationship between L,
L, and the associated sampling from many aspects. We compare the fundamental
solutions, Green’s functions, characteristic determinants and sampling results.
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For ¢ € {f1,£5} and i € N we define the iterated differential expressions ¢
recursively by

Oy) =y, L'(y):=1Ly) and L(y) =071 (Uy)), i€ N

First we consider the first order boundary value problem (2.10)—(2.11) and the
n—th order boundary value problem

(3.1) 0 (y) =My

(32)  Uy) = (e{*l(y)) (—0) — e'® (z{*l(y)) (0)=0, j=12,...,n,
with the associated differential operator
En : Dﬂn — L2(70—7 0)3 Yyr— K?ll(y)

where D, is defined to be the set of all y € C"~'[~a, o] such that y(™~1) is abso-
lutely continuous on [—o,0], £"(y) € L?*(—0,0) and U;(y) =0, =1,...,n.

We know from the previous section how to define powers of compact self-adjoint
operators; for sake of clarity we shall explain that the way we define powers of differ-
ential operators is consistent with the operator theoretic approach. The following
lemma proves the desired consistency. If we assume, without loss of generality, that
zero is not an eigenvalue of £, then the eigenvalue problem Ly = Ay is equivalent
to the Fredholm integral operator,

(33> Yy = /\glyv
(3.4) Gi: L*(~0,0) — L*(~0,0), (Giy)(x):= [ G(z,y(§)ds,

—0

where G(z,€) = G(z,§£,0) and G(x, &, p) is given in (2.15) above.

Lemma 3.1. If A = 0 is not an eigenvalue of L, then the eigenvalue problem
(3.1)=(3.2), or L,y = Ay, is equivalent to the Fredholm integral equation

(3.5) y = AGny,
(3.6) Gn: L*(=0,0) — L*(~=0,0), (Guy) (z) := - Ga(2,6)y(€) dt,
where Gy, (x,&) is defined iteratively by

g
(3.7) G (x,8) := G(z,8)Gm-1(s,&)ds, m=2,...,n.

—0a
Proof. First, we notice that if A = 0 is not an eigenvalue of Ly = Ay, then zero is
not an eigenvalue of £,y = Ay. Since if we let L,y = 0, then L,y = L (L,—1y) = 0.
Thus £,,_1y = 0 since zero is not an eigenvalue of £. Therefore by mathematical
induction y = 0, i.e. A = 0 is not an eigenvalue of £L,,. We will prove the lemma
using mathematical induction. The required is obviously true when n = 1. Now,
assume that the lemma is correct when n = m — 1, m = 2,3,.... We prove the
lemma is true when n = m. First assume that y satisfies (3.5). Then G,y € D,
and
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E’rny - A‘C'mg'my - )\Lm—l (Eg (grn—ly)) - )\Lm—l (gnL—ly) - )\y
where G,,_; is the Fredholm operator whose kernel is G,,—1(z, ).
Conversely let £,y = A\y. Then by the definition of £,,, £,y € L?(—0,0) and

O

Now we derive sampling theorems associated with £,, from those associated with

L. We notice that the fundamental set of solutions of (2.10) consists of one solution,

namely (2.12), while the n-th order one has n linearly independent solutions. The

following lemma indicates how to construct a fundamental set of solutions of (3.1)
from (2.10). Let V := V(w1,...,w,) denote the Vandermonde matrix

1 1 1
w1 wo . Wn,
(3.8) Vi=V(wy,...,wy) =
w?fl wg‘fl s wnt

and let Vj; denote the (n — 1) X (n — 1) matrix that arises from V' by deleting the
j—th row and the k—th column.

Lemma 3.2. Let p := Y/X. There are functions (of \), aji, j,k =1,...,n such
that

n n
(39) Yj (.23, )‘) = Z ajk QO(JT, wkp) = Z Ajk eiwkp(z—ka')’ .] = 17 s
k=1 k=1

is a fundamental set of solutions of (3.1), which satisfies,

(3.10) Y (o N) = 0, k=12, 0.

Proof. By direct computations we can see that

(3.11) or(, A) 1= @, wip) = eP@Ho) =192 . n,

are linearly independent solutions of (3.1). Now, let y;(z,A) be a desired f.s. of
(3.1), which satisfies (3.10). Then there are unique functions a;j such that

(3.12) () =Y ajrer(x,)), 1<jk<n.
k=1

To find these functions we apply the initial conditions (3.10) to (3.12) to get the
system of the form

(313) V(0% I S A
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with

1 1 . 1
@' (=0, wip) ¢'(—ow2p) ... @(=0,wnp)

D (=a,wip) "D (=a,wap) ... @D (=0, wnp)

Equivalently we obtain the system

1 1 PN 1 aj1 5j1
ipw 1pwa e 1pwn, ajo 042

(3.14) . ) . ] J _ J
(ipw1) ™™V (ipwy) =1 (ipw,) D jn djn

Since the determinant of the coefficient matrix does not vanish for A € C, then the
constants a;i are unique and using Cramer’s method we obtain

(3.15) aj = (~1) T (ip)

The eigenvalues of the operator £,, are the zeros of the CD

EER - B
(3.16)  An(\) = det(Uk(y)rshjan = | o TR
Un(y1(£,)\)) Un(yn(xa/\))

Lemma 3.3. The characteristic determinant of (3.1)—(3.2), A, (X), satisfies

V n
(3 7) ( ) jn(n—1)/2 (det(V)) L (wjp)
where ] ]
(—1)71 1 det(V44,) e (=1)71+ det(Vyj,)

n (_1)j2+1wj2 det(vljz) s (_1)j2+nwj2 det(vnjz)

J153250s Jn=1,

AL (et det(Vg,) e (S ep T det (Vi)
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Proof. From (3.9) and (3.2), we have

> anUi(e(a, wip))
nk’:l

Z arpwipUs (01(z, wip))
k=1

> ark(wrp)" T Ui (o1 (x, wip))
k=1

a5, Awj, p))
" wj, a1, A(wj,p))

J1:d2,--Jn=1

= e ] A,

a1,
Wja A1y

Qnj,
Wja Anjy

J1:925--dn=1,
Jp#Jy for l#k;

W;Ln_laljn 1
(=1)7* ! det(V3,)
n (—1)J2+1w]'2 det(Vle)

)Y

J1+325--dn=1,
Jg#dy for l#k

(—1)j"L+1wZ:1 det(V45,)

Wi tay;, Aw;, p))

n—
wjn anjn

M. H. ANNABY, G. FREILING, AND I. A. SOLIMAN

" Ui (¢, wap)
k=1

> anrwrpUs (@, wip))
k=1

Y ank(wrp) T UL (p(x, wip)
k=1

Qnjy A(wjl p))
Wiy An gy A(w]é P))

W' an, Alwj, p))

(71A)j1+n det(anl)
(=1)72t"w,, det(Vy,)

(—1)j"+"w;7n71 det(Vnj,.)

n—1

A2

n(n=1)/2 (det(V))"

Therefore A"z C (M) is a complex constant which is independent of A and doesn’t
equal zero since if it does, then A, ()) is identically zero, implying that all the

complex numbers are eigenvalues of £, which is a contradiction.

O

According to the previous lemma, the eigenvalues of the boundary value problem

(3.1)—(3.2) are

(3.18)

o 20

A = ZZ(klﬂ-—9> , keZ.

If n is odd, then all eigenvalues are simple and the sequence of the eigenfunctions

is generated by,

(3.19)

¢1($7 >‘) = @(x,p).

If n is even, then the multiplicity of the eigenvalues depends on whether % €Z or

not. We will have two cases:
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(1) It g ¢ 7, then all eigenvalues are simple and the sequence of the eigenfunc-
tions is generated by (3.19).

(2) If % = m € Z, then we distinguish between two subcases. If m is even,
then the eigenvalues {A_m . }72, are double and A_m = 0 is a simple
eigenvalue if A = 0 is an eigenvalue of £, while if m is odd, then the
eigenvalues {A _ mi1y w17e, are double. The sequence of the eigenfunctions,
when Ay is double, is generated by

(3‘20) ¢1($, /\) = QP(«T,P), P2(z,A) := <p(:1c, _p)‘

Summarizing we obtain a sampling result associated with eigenvalue problem
(3.1)-(3.2).

Theorem 3.4. If p:= VX and f(-) € L*(—0,0), then the transform

[ea

(3.21) BN = [ f@)e(zp)de, AeC

—0

has the sampling representation

kr 0 Pt/ sin(op + 6/2)
(3.22) FO)=SF ( _ ) : ,
W= T %) T =)

where the convergence is uniform on R and on compact subsets of C.

Proof. From (2.16) and (3.21) we notice that,

B = [ f@)etep)dz = F(p).

Hence the assertion of the theorem follows from Theorem A, this can be accom-
plished by direct substitution. (Il

Similar to the proof of this theorem, we can derive the sampling expansion

kr 0 e=ort0sin (—op + 6)
. BN =-) F|—->— ’
(3.23) () ;Z (0 20) a(p+ (k- 2))

for the transform
(3.24) Fy(\) = f(@)p(z,—p)dx, XeC.

Next, we derive a sampling theorem associated with Green’s function of L,y =
Ay iteratively from that of Theorem A above. Below are two results concerning this
task. The first gives Green’s function of (3.1)—(3.2) in terms of G(z,§, A) given in
(2.15) above. The second is the desired sampling theorem.

Lemma 3.5. Green’s function of (3.1)—(3.2) is given by,

"L (—1)- 1det Vlj)
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Proof. As is mentioned before, Green’s function is the unique solution of (2.3).
To seek this solution, let G, (z,&,\) = >, ¢;G(x, &, w;jp) for some constants c¢;,

7j=1
j=1,...,n . Then, by mathematical induction,
(3.26)
o n—1 n
A Gl t, NG (t,€) dt = Gr(w,6,0) = > > e (pwi)" ™ Gy (,6),
- j=1k=1

where Gj(z,€), j = 1,...,n are given in (3.7) above. Since G, (z,,\) is the re-
solvent kernel of G,,(z, &), then it satisfies (2.3), and the right-hand-side of (3.26)
should be G, (z,&,\) — G, (x,&). We seek suitable constants c;; such ¢;’s are solu-
tions of the system

1 _ 1
wiTh o wh 1 c1 T
w?iQ . wﬁ_2 Co 0
(3.27) . ) . . =
1 . 1 Cn, 0

Solving this system and substituting in G, (x, &, A) we obtain (3.25). These ¢;’s are
unique hence G, (x,&, \) is unique. ([l

The following theorem gives the sampling associated with Green’s function of
the boundary value problem (3.1)—(3.2).

Theorem 3.6. If p:= VX and & € [—0, 0] is fired, then the transform,

(3.28)
FiN = [ F@)An NG, &0, \) da

n (=1)771V det(Vi) ITi=: Alwrp)

-2 pr—1in(n—1)/2 (det(VJ))”+1 /_ J(@)Alw;p)C( 8o, wip) o, A € C

j=1

has the sampling representation,

(3.29)

>y (2-4) (1)7V det(Vi,) [T, eo 0/ sin(owip + 6/2)
o pn—lz‘n(n—l)/Q (det(v))7z+1 o ((»Ukp _ (H _ i))

k=1j€Z o 20

Proof. From (3.28) and (2.16) we notice that,
L eV T A i d
F* = wj x,€0, W5 T
n( ) ; pn 1Zn(n 1)/2 (det( ))n+1 f( ) ( Jp) ( EO _]p)
(17 det(Vig) T Awip)
P 1jn(n—-1)/2 (det( ))"""1

= F*(wj\[\).

Jj=1

Hence we get from Theorem A the assertion of the theorem . O
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4. TTERATIONS FROM REGULAR SECOND ORDER OPERATORS

This section includes sampling theorems associated with the operator D,, := D",
where n € Z¥, iterated from the second order operator D. We will derive sampling
theorems for integral transforms whose kernels are either the solutions or Green’s
functions of D,,. For this aim we investigate the relationship between D, D,, and the
associated sampling from many aspects. We compare the fundamental solutions,
characteristic determinants and sampling results.

Consider the second order boundary value problem (2.18)—(2.20) and the 2n—th
order boundary value problem
(4.1) 63 (y) = ny,

(4.2)Viry = a11(63 " y)(a) + ar(@ " y) (@) + B (7 y) (b) + Bia (¢~ 1y) (b)
(4.3)Vjay := o1 (" y)(a) + aga (')’ (a) + Bor (" y) (b) + B2 (7 1y) (b)

with the associated differential operator

0,
0

)

D, : l)Dn — L2(a,b), Yyr— Eg(y)’

where Dp,_ is defined to be the set of all y € C?*~V[a,b] such that y>"—1
is absolutely continuous on [a,b], £"(y) € L?(a,b) and Vjx(y) = 0,5 = 1,...,n,
k = 1,2. As in the previous section the following lemma proves in an operator
theoretic language that D,, is exactly D™. Assume that zero is not an eigenvalue
of D. Then the eigenvalue problem Dy = uy is equivalent to the Fredholm integral
operator,

(4.4) y = wHy,
b
(4.5) Hy: L2(a,b) — I2(ab), (M) (x) = / H(x, €)y(€) d.

where H(x,&) = H(x,£,0) and H(x,&, p) is given in (2.26) above.

Lemma 4.1. If 4 = 0 is not an eigenvalue of D, then the eigenvalue problem
(4.1)—(4.3) is equivalent to the Fredholm integral equation

(4'6) y = wWHyy,
b
(4.7) Hy : L2 (a,b) — L*(a,b), (Hny)(z):= / H,(z,&)y(€) de,

where H,(x,£) is defined iteratively by
b
(4.8)  Hp(z,€) := / H(z,8)Hp-1(s,&)ds, m=2,...,n, Hi(x,§) = H(x,¢§).
a
Proof. Similar to that of Lemma 3.1. O

Now we derive sampling theorems associated with D,, from those associated with
D. We notice that the fundamental set of solutions of (2.18) consists of two linearly
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independent solutions, namely (2.22), while the n-th iterative one has 2n linearly in-
dependent solutions. The following lemma indicates how to construct a fundamen-
tal set of solutions of (4.1) from (2.18). For simplicity, let c;x, := (—=1)7** (i + Bjk)
and let W := W(wy,...,w,) denote the matrix

(4.9)
C22 ce C22 C12 ce C12
C21 e C21 C11 PN C11
w1C22 . Wn, C22 w112 . WnC12
— _ wic RN wnC wic N wnC
W = W(w17.”7wn)_ 1€21 nC21 1€11 ntl1
n—1 —1 n—1 —1
wi Tc2 ... W) Cp w] Cl2 ... W, Ci2
n—1 -1 n—1 —1
%1 C21 e w;‘ C21 Wy C11 e w;‘ C11

Let also W denote the (n — 1) x (n — 1) matrix that arises from W by deleting
the j—th row and the k—th column.

Lemma 4.2. Let n:= /u. There are functions of p, ajk, bk, j=1,...,2n, k =
1,...,n, such that

(410) y](‘r?u) = Zajk ¢($,Wk77) + b]k X(xawkn)a ja = 15 27 e 5277’7
k=1

is a fundamental set of solutions of (4.1), which satisfies,

(411) yj('kil)(a?/’[’) = Ojk j7k =12,....2n,

Proof. By direct computations we can see that

(4.12) o1z, 1) := oz, win),  dop(z,p) = x(z,wkn), k=1,2,...,n,

are linearly independent solutions of (4.1). Now, let y;(z, 1) be the desired f.s. of
(4.1), which satisfies (4.11). Then there are unique functions a;z, and bj;j such that

(4.13)  yj(z,pn) = Zajk O, 1) + bji por(z, 1), 1<5<2n,1<k<n.
=1

To find these constants we apply the initial conditions (4.11) to (4.13) to get the
System

aﬂ 5]'1
a; 0;
4.14 M I = BT
@149 Yo 0jn+1
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with
b11(a, 1) dinla, 1) P21 (a, p) Ban(a, p)
/11(0’3 ,lL) lln(a7 .u“) (25/21((1, /u‘) ¢l2n(a7 ,LL)
My = : . : : . :
E R ) B s AT IS s [ ) R e ()

Obviously, this system has a unique solution, since the determinant of the coeffi-
cients does not vanish for any p € C. However, the computation of the solution
of this system will depend on whether p is a simple or a double eigenvalue. If all
eigenvalues of (2.18)—(2.20) are simple, then Q'(u) # 0 for p € C. In this case
system (4.14) is nothing but

a]l (Sj)l
a; 0.
(415) M2 jn — 7,n
bj1 0jn+1
b]n §j,2n
with
C22 C22 Cclo C1o
(1) . (1) (0 . am)
Cco1 Cco1 11 !
i) 2 (u) 2 (n) 2 (1)
Nw1ca2 NWn C22 nw1cio NWwn €12
vl (1) () V()
nwica1 Nwn C21 Nw1C11 Nwncit
M2 = Q' () Q' (n) Q (1) (n)
(nw)" "o (nwn)""teza  (nwi))"tein (nwn )" eia
vln) ¥ (n) () M)
(nw1)™ teor (nwn)" " teay (nw1)" enn (nwn)™ Yerr
Q' (w) Q' () Q' () Q)

Solving this system we obtain

(4.16)

i —j+1det(W; g
i = (=170 () e

bjk = (—1)THRH2n (/Y (p)) ~3 1 St retn)

)

where 1 < j,k < n, u € C and W, is defined above. If 19 is a double eigenvalue,
i.e. (o) = 0, then the system (4.14) is equivalent to

(4.17) M;

aj1 dj1
Qjn 5_'/',n

bj1 0jnt1

bjn 0j.2n
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with
_C22 _C22 _Ci12 _C12
Q7 () T Q) Q7 () T Q7 ()
_C21 _C21 _C11 _C11
Q' (1) T Q7 () Q"7 () T Q7 (1)
nwica2 NWn C22 nwiciz NwWnC12
Q" (1) T Q" (1) Q7 () T Q" (1)
Nwic21 NWnC21 nwicii NwWnCi1
Ms; = Q7 () T Q7 () Q" () T V()
no1 no1 no1 o1
(mw1)™™ "ca2 (mwn)"” "coa (qw1))" " "cio (nwn))" " "c12
QII(E% M Q/I(H% Ql’(ﬁ% . Q//(E:)L
(nw1)™ ™ “ca1 (mwn)" ™ "co1 (nw1)™ ™ "c1n1 (nwn)™ "c11
Q7 (1) T Q7 () Q7 () T Q7 (1)

Solving this system we obtain

j —j+1det(W;,
aj = (=1)7+E (/" () ~7+1 ZZ‘t(W;%

(4.18) , | det W)
bje = (—1)7HR 420 (/" ()~ S n),

where 1 < j,k <mn, upeC

The eigenvalues of the operator D,, are the zeros of CD

gl (y1(z, 1)) “;1 (Y2n(z, 1))
(4.19) Qi | 2O ) e )
Vayi(z, 1) oo Van(yan(z, 1))

Lemma 4.3. The characteristic determinant of (4.1)—(4.3), Q, (), satisfies

W- n
(4.20) (1) = = | [ P (wsim),
(det(W)) ]1;[1 J
where
(—1)l1+1 det(WLll) - (—1)l1+2" det(Wgn,h)
(—1)l2+1w12 det(Wl,lg) L. (—1)12+2"wl2 det(Wgn’lQ)

W= Z (—1)1‘""’1%7;71 det(W1,,,) . (—1)1"_'*‘2”%73:1 det(Way, 1,,)

i | (DI det(W g gn) o (1P det(Wan i 4n)

(=)Wt det (W jn)  -on (1) T30 det(Wan, j, 1n)

Notice that W # 0 if () £ 0 . If Q' (1) = 0, then Qn(pg) = 0.
Proof. From (4.10) and (4.2)—(4.3), we have, where Q'(u) # 0,

Qn(p) =




SAMPLING BY ITERATIONS

Z a1k Vi(é(x, wrn))
k=1

Z a1 pwrnVi(o(z, win))
k=1

> ankwrn)" T Vi(g(x, wim))
k=1

Z b1k Va(x (@, win))

k=1

> bugwrnVa(x(e, wkn))
k=1

D buglwrn)" Val(x(@, win)
k=1

Z a2n,kvi ((725(1’, wkn))
k=1
Z azn ke Vi (o(x, win))
k=1
Z agn k(i) Vi (o2, win))
k=1
> baniVa(x(a,win))
k=1
Z b2n,kwkn‘/2 (X(xv wkn))

k=1

D bon i (win)" " Va(x(, win)
k=1

n
= 3 L0 Y1, (g, )
H Q(wj;n)

b1 ,j,w

lel Q' (wjiyn)

Q(ng 7])

01,52 Wiz (s

n—1 Qw;,n)
jn Q/(wjn ?’])

Q(wi;m) Q(wiyn)
a1, Q/S(;len) : A2n, 1, Q/S(;Elln) :
Wiy N Wi M
41,1, Wi, Q/(WIQ n) @2n,1, Wi, Q/(le n)
n—1 (w1, M) n—1 Qwi,n)

@2n.ln 9L, O (@, m)
b . Q(‘*’Jl n)
2n,j1 Q’gznn) )
ban.32%ia (o)

o n—1Qw;,m)
b2n,jntj, Q(wjp,n)

17

Substituting from (4.16) we obtain (4.20) where W doesn’t equal to zero since if
it does, then €, (u) is identically zero implying that all the complex numbers are
eigenvalues of D,, which is a contradiction. If Q'(ug) = 0, i.e. po is a double
eigenvalue, then we can see that also Q,(u§) = 0. (]

According to the previous lemma, the eigenvalues of the boundary value problem
(4.1)—(4.3) are

(4.21) e =pp, k=1,...,00.

Since the eigenvalues puy, of the boundary value problem (2.18)—(2.20) are positive
and have at most double multiplicity, then each eigenvalue ji; has the same mul-
tiplicity as pg, thus all the eigenvalues of D,, are at most of double multiplicity
and the sequence of the eigenfunctions could be shown to be generated by the two
functions
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(4.22) Dy (x,p) = d(,m),  Polw, p) = x(x,m).
Indeed, ®1(x, 1), Po(x, p) satisfy (4.1) and (4.2)—(4.3).

Now we derive the sampling result associated with the eigenvalue problem (4.1)—
(4.3).

Theorem 4.4. If f(-) € L?(a,b), then the transforms,

(4.23) ( 2% > :/bf(x)< ilg ; ) dr, neC
have the sampling representatz'on:,
2y (26))- i (7)) a=mimm

where the convergence is uniform on R and on compact subsets of C.

Proof. From (4.23) and (2.27) we notice that,

(B )= [ s (o ya=( F0)).

Hence, using Theorem B, the theorem is proved by direct substitution. ([l

Now, we derive a sampling theorem associated with Green’s function of D,y = uy
iteratively from that of Theorem B above. Below are two results concerning this
task. The first gives Green’s function of (4.1)—(4.3) in terms of H(z,§, i) given in
(2.26) above. The second is the desired sampling theorem. The proofs are omitted
since they are similar to those of the previous section.

Lemma 4.5. Green’s function of (4.1)—(4.3) is given by,

n

(4.25) Z = 1di(zt(v)1]) H(z, & w;in).

j=1
Theorem 4.6. If n:= /i and & € [a,b] is fived, then the transform,

(4.26)
Frr(p / f(z H,(z,&o,p)dx

n ( )j 1WHI 1me
T L T det(V) (det

/ F(@)wsn) H (e, €0, 05m) da, € C
=
has the sampling representation,

ok . ** ( 1)j—1/V‘[7'H":19(w”7)
(20) ) = D D F ™ 4n) ot 7 et (W) oy — o) 0 )

k=1 j€Z
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The theory developed above could be extended to

e Non self adjoint problems with strongly regular boundary conditions.

e Singular Sturm-Liouville problems with limit-circle and limit-points singu-
larities.

e The derivation of a sampling theorem associated with a differential oper-
ator which is a product of two differential operators from the sampling
theorems associated with each of them. The situation here will be more
complicated because the product of the operators does not always preserve
self adjointness.
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