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ABSTRACT. Sampling expansions are derived associated with arbitrary Birkhoff-regular
boundary value problems including problems with multiple eigenvalues. As a kernel of the
sampled transforms, the Green’s function multiplied by the characteristic determinant,
is used. The sampling expansions obtained are Hermite-type interpolation series. An
example illustrating the obtained results is given.

1. INTRODUCTION

One of the approaches for deriving sampling theorems is connected with the application
of Kramer’s lemma [17] or its biorthogonal generalization given by Higgins in [14]. The
later deals with the derivation of sampling representations for two dual transforms whose
kernels generate biorthogonal bases. In other words, let I C R be a bounded interval and
K(-,\), K*(-,A) : I x C — C be L*(I)—functions for all A € C. Suppose that there are se-
quences { A tren, {A\jtren C C such that {K (-, \) }ren is a basis of L?(I) and {K* (-, \}) tken
is the biorthogonal one. Set

Vg 1= /K(x,)\k) K*(z,\}) dx.
I
Then the integral transform

f) :/g(I)K(x,A)dx, NeC, ge L*(I)

I
has the following sampling representation
oo 1 -
(11) OV =Y FO0 S, SN = - [ Ko ) B de,
k=1 I

Dually the transform
fr\) = /g(x)K*(x,)\) de, N€C, ge L*1I)
I

has the expansion
(12) PO = FOOSIN, S0 = o= [ K@) Kl de,
k=1 kJ1

Moreover, the series in (1.1) and (1.2) converge uniformly on any subset of C on which
1K (-, M2y and [[K*(-, A)|| 2 (1) are bounded, respectively.

It is known that the examples of such kernels, K (-, ), K*(-;\), can sometimes be derived as

solutions of an ordinary differential equation depending on a spectral parameter A and of its

adjoint one. In this case the points A, k € N, are chosen to be the eigenvalues of the corre-

sponding boundary value problem (BVP) and \;, = i are those of the adjoint problem, and
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{K (-, M) yren, {K*(-, M) }ren are biorthogonal bases of the corresponding eigenfunctions (see
e.g. [2,3,4,5,8,10,12, 15, 24, 25, 26]). Moreover, there is also a possibility to construct these
kernels using Green’s function of the BVP. In both cases the sampling representations (1.1),
(1.2) turn out to be Lagrange interpolation series. However, this approach imposes rather
strong requirements on the BVP’s used. In particular, even for a selfadjoint BVP there may
be no solution K (-, A) of the corresponding differential equation that gives a complete system
of eigenfunctions while A varies on the spectrum. Furthermore, the system of eigenfunctions
of a non-selfadjoint BVP may, generally speaking, form no basis even in its closed linear hull.
For such cases Kramer’s lemma cannot give any sampling expansions.

In the present paper we use another approach of deriving sampling representations associated
with BVP’s. This approach is connected with the analytical nature of solutions of differential
equations with a spectral parameter and appears to be more natural for BVP’s. It does not
require neither basisness of eigenfunctions nor even their completeness. The single requirement
on the BVP considered is that it is Birkhoff-regular. As a kernel of the sampled transforms we
use the Green’s function multiplied by the characteristic determinant, which gives a more rich
variety of such kernels. We note that the use of the Green’s function in the sampling theory
can also be found in [1, 3, 5, 6, 13] and other papers. In the following section we remind
necessary properties of the Green’s function and of Birkhoff-regular BVP’s. In Section 3 we
obtain sampling expansions of Hermite-type and give an example illustrating the obtained
results.

2. GREEN’S FUNCTION

In the following we consider the BVP consisting of the differential equation
n—2
(2.1) Uy) ="y ™+ pi(a)y?) =y =i p"y, 0<z <1,
§=0

and the boundary conditions

(22) Uv(y) = VO(y) + Uul(y) =0, v
where p;(-) € L(0,1) and

I
_

ky,—1 k,—1
Unoly) = g™ (0) + Y auy(0),  Uialy) = By™ (1) + Y By (1).
j=0 j=0

Without any loss of generality we assume that the boundary conditions are normalized, i.e.
n—1>ki >ke>...>kn, k,>koio, laj|+]|5;/>0, j=T1n.

We remind that boundary conditions (2.2) are called regular (or, more precisely, Birkhoff-
reqular) [7, 20, 22, 23], if certain determinants 6y, 61 for odd n and 0_,, 6; for even n do not
vanish. We note, that 6y, 61, 6_; and consequently the regularity of (2.2) depend only on the
coefficients cy,, 8, of the leading derivatives in the conditions (2.2) and not on «,;, 8,;. The
conditions (2.2) are called strongly regular, if they are regular and if additionally 3 # 46,6,
for even n. The BVP (2.1), (2.2) is called regular (strongly regular), if its boundary conditions
(2.2) are regular (strongly regular). We mention that in particular according to [11, 19, 21]
all selfadjoint BVP’s of the form (2.1), (2.2) are regular. The adjoint BVP of a (strongly)
regular one is also (strongly) regular (see e.g. [18]). It is known, that the system of eigen-
and associated functions (e.a.f.’s) of a regular BVP is complete in L3(0,1) (see e.g. [20]).
Moreover, it has been proved by Kesel’'man [16] and Mikhailov [18] that e.a.f.’s of a strongly
regular BVP form an unconditional basis of Ly(0,1).
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It is assumed in the sequel that the BVP (2.1), (2.2) is regular. Let y1(-, A), ..., yn(:, A) be
the fundamental system of solutions of the differential equation (2.1) satisfying the following
initial conditions

y 0N =6, Gk =T,m.
Then for every fixed z € [0, 1] the functions y1(x, A), ..., yn(x, A) are entire with respect to A
and the eigenvalues {\r}ren (|Ak| < [Aeg1], Ak # Aj for k # j) of (2.1), (2.2) are the zeros of
the characteristic determinant

A(X) = det [|U;(yr)

Jk=1n>

which is also an entire function. Moreover, one can split all eigenvalues (counted with multi-
plicities) into two sequences {A}, bren, {A} }ren with the following asymptotics (see [20]):

= (2km)" (1 +A%+O( ) X = (=2 (1 *A?”Jro(ka»

where for the strongly regular case o = 2, otherwise generally speaking o = 5. We also note
that for the strongly regular case almost all (i.e. all except some finite number) eigenvalues
are algebraically simple, otherwise almost all of them have algebraic multiplicity m,(Ag) < 2.
The geometric multiplicity of A\; (i.e. the number of linearly independent eigenfunctions
corresponding to \y) is denoted by mg(Ax).

If A is not an eigenvalue of (2.1), (2.2), then for any function f € Ly(0,1) the solution of the
BVP 4(y) =Xy + f, U,(y) =0, v =1,n, has the form

1
r) = / Gla. e NF(E)dE, 0< <1,

where G(z, £, A) is Green’s function of (2.1), (2.2).
Let us fix an arbitrary & € [0, 1] and consider the function

(2.3) P, A) = AA)G(x, €0, A).-

After removing the singularities the function ¢(z, A) is entire with respect to A for every fixed
x € ]0,1]. Consider the set F of linear transformations F(\) of the form

(2.4) F(\) :/0 f@)e(x,A)dx, f(z) € Ls(0,1).

Our goal is to derive sampling representations for functions from F. The classical sampling
theorem corresponds to the case n =1 (see e.g. [13, 14]). For definiteness let n > 1.
Let pj = A. The following assertion is valid (see [20]).

Lemma 2.1. Fiz 6 > 0. In the domain Cs := {\: |p — pi| > d,k € N} the estimate

holds.

Using the contour integral method and taking into account Lemma 2.1 together with the
analytical nature of Green’s function [20] one can prove the subsequent known result.

Lemma 2.2. The following representation holds (for A # A)

oo Mg(Ar) My mp;+1—v

(2.5) 555 A) Z Z Z O — /\k Z zlaj,lfl(g)yk,j,mkjﬁLlfufl(m),

kl]lvl =1
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where
Yk,5,05 Yk,j, 15 -+ 5 Yk, jomp;—1, Jj= ng()\k),

is an arbitrary canonical system of e.a.f.’s corresponding to the eigenvalue Ay, and
2k,j,05 Rk,j, 1y + 5 Rk,jmy;—1, Jj= 17mg(/\k)a

is an appropriately normalized one of the adjoint BVP corresponding to the eigenvalue .
The series in (2.5) and all its termwise derivatives with respect to X converge uniformly for
x,& €[0,1] and for A on bounded subsets B C C, i.e. for all p € NU {0}

) mg(Ag) My myj+1—v
sup ‘ 2k, 1—1 f Yk,jomp;+1—v—1\T —’O7
et Zm,, Z Z o Ak ; =1 €)Yk gy 1-v—1 ()
as N — oo.

Remark 2.3. The value my;, appearing in Lemma 2.2, is called the multiplicity of the eigen-
function i jo(x) (or zx,j0(z)), moreover,

mgy )\k)

Z Mmg; = Mg )\k)

If the BVP (2.1), (2.2) is selfadjoint, then my(Ax) = mq(Ag) for all £ € N, i.e. my; =1 for
all k, 7 and G(z,&, \) has only simple poles.

Remark 2.4. Denote by S the set of all zeros of the eigenfunctions zj ;o(z) of the adjoint
BVP. Obviously S is at most countable. If mgy(Ag) = 1 for all k£ and & € [0,1] \ S, then
the transformation (2.4) is a bijection from Lo(0,1) to F. For the strongly regular case and
& €10,1]\'S this transformation has an at most finite-dimensional kernel in Ly (0, 1).

3. THE MAIN RESULTS

This section contains two sampling theorems associated with the problem (2.1)—(2.2), which
we assume to be regular. The sampling series obtained are, generally speaking, of Hermite
interpolation type. At the end of the section we give an illustrative example. Let us first show
the idea by assuming that m,(A;) < 2 and consequently mgy(A;) < 2 for all k € N. Denote

Ny :={k: ke N, my(\) =1},
Ny i= (kb €N, ma(h) =2, my(w) = 1,
Ny = {k: keN, ma(h) =2, my(Ae) = 2.

Then our standing assumption means Ny U No U N3 = N. Moreover, (2.5) takes the form

(3.1) Gz, €,)\) = ZZR’”“M

k=1 j=1
where

Ri1(7,6) = 2k1.0(E)yr1.0(x), Rpa(z,€) =0, k € Ny,
Ri1(7,6) = 21,0 )yr11(2) + 251.1(E)yr1.0(2), }

ke N27
Ry 2(2,€) = 21,1,0(©)Y,1.0(2),
Ri1(7,6) = 2k1.0(E)yr1.0(2) + 22,0 Yk 2.0(2), }

k € Ns.
Rk},?(x7€) = Oa
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Theorem 3.1. For any function F(\) of the form (2.4) the following representation holds

(3.2) F(\) = i (F()\k)[(AkA()\) n BirA()N) +F'(A@M),

)2 _ _
2 RSV ERD W JE—y
where )
Ay = By——— - k€ Ny
r =0, E= AW Cr =0, € Ny;
2 20" () 2
A —_— B = - — .
FE A BT s T Ay FET
2
Ap = By — 2 '
k=0, k=0, Ck AW’ k € N3

The series in the right-hand side of (3.2) and all its termwise derivatives converge uniformly
on every bounded subset of C.

Proof. Substituting (2.3) and then (3.1) with & = & into (2.4) we have

(3.3) ZZ,\ /\k /f T) Ry j (v, &) dx

k=1j=1

The series in the right-hand side of (3.3) and all its termwise derivatives converge uniformly
on every bounded subset of C. Let k € Nl, then taking in (3.3) A = A\ we arrive at

1
B0 [ @R o =200 [ R =0, ke,
0 A )\k
Differentiation in (3.3) with respect to A gives
)\ )\k)J —j()\ )\k i= 1A
. kzlzl A= A% / F) B, Co)
J

Further, let k € Ny. For A = A\, formula (3.3) takes the form

" 1
(36) F()\k) = Aé)\k)/o f(QS)Rk’Q(I,&)) dl’, k € Ns.

Taking A = A; in (3.5) we obtain

1 1
A (Ak)/o f(x)Ri1(x, &) dx + /f )Ryo(z, &) de, k€ Ny,

Solving the system of linear algebraic equations (3.6)7 (3.7) we find

2F'(\g)  2A" (M) F(Ag)

f($>Rk,1<x’ 50) dr = I - 1" 2
(3.8) /o A" (Ak) 3(A(Ax)) EeN,.
2F (k)

1
R &o)dx = )
/0 f(@) Ry 2(x, &) d A\
For k € N3 it is obvious that F()\;) = 0. Moreover, formula (3.5) gives

1 /
(3.9) /0 f(@)Riq(z, &) do = 2:7, ) / f(x)Ri2(x,§)dr =0, k€ Ns.

Substituting (3.4), (3.8), (3.9) into (3.3) we arrive at (3.2). O

AIII

(3.7) F'(A) =
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Now let us consider the general case. Denote

my = max  {my;}.
jzl’my(Ak)

Thus, my is the maximal multiplicity of an eigenfunction corresponding to the eigenvalue Ag.

Theorem 3.2. For any function F(\) of the form (2.4) the following representation holds

o0 Mg >\k) 1

(3.10) => D FY0N)Sk0W),

k=1v=mg(Ar)—my

where

mq(Ag)—v
AN
Sk,u()\) = ; Zl Ck,j (A _ Ak)ma()\k)—V-Fl—j 5
j:

and the numbers Cy ;, j = 1,my, can be found from the triangular non-singular system of
linear algebraic equations

AlmaQu)ts=3) (),
A1 = 0s,1, =1,my.
(3 ) Z kj ma )\k S—j). 1 S my

The series in (3.10) and all its termwise derivatives converge uniformly on every bounded
subset of C.

Proof. We note that the formula (3.2) is a particular case of (3.10). Since m,(Ag) < 2 for
almost all k& the formula (3.10) differs from (3.2) in an at most finite number of terms. Hence,
the convergence of the series in (3.10) follows from the proof of Theorem 3.1. Thus, the

function
Mg (>\k

Z Z FY () Sk (N)

k=1 v=ma (M) —ma

is entire and it remains to prove the equality F()\) = F()). We note that

(3.12) FY ) =0, v=0ma\p) —mg— 1,

for those & with my < mg(Ar). Let us show that

(3.13) Sy (Ap) = ubrp. L =0,ma(Ay) — L, v =1mg (M) — g, ma(Me) — L, k,p € N.

Clearly, if p # k, then S,(C{L(Ap) = 0,1 =0,mq(A,) — 1. Hence, it is only to prove (3.13) for
p = k. The lowest power of (A — Ag) in Sy, (A) is v. Thus, for I = 0,v — 1 (3.13) is valid. For
Il =v,mq(A\x) — 1 by differentiation we get

l—v+1 (ma(Ag)+l—v+1—7) A
W\ :25 A M) i<
Sk (M) V! = Ch.s (ma(M\g) +1—v+1—75)V Stovhls My

Hence, using (3.11), we obtain S ()\k) = 0j—y+1,1 = 01, and (3.13) is proved. According to
(3.12), (3.13) the function

is, after removing the singularities, entire with respect to A. Moreover, () is bounded in
Cs and consequently in C. Therefore Liouville’s theorem implies that the function y(\) is
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constant. On the other hand, v(A) — 0 as A — oo. Thus, F(A) = F()) and the theorem is
proved. O

Finally we provide an example illustrating the theorems given above.
Example 5.1. Consider the following regular BVP
(3.14) -y =Xy, O0<z<l, y(0)=y(0)+y(1)=0.
Then we have
sin v Az

\/X )
o 2

AN = ~1—cosVaz = 2] (1 - i) A =22k — 1),
k=1 Ak

yi(x,\) = cos VAz,  ya(z,\) =

Obviously, mq(Ax) = 2, mg(Ax) = 1 for all k£ € N. Hence, Ny = N. It is easy to show (see also
[9]), that the Green’s function of (3.14) has the form

sin v/ Az cos \f)\(l —&) B sin \[\(x —£)

, §=u,
V(L + cos VA) VA ¢
G(z,&N) =
sin vz cos vVA(1 — €)
, &> .
V(L + cos V)
Let us for simplicity choose £y = 1, then
sin vz
z,A) = AMNG(z, 1,\) = —————.
ez, A) = AN)G( ) 5
Besides, it is easy to calculate:
1 3
AH )\ _ = A/N )\ S
M) =g AW =gg
Thus, according to Theorem 3.1, for any function F'(\) of the form
1 .
sin vz
FO) == [ f@™ o fa) € La(o,1)
0 VA
the following representation holds
> 4N+ M) (1 4 cosVN) , 8\ (1 4 cos V)
F(\) = F F 2R TR VA
=3 (FOW=—a 5 F TS )
where A\ = 72(2k — 1)2.
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