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Sturm–Liouville differential operators on compact trees with general matching conditions
in internal vertices are studied. We establish properties of the spectral characteristics and
investigate three inverse problems of recovering the operator either from the so-called Weyl
functions, or from discrete spectral data or from a system of spectra. For these inverse
problems, we prove the corresponding uniqueness theorems and obtain procedures for
constructing their solutions by the method of spectral mappings.
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spectral mappings
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1. Introduction

We study inverse spectral problems for Sturm–Liouville differential operators on
compact graphs without circles (i.e., on trees) with general matching conditions in
internal vertices. The inverse problem consists in recovering the potential of the
Sturm–Liouville operator on a graph from the given spectral characteristics.
Differential operators on graphs (networks, trees) often appear in mathematics,
mechanics, physics, geophysics, physical chemistry, biology, electronics, nanoscale
technology, and other branches of natural sciences and engineering (see [1–15]
and the references therein). In recent years, there has been considerable interest in
spectral theory of Sturm–Liouville equations on graphs (see a good review of such
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publications in [16,17]). Most of the works in this direction are devoted to the so-called
direct problems of studying properties of the spectrum and the root functions. Inverse
spectral problems, because of their nonlinearity, are more difficult for investigating, and
nowadays there are only isolated fragments, not constituting a general picture, in the
inverse problem theory for differential operators on graphs. Some aspects of the inverse
problem theory on graphs were studied in [18–22] and other works, but mostly only
very particular questions are considered there. We mark the important paper [22]
where there was a first attempt to suggest a global formulation of the inverse problem
on compact trees and to give an approach to its solution. But unfortunately the
formulation of the inverse problem in [22] is over-determined (even in the simplest
case of the classical Sturm–Liouville operator on an interval), and the question how
to formulate the inverse problem correctly remains open.

In this article, we provide formulations and the solutions of the inverse problems
for Sturm–Liouville operators on compact trees which are not over-determined and
which are natural generalizations of the well-known inverse problems for the classical
Sturm–Liouville operators on an interval ([23–32]). We introduce spectral
characteristics which uniquely determine the potential on the tree, study their
properties, prove the corresponding uniqueness theorems and provide a constructive
procedure for the solution. First, we study the inverse problem of recovering the
potential on the tree from the so-called Weyl vector which is a generalization
of the Weyl function (m-function) for the classical Sturm–Liouville operator [33].
Then we consider the inverse problem of recovering the potential from a system of
spectra which is a generalization of the classical Borg’s inverse problem for the
Sturm–Liouville operator on an interval. We also consider the inverse problem
on trees from the so-called spectral data which is a generalization of the classical
Marchenko’s inverse problem. For studying these inverse problems on trees, we develop
the ideas of the method of spectral mappings [34]. This method allows one
to solve inverse problems for a wide class of graphs (not only on trees). Since different
classes of graphs require different techniques, for definiteness we confine
ourselves to Sturm–Liouville equations on trees (i.e., on graphs without cycles). Note
that the obtained results are valid not only for the selfadjoint case but also for the
non-selfadjoint one when the potential is a complex-valued function on the tree.
We also note that in the recent paper [35] an inverse problem on a tree is considered
for the particular case of the so-called standard matching conditions.

2. Main notions

Consider a compact, connected tree T in Rm with the root v0, the set of vertices
V ¼ fv0, . . . , vrg and the set of edges E ¼ fe1, . . . , erg. We suppose that the length
of each edge is equal to 1. A vertex is called a boundary vertex if it belongs to only
one edge. Such an edge is called a boundary edge. All other vertices and edges are
called internal. Without loss of generality we assume that v0 is a boundary vertex.

For two points a, b2T we will write a � b if a lies on a unique simple path connecting
the root v0 with b; let jbj stand for the length of this path. We will write a< b if a� b
and a 6¼ b. The relation < defines a partial ordering on T. If a< b, we denote
½a, b� :¼ fz2T : a � z � bg: In particular, if e ¼ ½v,w� is an edge, we call v its initial
point, w its end point and say that e emanates from v and terminates at w. For each

654 G. Freiling and V. Yurko
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internal vertex v, we denote by RðvÞ :¼ fe2E : e ¼ ½v,w�,w2V g the set of
edges emanating from v. For any v2V the number jvj is a nonnegative integer,
which is called the order of v. For e2E its order is defined as the order
of its end point. The number � :¼ maxj¼1, r jvjj is called the height of the tree T.
Let Vð�Þ :¼ fv2V : jvj ¼ �g, � ¼ 0, � be the set of vertices of order �,
and let Eð�Þ :¼ fe2E : e ¼ ½v,w�, v2Vð��1Þ,w2Vð�Þg, � ¼ 1, � be the set of edges
of order �:

Each edge e2E is now parametrized by the parameter x2 ½0, 1�: It is convenient for
us to choose the following parametrization on each edge e ¼ ½v,w� 2 E: we put
zðxÞ ¼ wþ xðv� wÞ 2 e; in particular zð0Þ ¼ w, zð1Þ ¼ v, i.e., x¼ 0 corresponds to the
end point w, and x¼ 1 corresponds to the initial point v of the edge e. This
means that the parametrization of each edge is made in opposite direction to its
orientation. Thus, for each edge e2E there is a bijection from ½0, 1� to e. For definite-
ness, we enumerate the vertices vj as follows: � :¼ fv0, v1, . . . , vpg are the
boundary vertices, vpþ1 2V

ð1Þ, and vj, j > pþ 1 are enumerated in order of
increasing jvjj. We enumerate the edges similarly, namely: ej ¼ ½vjk , vj�, j ¼ 1, r, jk < j:
In particular, E :¼ fe1, . . . , epþ1g is the set of boundary edges, epþ1 ¼ ½v0, vpþ1�:
Clearly, ej 2E

ð�Þ if and only if vj 2V
ð�Þ. As an example see figure 1 where

r ¼ 9, p ¼ 5, � ¼ 4:

3. Sturm–Liouville equation with general matching conditions

An integrable function Y on T may be represented as a vector YðxÞ ¼ ½ yjðxÞ�j2 J,
x2 ½0, 1�, where J :¼ f j : j ¼ 1, rg, and the function yj(x) is defined on the edge ej.
Let q ¼ ½qj�j2 J be an integrable complex-valued function on T which is called the
potential. Consider the Sturm–Liouville equation on T:

�y00j ðxÞ þ qjðxÞyjðxÞ ¼ �yjðxÞ, x2 ½0, 1�, ð1Þ

where j2 J, � is the spectral parameter, the functions yjðxÞ, y
0
jðxÞ are absolutely

continuous on ½0, 1� and satisfy the following matching conditions in each internal
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vertex vk, k ¼ pþ 1, r:

ykð0Þ ¼ akjyjð1Þ for all ej 2RðvkÞ,

y0kð0Þ ¼
X

ej 2RðvkÞ

a1kjy
0
jð1Þ þ a0kjyjð1Þ

� �
ðgeneralized Kirchhoff ’s conditionÞ,

9>=
>; ð2Þ

where akj, a
0
kj, a

1
kj are complex numbers, and akja

1
kj 6¼ 0 for these k, j. Assume that

rk :¼
X

ej 2RðvkÞ

a1kj
akj
6¼ �1, k ¼ pþ 1, r: ð3Þ

Condition (3) is called the regularity condition for matching. Sturm–Liouville operators
on T which do not satisfy the regularity condition for matching (3), possess qualitatively
different properties for the formulation and the investigation of direct and inverse
problems, and are not considered in this article; they require a separate investigation.
We note that if akj ¼ a1kj ¼ 1, a0kj ¼ 0 for all k, j, then the conditions (2) are called the
standard conditions. For standard matching conditions, (3) is obviously satisfied.
Note that in (2) we have 2r� p� 1 conditions. In order to define a boundary value
problem for (1) we need additionally pþ 1 conditions at the boundary vertices vj,
j ¼ 0, p. For this purpose we introduce the following linear forms in the boundary
vertices vj, j2�:

UjsðY Þ :¼
X1
�¼0

h�jsY
ð�Þ
jvj
, s ¼ 0, 1, j ¼ 0, p,

where h�js are complex numbers such that det½h�js�s, �¼0, 1 6¼ 0: Denote by L the boundary
value problem for equation (1) with the matching conditions (2) and with the boundary
conditions Uj0ðY Þ ¼ 0, j ¼ 0, p:We also will consider the boundary value problems Lk,
k ¼ 0, p, for equation (1) with the matching conditions (2) and with the boundary
conditions Uk1ðY Þ ¼ 0,Uj0ðY Þ ¼ 0, j ¼ 0, pnk:

4. Formulations of the inverse problems

Let �kðx, �Þ ¼ ½ kjðx, �Þ�j2 J, k ¼ 0, p, be solutions of equation (1) satisfying (2) and
the boundary conditions

Uj0ð�kÞ ¼ �jk, j ¼ 0, p, ð4Þ

where �jk is the Kronecker symbol. The functions �k are called the Weyl solutions of
(1) with respect to the boundary vertex vk. Denote Mð�Þ ¼ ½Mkð�Þ�k¼1, p, where
Mkð�Þ :¼ Uk1ð�kÞ: The functions Mk(�) are called the Weyl functions, and M(�) is
called the Weyl vector for equation (1).

For definiteness, we will consider the case when Uj0ðY Þ ¼ Y0jvj þ hjYjvj , Uj1ðY Þ ¼ Yjvj ,
i.e., h1j0 ¼ h0j1 ¼ 1, h1j1 ¼ 0, h0j0 ¼ hj. Other cases are treated similarly.

656 G. Freiling and V. Yurko
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Let ’jðx, �Þ,Sjðx, �Þ, j2 J, x2 ½0, 1� be solutions of equation (1) on the edge ej under
the initial conditions ’jð0, �Þ ¼ S0jð0, �Þ ¼ 1, ’0jð0, �Þ ¼ �hj,Sjð0, �Þ ¼ 0: For each
fixed x, the functions ’ð�Þj ðx, �Þ and S

ð�Þ
j ðx, �Þ, � ¼ 0, 1, are entire in � of order 1=2.

Moreover, h’jðx, �Þ,Sjðx, �Þi � 1, where hy, zi :¼ yz0 � y0z is the Wronskian of y
and z. Denote

M1
kjð�Þ ¼  kjð0, �Þ, M0

kjð�Þ ¼  
0
kjð0, �Þ þ hj kjð0, �Þ:

It is easy to check that

 kjðx, �Þ ¼M0
kjð�ÞSjðx, �Þ þM1

kjð�Þ’jðx, �Þ: ð5Þ

In particular, for k ¼ 1, p, we have M1
kkð�Þ ¼Mkð�Þ, M

0
kkð�Þ ¼ 1, M0

kjð�Þ ¼ 0 for
j ¼ 1, pnk, and consequently,

 kkðx, �Þ ¼ Skðx, �Þ þMkð�Þ’kðx, �Þ: ð6Þ

Substituting (5) into (2) and (4) we obtain a linear algebraic system sk with respect to
M0

kjð�Þ,M
1
kjð�Þ: By the well-known method (see, for example, [27,36]), one can show

that the determinant of this system �ð�Þ is an entire function of order 1/2, and that
�ð�Þ is the characteristic function of the boundary value problem L, i.e., the zeros of
�ð�Þ coincide with the eigenvalues f�lgl�0 of the boundary value problem L. Solving
the system sk we get by Cramer’s rule: Ms

kjð�Þ ¼ �s
kjð�Þ=�ð�Þ, s ¼ 0, 1, j ¼ 1, r, where

the determinant �s
kjð�Þ is obtained from �ð�Þ by the replacement of the column

which corresponds to Ms
kjð�Þ by the column of the free terms. In particular,

Mkð�Þ ¼
�kð�Þ

�ð�Þ
, k ¼ 1, p, ð7Þ

where �kð�Þ :¼ �0
kkð�Þ is the characteristic function for the boundary value problem Lk.

The function �k(�) is also entire in � of order 1/2, and its zeros coincide with the
eigenvalues f�lkgl�0 of the boundary value problem Lk.

We note that similarly to the classical Sturm–Liouville operators on an interval, it can
be shown that �l and �lk lie in the strip f� : jIm �j � c1, Re � � c0g for some c0, c1.
It follows from (7) that the Weyl functions Mk(�) are meromorphic in � with the
poles f�lgl�0: If all poles are simple, we introduce also the data S :¼ f�l,�lkgl�0, k¼1, p,
where �lk are the residues of Mk(�) at �l; the data S are called the spectral data for L.

In this article, we study three inverse problems of recovering the potential q ¼ ½qj�j2 J
and the coefficients h ¼ ½hj�j2 J from the following spectral characteristics:

(1) from the Weyl vector M ¼ ½Mk�k¼1, p;
(2) from the system of pþ 1 spectra � :¼ f�l, �lk : l � 0, k ¼ 1, pg;
(3) from the spectral data S.

For each of these inverse problems we provide a constructive procedure for the
solution and prove its uniqueness.

Sturm–Liouville differential operators 657
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We note that the notion of the Weyl vector M is a generalization of the notion of the
Weyl function (m-function) for the classical Sturm–Liouville operator [27,33]. If r¼ 1
(i.e., the tree T is the interval ½0, 1�), then p¼ 1 and the Weyl vector M coincides with
the classical Weyl function. Thus, Inverse problem 1 is a generalization of the classical
inverse problem for Sturm–Liouville operators on an interval from the Weyl function,
and (which is equivalent) from the spectral measure. Inverse problem 2 is a
generalization of the classical Borg’s inverse problem for the Sturm–Liouville operator
on an interval from two spectra. If r¼ 1, then p¼ 1 and Inverse problem 2 coincides
with the classical Borg’s inverse problem from two spectra. Inverse problem 3 is a
generalization of the classical Marchenko’s inverse problem for the Sturm–Liouville
operator on an interval (see [23,27] for details).

5. Properties of the Weyl solutions

Let � ¼ �2, Im � � 0: Denote �:¼ f� : Im � � 0g. It is known [36] that for each fixed
j2 J on the edge ej, there exists a fundamental system of solutions of equation (1)
fej1ðx, �Þ, ej2ðx, �Þg, x2 ½0, 1�, �2�, j�j � �� with the following properties:

(1) the functions e
ð�Þ
js ðx, �Þ, � ¼ 0, 1, are continuous for x2 ½0, 1�, �2�, j�j � ��;

(2) for each x2 ½0, 1�, the functions e
ð�Þ
js ðx, �Þ, � ¼ 0, 1, are analytic with respect to

�2�, j�j � ��;
(3) uniformly for x2 ½0, 1�, the following asymptotical formulae hold

e
ð�Þ
j1 ðx, �Þ ¼ ði�Þ

� expði�xÞ ½1�, e
ð�Þ
j2 ðx, �Þ ¼ ð�i�Þ

� expð�i�xÞ ½1�, �2�, j�j ! 1, ð8Þ

where ½1� ¼ 1þOð��1Þ, � ¼ 0, 1.

Denote �� :¼ f� : arg �2 ½�,�� ��g, � > 0:

LEMMA 1 Let yjðx, �Þ be a solution of equation (1) on the edge ej, and let

y0jð0, �Þ

yjð0, �Þ
¼ ð�i�Þrj½1�, rj 6¼ �1, �2��, j�j ! 1: ð9Þ

Then for � ¼ 0, 1, �2��, j�j!1, uniformly in x2 ½0, 1�,

y
ð�Þ
j ðx, �Þ ¼ Djð�Þ ð�i�Þ

� expð�i�xÞ½1� � ðrj þ 1Þ�1ðrj � 1Þði�Þ� expði�xÞ½1�
� �

, ð10Þ

where Dj(�) does not depend on x.

Proof Using the fundamental system of solutions fej1ðx, �Þ, ej2ðx, �Þg, one gets

yjðx, �Þ ¼ Ajð�Þej1ðx, �Þ þDjð�Þej2ðx, �Þ: ð11Þ

658 G. Freiling and V. Yurko
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It follows from (8) and (11) that

y0jð0, �Þ

yjð0, �Þ
¼ ði�Þ

Ajð�Þ ½1� �Djð�Þ ½1�

Ajð�Þ ½1� þDjð�Þ ½1�
, �2��, j�j ! 1:

Taking (9) into account, we calculate Ajð�Þ ¼ Djð�Þ ðrj þ 1Þ�1ðrj � 1Þ½1�. Substituting
this relation into (11) and using (8), we arrive at (10). g

In the next lemmas, we formulate asymptotic estimates for the Weyl solutions.

LEMMA 2 Let ej 2E
ð�Þ: Then for � ¼ 0, 1, �2��, j�j!1, uniformly in x2 ½0, 1�,

one has

 ð�Þ0j ðx, �Þ ¼ Bjð�Þ expði��Þ ð�i�Þ
��1 expð�i�xÞ½1� � ði�Þ��1dj expði�xÞ½1�

� �
, ð12Þ

where dj¼ 1 for j ¼ 1, p, and dj ¼ ð1þ rjÞ
�1
ð1� rjÞ for j ¼ pþ 1, r: Moreover, for

�2��, j�j!1,

Bjð�Þ ¼ bj½1�, bj 6¼ 0, bpþ1 ¼ 1: ð13Þ

In particular, for �2��, j�j!1,

 ð�Þ0j ðx, �Þ ¼ ð�i�Þ
��1bj expði�ð�� xÞÞ½1�, � ¼ 0, 1, x2 ð0, 1�: ð14Þ

Proof (1) Let j ¼ 1, p: Then  00jð0, �Þ þ hj 0jð0, �Þ ¼ 0, and in view of (5),

 0jðx, �Þ ¼M1
0jð�Þ’jðx, �Þ: ð15Þ

Using (15) and the asymptotics

’ð�Þj ðx, �Þ ¼
1

2
ði�Þ� expði�xÞ½1� þ ð�i�Þ� expð�i�xÞ½1�ð Þ, j�j!1, ð16Þ

we arrive at (12) for j ¼ 1, p:
(2) Let us prove (12) for all other edges by induction with respect to

� ¼ �, � � 1, . . . , 1, where � is the height of the tree T. If � ¼ � (i.e., ej 2E
ð�Þ), then

1 � j � p, and (12) holds according to the previous arguments.
Fix �<�: Suppose that (12) has been proved for all ek 2E

ð�þ1Þ
[ � � � [ E

ð�Þ.
Let ej 2E

ð�Þ. Clearly, if ek 2RðvjÞ, then ek 2E
ð�þ1Þ. Therefore, for each ek 2RðvjÞ,

(12) holds by the induction assumption. In particular, for �2��, j�j!1, ek 2RðvjÞ,

 0kð1, �Þ ¼ Bkð�Þð�i�Þ
�1 expði��Þ½1�,  00kð1, �Þ ¼ Bkð�Þ expði��Þ½1�: ð17Þ

Sturm–Liouville differential operators 659



D
ow

nl
oa

de
d 

B
y:

 [U
ni

ve
rs

ita
et

s 
B

ib
lio

th
ek

] A
t: 

12
:4

6 
18

 S
ep

te
m

be
r 2

00
7 

Using the matching conditions (2), we calculate

 00jð0, �Þ

 0jð0, �Þ
¼

X
ek 2RðvjÞ

a1jk 
0
0kð1, �Þ þ a0jk 0kð1, �Þ

ajk 0kð1, �Þ
:

Together with (17) this yields

 00jð0, �Þ

 0jð0, �Þ
¼ ð�i�Þrj½1�:

By the regularity condition for matching, rj 6¼ �1: Applying Lemma 1, we arrive at (13)
with a certain coefficient Bjð�Þ: Thus, (12) is proved for all edges ej 2E: Furthermore,
it follows from (2) that  0jð0, �Þ ¼ ajk 0kð1, �Þ for all ek 2RðvjÞ, and consequently,
ajkBkð�Þ ¼ 2ðrj þ 1Þ�1Bjð�Þ[1]. Since  00, pþ1ð1, �Þ þ h0 0, pþ1ð1, �Þ ¼ 1, we obtain (13).
Hence (14) is also valid. g

Symmetrically to (12)–(14), one can get the asymptotics for all other Weyl solutions
�k, k ¼ 1, p: In particular, the following assertion is a corollary of Lemma 2.

LEMMA 3 For k ¼ 1, p, � ¼ 0, 1, one has

 ð�Þkkðx, �Þ ¼ ði�Þ
��1 expði�xÞ½1�, Mkð�Þ ¼ ði�Þ

�1
½1�, �2��, j�j!1, x2 ½0, 1Þ: ð18Þ

Let �>0 be sufficiently small and fixed. Denote G� :¼ f� : j�� �lj � �, 8l � 0g,
where �l ¼ �

2
l are the eigenvalues of the boundary value problem L. Using the standard

technique [35] one can show that

j ð�Þkkðx, �Þj � Cj���1 expði�xÞj, jMkð�Þj � Cj�j�1, �2G� \�, x2 ½0, 1�: ð19Þ

6. Auxiliary inverse problem

Fix k ¼ 1, p, and consider the following auxiliary inverse problem on the edge ek, which
is called IP(k).

IP(k). Given Mkð�Þ, construct qkðxÞ, x2 ½0, 1� and hk.

Let us prove the uniqueness of the solution of the inverse problem IP(k), this will
be done as we described in [27]. For this purpose together with T, we consider a tree
~T of the same form but with different ~q and ~h: Everywhere below if a symbol � denotes
an object related to T, then ~� will denote the analogous object related to ~T.

LEMMA 4 If Mkð�Þ ¼ ~Mkð�Þ, then qkðxÞ ¼ ~qkðxÞ a.e. on [0,1], and hk ¼ ~hk: Thus, the
specification of the Weyl function Mk uniquely determines the potential qk on the edge
ek and the coefficient hk.
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Proof We introduce the functions

Pk
1sðx, �Þ ¼ ð�1Þ

s�1 ’kðx, �Þ ~ ð2�sÞkk ðx, �Þ � ~’ð2�sÞk ðx, �Þ kkðx, �Þ
� �

, s ¼ 1, 2: ð20Þ

It follows from (6) that h’kðx, �Þ, kkðx, �Þi�1: Then, by direct calculations we get

’kðx, �Þ ¼ Pk
11ðx, �Þ ~’kðx, �Þ þ Pk

12ðx, �Þ ~’
0
kðx, �Þ: ð21Þ

Using (16) and (18)–(20) we obtain

Pk
1sðx, �Þ ¼ �1s þOð��1Þ, �2��, j�j!1, x2 ð0, 1�, ð22Þ

jPk
1sðx, �Þj � Cj�j1�s, �2G� \�, x2 ½0, 1�: ð23Þ

According to (6) and (20),

Pk
1sðx, �Þ ¼ ð�1Þ

s�1
�
’kðx, �Þ ~S

ð2�sÞ
k ðx, �Þ � Skðx, �Þ ~’

ð2�sÞ
k ðx, �Þ

� �

þ ð ~Mkð�Þ �Mkð�ÞÞ’kðx, �Þ ~’
ð2�sÞ
k ðx, �Þ

�
:

Since Mkð�Þ ¼ ~Mkð�Þ, it follows that for each fixed x, the functions Pk
1sðx, �Þ are entire

in �: Together with (22) and (23) this yields Pk
11ðx, �Þ � 1, Pk

12ðx, �Þ � 0: Substituting
these relations into (21) we get ’kðx, �Þ � ~’kðx, �Þ for all x and �, and consequently,
qkðxÞ ¼ ~qkðxÞ a.e. on ½0, 1�, and hk ¼ ~hk. g

Using the method of spectral mappings [34] for the Sturm–Liouville operator on
the edge ek one can get a constructive procedure for the solution of the local inverse
problem IP(k). Here we only explain ideas briefly; for details and proofs see [27]
or [34]. Take the tree ~T with ~q ¼ 0 and ~h ¼ 0: Then ~’kðx, �Þ ¼ cos �x: Fix k ¼ 1, p:
Denote �0 ¼ minl�0ðRe �l, Re ~�lÞ, and take a fixed c>0 such that jIm �lj, jIm ~�lj < c:
In the �-plane we consider the contour 	 (with counterclockwise circuit) of the form
	 ¼ 	þ [ 	� [ 	 0, where 	� ¼ f� : �Im � ¼ c; Re � � �0g, 	 0 ¼ f� : �� �0 ¼ c expði�Þ,
�2 ð�=2, 3�=2Þg: For each fixed x2 ½0, 1�, the function ’kðx, �Þ is the unique solution
of the following linear integral equation

~’kðx, �Þ ¼ ’kðx, �Þ þ
1

2�i

Z
	

~Dkðx, �,�ÞM̂kð�Þ’kðx,�Þd�, ð24Þ

where ~Dkðx, �,�Þ ¼
R x
0

~’kðt, �Þ ~’kðt,�Þdt, M̂kð�Þ :¼Mkð�Þ � ~Mkð�Þ: The potential qk
on the edge ek can be constructed from the solution of the integral equation (24)
via the formula

qkðxÞ ¼
1

2�i

Z
	

ð’kðx, �Þ ~’kðx, �ÞÞ
0M̂kð�Þd�

Sturm–Liouville differential operators 661
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or by the formula qkðxÞ ¼ �þ ’
00
kðx, �Þ=’kðx, �Þ: Moreover hk ¼ �’

0ð0, �Þ: It is also
possible to construct the potential from the discrete spectral data f�l,�lkgl�0. For this
purpose, we can calculate the contour integral in (24) by the residue theorem and
transform the integral equation (24) to the following linear equation in a space of
bounded sequences (for each fixed x):

~’knsðxÞ ¼ ’knsðxÞ þ
X
l, j

~Plj
knsðxÞ’kljðxÞ, l, n � 0, s, j ¼ 0, 1,

where ’knsðxÞ ¼ ’kðx, �
s
nÞ, ~’knsðxÞ ¼ ~’kðx, �

s
nÞ,

~Plj
knsðxÞ ¼ ð�1Þ

j ~Dkðx, �
s
n, �

j
lÞ�

j
lk, �

0
l ¼ �l,

�1l ¼
~�l, �

0
lk ¼ �lk, �

1
lk ¼ ~�lk; for details see [27].

7. Problem Z(T, v0, a)

Let � ¼ ½ j�j2 J be the solution of equation (1) on T satisfying (2) and the boundary
conditions

�jv0 ¼ a, Uj0ð�Þ ¼ 0, j ¼ 1, p, ð25Þ

where a is a complex number. Denote m1
j ð�Þ ¼  jð0, �Þ, m0

j ð�Þ ¼  
0
jð0, �Þ þ

hj jð0, �Þ, j2 J: Then

 jðx, �Þ ¼ m0
j ð�ÞSjðx, �Þ þm1

j ð�Þ’jðx, �Þ: ð26Þ

Substituting (26) into (2) and (25) we obtain a linear algebraic system with respect
to m0

j ð�Þ, m
1
j ð�Þ, j2 J: The determinant of this system is �0ð�Þ: Solving this system by

Cramer’s rule we find the transition matrix ½m0
j ð�Þ, m

1
j ð�Þ�j2 J for T with respect to v0

and a. The problem of calculating the transition matrix ½m0
j ð�Þ, m

1
j ð�Þ�j2 J by Cramer’s

rule is called Problem ZðT, v0, aÞ: This problem will be used below for describing the
procedure for the solution of the inverse problems.

8. Weyl solutions for internal vertices

Fix vk 2V: Denote T0
k :¼ fz2T : vk < zg, Tk :¼ TnT0

k. Clearly, Tk is a tree with the
root v0: Let �k be the set of boundary vertices of Tk, and let Ek be the set of boundary
edges of Tk. Denote Jk :¼ f j : ej 2Tkg: If Y ¼ ½ yj�j2 J is a function on T, then
fY gk :¼ ½ yj�j2 Jk is a function on Tk.

Fix vk =2� (i.e., k2 fpþ 1, . . . , rg). Let �kðx, �Þ ¼ ½ kjðx, �Þ�j2 Jk be the solution of
equation (1) on Tk satisfying (2) and the boundary conditions Uj0ð�kÞ ¼ �kj, vj 2�k,
where Uk0ðY Þ ¼ Y0jvk þ hkYjvk , and hk is a complex number. The vector �k is the
Weyl solution of (1) on Tk with respect to the vertex vk. Denote by Mkð�Þ :¼
 kkð0, �Þ, k ¼ pþ 1, r the Weyl functions for Tk with respect to vk.
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LEMMA 5 Fix vm =2�: Let ek ¼ ½vm, vk� 2RðvmÞ: Then

�mðx, �Þ ¼
1

Amkð�Þ
�kðx, �Þ

� �
m

, i:e:;  mjðx, �Þ ¼
1

Amkð�Þ
 kjðx, �Þ, j2 Jm, ð27Þ

Mmð�Þ ¼
amk

Amkð�Þ
 kkð1, �Þ, ð28Þ

where

Amkð�Þ ¼
X

ej 2RðvmÞ

a1mj 
0
kjð1, �Þ þ amk hm þ

X
ej 2RðvmÞ

a0mj

amj

0
@

1
A kkð1, �Þ, ð29Þ

and �m,Mm does not depend on k.

Proof Since Uj0ð�kÞ ¼ Uj0ð�mÞ ¼ 0 for j2 Jmnm, we get (27) for some Amkð�Þ:
Using the condition Um0ð�mÞ ¼ 1, we calculate Amkð�Þ ¼  

0
kmð0, �Þ þ hm kmð0, �Þ:

Taking (2) into account we arrive at (29). Furthermore,

Mmð�Þ ¼  mmð0, �Þ ¼
1

Amkð�Þ
 kmð0, �Þ:

Using the matching conditions (2) again, we obtain (28). g

Denote M1
kjð�Þ ¼  kjð0, �Þ, M0

kjð�Þ ¼  
0
kjð0, �Þ þ hj kjð0, �Þ for k ¼ pþ 1, r, j2 Jk.

Then (5) and (6) are valid for k ¼ 1, r, j2 Jk, where Jk¼ J for k ¼ 1, p: In particular,
this yields

 ð�Þkj ð1, �Þ ¼M0
kjð�ÞS

ð�Þ
j ð1, �Þ þM1

kjð�Þ’
ð�Þ
j ð1, �Þ, � ¼ 0, 1, k ¼ 1, r, j2 Jk, ð30Þ

 ð�Þkkð1, �Þ ¼ S
ð�Þ
k ð1, �Þ þMkð�Þ’

ð�Þ
k ð1, �Þ, � ¼ 0, 1, k ¼ 1, r: ð31Þ

9. Solution of Inverse problem 1

Let the Weyl vector Mð�Þ ¼ ½Mkð�Þ�k¼1, p for the tree T be given. The procedure for the
solution of Inverse problem 1 consists in the realization of the so-called A�-procedures
successively for � ¼ �, � � 1, . . . , 1, where � is the height of the tree T. Let us describe
these A�-procedures.

Ar-procedure

(1) For each edge ek 2E
ð�Þ, we solve the local inverse problem IP(k) and find

qkðxÞ, x2 ½0, 1� on the edge ek and hk.
(2) For each ek 2E

ð�Þ, we construct ’kðx, �Þ,Skðx, �Þ, x2 ½0, 1�, and calculate  ð�Þkk ð1, �Þ,
� ¼ 0, 1, by (31).

Sturm–Liouville differential operators 663
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(3) Returning procedure. For each fixed vm 2V
ð��1Þn� and for all ej, ek 2RðvmÞ, j 6¼ k,

we construct Ms
kjð�Þ, s ¼ 0, 1, by the formulae

M0
kjð�Þ ¼ 0, M1

kjð�Þ ¼
amk

amj

 kkð1, �Þ

’jð1, �Þ
, ej, ek 2RðvmÞ, j 6¼ k:

(4) For each fixed vm 2V
ð��1Þ n� we calculate the Weyl function Mm(�) by (28), where

Amkð�Þ and  
0
kjð1, �Þ are constructed via (29) and (30).

Next we carry out A�-procedures for � ¼ 1, � � 1 by induction. Fix
�2 f1, . . . , � � 1g, and suppose that A� , . . . ,A�þ1-procedures have been already carried
out. Let us now carry out the A�-procedure.

Al-procedure. For each vk 2V
ð�Þ, the Weyl functions Mk(�) are given. Indeed,

if vk 2V
ð�Þ \ �, then Mk(�) are given a priori, and if vk 2V

ð�Þn�, then Mk(�) were
calculated on the previous steps according to A� , . . . ,A�þ1-procedures.

(1) For each edge ek 2E
ð�Þ, we solve the local inverse problem IP(k) and find

qkðxÞ, x2 ½0, 1� on the edge ek and hk. If � ¼ 1, then Inverse problem 1 is solved,
and we stop our calculations. If �>1, we go on to the next step.

(2) For each ek 2E
ð�Þ, we construct ’kðx, �Þ,Skðx, �Þ, x2 ½0, 1�, and calculate  ð�Þkk ð1, �Þ,

� ¼ 0, 1, by (31).
(3) Returning procedure. For each fixed vm 2V

ð��1Þ n� and for any fixed
ek, ei 2RðvmÞ, i 6¼ k, we consider the tree T1

i :¼ T0
i [ feig with the root vm. Solving

the problem ZðT1
i , vm, kkð1, �ÞÞ, we calculate the transition matrix

½M0
kjð�Þ,M

1
kjð�Þ� for ej 2T

1
i .

(4) For each fixed vm 2V
ð��1Þn�, we calculate the Weyl function Mm(�) by (28), where

Amkð�Þ and  
0
kjð1, �Þ are constructed via (29) and (30).

Thus, we have obtained the solution of Inverse problem 1 and proved its uniqueness,
i.e., the following assertion holds.

THEOREM 1 The specification of the Weyl vector M uniquely determines the potential
q on T and h. The solution of Inverse problem 1 can be obtained by executing successively
A�,A��1, . . . ,A1-procedures.

10. Solution of Inverse problem 2

Let the system of spectra � :¼ f�l, �lk; l � 0; k ¼ 1, pg be given. The numbers f�lgl�0 and
f�lkgl�0 coincide with the zeros of the characteristic functions �ð�Þ and �kð�Þ,
respectively. These functions are entire in � of order 1/2. By Hadamard’s factorization
theorem [37], the functions �ð�Þ and �k(�) are uniquely determined up to multiplicative
constants by their zeros:

�ð�Þ ¼ C
Y1
l¼0

1�
�

�l

� �
, �kð�Þ ¼ Ck

Y1
l¼0

1�
�

�lk

� �
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(the case when �ð0Þ ¼ 0 or/and �kð0Þ ¼ 0 requires minor modifications). Then, by
virtue of (7),

Mkð�Þ ¼ mk

Y1
l¼0

1�
�

�lk

� �
1�

�

�l

� ��1
, k ¼ 1, p, mk � const: ð32Þ

Using (18), we obtain

mk ¼ lim
j�j!1

ði�Þ�1
Y1
l¼0

1�
�

�l

� �
1�

�

�lk

� ��1
, �2��, k ¼ 1, p: ð33Þ

Thus, using the given spectra �, one can construct uniquely the Weyl vector
Mð�Þ ¼ ½Mkð�Þ�k¼1, p by (32) and (33). In other words, the solution of Inverse problem 2
is reduced to the solution of Inverse problem 1, and the following assertion holds.

THEOREM 2 The specification of the system of spectra � uniquely determines the poten-
tial q on T and h. For constructing the solution of Inverse problem 2, we calculate the Weyl
vector M by (32) and (33), and then construct q and h by solving Inverse problem 1.

11. Solution of Inverse problem 3

Let all poles of M(�) be simple (for example, this is always true in the selfadjoint case),
and let the spectral data S be given. Take positive numbers RN!1 such that for
sufficiently small �>0, the circles j�j ¼ RN lie in G� for all N. Let us show that

Mkð�Þ ¼
X1
l¼0

�lk
�� �l

, ð34Þ

where the series in (34) converges ‘‘with brackets’’:
P1

l¼0 :¼ limN!1

P
j�lj<R2

N
.

Indeed, consider the contour integral

JN, kð�Þ :¼
1

2�i

Z
	N

Mkð�Þ

���
d�, �2 int 	N, ð35Þ

where 	N ¼ f� : j�j ¼ R2
Ng: It follows from (18) and (19) that limN!1 JN, kð�Þ ¼ 0. On

the other hand, calculating the contour integral in (35) by the residue theorem we obtain

JN, kð�Þ ¼ �Mkð�Þ þ
X
j�lj<R2

N

�lk
�� �l

,

and consequently, (34) is valid.
Thus, using the given spectral data S, we can construct uniquely the Weyl vector

Mð�Þ ¼ ½Mkð�Þ�k¼1, p by (34). In other words, the solution of Inverse problem 3 is
reduced to the solution of Inverse problem 1, and the following assertion holds.
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THEOREM 3 The specification of the spectral data S uniquely determines the potential
q on T and h. For constructing the solution of Inverse problem 3, we calculate the Weyl
vector M by (34), and then we construct q and h by solving Inverse problem 1.

Remark In the paper [37], the uniqueness theorem is proved for the inverse problem
of recovering Sturm–Liouville equation (1) from a matrix �ð�Þ ¼ ½�kjð�Þ�k, j¼0, p,
which is called in [38] the Dirichlet-to-Neumann map. This inverse problem is over-
determined: for its unique solvability it is enough to take only a part of the diagonal
of �ð�Þ, namely �kk, k ¼ 1, p: Note that in our notations �kk ¼Mkð�Þ for k ¼ 1, p:

Acknowledgement

This research was supported in part by Grant 04-01-00007 of Russian Foundation for
Basic Research.

References

[1] Montrol, E., 1970, Quantum theory on a network. Journal of Mathematical Physics, 11(2), 635–648.
[2] Faddeev, M.D. and Pavlov, B.S., 1983, Model of free electrons and the scattering problem.

Teoreticheskaya i Matematicheskaya Fizika, 55(2), 257–269 (Russian); English transl. in Theoretical
and Mathematical Physics, 55, 485–492.

[3] Roth, J.-P., 1983, Spectre du laplacien sur un graphe. Comptes Rendus Mathématique. Académie des
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