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Inverse problems for differential operators on
trees with general matching conditions
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Sturm—Liouville differential operators on compact trees with general matching conditions
in internal vertices are studied. We establish properties of the spectral characteristics and
investigate three inverse problems of recovering the operator either from the so-called Weyl
functions, or from discrete spectral data or from a system of spectra. For these inverse
problems, we prove the corresponding uniqueness theorems and obtain procedures for
constructing their solutions by the method of spectral mappings.

Keywords.: Sturm-Liouville equations on graphs; Inverse spectral problems; Method of
spectral mappings

AMS Classifications: 34A55; 34B45; 341L.05; 47E05

1. Introduction

We study inverse spectral problems for Sturm-Liouville differential operators on
compact graphs without circles (i.e., on trees) with general matching conditions in
internal vertices. The inverse problem consists in recovering the potential of the
Sturm-Liouville operator on a graph from the given spectral characteristics.
Differential operators on graphs (networks, trees) often appear in mathematics,
mechanics, physics, geophysics, physical chemistry, biology, electronics, nanoscale
technology, and other branches of natural sciences and engineering (see [1-15]
and the references therein). In recent years, there has been considerable interest in
spectral theory of Sturm-Liouville equations on graphs (see a good review of such
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publications in [16,17]). Most of the works in this direction are devoted to the so-called
direct problems of studying properties of the spectrum and the root functions. Inverse
spectral problems, because of their nonlinearity, are more difficult for investigating, and
nowadays there are only isolated fragments, not constituting a general picture, in the
inverse problem theory for differential operators on graphs. Some aspects of the inverse
problem theory on graphs were studied in [18-22] and other works, but mostly only
very particular questions are considered there. We mark the important paper [22]
where there was a first attempt to suggest a global formulation of the inverse problem
on compact trees and to give an approach to its solution. But unfortunately the
formulation of the inverse problem in [22] is over-determined (even in the simplest
case of the classical Sturm—Liouville operator on an interval), and the question how
to formulate the inverse problem correctly remains open.

In this article, we provide formulations and the solutions of the inverse problems
for Sturm—Liouville operators on compact trees which are not over-determined and
which are natural generalizations of the well-known inverse problems for the classical
Sturm-Liouville operators on an interval ([23-32]). We introduce spectral
characteristics which uniquely determine the potential on the tree, study their
properties, prove the corresponding uniqueness theorems and provide a constructive
procedure for the solution. First, we study the inverse problem of recovering the
potential on the tree from the so-called Weyl vector which is a generalization
of the Weyl function (m-function) for the classical Sturm—Liouville operator [33].
Then we consider the inverse problem of recovering the potential from a system of
spectra which is a generalization of the classical Borg’s inverse problem for the
Sturm—Liouville operator on an interval. We also consider the inverse problem
on trees from the so-called spectral data which is a generalization of the classical
Marchenko’s inverse problem. For studying these inverse problems on trees, we develop
the ideas of the method of spectral mappings [34]. This method allows one
to solve inverse problems for a wide class of graphs (not only on trees). Since different
classes of graphs require different techniques, for definiteness we confine
ourselves to Sturm—Liouville equations on trees (i.e., on graphs without cycles). Note
that the obtained results are valid not only for the selfadjoint case but also for the
non-selfadjoint one when the potential is a complex-valued function on the tree.
We also note that in the recent paper [35] an inverse problem on a tree is considered
for the particular case of the so-called standard matching conditions.

2. Main notions

Consider a compact, connected tree 7 in R™ with the root vy, the set of vertices
V ={v,...,v,} and the set of edges £ ={ei,...,e;}. We suppose that the length
of each edge is equal to 1. A vertex is called a boundary vertex if it belongs to only
one edge. Such an edge is called a boundary edge. All other vertices and edges are
called internal. Without loss of generality we assume that v, is a boundary vertex.
For two points a, b € T we will write a < b if a lies on a unique simple path connecting
the root vy with b; let |b| stand for the length of this path. We will write a < b if a<b
and a#b. The relation < defines a partial ordering on 7. If a < b, we denote
[a,b] :=={zeT: a <z <b}. In particular, if e =[v,w] is an edge, we call v its initial
point, w its end point and say that e emanates from v and terminates at w. For each
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Figure 1.

internal vertex v, we denote by R(v):={ee€f: e=[v,w],welV} the set of
edges emanating from v. For any ve )V the number |v| is a nonnegative integer,
which is called the order of v. For ee& its order is defined as the order
of its end point. The number o := maxi:ﬁlvﬂ is called the height of the tree T.
Let VW:={yeV:|v=u}, w=0,0 be the set of vertices of order pu,
and let EW :={eec& e=[v,wl,veV® D welV®W) =10 be the set of edges
of order u.

Each edge e € £ is now parametrized by the parameter x € [0, 1]. It is convenient for
us to choose the following parametrization on each edge e =[v,w]e&: we put
z(x) = w+ x(v — w) € e; in particular z(0) = w,z(1) = v, i.e., x=0 corresponds to the
end point w, and x=1 corresponds to the initial point v of the edge e. This
means that the parametrization of each edge is made in opposite direction to its
orientation. Thus, for each edge ¢ € £ there is a bijection from [0, 1] to e. For definite-
ness, we enumerate the vertices v; as follows: I':={vy,v,...,v,} are the
boundary vertices, v,ij€ VY, and v;,j>p+1 are enumerated in order of
increasing |v;|. We enumerate the edges similarly, namely: e; = [v;,, v, j = L7, ji <.
In particular, E:={ej,...,ep,11} is the set of boundary edges, e,+1 = [vo, Vp+1]-
Clearly, ej,-eS(“) if and only if vje VW As an example see figure 1 where
r=9,p=5 0=4.

3. Sturm—-Liouville equation with general matching conditions

An integrable function Y on 7 may be represented as a vector Y(x) = [pi(x)];c,
x€[0,1], where J:={j: j=1,r}, and the function y,(x) is defined on the edge e;.
Let ¢ =[gj]jc, be an integrable complex-valued function on 7 which is called the
potential. Consider the Sturm—Liouville equation on 7:

=1/ (0) + g()(x) = Ay(x), x€[0,1], (1)

where jeJ, A is the spectral parameter, the functions yj(x),yi(x) are absolutely
continuous on [0, 1] and satisfy the following matching conditions in each internal
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vertex vi, k=p+ 1,r:

Vk(0) = ay;y;(1)  for all e; € R(vy),
1:(0) = Z (a;lc,y}(l) + agiyj(l)) (generalized Kirchhoff’s condition), (@)

ej € R(vy)
where ay;, agj, a}cj are complex numbers, and akja}cj # 0 for these k, j. Assume that

1
a; —_
o = Z K1, k=p+Lr (3)

an
ere Rv) “H

Condition (3) is called the regularity condition for matching. Sturm—Liouville operators
on T which do not satisfy the regularity condition for matching (3), possess qualitatively
different properties for the formulation and the investigation of direct and inverse
problems, and are not considered in this article; they require a separate investigation.
We note that if a;; = ak] =1 ak =0 for all k,j, then the conditions (2) are called the
standard conditions. For standard matching conditions, (3) is obviously satisfied.
Note that in (2) we have 2r — p — 1 conditions. In order to define a boundary value
problem for (1) we need additionally p+1 conditions at the boundary vertices v;,
j=0,p. For this purpose we introduce the following linear forms in the boundary
vertices v;, je T

[v; >

lfjx(Y):Zh”W) s=0,1,j=0,p,

where A are complex numbers such that det[A;]; o ; # 0. Denote by L the boundary
value problem for equation (1) with the matching conditions (2) and with the boundary
conditions Uy(Y) =0, j = 0, p. We also will consider the boundary value problems Ly,
k =0,p, for equation (1) with the matching conditions (2) and with the boundary

conditions U (Y) =0, Ujp(Y) =0, j=0,p\k.

4. Formulations of the inverse problems

Let Wi(x,A) = [Yi(x,M)];c ;. k=0,p, be solutions of equation (1) satisfying (2) and
the boundary conditions

U/O(qjk) = Ojk> ] = 0,I7> (4)

where 8 is the Kronecker symbol. The functions W, are called the Weyl solutions of
(1) with respect to the boundary vertex vi. Denote M(A) =[My(})] _, where
Mi(A) := U (V). The functions My()) are called the Weyl functions, andj7 M%) is
called the Weyl vector for equation (1).

For definiteness, we will consider the case when Ujp(Y) = y T hi Yy, Un(Y) =Y,
ie, hy=h =1,k =0,hy=h. Other cases are treated similarly.
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Let ¢;(x, 1), Sj(x,A), jeJ,x€[0,1] be solutions of equation (1) on the edge e; under
the initial conditions ¢;(0,2) = S}(0,4) =1, ¢(0,1) = —h;, S;(0,2) = 0. For each
fixed x, the functions <pj(” (x,2) and Sj-”)(x, A),v=0,1, are entire in A of order 1/2.
Moreover, (g;j(x,A),Si(x,A)) =1, where (y,z) :=yz —)'z is the Wronskian of y
and z. Denote

M () = Yi(0.0), M%) = ¥}0, 1) + g (0, ).
It is easy to check that
Yiri(x, 1) = M(MS)(x, 1) + M (Mg(x, 1) Q)

In particular, for k=1,p, we have M;; (%) = My(h), M}, () =1, M},(») =0 for
j=1,p\k, and consequently, '

wkk(xﬂ )‘) = Sk(xv )‘) + MkO\)‘/)k (Xa )‘) (6)

Substituting (5) into (2) and (4) we obtain a linear algebraic system s, with respect to
Z\/[}z/()»),M,L/()»). By the well-known method (see, for example, [27,36]), one can show
that the determinant of this system A(A) is an entire function of order 1/2, and that
A(A) is the characteristic function of the boundary value problem L, i.c., the zeros of
A(X) coincide with the eigenvalues {};},~( of the boundary value problem L. Solving
the system s, we get by Cramer’s rule: Mj (1) = Ap(2)/A(r), s=0,1,j=1,r, where
the determinant Aj(2) is obtained from A(A) by the replacement of the column
which corresponds to M;‘;_/(A) by the column of the free terms. In particular,

Ar(X)
AG)

Mi(3) = k=1,p. (M

where Ax(A) := AY (1) is the characteristic function for the boundary value problem L.
The function Ag(}) is also entire in A of order 1/2, and its zeros coincide with the
eigenvalues {Ax};5o of the boundary value problem L.

We note that similarly to the classical Sturm—Liouville operators on an interval, it can
be shown that A, and Ay lie in the strip {A: |[ImA| < ¢;, ReA > ¢y} for some ¢y, ¢;.
It follows from (7) that the Weyl functions M(A) are meromorphic in A with the
poles {A;};=¢. If all poles are simple, we introduce also the data S := {A,, “lk}/zo,kzﬁa
where oy are the residues of M (1) at A;; the data S are called the spectral data for L.

In this article, we study three inverse problems of recovering the potential ¢ = [¢;];<
and the coefficients /1 = [A];c ; from the following spectral characteristics:

(1) from the Weyl vector M = [Mk]k:ﬁ; o
(2) from the system of p+ 1 spectra X := (A, Ay: >0,k =1,p};
(3) from the spectral data S.

For each of these inverse problems we provide a constructive procedure for the
solution and prove its uniqueness.
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We note that the notion of the Weyl vector M is a generalization of the notion of the
Weyl function (m-function) for the classical Sturm—Liouville operator [27,33]. If r=1
(i.e., the tree T is the interval [0, 1]), then p=1 and the Weyl vector M coincides with
the classical Weyl function. Thus, Inverse problem 1 is a generalization of the classical
inverse problem for Sturm—Liouville operators on an interval from the Weyl function,
and (which is equivalent) from the spectral measure. Inverse problem 2 is a
generalization of the classical Borg’s inverse problem for the Sturm—Liouville operator
on an interval from two spectra. If r=1, then p=1 and Inverse problem 2 coincides
with the classical Borg’s inverse problem from two spectra. Inverse problem 3 is a
generalization of the classical Marchenko’s inverse problem for the Sturm—Liouville
operator on an interval (see [23,27] for details).

5. Properties of the Weyl solutions

Let A = p?,Imp > 0. Denote A:= {p: Im p > 0}. It is known [36] that for each fixed

jeJ on the edge ¢;, there exists a fundamental system of solutions of equation (1)

{eji(x, p), ep(x, p)}, x€[0,1], p€ A, |p| = p* with the following properties:

(1) the functions egf)(x, 0),v=_0,1, are continuous for x€[0, 1], p€ A, |p| > p*;

(2) for each xe[0,1], the functions e}f)(x, p),v=0,1, are analytic with respect to
pEN,|pl = p*;

(3) uniformly for x €[0, 1], the following asymptotical formulae hold

e (x, p) = (ip) explipx) [1],  €e(x, p) = (—ip)" exp(—ipx)[1], p€ A, |p| = 00, (8)
where [1]=14+0(p™"), v=0, 1.
Denote As:= {p: argpe[s, 7 — 8]}, § > 0.

LemMA 1 Let yi(x, p) be a solution of equation (1) on the edge e;, and let

/0, p)
(0, p)

= (—iprll], rp# =1, pe s, |p| — oo. )

Then for v=0,1, p€ As, |p|— oo, uniformly in x €10, 1],
y](-")(x, p) = Di(p)((—ip)” exp(—ipx)[1] = (r; + 1)~ (rj; — 1)(ip)" exp(ipx)[1]). (10)

where D{(p) does not depend on x.

Proof Using the fundamental system of solutions {e;i(x, p), ep(x, p)}, one gets

yi(x, p) = Aj(p)eji(x, p) + Di(plep(x, p). (11)
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It follows from (8) and (11) that

140, p)
/0, p)

Ai(p)[1]1 — Di(p)[1]
Ai(p)[1]1+ Di(p) [11°

= (ip)

pE As, |p| — o0.

Taking (9) into account, we calculate 4;(p) = Dj(p) (r; + 1)_1(ij,- — D)[1]. Substituting
this relation into (11) and using (8), we arrive at (10). |

In the next lemmas, we formulate asymptotic estimates for the Weyl solutions.

LeEmMMA 2 Let eief(“). Then for v=0,1, pe A, |p|— oo, uniformly in xe€l0,1],
one has

i (. 1) = Bi(p) explipp) ((—ip) " exp(—ip)[1] — (ip) ' djexp(ip)[1]).  (12)

where d;=1 for j= 1,p, and di=(1+ (i)_l(l —rj) for j=p+1,r. Moreover, for
pPE N5, |pl—> 00,

Bi(p) =bjl1],  b; #0, by = 1. (13)

In particular, for p € As, |p|— o0,

Yo (x, ) = (—ip)" brexplip(u — x)[1], v=0,1, xe(0,1]. (14)

Proof (1) Let j = 1,p. Then v(,(0, 1) + 7;r0;(0, &) = 0, and in view of (5),
Yoj(x, 1) = M, (M)gi(x, 1). (15)

Using (15) and the asymptotics

1
9" (x.2) = 5 (ip)" exp(ipx)[1] + (~ip)” exp(—=ipx)[1]). || oo, (16)

we arrive at (12) for j = 1, p.

(2) Let us prove (12) for all other edges by induction with respect to
u=o,0—1,...,1, where o is the height of the tree 7. If ©x =0 (i.c., ejeg(")), then
1 <j < p,and (12) holds according to the previous arguments.

Fix p<o. Suppose that (12) has been proved for all ¢re& D U...UE.
Let e_,-eé‘(“). Clearly, if e, € R(vj), then e € EMY . Therefore, for each ex € R(v)),
(12) holds by the induction assumption. In particular, for p € As, |p| — 00, ex € R(v)),

Yor(1,2) = Bi(p)(—ip) ™" explip)[1], ¥ (1,4) = Bi(p) explipp)[1]. 0]



Downloaded By: [Universitaets Bibliothek] At: 12:46 18 September 2007

660 G. Freiling and V. Yurko

Using the matching conditions (2), we calculate

Yo, (0.2) 3 ap o (1, 2) + a yor(1, 1)
WQ/(O, A) o €R) Ajk Yor(1, 1) ’

Together with (17) this yields

¥,(0, 1)
¥, (0, %)

= (=ip)rj[1].

By the regularity condition for matching, r; # —1. Applying Lemma 1, we arrive at (13)
with a certain coefficient Bj(p). Thus, (12) is proved for all edges e; € £. Furthermore,
it follows from (2) that v;(0,1) = apor(1,1) for all e; € R(v;), and consequently,
ayBr(p) = 2(r; + 1)_18_/(,0)[1]. Since ¥ ,1(1,4) + oo, p+1(1,4) = 1, we obtain (13).
Hence (14) is also valid. |

Symmetrically to (12)—(14), one can get the asymptotics for all other Weyl solutions
Wy, k = 1, p. In particular, the following assertion is a corollary of Lemma 2.

LemmA 3 Fork=1,p,v=0,1, one has

YW (x,2) = (ip)" exp(ipm)[1]. Mc(A) = (ip) '[1].  p€ As, [p]— 00, xe[0,1).  (18)

Let § >0 be sufficiently small and fixed. Denote G;s:={p: |p— pi| =6,V > 0},
where A, = p7 are the eigenvalues of the boundary value problem L. Using the standard
technique [35] one can show that

[y, 1) < Clp"~ exp(ipx)], IMy(W)] < Clpl™',  peGsN A, xe[0,1]. (19)

6. Auxiliary inverse problem

Fix k = 1, p, and consider the following auxiliary inverse problem on the edge e, which
is called TP(k).

IP(k). Given M (L), construct gx(x),x [0, 1] and /.

Let us prove the uniqueness of the solution of the inverse problem IP(k), this will
be done as we described in [27]. For this purpose together with 7, we consider a tree
T of the same form but with different g and 4. Everywhere below if a symbol & denotes
an object related to 7, then & will denote the analogous object related to 7.

Lemma 4 If Mi()) = A;Ik(k), then qi(x) = qr(x) a.e. on [0,1], and h; = . Thus, the
specification of the Weyl function M, uniquely determines the potential q; on the edge
e and the coefficient hy.
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Proof  We introduce the functions
P2 = (' (@ i ) = 60 (e ). s=1.2. Q0)
It follows from (6) that (pi(x, A), ¥rx(x, 2))=1. Then, by direct calculations we get
(. 2) = Py (x, DG, 1) + Pl(x, D (x, 2). @n
Using (16) and (18)—(20) we obtain
Pi(x, 1) =81+ 0(p™"),  peAs, |pl—o0, x€(0,1], (22)
|Pi(x. M) < Clpl'™, peGsN A, xe[0,1]. (23)

According to (6) and (20),

P (x,h) = (—1)5_1<((pk(x, )82 (x, ) — Si(x, MEE(x, x))

+ ((2) = MG Dr e, " (.2 ).

Since My(1) = M(%), it follows that for each fixed x, the functions P¥ (x, 1) are entire
in 1. Together with (22) and (23) this yields P¥ (x,A) = 1, P, (x,1) = 0. Substituting
these relations into (21) we get @i(x,A) = @i(x, 1) for all x and A, and consequently,
qr(x) = gi(x) a.e. on [0, 1], and Ay, = hy. |

Using the method of spectral mappings [34] for the Sturm-Liouville operator on
the edge e, one can get a constructive procedure for the solution of the local inverse
problem IP(k). Here we only explain ideas briefly; for details and proofs see [27]

r [34]. Take the tree T with ¢ =0 and i = 0. Then @r(x, 1) = cos px. Fix k=1,p.
Denote A =min;so(Re A, Re /\,), and take a fixed ¢ > 0 such that [Im [, |Im X/ < c.
In the A-plane we consider the contour y (with counterclockwise circuit) of the form
y=ytUy Uy, where y* ={1: £Imi =c; ReA >V}, ¥ = {1 L — A = cexp(ia),
a€(mw/2,3m/2)}. For each fixed x€[0, 1], the function ¢i(x,2) is the unique solution
of the following linear integral equation

) = e )+ 5 [ Dute i T 0 (4
14

where Dy(x, o i) = [ @it &) Ge(t, o) dt, Mi(ue) := My(n) — Mi(p). The potential g,
on the edge ¢, can be constructed from the solution of the integral equation (24)
via the formula

1 N
000 = 5 [ () . 1)) M
14
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or by the formula gi(x) = A + ¢/(x, 1)/¢r(x,1). Moreover h = —¢'(0,1). It is also
possible to construct the potential from the discrete spectral data {A;, ay};. For this
purpose, we can calculate the contour integral in (24) by the residue theorem and
transform the integral equation (24) to the following linear equation in a space of
bounded sequences (for each fixed x):

Prns(X) = Qs + Y PL (i), Ln =0, 5,j=0,1,
Lj

Where~ wan(x) = (pk(xa )“2)9 ¢/(n5(x) = @k(xv )":1)9 ﬁil(/n.y(x) = (_1)1D~k(x9 )";9)";)“?]{9 )"? = )"la
A} =, o) = ag, a) = ay; for details see [27].

7. Problem Z(T, vy, a)

Let W = [y];c, be the solution of equation (1) on 7 satisfying (2) and the boundary
conditions

U, =a, Up(W)=0,,)=1,p, (25)

where a is a complex number. Denote m}(A):%(QM’ m?(/\)zxp;(o,,\)+
hipi(0,2), jeJ. Then - : .

Wi, ) = m (RS, 2) + my (g (x. 1). (26)

Substituting (26) into (2) and (25) we obtain a linear algebraic system with respect
to m_?()»), mj1 (1), jeJ. The determinant of this system is Ag(A). Solving this system by
Cramer’s rule we find the transition matrix [m](?(k), m]! (M)]je, for T with respect to v
and a. The problem of calculating the transition matrix [m?(k), m} (M)]jes by Cramer’s
rule is called Problem Z(T, vy, a). This problem will be used below for describing the
procedure for the solution of the inverse problems.

8. Weyl solutions for internal vertices

Fix vy e V. Denote T :={z€T: v <z}, Ty := T\T}. Clearly, T} is a tree with the
root vy. Let T’y be the set of boundary vertices of T}, and let E, be the set of boundary
edges of Tj. Denote Ji:={j: ejeTy}. If Y =[yc, is a function on 7, then
{Y} ==y, 1s a function on 7.

Fix w ¢l (e, kefp+1,...,r}). Let Wi(x, 1) = [Yy(x, 1)];e 5, be the solution of
equation (1) on T satisfying (2) and the boundary conditions Uj(Wy) = 8, v; €I,
where Up(Y) = Yi” + hi Yy, and hy is a complex number. The vector W, is the
Weyl solution of (1) on 7, with respect to the vertex v,. Denote by Mi(1) :=
Yii(0, 1), k = p+ 1,r the Weyl functions for 7) with respect to vy.
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LEMMA 5 Fix v, €T, Let ey = [y, vi] € R(vy,). Then

1 . 1
W, (x, 1) = { 1) Wy (x, k)}l71 ie., Yuilx,A) = A,m()») Yii(x, X), j€Im, 27
My(2) = A (?») Vik(1, A), (28)
where
A = Y ah V(L) + auic| b+ Y Oy (1. 2), (29)
ej € R(vp) ¢j € R(vy)

and V,,, M,,, does not depend on k.

Proof Since Up(Wy) = Up(¥,,) =0 for jeJ,\m, we get (27) for some A,i(}).
Using the condition U,o(¥,,) =1, we calculate A,x(A) = ¥,,,(0,A) + 1, (0, 1).
Taking (2) into account we arrive at (29). Furthermore,

Mm()h) = I;0mm(09 )\) wkm(o )L)

mk ()‘)

Using the matching conditions (2) again, we obtain (28). |

Denote M} (%) = Y(0, 1), M(A) = 9,0, 1) + hy(0,2) for k = =p+Lr, je
Then (5) and (6) are valid for k = 1,r, jeJy, where J,=J for k = 1, p. In particular,
this yields

i (1) = MEOS (L) + Mg (1Ly), v=0.1 k=Tr jeJ.  (0)
YR = S0 + Mg (1,2), v=0.1, k=T (31)

9. Solution of Inverse problem 1

Let the Weyl vector M(A) = [My(1)],_ " for the tree T be given. The procedure for the
solution of Inverse problem 1 consists in the realization of the so-called A u-procedures
successively for u = o,0 — 1,..., 1, where o is the height of the tree 7. Let us describe
these A4,,-procedures.

Ag-procedure

(1) For each edge ¢ €&, we solve the local inverse problem IP(k) and find
qr(x), x €[0, 1] on the edge e, and /.

(2) For each ¢, € E@ we construct or(x, A), Si(x, 1), x €]0, 1], and calculate W§”)(1 A),
v=20,1, by (31).
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(3) Returning procedure. For each fixed v,, € V°"D\T" and for all ¢}, ex € R(v,), j # k,
we construct M'}(/.()L), s =0,1, by the formulae

Ak Vi (1, 1)
amj @i(1,2)

M) =0, Mi(x) = ¢j,ex € R(vm), j # k.

(4) For each fixed v,, € V®"D\T" we calculate the Weyl function M,,(1) by (28), where
Ai(A) and 1//}(j(1, A) are constructed via (29) and (30).

Next we carry out A,-procedures for p=1,0—1 by induction. Fix
nefl,...,o— 1}, and suppose that A,, ..., A,4-procedures have been already carried
out. Let us now carry out the 4,-procedure.

A,-procedure. For each v,e V™, the Weyl functions My(1) are given. Indeed,
if v e VW NT, then My(}) are given a priori, and if vy € VW\T, then M (1) were
calculated on the previous steps according to A, ..., A,4i-procedures.

(1) For each edge e, &M, we solve the local inverse problem IP(k) and find
qr(x),x €[0,1] on the edge ¢, and hy. If u =1, then Inverse problem 1 is solved,
and we stop our calculations. If ©>1, we go on to the next step.

(2) For each ¢, € EW we construct or(x, ), Si(x, 1), x€[0, 1], and calculate wg(‘z(l,k),
v=20,1, by (31).

(3) Returning procedure. For each fixed v, eV* U\I' and for any fixed
ex,e; € R(vy),i # k, we consider the tree 7} := 7% U {e;} with the root v,, Solving
the problem  Z(T!, v, ¥ux(1,4)), we calculate the transition matrix
[M,‘ij()»), M}(j(k)] for ¢je T'.

(4) For each fixed v,, € V*~D\T, we calculate the Weyl function M,,,(1) by (28), where
Ap(X) and 1//}(1.(1, A) are constructed via (29) and (30).

Thus, we have obtained the solution of Inverse problem 1 and proved its uniqueness,
i.e., the following assertion holds.

TueoREM 1 The specification of the Weyl vector M uniquely determines the potential
q on T and h. The solution of Inverse problem 1 can be obtained by executing successively
Ay, As_1, ..., Ay-procedures.

10. Solution of Inverse problem 2

Let the system of spectra X := {A;, A;/ > 0;k = 1, p} be given. The numbers {A}=0 and
{Ai}i=0 coincide with the zeros of the characteristic functions A(A) and Ag(R),
respectively. These functions are entire in A of order 1/2. By Hadamard’s factorization
theorem [37], the functions A(A) and A(A) are uniquely determined up to multiplicative
constants by their zeros:

= A > A
AL = CE([)<1 _M)’ AV = Cr ]‘[(1 — M)

=0
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(the case when A(0) =0 or/and Ag(0) =0 requires minor modifications). Then, by
virtue of (7),

00 A 2 -1
Mi(X) = my l—— (1 —-=—) , k=1,p, m — const. 32
(1) AQ( A/k)( K/) P, 1y (32)

Using (18), we obtain

00 A A —1
= lim (ip)~" 1-=)(1-= As, k=1,p.
my Imlgloo(zp) H( M)( Mk> ;. PEAs, N (33)

Thus, using the given spectra X, one can construct uniquely the Weyl vector
M) = [Mk()‘)]kzﬁ by (32) and (33). In other words, the solution of Inverse problem 2
is reduced to the solution of Inverse problem 1, and the following assertion holds.

THEOREM 2 The specification of the system of spectra ¥ uniquely determines the poten-
tial ¢ on T and h. For constructing the solution of Inverse problem 2, we calculate the Weyl
vector M by (32) and (33), and then construct q and h by solving Inverse problem 1.

11. Solution of Inverse problem 3
Let all poles of M(A) be simple (for example, this is always true in the selfadjoint case),

and let the spectral data S be given. Take positive numbers Ry— oo such that for
sufficiently small § >0, the circles |p| = Ry lie in G for all N. Let us show that

o~
Mi(2) = , (34)
2%,

where the series in (34) converges “with brackets™: ) % i=limy_o0 ) ;g2 -
. . - N
Indeed, consider the contour integral

1 M ()
In k(X)) == —
N.k(2) i), 7n

du, A€ intyy, (35)

where yy = {: |u| = R?\,}. It follows from (18) and (19) that limy_ o Jy x(A) = 0. On
the other hand, calculating the contour integral in (35) by the residue theorem we obtain

Ak
Ty k(D) = =M (n ,
N.k(R) K(A) + \A,§|<R2,)‘ 'y

and consequently, (34) is valid.

Thus, using the given spectral data S, we can construct uniquely the Weyl vector
M) = [Mk()‘)]lcﬁ by (34). In other words, the solution of Inverse problem 3 is
reduced to the solution of Inverse problem 1, and the following assertion holds.
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THEOREM 3 The specification of the spectral data S uniquely determines the potential
q on T and h. For constructing the solution of Inverse problem 3, we calculate the Weyl
vector M by (34), and then we construct q and h by solving Inverse problem 1.

Remark 1In the paper [37], the uniqueness theorem is proved for the inverse problem
of recovering Sturm—Liouville equation (1) from a matrix A(A) = [Akj()»)]k" =0
which is called in [38] the Dirichlet-to-Neumann map. This inverse problem is over-
determined: for its unique solvability it is enough to take only a part of the diagonal
of A(A), namely Ay, k = 1, p. Note that in our notations Ay, = M;(A) for k =1, p.
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