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Abstract. We study Sturm-Liouville differential operators on noncompact
graphs without cycles (i.e. on trees) with standard matching conditions in
internal vertices. First we establish properties of the spectral characteristics
and then we investigate the inverse problem of recovering the operator from
the so-called Weyl vector. For this inverse problem we prove a uniqueness the-
orem and propose a procedure for constructing the solution using the method
of spectral mappings.
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1. Introduction

Analysis on graphs and other similar structures has been developing for quite
some time due to various applications in applied sciences. In particular in recent
years it has experienced a significant boost in terms of new applications arising
and new methods developed and studied.

In our paper we present the solution of an inverse spectral problem for Sturm-
Liouville differential operators on noncompact trees. This inverse problem consists
in recovering the potential of the Sturm-Liouville operator on a tree from the
given spectral characteristics. We recall that differential operators on graphs (net-
works, trees) often appear in mathematics, mechanics, physics, geophysics, physical
chemistry, biology, electronics, nanoscale technology and other branches of natural
sciences and engineering (see [1]-[14] and the references therein). Recently there
has been increasing interest in spectral theory of Sturm-Liouville or Schrédinger
equations on graphs (for a good review of such publications see [15]-[16]). Most of
the works in this direction are devoted to the so-called direct problems of study-
ing properties of the spectrum and the root functions. Inverse spectral problems,
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because of their nonlinearity, are more difficult for investigating, and up to now
there are only a few papers devoted to inverse problems for differential operators
on graphs (see [17]-[26]) although it can be expected that essential parts of the
spectral theory for differential operators on intervals remain similarly valid in a
more general context on graphs.

In this paper we provide a formulation and the solution of the inverse problem
of recovering the potential of the Sturm-Liouville operator on noncompact trees
which is a natural generalization of the well-known inverse problems for the clas-
sical Sturm-Liouville operators ([27]-[36]). As the main spectral characteristic we
introduce and study the so-called Weyl vector which is a generalization of the Weyl
function (m-function) for the classical Sturm-Liouville operator (see [37]). We show
that the specification of the Weyl vector uniquely determines the potential, and
we provide a constructive procedure for the solution of the inverse problem from
the given Weyl vector. For studying the inverse problem on noncompact graphs we
develop the ideas of the method of spectral mappings [31], [38]-[39]. This method
allows one to solve inverse problems for a wide class of graphs. Since different
classes of graphs require different techniques, for definiteness we confine ourselves
to Sturm-Liouville equations on trees (i.e. on graphs without cycles) with one in-
finite edge. Note that the obtained results are valid not only for the selfadjoint
case but also for the non-selfadjoint one when the potential is a complex-valued
function on the tree.

In a recent paper [23], one of the authors studied Sturm-Liouville operators
on compact trees. In [23] one has the so-called regular case with a pure discrete
spectrum. In the present paper we study these operators on moncompact trees,
where we face with a singular case having more complicated behavior of the spec-
trum which leads to new qualitative difficulties for studying direct and inverse
problems.

The paper is organized as follows: In section 2 we introduce the main no-
tions and give a formulation of the inverse problem. In section 3 properties of the
spectrum are studied. In particular, Theorems 1-5 describe the continuous and the
discrete spectrum and connections between them. In section 4 an auxiliary inverse
problem for the boundary edges is considered, and in section 5 the solution of
the global inverse problem is provided. Here we use and develop the method of
pseudo-pruning the tree from [23] with necessary modifications. For solving the
inverse problem we essentially use the results of section 3.

2. The Weyl vector. Formulation of the inverse problem

Consider a noncompact, connected tree T in R™ with the set of vertices V =
{v1,..., v}, v; € R™, and the set of edges £ = {e1,...,e,}, where ¢; = [v,,,,v;],
j = 1,r—1, n; > j, are finite segments, and e, = (vg,v,] is an infinite ray,
v := 00. We assume for simplicity that the length of each finite edge is equal to 1
(it follows from the proofs that our method also works for arbitrary lengths of the
edges). A vertex is called a boundary vertex if it belongs to only one edge. Such an
edge is called a boundary edge. All other vertices and edges are called internal. Let
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I :={v1,...,v,} be the set of finite boundary vertices, and let E := {e1,...,ep}
be the set of compact boundary edges. Notice that we identify here the graph
(V, &, ) (with incidence relation ¢ C V x &) with its corresponding topological
graph (network) 7.

For two points a,b € T we will write a < b if a lies on a unique simple path
connecting vy with b. We will write @ < b if @ < b and a # b. The relation <
defines a partial ordering on T'. If a < b we denote [a,b] :={z €T : a <z <b}.In
particular, if e; = [vnj7vj], J=1r—1, vy, <wvj, is an edge, we call v, its initial
point, v; its end point and say that e; emanates from v,; and terminates at v;.
For each internal vertex v we denote by R(v) the set of edges emanating from v,
and denote by RT(v) the set of edges incident with v.

Let p1; be the number of edges between (ignoring partial ordering) the ver-
tices v; and vg. Denote oy, := max pug;. Clearly, 0 < pp; < o, piek = 0, pirj = fjk-

J

Example 1. Consider the tree T of the fig.1. Then r =8, p =5, 0§ = 2, 0¢ =
01 =06 =07=23, 090 =03 =04 =05 =4.

U5
€5
v
6 es
e4 Us s
Vg = O
Vg €7
U3 €3 €1
e v
Vs 2 1

fig.1

Fix vy. We call pg; the order of v; with respect to vy. Let Vk(”) = {v; :
Wr; = P}, be the set of vertices of order p with respect to vy.

Fix vy, and e;. Let €;; be the maximal order of the vertices of e; with respect
to vg. The number ey; is called the order of e; with respect to vy. Clearly, exx = 1,
1 < €k < o%. Denote by 8,&“) = {e; : ex; = p}, the set of edges of order p with
respect to v. Let v;’j, Vg be the vertices of the edge e; such that the order of v,:'j
with respect to v is greater than the order of v, ;. We call v,:'j (vk_]) the distant
(near) end of e; with respect to vy.

Each compact edge e; = [v,,,v;] € €, j = 1,7 — 1 is viewed as a segment
[0,1] and is parameterized by the parameter x; € [0,1]. It is convenient for us
to choose the following orientation: ; = 0 corresponds to the end point v;, and
xj = 1 corresponds to the initial point v, of the edge e;. This means that we
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identify below the point 7;(z;) = v; + xj(vn; —v;) € e; € T with parameter
value x; € [0,1], and for a function y : T — C we set y; = y o m; and use the
abbreviation y;(z;) = y(m;(z;)). The infinite edge e, = (vo,v,] is parameterized
similarly by the parameter z, € [0,00) such that x, = 0 corresponds to the end
point v,..

Hence an integrable function Y on T' may be represented as ¥ = {y,},eJ,
where J := {j : j = 1,r}, and the function y;(z;) is defined in the above-
mentioned sense on the edge e;. Let ¢ = {g;};es be an integrable real-valued
function on 7" which is called the potential. Consider the Sturm-Liouville equation
on 7"

Ciyi () = —yj (x5) + g5 (5)y;(x;) = Nyj(z5), JE€J, (1)
where A is the spectral parameter, and
yj,y; € AC([0,1]), j = 1,7 = T; yr, 4, € ACioc([0,00)). (2)

Let the function Y = {y;};cs satisfy the following matching conditions in each
internal vertex v, k=p+ 1,7:

y;(1) =yx(0) for all e; € R(vg) (continuity condition),

Z y;(1) = y3,(0)  (Kirchhoff’s condition). (3)
e;ER(vk)
The matching conditions (3) are called the standard matching conditions. More-
over, we additionally require that the function Y = {y,};c satisfies the following
Dirichlet boundary conditions at the boundary vertices:

y;(0)=0, j=1p. (4)
We consider the operator
L't D) — Ly(T), Y ={yj}jes = L'Y :=={{;y;}jes
where the domain of definition D(L’) consists of functions Y = {y;},cs satis-
fying (2)-(4), and y, € L2([0,00)), ¢;y; € L2([0,1]), 7 = 1,r. We denote the
corresponding boundary value problem (1)-(4) by L.
Let A = p?, and let for definiteness 7 := I'mp > 0. Put Qo = {p: Imp > 0},
Q={p: Imp >0, p# 0}. Denote by II the A-plane with the cut A > 0, and
II; = II\ {0}; notice that here IT and II; must be considered as subsets of the

Riemann surface of the square-root-function. Then, under the map p — p? =
A, II; corresponds to the domain €.

Let Uy = {¢x;}jes, k = 1,p, be the solutions of equation (1) satisfying the
matching conditions (3) and the boundary conditions

Yr(Xp, A) = O(exp(ipxy)), 2, — 00, p € Qy, (6)

where dy; is the Kronecker symbol. The functions ¥y, are called the Weyl solutions

of (1) with respect to the boundary vertex vg. Denote M () = [My(\)];—15, where



Inverse problems for Sturm-Liouville operators on noncompact trees )

Mi(X) :== },,(0, A). The functions My (\) are called the Weyl functions, and M (\)
is called the Weyl vector for equation (1). The inverse problem is formulated as
follows:

Inverse Problem 1. Given M, construct the potential ¢ on T'.

We mention that the notion of the Weyl vector M is a generalization of
the notion of the Weyl function (m-function) for the classical Sturm-Liouville
operator ([31], [37]), and Inverse Problem 1 is a generalization of the classical
inverse problems for Sturm-Liouville operator from the Weyl function, and (which
is equivalent) from the spectral measure (see [31], Ch.1).

3. Properties of the spectrum
Let Ty := T\ {e,} be the compact tree with the edges ey, ..., e,_1 and with
the vertices v1,...,v,. Let e;,,...,¢e;, be the edges of T' emanating from v,, i.e.
S

R(v,) = U €;,.- Then Ty = U T.., where T,, are the connected compact trees
m=1 m=1

such that R(v,) N Ty, = {e;,. }, and T,,, N T, = {v,} for m # p. Without loss of

generality we assume that s > 1.

Let Ly be the boundary value problem for (1) on the tree Ty with the standard
matching conditions (3) and with the boundary conditions (4). Moreover, denote
by Lym, m = 1,5, v = 0,1, the boundary value problem for (1) on the tree T,
with the standard matching conditions and with the boundary conditions

y;(0) =0, e; € ENT, 31 (1) =0.

Let Cj(zj,A), Sj(z;,A), j € J, be solutions of equation (1) on the edge e;
under the initial conditions C;(0,A) = S(0,A) = 1, C}(0,A) = S;(0,A) = 0. For
each fixed z;, the functions Cj(-y)(xj,)\) and S](ll/)(:vj,)\)7 v = 0,1, are entire in \
of order 1/2. Moreover, (C(x;,A),S;(x;,A)) = 1, where (y, z) :== yz’ —y'z is the
Wronskian. Furthermore, let e(z,, p), @, > 0, be the Jost solution of equation (1)
on the edge e, (see [31, Sec. 2.1]).

Lemma 1. The function e(x.,, p) has the following properties:

1) For each fized x, > 0, and v = 0,1, the functions e™)(z,., p) are analytic for

p € Qo, and are continuous for p € .

2) For x, — oo, v =0,1,
e (@, p) = (ip)” exp(ipz,)(1+ o(1)).

For p € Qq, e(x,,p) € La(0,00). Moreover, e(x,, p) is the unique solution of
(1) on e, (up to a multiplicative constant) having this property.
3) For |p| = o0, peQ, v=0,1,

e @y, p) = (ip)” explipz,)(1+ 0(p7)),

uniformly for x, > 0.
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4) For real p # 0, the functions e(z,,p) and e(x,,—p) form a fundamental
system of solutions for equation (1) on the edge e,, and

(e(zr, p), e(xr, —p)) = —2ip. (7)
5) For real p # 0, ) (z,, p) = e (2, —p).
The proof of Lemma 1 is given in [31, Sec.2.1].
Consider the Weyl solutions Wy, = {4x;}jes, k = 1,p, and denote Mp;(\) =
¢;€j(0, A), M,%j()\) = (0, X). Then
Uij(, ) = Mi; (NG5, A) + Mi; (V) S (x, A). (8)

In particular, My (X) = My(N), M (A) =1, M}(A) =0 fork=T1,p, j = 1,p\k.
Hence

Vi (ks A) = C(@p, A) + My (A) Sk (g, A). 9)
Furthermore, it follows from (6) that
Vrr (T, A) = Mir(Ne(zr, p), (10)

where My,.(\) does not depend on x,.

Substituting (8) for j = 1,7 —1 and (10) into (3) and (5) we obtain a linear
algebraic system sy with respect to M,gj()\), M,ij()\)7 j=1,r—1 and My, (\). The
determinant A(p) of the system sy, does not depend on k, and has the form

A(p) = G()()\)@I(O,p) - gO()‘)e(Oap)v (11>
where the functions go(A) and Go(X) are entire in A of order 1/2. The function

go(\) is the characteristic function (see [23]) for the boundary value problem Lg
on the tree Ty, and its zeros coincide with the eigenvalues of Ly. Moreover,

= I Gon(N), 9 Z g;’" (12)
m=1 m

where Gum(X) are the characteristic functions for the boundary value problems
Ly, on the tree T,,. The function A(p) is called the characteristic function for
the boundary value problem L. Solving the system sy we get by Cramer’s rule:
My:(A) = A (p)/Alp), v =0,1; j = 1,7 — 1, where the determinant AY;(p) is
obtained from A(p) by replacing the column which corresponds to My/;(X) by the
column of free terms. In particular,

Mk:()‘) = _AAk((pp))a k= 1,p, (13)
where
Ailp) = GR(NE(0, p) — gr(Ne(0,p), k=T,p. (14)

The functions gr(A) and Gi(X) are obtained from go(\) and Go(N) respectively
by replacing S,E,E)(l,)\), £E=0,1, by C’,gg)(l,)\)7 & =0,1. The functions gig(\) and
Gr(XN) are entire in X of order 1/2.
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Example 2. Let 7 = p + 1, i.e. the tree T is a star, and RT(v,) = T (see

fig.2).
Ur—1
Er—1
T~ Ur Er
€3 Vg = 00
U3
€2
€1
V2
U1

fig.2

Then s =p, Ty, = {em}, m=1,p, and

Gum(/\) = Sgrl;)(lv)‘)v GO(A) = H Sm(l’)\)’ O(A) - GO()\) Z m
m=1

m=1
Example 3. Consider the tree from Example 1. Then s = 3, j1 = 1, jo =
7, j3=06,T1 ={e1}, To = {e1,es3,er}, T5 = {eq,e5,¢6},
GV = S (1, ),
Gua(A) = Sa(1,A)S5(1, A)SE (1, 0)+85(1, A)Sa (1, \)SE (1, A) 482 (1, )85 (1, M) (1, A),
Gua(A) = Sa(1,A)S5(1, A)SE” (1, \)+85 (1, M) S5 (1, \)SE (1, A)+54(1, 1)S5(1, NS (1, A),
v=0,1, and Go(A\) and go(\) are calculated by (12).
The next assertion follows from (11), (14) and Lemma 1.

Theorem 1. The functions A(p) and Ak(p), k = 1,p, are analytic in Qq, and
continuous in . For real p # 0,

A(p) = Al—p). (15)

Denote by A := {\ = p? : p € Q, A(p) = 0} the set of zeros of the
characteristic function A(p) in Q. Then A = A UA”,| where

Ni={\=p*: pcQ, Alp) =0}, AN :={A=p>: Imp=0, p#0, A(p) =0}.

Theorem 2. The Weyl functions My(\), k = 1,p, are analytic in IT1\ A’ and
continuous in 111 \ A. The set of singularities of M(X) (as an analytic function)
coincides with the set S :={\: A >0} UA.

Theorem 2 follows from (13) and Theorem 1. Similarly, one gets that the
functions My;(X) and My, (X) from (8) and (10) are analytic in IL\ A" and con-
tinuous in Iy \ A. By virtue of (8) and (10), the set of singularities of the Weyl
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solutions Wy, = {k; }jes coincides with S for all x;, since the functions Cj(z;, )
and S;j(x;,\) are entire in X for all ;.

Definition 1. The set of singularities of the Weyl vector M (\) is called the
spectrum of L. The value of the parameter \ for which (1) has nontrivial solutions
satisfying (3)-(4) and yr(00) = 0 (i.e. limy,, o0 y(z,) = 0), are called eigenvalues
of L, and the corresponding solutions are called eigenfunctions.

Theorem 3. Let A\g = p2, po € Qo, i.e. Ao ¢ [0,00). For \g to be an eigenvalue
of L, it is necessary and sufficient that A\g € A’.

Proof. Let Ao = p3 € A’. On the tree T' we consider the function Y = {y;};e of
the form

yj(xj) = a}Cj(irjv)\O) +a_?sj($ja)‘0)v j=1Lr—-1 } (]_6)

yr(zr) = are(xr, po).

Clearly, Y is a solution of equation (1) for A = A\g. Substituting (16) into (3) and
(4) we obtain a homogeneous linear algebraic system so with respect to a;, a?, j=
1,7 — 1 and «,. The determinant of the system sg is A(pp). Since A(py) = 0, it
follows that the system so has a nontrivial solution. This means that Y = {y;};cs
is an eigenfunction, and \g is an eigenvalue of L.

Conversely, let \g = pZ ¢ [0, 00) be an eigenvalue of L, and let Y = {y;},cs
be a corresponding eigenfunction. Then Y has the form (16), where a]l,a?, j=
1,7 — 1 and «, satisfy system sq. Since Y is not identically zero, it follows that

the system s has a nontrivial solution, and consequently, A(pg) = 0. O

Since the potential ¢ = {q;};es is a real-valued integrable function, it is known
that the operator L' is self-adjoint and bounded from below (see [40]). Together with
Theorem & this yields that A’ C (—o0,0) lies on the negative real half-axis, and A’
is a bounded set of eigenvalues of L.

Denote Ag the set of common positive zeros of go(\) and Go(\).

Theorem 4. A" = Ag.

Proof. Let A\g € A”. Then \g = p3 > 0 and A(pg) = 0. It follows from (15) that
A(—pg) = 0. Together with (7) and (11) this yields go(Ao) = Go(Ng) = 0, i.e.
Ao € Ap.

Conversely, let A\g € Ag. Then A\g = p3 > 0 and go(Ng) = Go(Xo) = 0. Tt
follows from (11) that A(pg) =0, i.e. Ao € A”. O

Theorem 5. Let \g = p3 > 0. For \g to be an eigenvalue of L, it is necessary
and sufficient that Ao € A”.
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Proof. Let A\g = p3 > 0 be an eigenvalue, and let Y = {y;};c; be a corresponding
eigenfunction. According to (7) the functions {e(z,, po), e(z,, —po)} form a funda-
mental system of solutions of (1) on e,, and consequently, y,(z,) = Ae(z,, po) +
Be(z,, —po). For x,, — oo we have y,.(x,) ~ 0, e(z,, £po) ~ exp(Lipox,). But this
is possible only if A = B =0, i.e. y.(z,) =0.

Clearly, Y? := Y \ {y.} = {y; }j—17—1 is an eigenfunction of the boundary
value problem Ly on the tree Tp, and consequently, go(A\o) = 0. One has Y° =

S
U Yo, where Y0 = {y;}c,er,, is the restriction of Y to the tree T,,. Since
—1

Y is not identically zero, it follows that there exists m such that YO # 0. This
means that V) is an eigenfunction of Lg,,, and consequently, Gom(\o) = 0, i.e.
Go(No) = 0. Thus, Ay € Ag. Taking Theorem 4 into account we get A\g € A”.
Conversely, let Ay € A”. According to Theorem 4, Ay € Ay, i.e. go(Xo) =
Go(Ao) = 0. By virtue of (12), there exist my,...,m; such that G, (M) = ... =
Go.m; (M) = 0, and Gom(Ao) # 0 for m = 1,s, m # my,...,m;. This means
that A\ is a common eigenvalue of the boundary value problems Lg - .., Lo,m,

and Lo. Let Y, ,...,Y) be eigenfunctions of L, ..., L3, respectively. Put
S

yr =0and Y0 =0 for m = 1,5, m # mq,...,m;. Take Y := ( U Yﬁ)u{yr},
m=1

and choose constants in Y,%j, j = 1,1, such that Y satisfies Kirchhoff’s condition
in v,.. Then Y is an eigenfunction of Ly, and )\g is an eigenvalue of L. O

Thus, the spectrum of L coincides with S, and it consists of the positive half-
line {\ : X > 0}, and the discrete real bounded from below set A = A" U A”.
We note that the set A" of positive eigenvalues can be empty, finite or an infinite
unbounded set.

Example 4. Consider Example 1 with p = 2. Then
A(p) = S1(1,X)S2(1,X)e’ (0, p) — (S1(1,N)S5(1,A) + S7(1,A)S2(1,1))e(0, p),

i.e. Go(A\) = S1(1,N)S2(1,A), go(A) = S1(1,A)S5(1, ) + S1(1, N)S2(1, A). In this
case Ng is the set of the common positive eigenvalues of the two scalar problems

5 + q;i(x;)y; = My, x5 € (0,1), y;(0) =y;(1) =0, j =1,2. (17)
It follows from the theory of inverse spectral problems (see, for example, [31, Ch.1])
that for arbitrary sequences of real numbers {A\n;}tn>1, j = 1,2, of the form

)\nj:7r2n2+cj+nnj, {Iinj}elg, CjER, j:1,2,

there exist real potentials q; € Lo(0,1) for which {An;}n>1, 7 = 1,2, are the
sequences of eigenvalues of the boundary value problems (17). This means that
we can choose q and qo such that the set A" will be either empty, finite or an
infinite unbounded set. For example, if ¢ = g2 = 0, one has S1(1,A) = Sa(1,\) =
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sin ) .
p, and consequently, A" = {m*n?},>1 is the sequence of eigenvalues, and Y,, =

{sin mnx1, — sin mnwy, 0} are the eigenfunctions of L corresponding to m*n?.
4. An inverse problem for boundary edges

Fiz k=1,...,p, and consider the following auxiliary inverse problem on the
boundary edge ey, which is called Problem IP(k).

Problem IP(k). Given My (\), construct qx.

In order to solve the problem IP(k) we need auxiliary propositions.

It is known (see [40]) that for each fized j € J on the edge e;, there ex-
ists a fundamental system of solutions of equation (1) {ej1(z;,p),ej2(xj,p)}, p €
Q, |p| > p* such that the functions egq) (xj,p), e%) (xj,p), v =0,1, are analytic for
p € Qo, |p| > p*, are continuous for p € Q, |p| > p*, and uniformly in x;, the
following asymptotical formulae hold

57 (). p) = (ip)” explipz;)[1], ef3(2;.p) = (~ip)” exp(~ipz;)[1], p € Q. |p| — oo,
(18)
where [1] =1+ O0(p~1), v =0, 1.
Denote Qs :={p: argp € [§,7 =]}, 6 > 0.

Lemma 2. Let y;(xj,p), j = 1,7 — 1 be a solution of equation (1) on the edge
ej, and let

y;(0, p)
y; (0, p)
Then forv=0,1, p € Qs, |p| = o0, uniformly in x; € [0, 1],

u") (w5, ) = Dy () ((=ip)” exp(—ipw; 1] = (r; + 1) (r; = 1)(ip)” explipz)[1]).
(20)

= (—ip)r;[1], 3 # =1, p€Qs, |p| — oc. (19)

where D;(p) does not depend on .

Proof. Using the fundamental system of solutions {e;1(z;, p), e;2(x;, p)}, one gets

yi(z5,p) = Aj(p)eji(xj, p) + Dj(p)eja(zj, p). (21)
It follows from (18) and (21) that
yi0.0) .~ Ai(p)[1] = Di(p)[1]

= (ip)

y;(0,p) A+ D0 P Qs, |p| — oo.

Taking (19) into account we calculate A;(p) = D;(p)(r; +1)~*(r; — 1)[1]. Substi-
tuting this relation into (21) and using (18), we arrive at (20). O

The following lemma is proved by the same way.
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Lemma 3. Let y;(x;,p), j = 1,7 — 1 be a solution of equation (1) on the edge
ej, and let

y;(1,p)
yj(17p)
Then for v =0,1, p € Qs, |p| — oo, uniformly in x; € [0,1],
0 (25.0) = Dy (o) (i) exp(—ip(L—,) 1]~ (r,41) ™ (ry~1)(~ip)" explip(1—a,))[1]).

where D;(p) does not depend on .

= (ZP)TJ[H, T 7é 713 pe Qﬁa |p| — 0.

Let

ry; be the number of edges incident with v,:'j, and let i be the order of e; with
respect to vi. Denote

Lemma 4. Fiz k = 1,p and consider the Weyl solution Wy = {thx;};_1-

0 for j=m,
drj=4 1 for j=1,p\k,
(rej —2)/ri; for j=k,p+1,r—1L

Then forv=0,1, p € Qs, |p| — oo, uniformly in x;,
U (@5, 0) = Bii () ((=ip)” exp(—ipw;)[1] = duj(ip)” explipay)[1]),  (22)

if v; :v;’j, j=1,r—1, and

Ui (@4, 0) = Bii () (i) exp(=ip(1 = ;) [1] = dis(~ip)" explip(1 — z;))[1]),

(23)
ifvi=vg, j=Lr—1lorj=r
Moreover, for j = 1,1, p € Qs, |p| — o0,
Byj(p) = bj exp(iper;)[1],  brj # 0, bre = 1. (24)
Proof. 1) Let j =1,p\ k. Then v; = v,:'j, 1;(0,A) = 0, and in view of (8),
Ui (5, ) = Mi;(N)S; (5, A). (25)
Using (25) and the asymptotics
v [N . N )
S](. )(xj,/\) = %((zp) exp(ipz;)[1] + (—ip) exp(—szj)[l}), |p| — oo, (26)

we arrive at (22) for j = 1,p \ k with a certain By;(p) which does not depend on
x;. It follows from (10) that (23) is valid for j = r where By, (p) does not depend
on .

2) We partition all edges {e;};_17 into the classes 5,&”), uw=1,...04 Let
us prove (22)-(23) for all other edges by induction with respect to pu = oy, 0x —
L., L. lfp=o0p (le e € S,ga"')), then (22)-(23) holds according to the previous
arguments.
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Fix p < ok. Suppose that (22)-(23) have been proved for all e; € 5,g“+1) U

..U Elggk). Let now e; € 5,&“). Using the induction assumption and the matching
conditions (3) in the vertex v]jj, we get for p € Qs, |p| — o0,

G0 0Pk = DI vy = vt
d);w(lv)‘) Ry . o
Ve (L) (ip)(ri; — D[] i v =,

Applying Lemmas 2 and 3 we arrive at (22) and (23) respectively with a certain
coefficients By;(p). Thus, (22)-(23) are proved for all e;, j = 1,7. In particular,
for p € Qs, |p| — o0, one has

i N = Bralp) ((i0)” exp(—ip(1 — w))[1] = die(—ip)” explip(1 — ) [1])
(27)

Since ¥y (0, A) = 1, it follows from (27) that
Byi(p) = exp(ip)[1], p € Qs, [p| — o0, (28)

i.e. (24) is valid for 5,9) = {ex}.

Fix p1 > 1. Suppose that (24) has been proved for all ¢; € 5,51) U...u Eé“_l).
Let now e; € 5,2“ ), Using the induction assumption and the matching conditions
(3) in the vertex v, we arrive at (24) for e; € 5,5“). Thus, (24) is proved for all
e, j=T,r. 0

Corollary 1. For k=1,p, v =0,1, z; € [0,1), p € Qs, |p| — oo,

W a,A) = (ip)” explipar)[L],  Mi(A) = (ip)[1]. (29)
Indeed, (29) follows from (27), (28) and My (X\) = ¢, (0, \).

Let § > 0 be sufficiently small and fized, and let A = {\;}, N\, = p?. Denote
Gs:={\=p?: Imp>0, |p| >6, |p— pi| > 6,Vl}. Using the standard technique
(see [40]) one can show that

[ (21, )| < Clp? explipx)], [M(M)| < Clol, A€ G, k=T,p, ax €[0,1].
(30)

Let us prove the uniqueness of the solution of inverse problem IP(k). For this
purpose together with L we consider a boundary value problem L of the same form
but with different potential §. FEverywhere below if a symbol o denotes an object
related to L, then & will denote the analogous object related to L.

Theorem 6. Fiz k = 1,p. If Mi(\) = My ()\), then qp(xr) = Gr(xx) a.e. on
[0,1]. Thus, the specification of the Weyl function My uniquely determines the
potential qi. on the edge ey,.
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Proof. Consider the functions
Peslwn, ) = (=1 (i, NS (@A) = B (@, N Silen, V) (31)
Since (Ck(zk, A), Sk(zk, X)) =1, it follows from (9) that
(Y (z, A), Sk(@h, A)) = 1. (32)
Using (26), (29), (30) and (31) we infer
Pra(z,A) =14+ 0(p™"),  Pealar,N) =0(p™Y), pe€Qs, |p| — o0, zp, € (0,1],

(33)
|Prs(zi, )| < Clp* %], X € Gs, xp €10,1]. (34)

Taking (31) and (32) into account we calculate
ik (Thy ) = Pr1 (2, N ik (Th, N) + Pra (e, N (25, V), (35)

Sk(:ck., )\) = Pkl(xk, )\)Sk(xk, )\) + Pkg(l‘k, /\)S]/C(l'k, /\)

Substituting (9) into (31) and using the assumption of the theorem we conclude
that for each fixed xy, the functions Pys(zk, A) are entire in A. Together with (33)
and (34) this yields Py (2, A) = 1, Pra(xk, A) = 0. Substituting these relations
into (35) we get Yk (Tr, A) = Up(@r, A) and Si(zx, A) = Sk (xk, A) for all 2 and
A, and consequently, qx(zx) = ¢r(xx) a.e. on [0, 1]. O

Using the method of spectral mappings [31] for the Sturm-Liouville operator
on the edge ey one can get a constructive procedure for the solution of the inverse
problem IP(k). Here we only explain ideas briefly; for details and proofs see [31].
Take the tree T with the zero potential § = 0. Then Si(z, \) = Sin%. Fixk=1,p.
Denote N = min(inf A, inf A) and take a fized § > 0. In the A- plane we consider
the contour v (with counterclockwise circuit) of the form v =~TU~y~ Uy, where
yE={A: £ImA=6; ReA> N}, v/ ={\: A=) =dexp(ia), a € (7/2,37/2)}.
For each fized x), € [0,1], the function Sk(xk,A) is the unique solution of the
following linear integral equation

N 1 By
Sk(xp, A) = Sp(x, A) + 97 / Dy (g, A, 1) Sk (e, ) dps, (36)
Y

Tk

where Dy (xx, A, 1) = / Skt N)Sk(t, ) My () dt, My(p) == My (p) — My(p).

0
The potential qi, on the edge e, can be constructed from the solution of the integral
equation (36) via the formula

as(or) = 5 [ (Sula )i ) B ()

or by the formula qi(xk) = A+ SY (XK, )/ Sk(zp, A).
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5. Solution of the inverse problem on the tree

In this section we provide a constructive solution of Inverse Problem 1 of
recovering the potential q on the tree T from the given Weyl vector M. First we
need auxiliary propositions.

Let us introduce the Weyl solutions for internal vertices. Fix vy € V. Denote
T :={z€T: v, <z}, T} :=T\TQ. Clearly, T} is noncompact, and e, € T} .
Let Ty, be the set of finite boundary vertices of T}, and let Ey be the set of compact
boundary edges of T}. Denote Jy, := {j : e; € TL}. If Y = {y;};es is a function
on T, then {Y }x = {y;}jes. is a function on T} .

Fiz vy ¢ T (i.e. k=p+1,7). Let Up(x,\) = [Yr;(z,N)]jes, be the solution
of equation (1) on T} satisfying (3), (6) and the boundary conditions Wy, =
8kj, vj € Tx. The function Uy, is the Weyl solution of (1) on T} with respect to
the vertex vy. Denote by My(X) := ¢}, (0,)), k = p+ 1,r the Weyl functions for
T} with respect to vy.

Lemma 5. Fiz v, ¢ I'. Let e}, = [vpm, V] € R(vy,). Then

1/ij($j, /\) = (Ujkk(la A))ilwkj(zja)‘)v .7 S me (37)
Mpn(N) = (L)) D (1,0, (38)
e; ER(vim)

and V,,, M,, does not depend on k.

Proof. Denote
2 (25, A) = (Yrr(L,N) " nj (25, M), 5 € T

First we check the behavior of these functions at infinity. It follows from (6) that

Zir (T, A) = O(exp(ipxy)), xr — 00, p € Q. (39)
Using the matching conditions (3) we get

Zem (0, A) = 1. (40)
Taking the boundary conditions into account we calculate
zk;(0,A) =0, wv; €y, j#m.

Together with (39) and (40) this yields zx;(z;, A) = ¥m;(z;, A), i.e. (37) holds. We

note that ¢,;(x;,A) does not depend on the choice of k. Furthermore,

Mm()\) = %@m(oa )‘) = %m(o» )‘)'

_
Prk(1,\)

Using the matching conditions (3) again we arrive at (38). O
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Denote M,gj(/\) = y;(0,A), M,ij()\) =Y (0,N), k=p+1,r, j € Ji. Then
(8) and (9) are valid for k = 1,7, j € Ji, where Ji, = J for k =1, p. In particular,
this yields

PN = MENCY (1,0) + MG (VS (LN, v=0,1, k=T, j € J,
(41)
W10 = (1N + MWST(1,N), v=0,1, k=T,7. (42)

Solution of Inverse Problem 1. Let the Weyl vector M () = [My(\)],_13 for
the tree T be given. The procedure for the solution of Inverse Problem 1 consists in
the realization of the so-called A, - procedures successively for p =o,0 —1,...,1,
where o = oq is the height of the tree T. These procedures are formally similar
to those from [23] but here the Weyl functions have a more complicated structure
of their sets of singularities. We use here the method of pseudo-pruning the tree
in each internal vertex; this method was suggested in [23] for compact trees, but it
works also for noncompact case.

Let us describe the A, - procedures by induction. Fiz p = 1,0, and suppose
that As, ..., Aut1- procedures have been already carried out. Let us carry out A, -
procedure.

A - procedure. For each vi, € VO(”), the Weyl functions My(X\) are given.
Indeed, if vy, € VO(“) NI, then My (\) are given a priori, and if vy, € VO(”) \T, then
M, (X\) were calculated on the previous steps according to Ay, ..., A,41- procedures.

1) For each edge e € 5(()”), we solve the inverse problem IP(k) and find
qr(xk), o € [0,1] on the edge e. If p =1, then Inverse Problem 1 is solved, and
we stop our calculations. If u > 1, we go on to the next step.

2) For each ey € Eé”), we construct Cy(xg, A), Sg(zg, A), xx € [0,1], and
calculate 1/}1(;;)(17 A), v=0,1, by (42).

3) Returning procedure. For each fized v, € VO(“_l) \I' and for any fized
ek, e; € R(vy), i # k, we consider the compact rooted tree T? = T U {e;} with
the root v,,. Solving the linear algebraic problem Z(T?,vm,Vrk(1,))) (see [25]),
we calculate the transition matriz [M,Sj()\), M,ij()\)] fore; € T?.

4) For each fized v, € VO(“_l) \ T we calculate the Weyl function M,,(\) by
38), where v, .(1,\) are constructed via (41) for v = 1.
kj

Thus, executing successively Ay, Ag_1,...,A1- procedures we obtain the so-

lution of Inverse Problem 1 and prove its uniqueness, i.e. the following assertion
holds.

Theorem 7. The specification of the Weyl vector M uniquely determines the
potential ¢ on T. Solution of Inverse Problem 1 can be obtained by erecuting suc-
cessively Ay, Ayg_1, ..., Ay-procedures.
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