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An inverse problem for the non-selfadjoint
matrix Sturm-Liouville equation on the half-line
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Abstract. An inverse spectral problem is studied for the non-selfadjoint matrix Sturm—Liouville
differential equation on the half-line. We give a formulation of the inverse problem, prove the cor-
responding uniqueness theorem and provide a constructive procedure for the solution of the inverse
problem by the method of spectral mappings. The obtained results are natural generalizations of the
classical results in inverse problem theory for scalar Sturm-Liouville operators.
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1. Introduction
Consider the matrix Sturm-Liouville equation
Y :=-Y"+Q(2)Y = )Y, x>0, (1.1)
with the boundary condition
U(Y):=HY'(0) - hY(0) =0. (1.2)

HereY = [yi],_1, is a column-vector) is the spectral parametér,= [y ], ,_ 15

H = [H,W},W:m, andQ(z) = [Q,W(x)]k,y:m are matrices, wher@y,, (z) are in-
tegrable complex-valued functiondy,,, hy, are complex numbers, and raik 1] =

m. The matrix@Q(z) is called the potential. We study the inverse problem of spec-
tral analysis for the non-selfadjoint matrix Sturm-Liouville boundary value problem of
the form (1.1), (1.2). Inverse spectral problems consist in recovering operators from
their spectral characteristics. Such problems often appear in many branches of natural
sciences and engineering.

The scalar caser{ = 1) has been studied fairly completely (see the monographs
[9, 12—-14] and the references therein). The investigation of the matrix case is more
difficult, and nowadays there are only isolated fragments, not constituting a general
picture, in the inverse problem theory for matrix Sturm—Liouville differential operators.
Some aspects of the inverse problem theory for the matrix case were studied in [1,2,4—
7,10,11,15, 18, 23] and other works, but only particular questions and mostly for the
selfadjoint case are considered there. We note that inverse problems for various classes
of first order differential systems were studied in [3,16,17,19,22,24] and other works.
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In this paper we investigate an inverse problem for matrix Sturm—Liouville operators
on the half-line which is a natural generalization of the well-known inverse problem
for the classical scalar Sturm-Liouville operators. Note that we consider not only self-
adjoint case but also the non-selfadjoint one. As a main spectral characteristic we use
the so-called Weyl matrix, which is a generalization of the Weyl function (m-function)
for the scalar case (see [9, 13]). The Weyl functions and their generalizations often ap-
pear in applications and in pure mathematical problems, and they are the most natural
spectral characteristics in the inverse problem theory for various classes of differential
operators. In this paper for studying the inverse problem for matrix Sturm—Liouville
operators we develop the ideas of the method of spectral mappings [21]. In Section 2
the properties of the Weyl matrix are studied. In Section 3 it is proved that the specifi-
cation of the Weyl matrix uniquely determines the matrix Sturm—Liouville operator. In
Section 4 we provide a constructive procedure for the solution of the inverse problem
from the Weyl matrix. The central role there is played by the so-called main equa-
tion which is a linear integral equation in a corresponding Banach space. We give a
derivation of the main equation and prove its unique solvability. Using the solution
of the main equation we construct the solution of the inverse problem. We note that
the obtained results are nontrivial generalizations of the classical results in the inverse
problem theory for scalar Sturm—Liouville operators.

2. The Weyl matrix

Let A = p?, p = o +ir, and let for definiteness := Im p > 0. Denote byl the
A-plane with the cut > 0, andl; = T\ {0}; notice that herd1 andM; must be
considered as subsets of the Riemann surface of the square-root-function. Then, under
the mapp — p? = ), My corresponds to the domafd = {p: Im p > 0, p # O}. Put
Qs ={p:Imp >0, |p| > d}.

First we construct a special fundamental system of solutions for equation (121) in
having asymptotic behavior at infinity like exgipz). The following assertions are
proved analogously to the scalar case (see [9, Ch. 2]).

Lemma 2.1. Equation(1.1) has a unique matrix solutiot(z, p) = [ex, (2, p)] ,—7m»
p € Q, xz > 0, satisfying the integral equation

c(o.p) = exXp(ipn) o — - [ (@XBliplia — 1) ~ explin(t — ) Q(0)e(t. ) .

wherel,, = [0x.], ,_15 is the identity matrix, andy, is the Kronecker symbol. The

k,v=1m
matrix-functione(z, p) has the following properties:
(i1) For z — oo, v = 0,1, and each fixed > 0,

e (w,p) = (ip)” exp(ipz)(Im + o(1)), (2.1)

uniformly inQj;.
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(i2) For |p| = 00, p € Q, v =0,1,

¥ (z, p) = (ip)” eXp(ipa:)(Im - le,p / T o) di + 0(3;)) 2.2)

uniformly forz > 0.

(i3) For each fixed: > 0, andv = 0, 1, the matrix-functiong*) (z, p) are analytic
for Im p > 0, and are continuous fgs € Q.

The matrix-functiore(z, p) is called the Jost solution fdl.1).

Lemma 2.2. For eachd > 0, there exists: = as > 0 such that equation (1) has a
unique matrix solutiont(z, p) = [Ey.(z, p)l;. 1 p € Qs, satisfying the integral
equation

Bl,p) = exXp(—ipe) L + 5 | explin(e — 0)QE(t.p)

s | " explinlt — ) QU E(t, ) dt.

The matrix-function®(z, p), called the Birkhoff solution fo(1.1), has the following
properties:

(i1) EW)(z, p) = (—ip)” exp(—ipz) (L + o(1)), x — oo, v = 0,1, uniformly for
lp| > 6,1m p > a, for each fixedr > 0;

(i2) EW)(z, p) = (—ip)” exp(—ipz) (L, + O(p71)), |p| — oo, p € Q, uniformly for
x> a,

(i3) for each fixed: > 0, the matrix-functiong*) (z, p) are analytic forlm p > 0,
|p| > ¢, and are continuous foy € Qy;

(i4) the matrix-functions(z, p) and E(z, p) form a fundamental system of solutions
for equation(l.:olo);

(i5) if 6 > / Q(t) dt, then one can take abowe= 0.
0

Everywhere below let for definitenegs = I,,,, i. e. (1.2) takes the form
U(Y):=Y'(0)—hY(0) =0. (2.3)

Other cases can be treated similarly. Denotelby L(Q,h) the boundary value
problem of the form (1.1), (2.3). Leb(z,\) = [pjn(z, N)]; 177 and S(z,A) =
[Sjr(z,N)]; 17 be the solutions of (1.1) under the initial conditiop&, \) = I,,,,
©'(0,\) = h, S(0,\) =0,5(0,X) = I,,, where 0 is the zers x m matrix. Clearly,
U(yp) = 0. For each fixed:, the matrix-functions,”)(z, \) andS™)(z, \), v = 0,1,
are entire in\. The matrix-functionsp(z, A) andS(z, \) form a fundamental system
of solutions for equation (1.1), and det’) (z, \), S (z, \)],—01 = 1.
Denote

u(p) :=Ule(z, p)) = €'(0,p) — he(0,p),  A(p) = detu(p).
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By virtue of Lemma 2.2, the functions(p) andA(p) are analytic for Imp > 0, and
continuous fop € Q. It follows from (2.2) that forlp| — oo, p € Q,

e(0,p) = I, — 2Zl,p/0C>o Q) dt+0<%),

ulp) = (i9) (I = > [~ @)= 12+ 0( 7)), (2.4)
A(p) = (ip)™(1+O(p™1)).
Denote
N={\=p"peQ, Alp) =0},
N ={\=p%1mp>0, Alp) =0},
N ={\=p>Imp=0, p#0, Alp) =0}.

Obviously,A = A’ U/A" is a bounded set, amtl is a bounded and at most countable
set.
Denote

®(z,A) = ez, p) (u(p)) (2.5)
The matrix-function®(z, \) = [®;x(z,\)]; ,_15, * > 0, satisfies (1.1) and on ac-
count of Lemma 2.1 also the conditions -
U(®) =1, ®x,)=0(Exp(ipz)), z—00, peQ\A

DenoteM (\) := ®(0, A). The matrix)M () is called theWeyl matrixfor L. It follows
from (2.5) that

M(A) = e(0, p)(u(p) (2.6)

Moreover,
(2, \) = S(z, A) + (2, )M (). @2.7)

The matrix-functionsy(z, A\) and®(x, \) form a fundamental system of solutions for
equation (1), and dép) (2, \), @) (2, \)],—01 = 1.

Theorem 2.3. The Weyl matrixd/ (\) is analytic inl1 \ A’ and continuous iril; \ A.
The set of singularities af/(\) (as an analytic function) coincides with the get:=
{AA>0}UA. For |p| — o0, p € Q,
M) = (ip) ™ (Im + O(p™)).
Theorem 2.3 follows from (2.4), (2.6) and Lemma 2.1.

Theorem 2.4. The boundary value probleimhas no eigenvalues > 0.
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Proof. Suppose thato = p3 > 0 is an eigenvalue, and I&h(z) be a corresponding
eigenvector. Since the matrix-functiofs(z, po), e(z, —po)} form a fundamental sys-
tem of solutions of (1), we havi(z) = e(x, po)A + e(x, —po) B, whereA and B are
constant column-vectors. For— oo, Yp(x) ~ O, e(z, +p0) ~ exp(Lipox). But this
is possible only ifA = B = 0. O

Theorem 2.5. Let Ao ¢ [0,00). FOr A\ to be an eigenvalue, it is necessary and suffi-
cient thatA(po) = 0. In other words, the set of nonzero eigenvalues coincidesAtith

Proof. Let A\g € A, i.e. A(po) = 0. By virtue of (2.1), lime(z, pp) = 0. Consider

the following linear algebraic system(pp)a = O with respect to the column-vector
a = [ag],_15,;- Since det(po) = A(po) = 0, this system has a nonzero solutigh
PutYp(z) = e(z,po)al. ThenU(Yp) = O, lim,_ ., Yo(z) = O, and consequently,
Yo(z) is an eigenfunction, any = pZ is an eigenvalue.

Conversely, let\g = p3, Im po > 0 be an eigenvalue, and I&}(z) be a corre-
sponding eigenfunction. Since the matrix-functies, po) and E(z, po) form a fun-
damental system of solutions of equation (1.1), welgét) = e(x, po)a + E(x, po)b,
wherea andb are constant column-vectors. As— oo, we calculateh = 0, i.e.
Yo(z) = e(x, po)a, a # 0. Sincel (Yp) = 0, it follows thatu(pg)a = 0. Consequently,
detu(po) = 0, i.e.A(po) = 0. Theorem 2.5 is proved. O

The set/q of singularities of the Weyl matrix/ () coincides with the spectrum
of L. Thus, the spectrum af consists of the positive half-linéx : A > 0}, and
the discrete seh = A’ UA”. Each element of\’ is an eigenvalue of.. According to
Theorem 2.4, the points &’ are not eigenvalues, they are caltgmbctral singularities
of L.

3. The uniqueness theorem

The inverse problem is formulated as followGiven the Weyl matrid/, constructQ
andh.

In this section we prove the uniqueness theorem for the solution of this inverse
problem. For this purpose we agree that together Witte consider a boundary value
problemL of the same form but with differer@@ andh. Everywhere below if a symbol
a denotes an object related g thena will denote the analogous object relatedito
anda = a — a.

Theorem 3.1. If M = M, thenQ = Q andh = h. Thus, the specification of the Weyl
matrix M uniquely determines the potenti@ and the coefficients of the boundary
conditions(2.3).

Proof. Denote
¢z :=-7"+7Q(z), (Z,Y):=2Z'Y = ZY',
U*(Z):=Z'(0) — Z(0)h,
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whereZ = [Zk]zzm is a row vector{is the sign for the transposition). Then

Moreover, if Y(z,)\) and Z(x, u) satisfy the equationgY (z,\) = AY(z,)\) and
0 Z(x,p) = uZ(z, 1), respectively, then

2 ), Y (2 0) = (A= ) Z(ar )Y (2, ), (32)

Let o*(z, \), S*(z, A) and®*(z, \) be the matrices satisfying the equatiSiy = A2
and the conditions

©*(0,A) =TI, ¢*(0,\)=h, S*(0,\)=0, S*(0,\)=1I,,

U*(®*) = I,, ®*(x,\) =O0(exp(ipz)), = —o00, pcQ.
DenoteM*()\) := ®*(0, A). Then

D*(x, ) = S*(z,\) + M*(N)@*(, ). (3.3)
According to (3.2){®*(z, A), ®(z, \)) does not depend on Using (3.1) we calculate
(" (2, 3), D, \)) o = M(A) = M*(N).
Moreover, lim,_ . (®P*(x, A), P(x, A)) = 0, and consequently,
M*(\) = M(N). (3.4)

Using (3.2) again, we get

O (2, )P (2, \) — "' (2, \)P(z,\) = I,
Sot(xv )\)Qp/(;m )‘) - 90* ({E, )‘)99(‘%7 )‘) = 0, (35)
" (I, A)‘P(‘T’ )‘) - CD*(:L A)@,(Iv /\) = I,

O* (2, \)P' (2, \) — ©*' (2, \)P(x, \) = 0,
hence,
O (z,))  —®*(x, )
_90*/('73’)‘) (p*(l‘, /\)

Using the fundamental system of solutiof¥gz, p), E(z, p)} and the initial condi-
tions onp(z, \) we calculate

l o(z,A)  D(z, ) ]_1: (3.6)

410/(%7 /\) CD/(.r, /\)

p(x,A) = e(x,p)A1(p) + E(z,p)A2(p),  Aj(p) = %(Im +0(p™),

lp| — oo, p€Q,
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and consequently, fap| — oo, p € Q, 2 > 0,v = 0, 1, we obtain

(=ip)”

o (w2, )) = = exp(—ipz) (In + O(p™")) + @ exp(ipz) (I + O(p™1)).
(3.7)
It follows from (2.2), (2.4) and (2.5) that fap| — o0, p € Q, 2 > 0,v =0, 1,
) (2, \) = (ip)" "t exp(ipz) (Inm + O(p™h)). (3.8)

Similarly, we calculate fofp| — o0, p € Q, 2 > 0,v =0, 1,

" (@, ) = (_;p)y exp(—ipz) (I +O(p™) ) + @ exp(ipz) (I, + O(p~Y)),

) (x,\) = (ip)” "t exp(ipz) (I + O(p7Y)).

(3.9
In particular, (3.7)—(3.9) yield fop € Q, |p| > p*, 2 > 0,v = 0,1,
™) (@, Ml 1™ (@, M) < Clpl” exp(| Im plz), (3.10)
10" (2, NI, @) (@, M)l < Clp|*~*exp(~|Im p|).
Now we consider the block-matriR(x, \) = [Pjx(z, A)]; k=12 defined by
P(z,\) Sf(xv)‘) ?(w7 A) _ p(z,A)  ®(z,A (3.11)
Pz, A) P (x,N) o' (z,\) (=,
Taking (3.6) into account we calculate
Pz, \) = UV (z, A fou z,\) — U (2 A 5+ T, \),
(2, A) = oV (@, )P (2, A) ()sf() (3.12)

Pia(a, A) = @YU (2, )@ (2, X) — 9~ (2, ) ®" (, A).
It follows from (3.7)-(3.10) and (3.12) that
IPa(, N < Clo ™, peQ, |pl>p", >0, k=12 (3.13)

Pup.(z,\) = oL + O(p7 1), lp| > 00, p€0Bs, >0, k=12 (3.14)

where®; := {p: argp € [§, 7 — 4]}, § > 0. Using (2.7), (3.3), (3.4) and (3.11) we
obtain

Pir(z, \) = U= (z, \) 8% (2, 1) — SUY(z, \)
+ (p<j—

& (z,\)
V@, \)(BT(X) = M(A)3" (2, \),

Pjp(z,\) = S(jfl)(x, ANg*(z,A) — go(jfl)(:z:, A)S’*(z, A)
+ @0 (@, N (M(X) = M(N)$* (2, ).
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Since M (\) = M()), it follows that for each fixed:, the matrix-functionsP; (z, \)
are entire i\ of order 1/2. Together with (3.13)—(3.14) this yields

Piy(z,\) =1, Pix(z,)\)=0.
By virtue of (3.11), we havep(z,A) = @(z, A), for all z and ), and consequently,
Q(z) = Q(z) a.e. on(0,T), andh = h. Theorem 3.1 is proved. O
4. Solution of the inverse problem

Let the Weyl-matrixAZ () of the boundary value problel = L(Q, 2) be given. We
choose an arbitrary model boundary value problem L(Q, h) (for example, one can
takeQ(z) = 0, h = 0). Denote

D(:Z:, )\“u> — <90*<I7U)790($’)‘)> — /OI <P*(f,/l)<ﬂ(t7>\) dt

A—p

D v = EELEEI [ 1 )50, .

r(z, A p) = M(u)D(z, A i), Fa, A p) = M(u)D(@, A ).
By the standard way (see [9, Ch. 2]) we get the estimates

Czexp(|Im p|z)

lpFol+1 (4.1)
A=p% p=6>>0 =+0Rep>0.

1D, A, )l 1D, X, )] <

It follows from (2.4) and (2.6) that

M) =0(p?%), |pl—o0, peQ (4.2)

In the A-plane we consider the contoyr= ~" U +” (with counterclockwise circuit),
where~’ is a bounded closed contour encircling the Aet A U {0}, and+” is the
two-sided cut along the adc\: A > 0, A\ ¢ int v/} (see Figure 1).

AR
K R

Figure 1.
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Theorem 4.1. The following relation holds
~ 1 ~
B N) = (0 + 5 [ ol ) di (43
Iy v

Proof. It follows from (3.10) and (4.1), (4.2) that the integrals in (4.3) converges abso-
lutely and uniformly oy, for each fixed: > 0. DenoteJ, = {\ : X ¢ yUint~'}.
Consider the contouyr = v N {A : |A| < R} with counterclockwise circuit, and also
consider the contouwy®, = vg U {\ : |\| = R} with clockwise circuit. By Cauchy's
integral formula [8, p. 84],

P2, \) — 61l = i/ P i) = 0wl 0\ it 40, k= 1,2
2mi 0, A—u ’

Using (3.13), (3.14) we get

Py (z, 1) — 01k Im

lim dp=0, k=12
oo Jjul=r A
and consequently,
1 [P
Plk'(xa )‘) = 61kI7n + %\/ w d,u, A E J—y, k= 1, 2, (44)
5 I
since L ;
o
=— [ — =0 A
21 ), A — ’ €

by Cauchy’s theorem. In (4.4) the integral is understood in the principal value sense:
/ —jim | .
vy Booag

p(x,A) = Pra(x, A)@(, A) + Pra(z, )@ (2, A),
it follows from (4.4) that

~ 1 Pll(x,,u
h )\ = )\ —_—
oo, N) = Pl A) + 5 /

Since

)(,5(1& )‘) + PlZ(xvﬂ)@,(xﬂ )‘)
A—p

dp, e J,.

Taking (3.12) into account we get

P N) = 3 + 5 [ (oS (w0) = O, ) (0,103l

~k A+ ~/ d
(@ )3 () — ol 1B () (2, 0)) 17
In view of (2.7), (3.3) and (3.4) this yields (4.3), since the terms with, ) and
S*(z, u) vanish by Cauchy‘s theorem. O
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For each fixed: > 0, the relation (4.3) can be considered as a linear integral equa-
tion with respect tap(z, A), A € . This equation is called theaain equatiorof the
inverse problem. Thus, the nonlinear inverse problem is reduced to the solution of this
linear integral equation. Now we are going to prove the unique solvability of the main
equation. For this purpose we need the following assertion.

Lemma 4.2. The following relation holds

- 1 -
A, ) = (e M) — 5 / P, €, ) (@, A, €) dé = O, (.5)
vy
Proof. Since
1 ( 1 B 1 )_ 1
A\ T aE

we have by Cauchy's integral formula

P@\) = Pl,p) _ 1 P(z,¢) _
A—p - 2mi [yo (/\ — d¢, A peint yg.

Using (3.13) we get
im P(z,€)

——_d¢ =0,
A figr € )
and consequently,

P(l‘,)\) —P(l’,,u) i/ P(x@)
¥ (A H

A—pu 2mi

It follows from (4.6) that

In view of (3.11) we infer

[0 (2 1), =" (1)) P (3, ) [ oo ]
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Taking (3.12) into account we calculate

[0 (2, 1), —¢* (2, w)) P (, 1) = [0* (2, 1), —0* (2, )] X

pla, )@ (2, p) = (@, 1)¢" (2, 1), Pz, 1) @" (@, 1) = (@, )" (2, 1)
o' (@, 1)@ (z, 1) — P (2, 1)@ (2, 1), P2, 1) (2, 1) — ¢’ (x, )P (2, 1)
According to (3.5) this yields
[50*1(1'7 /’L)’ _W*(xa ,LL)]P(QJ, /’L) = [95*/ (.13, M)a —(,5*($, M)]a
and consequently,

[0 (@, 1), =" (2, 1) | P, 1) [ oo ]
&' (z,N)
= [¢* (z, 1), —F* (, )] [ %,(l‘ A) 1 = (3" (z, p), Bz, \).  (4.9)
&z, \)

Using (3.12), (2.7), (3.3) and (3.4) we get

1 de
mLPM) G- 06 n

1 / —p(2, MG (x,6)  o(a, OM(E)@" (w,p) | dE
2mi Jy |~/ (2, M(E)F* (x,1) @ (2, )M(E)F" (2,1) | A= E)(E—p)’

since the terms witl§ (z, £) vanish by Cauchy's theorem. Therefore

%/[so*/(%u),—w*(x,u)]P(%ﬁ) g/((xx,AA)) ] (A_;)lfg_u)

_ 1 et (), o(@,8)) e (@7 (2, ), Bl N))

_ 271'2'/7 LPnE - dé, Aped, (4.10)

Substituting (4.8)—(4.10) into (4.7) we obtain
(@ (@, 1), 6(x,N))  (@"(x, 1), p(w, )
A— L A—pu
1 [ (@), (@,8)) v (@7 (2, ), Bz, N)
R R e

or, which is the same

1 A -
D("B, A?M) - D(l’,)\,ﬂ) - Tm / D(l'vfa,u‘)lm (S)D(l'vA,E) df =0
Y

Multiplying this relation by (1), we arrive at (4.5). Lemma 4.2 is proved. O
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Let us consider the Banach spaBeof continuous bounded op matrix-functions
z(A) = [2js(N)]; pet A € 7, With the norm|z[|z = sup max_[z;x(A)].
T Aevy j,k=1m

Theorem 4.3. For each fixedr > 0, the main equatiorf4.3) has a unique solution
o(z,\) € B.

Proof. For a fixedz > 0, we consider the following linear bounded operator8in

Az(N) = z(\) + 277lm / 2(p)7(z, A, ) dp,

A=) = 2 = 5 [ e\ 200 d
Then
AAz(N) = z(\) + % / z(p) (F(x, A\op) —r(x, A\, )
—or [ P FE de) di
By virtue of (4.5) this yields

AAz(N) =z()),  z(\) eB.

Interchanging places fdr andZ, we obtain analogouslytAz()\) = z(\). Thus,AA =
AA = E, whereF is the identity operator. Hence the operatidnas a bounded inverse
operator, and the main equation (4.3) is uniguely solvable for each#ixed. O

Using the solution of the main equation one can construct the potential ripdtrix
and the coefficients of the boundary conditignsThus, we obtain the following algo-
rithm for the solution of the inverse problem.

Algorithm. Let the matrix-function/ () be given. Then

1. Choosel, and calculates(z, A) andr{x, A, ).

2. Findy(z, A) by solving equation (4.3).

3. Construc(z) andh via Q(x) = " (2, N (p(z,\)) ™t — A, h = ¢'(0, \).

Remark 4.4. Using the main equation one can also obtain necessary and sufficient
conditions for the solvability of the inverse problem (see [9, sec. 2.2]).

Remark 4.5. For the case of docally integrablecomplex-valued potential matrix
Q(z) the generalized Weyl-matrix can be introduced as a main spectral characteristic,
and the inverse problem can be treated analogously to the scalar case (see [9, sec. 2.5]).
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Remark 4.6. Similar results are obtained for the matrix Sturm-Liouville equa-
tion (1.1) on afinite interval For this purpose the method of spectral mappings
(see [20, 21]) has been used.
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