An inverse spectral problem for Sturm-Liouville operators
with singular potentials on star-type graphs
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ABSTRACT. Sturm-Liouville differential operators with singular potentials on
compact star-type graphs are studied. We establish properties of the spectral
characteristics and investigate the inverse problem of recovering the operator
from the so-called Weyl vector which is a generalization of the Weyl function
(m - function) for the classical Sturm-Liouville operator on an interval. For
this inverse problem we prove an uniqueness theorem and obtain a procedure
for constructing the solution by the method of spectral mappings.

1. Introduction

This paper is devoted to the solution of the inverse spectral problem for Sturm-
Liouville differential operators with singular potentials on compact star-type graphs.
The inverse problem consists in recovering the potential on a graph from the given
spectral characteristics. For the classical Sturm-Liouville operators on an interval
inverse spectral problems have been studied fairly completely (see the monographs
[1-8]). The case of singular potentials on an interval was investigated in [9-11] and
other papers.

Differential operators on graphs (networks, trees) often appear in natural sci-
ences and engineering (see [12-13]). In recent years there has been considerable
interest in the spectral theory of Sturm-Liouville equations on graphs (see a good
review of such publications in [12]-[13]). Most of the works in this direction are
devoted to the so-called direct problems of studying properties of the spectrum and
the root functions. Inverse spectral problems, because of their nonlinearity, are
more difficult for investigating, and nowadays there are only a number of papers in
the inverse problem theory for differential operators with integrable coefficients on
graphs (see [14-18] and the references therein). The inverse spectral problem for
operators with singular potentials on graphs has not been studied yet.

In this paper we study the inverse spectral problem for Sturm-Liouville dif-
ferential operators with singular potentials on compact star-type graphs. As the
main spectral characteristic we introduce and investigate the so-called Weyl vector
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which is a generalization of the Weyl function (m-function) for the classical Sturm-
Liouville operator on an interval (see [4], [19]). We show that the specification of
the Weyl vector uniquely determines the coeflicients of the differential equation on
the graph, and we provide a constructive procedure for the solution of the inverse
problem from the given Weyl vector. For studying this inverse problem the ideas of
the method of spectral mappings [8] are developed. The obtained results are natu-
ral generalizations of the well-known results on inverse problems for the differential
operators on an interval.

The paper is structured as follows. In Section 2 we introduce the main notions
and provide a formulation of the inverse problem. Section 3 contains some auxil-
iary propositions. Section 4 is devoted to the solution the so-called local inverse
problems. In section 5 we provide a solution of the global inverse problem on the
graph.

2. The Weyl vector. Formulation of the inverse problem

Let T be a star-type graph with the set of vertices {v, }1;:0 and set of edges
{ej}j—1,ej = [vo,v;]. We suppose that the length of each edge is equal to 1. We
consider each edge as a segment [0, 1] and parameterize it by the parameter = €
[0,1]. Tt is convenient for us to choose the orientation such that =1 corresponds
to the vertex vg.

A function Y on T is considered as a vector Y (z) = [y;(x )]? 1, €[0,1]. Let
q = [g;(x)]}~, be a real-valued function on 7' such that ¢; € W, 10,1], ie. gj(x) =
o’ (x), 0; € L2[0,1] (the derivative here is considered in the sense of distributions).
We call the function o = [0(x)]"_; the potential. The Sturm-Liouville differential
operator on the edge e; is defined by the following expression (see [9-11]):

ty; = =) — o5@)yy” o @)y,

(1. ] ; vati
=Y — 0;y; Is a quasi-derivative, and

where y;

dom(¢;) = {y; | y; € W3[0,1], y}" € W{[0,1], £j9; € La[0, 1]},
Consider the Sturm-Liouville equation on T:

(1) Ciy; = Ayj, x€l0,1], j=1,p,

where y; € dom(¢;) and the functions y; satisfy the following matching conditions
at the internal vertex vg:

(2) yi(1) =we(1), J,k=1Lp,

(3) Z [1]

The matching conditions (2)-(3) are called the standard conditions. In electrical
circuits, they express Kirchhoff’s law; in elastic string networks, they express the
balance of tension, and so on. Denote U;(Y) := yj[l] (0), 7 =1, p, and consider the
boundary value problem By for equation (1) with the matching conditions (2)-(3)

and with the boundary conditions

U;(Y)=0, j=T1p.
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We also consider the boundary value problem By, k¥ = 1,p for equation (1) with
the matching conditions (2)-(3) and with the boundary conditions

Let ®x (2, \) = [®g; (2, N\)]}_;, k = T,p be the solutions of the equation (1) satisfying

(2), (3) and the boundary conditions:

(4) Uj(®x) = dji,

where 0, is the Kronecker delta. Denote M () := @ (0,A), M(X) = [Mk()\)}i;}
The function My (A) is called the Weyl function for (1) with respect to the vertex

vg. The vector M (A) is called the Weyl vector. The inverse problem is formulated
as follows.

INVERSE PROBLEM 1. Given the Weyl vector M, construct the potential o.

REMARK 1. The notion of the Weyl vector is a generalization of the notion
of the Weyl function (m-function) for the classical Sturm-Liouville operator on an
interval (see [4], [19]). As in the classical case [17] one can show that the functions
M} (M) are meromorphic in A, namely:

Ar(N)
Mi(A) =
M=)
where Ay (\) are the characteristic functions of the boundary value problems By.
Zeros Ay = {Apn}n>0 of the entire function Ag(A) are real and coincide with

the eigenvalues of By. The characteristic function Ay () is uniquely determined
by its zeros Ag. The specification of the Weyl vector M (A) is equivalent to the
specification of the spectra Ay, k = 0,p. Thus, Inverse Problem 1 is equivalent
to the Inverse Problem 2 of recovering o from the system of spectra Ay, k = 0, p.
Inverse Problems 1 and 2 are a generalization of the classical inverse Sturm-Liouville
problems on an interval (see [4]).

Let us formulate the uniqueness theorem for the solution of Inverse Problem 1.
For this purpose together with o we consider a potential 6. Everywhere below if a
symbol « denotes an object related to o, then & will denote the analogous object
related to &, and & := a — a.

THEOREM 1. If M = M, then o = &. Thus, the specification of the Weyl vector
M uniquely determines the potential o on T.

This theorem will be proved in Section 5. Moreover, we will give there a
constructive procedure for the solution of Inverse Problem 1. For this purpose we
use the ideas of the method of spectral mappings [8].

3. Auxiliary propositions

Let o;(x,A),9;j(z,A) and s;(z, A) be the solutions of equation (1) on the edge
e; under the initial conditions

50, 0) = 5 (LA = 51100 = 1, @0,0) = (1, 0) = 5,0, 1) = 0.
Let A = p?. The following asymptotical representations can be deduced directly

from the results of [9-11]:

(5) i(,A) = cos pr + 1z, p), @Iz, X) = —psin pz + pn(z, p),
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(6) ws(x,A) = cosp(1—x) +n(1—x,p), ¢\ (x,X) = psinp(1 — ) + pn(1 -z, p),

Here and below the symbol n(z, p) denotes (various) functions which are entire in
p for all z € [0,1], and:

1) n(z, p) = o(exp(x|Impl)) for p — oo and any fixed x € [0, 1];

2) n(x,-) € La(y) for all x € [0,1] and real 7, where v = (1) = (—o0 +
iT, 400 +i7);

3) n(+,-) € L]0, 1] x v and bounded uniformly on [0, 1] x v for any fixed real 7.

4) n(z, p) depends continuously on the potential in the following sense: if o,, —
o in Lo(T) then the corresponding 0, (x, p) converges to n(z, p) uniformly on [0, 1] x
7, (for any fixed real 7), and

{11 (2,2) =02, )| L) = 0,

Throughout the paper we shall use the symbol x(p) for (various) meromorphic
functions with the following properties:

1) for any § > 0, one has k(p) — 0, p — o0, p € G, where
Gs={p:|lp—nn/2| > VYneZ};

2) k(+) € La(7) for all 7 > 7, where 79 may be different for different functions
r(p);

3) k(p) depends continuously on o(z) in the following sense: if o,, — o in Lo(T)
then all the corresponding ., (-) € L2(7) and k,(p) converges to k(p) in La(7y) and
uniformly on ~ for all 7 > 7.

Also we shall use the notation [1] := 1 4 &(p).

Using the properties of the solutions ¢;,1;, mentioned above, one can deduce
the following asymptotics

(7) @i(1A) = cospll], @} (1,0) = —psinp[1],
(8) 1;(0,X) = cos p[1], z/JJD] (0,\) = psin p[1],
LEMMA 1. The following representations hold
1-— 1 1
Dpp(z,A) = P ] —— cos pz + L cosp(1 — x)
p pcospsinp psin p

To(p~t exp(—a|Tmpl)) + o(p~ exp((z — 2) Tmp])),
1] p—1 [ A .
(b = _— 1 —
ee (T, A) b cospsing sin px + Sinp sinp(1 — x)
+o(exp(—z|Impl)) + o(exp((x — 2)[Imp|))
for any fixed x € [0,1] and p — oo, p € Gs. Moreover,

:1—p ] +Bcotp.

M (X
k) p psinpcosp  p

PROOF. Using the fundamental system of solutions g (z, A), ¥x(x, A), we get
(9) Prr(x,A) = Be(N)er(, A) + e (N (2, A),

where (\) and 7% ()\) do not depend on z. In view of (4), vx(\) = (Uk(¢x)) .
Taking (8) into account we calculate

(10) (A) = (psinp) ' [1].
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Since @y, satisfies the matching conditions (2)-(3) one has

zp: a1,
2By (1)

According to (4), ®x;(x, A) for ] 75 k are proportional to ¢;(x, A), hence

T a- T Ay
<I> 1 '
N & e
By virtue of (7), this ylelds
(1, 3)
———— = —(p— 1)ptanpl|l].
Jj=Lp\k

Clearly,
LA Bl (1))
P (1,A)  Brpr(LA) +
Using (7) and (10) we calculate

1-— 1
(11) go=t-p_ 1
p psinpcosp
Substituting (10) and (11) into (9) and using again the asymptotics (5)-(8) we
arrive at the required representations. O

Let o and & be two potentials. As in the classical case [4] we introduce the
matrix

Pk A) = -
(= A) . g, ) (a0

(@, A) @kk(x,x)} ol N) BN ]
ol (@A) ol () '

LEMMA 2. For any fized x € [0,1] and p — oo, p € Gs
Pl (x,A) = 65 =0(1), (j.s) # (2,1),
P3i(z,)) = o(p).
PROOF. Since (Pg(z,\), Ppr(z,\)) = 1 (where (y, z) := yzl! — y[12) one has

P = @k&’m - ‘I’kk¢L1], Pl = .08 — oxPri,
Pl = B aflilh, Pl = poll Ao

The assertion of lemma now follows directly from the asymptotlcs (5) and lemma
1. O

In the p—plane consider the contour v = v(7) := (—oco+i7, +oo+i7) where 7 > 0
is such that inf{ArUA.} > —72. Let T be the contour in the A~ plane which is the
image of v under the mapping A = p?. Denote by D% the image of the half-plane
{Imp > 71},and D™ := C\D" . Let Cx := {|A\| = (N+1/4)?} and Cy := CyND~
be the contours with clockwise orientation. Denote I'y = I'Nint Oy, I'y = I'yUC.
Define the functions

Do) = DO [P0 )
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f?k(x, )\,/L) — <¢k(l‘,i)a_¢:($7ﬂ)> _ /Ox (ﬁk(t,)\)sék(t?,u) dt.

LEMMA 3. For all z € [0,1] and X\ € DY the following relation holds

M)¢MN=MMHL%MADMAMMWMMW

271 N—oo

ProoOF. The asymtotics established in lemma 2 allow us to repeat the argu-
ments from [4] that give the following relation

) 1 - .
(13) (e, A) = Gu(w,A) + 5 . Dy, X, 1) My () (, p)dp + en (2, A),
N

where en(z,\) — 0 for N — oo. The functions Dy (z, \, ) and @ (x, p) are
bounded for fixed A and € D~. Since My(\) = &(p)p~! = o(p™'), p — o0, p €
Gy, it follows that

Dy, A, p)) My ()i (2, p)dpp — 0, N — o0,
Cx

Taking in (13) the limit as N — oo, we arrive at (12). O
Define
fk(m7pa9) = Dk(x7)‘7/l)9Mk(:u’)7 rkr(x7p79) = Dk(x7>\7,u)0Mk(M)> )‘:p2a MZGQ

Everywhere below we assume that 7 in the contour v = «y(7) is chosen such that
OMp (1) € La(v).

LEMMA 4. 1) For any A € DV and = € [0, 1],
[ 1Dt x 02 d8] < (e,
8!

where C(z, p) is bounded uniformly on any compact set.
2) The following estimates hold

[ [0 dollapl <o, [ [ 1w 0002 a0l s < o
el el

PrOOF. 1) Using (5) we split Dg(z, A, p) into four terms:
Dk(xa )‘7 /j/) = Dk,ll(ma )‘7 M) + Dk712('r7 )‘7 /’[/) + Dk,21 (.TL', )\a I'L) + Dk,22(xa )‘a ,u)7

where
xr

x
Dk,u(m,)\,,u):/ cos pt cos Ot dt, Dk,lz(af,)\,,u):/ cos ptn(t,0) dt,
0 0

Dk-,zl(:r,/\,u)=/ cos Otn(t, p) dt, Dk,22(33a)\7ﬂ):/ n(t, p)n(t,0)dt.
0 0

Direct calculations show

1 1

Using the Cauchy inequality we obtain
(15) [ Diaz(z, A, p)| < Colx, p)lIn(-, )],

(16) | Di,22(2, A, )| < [0, )G O)1]-
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Moreover, Parseval’s identity gives
a7) [ 1Deas(ex )Pl de) = 2l o)l
¥

Note that Co(z, p) = { [, | cos pt|2dt}1/ ? is bounded uniformly on any compact set.
The first part of the lemma follows directly from (14)-(17).

2) It follows from (16), (17) and the relation My (1) = 0(6~!) (see Lemma 1)
that

[ [ Practe r Nt dblidpl < 0. s =12
Then (14) yield; !
[ 1Dente )l ldol < o)
Taking O My () = r(6) € Ll(v) into account we conclude that
[ [ 1Deastex w0t ) gl < o
Let us now return to ’YD;:lg(x, A, ). From it’s definition and the Parseval’s identity

it follows that

‘Dk,IZ(xa )‘7M)|2 |dp‘ = 27‘-”77(70)”%2[0@] )
~
and as above we arrive at

[ [ 1Dstox w0t ) ol < .
¥y

Lemma 4 is proved. [

4. Local inverse problems
Fix k € 1,p — 1, and consider the following auxiliary inverse problem.
PrOBLEM IP(k). Given My (\), construct o(x), = € [0,1].

Recall that the Weyl function My (\) is determined in terms of boundary prob-
lems By and By which are considered on the whole tree T. This means that the
problem IP(k) cannot be reduced to the inverse spectral problem on a finite seg-
ment in any sense. Nevertheless My () is found to bring enough information for
reconstructing the potential on the edge ey.

THEOREM 2. If My, = M,, then o), = Gy,

ProoF. Consider again the matrix P¥(x,\) introduced in previous section.
Since, according to (4), we have ®gp(N) = sg(z, A) + Mip(N)pr(z, \), the elements
PE.(x,)\) can be rewritten in the form:

P (2, 0) = @i, N3 (2, A) — si(a, V@i (2, A) — Mi (N r (2, Vgl (2, ),

Plk2('r7 A) = @kl A)si(@, A) — 8k (2, Ak, A) + M (A)pr(z, A) i (, A).
If My = Mj, then the functions PF,(x, \) are entire in A. Using lemma 2 and Liou-
ville’s theorem we get Pl (z,\) = 1, Pl(x,\) = 0. By virtue of definition of the
matrix PF(x, \) this yields ¢y (z, \) = @r(z, \) and, consequently, oy, = 7. O
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Our next goal is a constructive procedure for solving the problem IP(k). Let
the Weyl function My (\) be given. Take a potential 6 = 0, and consider relation
(12). We are going to transfer (12) to an equation in the Hilbert space Lo(y). For
this purpose we first split the integral term into two parts:

Dy(w, A, ) My () pre(, p) dpp = | Diela, A, p)) My (1) @i (, 1) dps

I'n I'n

+ Dy (w, A, 1) My (1) @i (, 1) dps.

Note that

tim [ Do M)Wt (oo ) die = [ Dio Ao p) 3o ) s
I

N—o0 T'n

and by virtue of the first part of Lemma 4, the integral in the right hand side
converges absolutely and uniformly with respect to A on any compact subset of
D+. Then take the limit in (12) as A — I, and define

Vi (z, p) == pr(x, ) — Pr(z, A),

1. - ~ -
(18) Fy(z,p) := — lim Dy (2, \, ) My (1) @r (2, p)dpe, X = p*.

271 N—oo 'y

It follows from (5) that Wy(z,-) € Lo(y). Making the change of variables u = 62
and using the notation 7 (x, p, #) defined above we arrive at the relation

(19) Uy (z, p) = %/Fk(x,p, 0) Uy (,0) d + Fy(z, p).

For each fixed x € [0, 1], relation (19) can be considered as a linear integral equation
in Lo(y) with respect to Wg(z,p). Equation (19) is called the main equation for
IP(k). It is convenient for us to rewrite the main equation in the operator form.
For each fixed z € [0, 1], we define the linear operators Hy(z) and Hy(z) in La(y)
as follows:

@) 1) 1= - [ Fulep. O 0)d0. o)1) i= - [ rula.p.007(6) .

Then the main equation becomes
(20) Uy (z) = Hy(2) U (z) + Fi().
By virtue of the second part of Lemma 4, Hy(x) is a Hilbert-Schmidt operator in
La(7)-

THEOREM 3. For each fized x € [0,1], equation (20) is uniquely solvable in
Lo (7).

PRrROOF. Using estimates from lemma 2 and repeating the arguments from [4]
we obtain for any A\, € D+:

Dl o) = Duwhp) = g | SO Duw A il €. ) d + el (. ),

where limy o0 €5(2, A, #) = 0. Similarly to the proof of Lemma 2 one gets

Dl o) = Dula o) = 5= [ (ODu A €Dl .
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By virtue of Lemmas 1 and 3 the integral in the right-hand side converges absolutely
and uniformly in A, u on any compact subsets of I'. Make the change of variables
¢ = (? in the integral term and multiply both sides by §Mj,(x). This yields

il p,) = ) = = [ Fulop (e 0) de,
8l

which is equivalent to the operator relation
(E = Hy())(E + Hy(z)) = E,
where F is the identity operator. Interchange the places for ¢ and ¢ and repeating
the arguments above we obtain
(E+ Hy(2))(E - Hy(z)) = E.
Thus, the operator (E — H, (x)) is invertible, and the theorem is proved. O

Using the solution W (x, p) of the main equation, one can calculate the function
wr(z, A) and then construct oy (z), according to the next theorem.

THEOREM 4. The solution oi(x) of the Problem IP(k) can be found by the
formula

1 . B ~
(21) ou(e) = =mn(o) = = [ ule Nauln M) A
r
where
1 .
(22) my(z) = —il.i.m.Néoo/ p M (p?) cos 2px dp.
™ TN

ProOF. In view of (5) and Lemma 1, the integral in the right-hand side in
(21) converges absolutely and uniformly for all € [0,1]. The function my(z),
defined in (22) via the cosine Fourier transform of the function pMy(p?) € La(y),
is L2[0, 1]~ function. Hence, the right-hand side in (21) is defined correctly as a
function o} (z) € L2[0, 1]. Our goal now is to prove that o} (x) = ox(z).

Consider sequences {0, },,_1, j € I, p such that o,,;(z) € W30,1], o — 0
for n — oo in Ly(T') and 0,,;(0) = 0. Then (see [17]) o,;(z) is given by (21), and

oi (@) = one(x) = mi (@) = mi()
1 ~ ~(n Sr(n ~ 9
iz [ ) (A7 @I ) = il VL)) ax

(Here if a symbol a denotes an object related to {7}, then a(™ denotes the anal-
ogous object related to {o,;}). One can rewrite this relation as follows

() — o ge(x) = mi () — m()
i [ MR (47 (@.3) = fulan ) dxe

L[ . - n .
—,/cpk(x,)\)cp,(fn)(x,)\) (A1) = M(0)) .
™ Jr

By virtue of (5) and Lemma 1, this yields

(n)
k

ok = onpll < [lmy”" —my]|

+C <xgl[g>§] et (@, p%) = (@, P Laca) + 1M — Mmz(m) :
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Using again (5), Lemma 1 and the continuity of the Fourier transform we deduce
that ||o} — op k| — 0 for n — co. Since op(x) = lim, o0 op k() in L0, 1], we
arrive at the required identity of(z) = o (z). O

Thus, the solution of the auxiliary problem IP(k) can be constructed by the
following algorithm.

Algorithm 1. Given My (A).

1) Take & = 0 and calculate @y (x, ), My()\), Di(z, A, 1) and 74 (z, p, 6).
2) Construct Fj(z, p) by (18).

3) Find Uy (z, p) by solving the main equation (19) for each = € [0, 1].
4) Construct o (z) using (21), (22) where ¢ (z, \) = Ui (x, p).

5. Solution of Inverse Problem 1

Algorithm 1 described in the previous section allows us to reconstruct the
potentials o (x),k = 1,p — 1 from the given Weyl vector M (\). The final step in
solving the Inverse Problem 1 is to reconstruct the potential o, (x). For this purpose
we shall formulate and solve some inverse spectral problem on the remaining edge
ep-

Define ®g(z, A) as the solution of the following boundary value problem:

(23) 0,80 = Adg, (1, 0) =1, U1 (®0) =0,
and let My(X) := —Pp(1, N).
PrOBLEM IP(0). Given My(\) construct o,(x).

It is clear that the problem IP(0) can be treated in the same way as the problem
IP(k). The analogous considerations show that it has a unique solution and can be
solved using the following algorithm.

ALCORITHM 2. Given My(A).
1) Calculate Mo(X) := Mo(X) — p~ ' cot p, Do(x, A, p) := [ cos pt cos 0t dt,

1. ~ . -
Fo(w,p) o= 5— lim [ Do(w, A p)Mo(p)o(w, p)dp, A= p?,jp= 0%,
T, N—oo I'n
2) Find Uy(z,p) by solving for each xz € [0,1] the main equation (19) with
k=0.
3) Construct o,(z) by the formulae

1 .
~0y(1 =) = —ma(o) = = [ Wa(e.p)cos palo(3)

1 .
mo(x) = El.z.m.Nﬁm/ pMy(p?) cos 2pz dp.
TN

Now we show how to obtain the input data for the Problem IP(0) from o (), k =
1,p—1. It follows from (23) and (4) that ®o(z, ) = aor(A)Psp(x, A) for any
k € 1,p— 1. This yields

(24) Mo(N) = — - -
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In order to calculate the right-hand side of (24) we use the matching conditions (2),
(3). Recalling that for j # k the function ®y;(x, A) is proportional to ¢;(z, \), we
obtain from (2):

(25) Bij(a, ) = qm@xm, JeTF=T\k
(26) Dpp(1,N) = Ppi(1, M),

where k € 1,p — 1 is arbitrarily fixed. Analogously (3) gives
p—1
(1] _ (1]
(27) O (LA) == 0 (L)
j=1

Relations (24)-(27) allow us to find My(A) in terms of the known oy (), k =1,p — 1.

The considerations above show that the solution of Inverse Problem 1 is uniquely
determined, and Theorem 1 is proved. The constructive procedure for solving the
problem is described in the following algorithm.

ALCORITHM 3. Given the Weyl vector M (A).
1) For each fixed k = 1,p — 1, construct ok (z), € [0,1], by solving the inverse
problem IP(k) according to Algorithm 1.

2) Calculate g (z, \), Pri(z, A), kK =1,p — 1, as the corresponding solutions of
the Sturm-Liouville equation on the edge e with the known potential oy (z).

3)Fix k=1,p—1.For j=1,p—1\k, find ®y;(x, A) from (25).

4) Calculate ®,(1,A) and @%1;(1, A) via (26), (27).

5) Find My () using (24).

6) Construct o,(z), = € [0, 1] by solving the problem IP(0) according to Algo-
rithm 2.
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