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Abstract

We prove a fundamental representation formula for all solutions of the matrix Riccati
differential equation (RDE) and of the corresponding algebraic Riccati equation (ARE).
This formula contains the complete information on the phase portrait of (RDFE) and on
the structure of the set I' of all solutions of (ARE). In particular we describe all con-
stant, periodic and almost periodic solutions of (RDFE). Further we give an application
of the fundamental representation formula to the investigation of nonautonomous Riccati
equations.
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1. Introduction.

In this paper we study the matrix Riccati differential equation (RDFE)(or (RDE)R)
W = By, + BpyW —WBy, — WBpW, t € C (ort €R) (1.1)
and the corresponding algebraic Riccati equation (ARFE)
0 = By + BooW — W By — W B W, (1.2)

where W (t) (or W) is a complex m x n matrix and where Byy, Bia, Ba1, By are constant
complex matrices of dimensions n x n, n x m, m X n and m x m respectively. The matrix
Riccati equation - especially (RDE)g and (ARE) for m = n - plays an important role in
many branches of applied mathematics, notably in variational theory and the allied areas
of optimal control and filtering, invariant imbedding, spectral factorization and dynamic
programming (see [5], [14], [21]); nonsquare matrix Riccati equations appear for exam-
ple in Nash and Stackelberg control problems, where the properties of Riccati equations
determine the existence of the optimal open-loop strategies (see [1], [18], [28] for further
references). On the other hand (RDE) is also of mathematical interest, since it is the de-
scription in local coordinates of the differential equation on a Grafimann manifold, whose
flow is given by the action of a one-parameter subgroup of Gl(n+m,C) (see [10], [22],
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[27])-

In section 2 of this paper we derive a fundamental representation formula (2.10) for
the solutions of (RDE); this formula contains the complete information on the phase
portrait of (RDE) and in particular on the structure of the set I' of all solutions of
(ARE) (see section 3 and section 4). In the last part of this note we give an application
of the fundamental representation formula to the investigation of nonautonomous Riccati
equations.

2. The fundamental representation formula

In this section we describe the connection between (RDE) and the corresponding linear
differential equation (L) (see [21, p.11]), and we derive a detailed formula for the general
solution of (RDE).

Let B = <BH Bu) , Y = <Q> with complex n x n and m x n matrix functions
By Ba P

@ and P respectively; then (RDFE) and the following linear system of differential equations
Y =BY,teC (L)
are equivalent in the following sense:

(i) Let I, € C™™ be the unit matrix, let W be a solution of (RDE). If @) is the unique
solution of the initial value problem

Q = (B + BW(1))Q, Qty) = I, theGCC
and P(t) = W (t) Q(t), then Y := (Q) is a solution of (L).

P

(ii) Y = (jQ:.) is a solution of (L) such that Q(t) is regular for t € G C C, then
W: G—C™" t— PHQ () =WI(t)
is a solution of (RDE).

Let V = (v1,...,Unqm) € COFM*04m) he the matrix defined by a Jordan basis of
generalized eigenvectors of B such that

)\1 * 0
VBV =J=dag(J,....J,)=| . . * (2.1)
0 e )\n—l—m
with % € {0,1} and (without loss of generality)
Re(A1) < Re(A2) < ... < Re(Apim), (2.2)



and where J is a Jordan canonical form of B with Jordan-blocks

My 1 ... 0
0 Hy Jv X Ju
J, = : . . . e C ,ﬂye{)\l,...,)\n+m},1gygp.

0 0

If
C1 C11 .. Cin
Cn+m Cner,l o e Cn+m,n
and
(z1(t), ..., Tnym(t))diag(eMt ... ettmt) .=V e/t (2.3)

then an arbitrary (n + m) X n matrix-solution Y of (L) has the form
O — v oae (RN _ (QEC)
(Y(t;C)=)Y(t) =V e'C = <p<t)> = (P(t; C)> (2.4)

with Q(t) € €™, P(t) € C™" and Y (0) = VC = (%))
Further, to every Jordan-block J,,1 < v < p, there correspond j, solution-vectors of the
form

. ) — oty . —. bt . .
?/31+,..+yy_1+1(t) =€V 44,41 = €T $31+...+gy_1+1(t)>

(2.5)
) : Jv t]l,—z st
Djrt oot (1) = € Z i) Vjrbetiorvi = €7 T4 g, (F),
(1 <v<pandj:=0).
13,,71(15)
Let x,(t) = : ,1 < v <n+m, be the polynomials defined by (2.5),1 < j <mn
xu,n—l-m(t)
and 1 < ¢ < m, then we set
Tyl
j51/ = s :Uu(gaj) = ($V17 v Lyj—1s Tontt, Tog+ls - - - 7xun)T;
xl/n
similarly we define 0, and v, (¢, j). Using these notations we infer from (2.4)
n+m n+m
t) = (Z cyle’\”tfcy(t), e Z Cone™tE
v=1 v=1
nim w1 (t)eMiey,
= T Qu(t) ... Qu(t)
= : = : (2.6)
ndm Qui(t) ... Qun(t)

Z Ikn() At ey



and

n+m Lymn+1 (t) n+m Tyn+1 (t>
P(t) = (Z cet : e Z Cone™t : )
=l xz/,n—l—m(t) v=1 xl/,n—l—m(t)
n+m ot
kgl T (t)e ex
= (2.7)
n+m ’ At
kgl Tin+m ()€ ey
Consequently we obtain, using the multilinearity of the determinant,
n+m n+m
detQ Z Z Akl+ +Akn) Ckll...Cknn|1~]k1(t)7...,i’kn(t)|
k=1
— > e()‘kl*"*’\’“n g, (t), - T, ()] sign - 1+ - - Chy )
1<ki<ko<...<kn<n+m TEOoR
Ck1
= Z 6<Ak1+"'+)\k”)t|£’k1 (t), R ,ii'kn (t)| . (28)
1<k <ko<...<kn<n+m Ckn
We recall that |Zy, (t),..., Tk, (t)] = |0k, .., Uk, | is constant if B is semisimple, otherwise
these determinants are polynomials with coefficients of the form |0,,,...,7,,|.

Since det Q(t) is an exponential sum with polynomials as coefficients, the asymptotical
distribution of the zeros of det Q(t) is well known (see Lemma 1, [4] and [16]).

For the evaluation of (PQ 1), the element in the ¢-th row and a-th column of PQ™1,
we use (2.6),(2.7) and (2.8). From

n+m
Qap(t) kz: Crge ™ Ly () (2.9)
and
1 all(t) oo Qup (t)
Q)= | s
det Q(1) a1 (t) .. apn(t)

where a;;(t) is the minor of Q;;(t) with respect to Q(t), we get for det Q(t) # 0 (as with

(2.8))

n-+m Ao
det Q()(PQ ' (t))1a = Z ety mre(Criy -y o) |
h=1 Una
Q11(t) o Qualt)
n+m Qa—l,l(t) ] Qa—l,n(t)
= Z eA’“t:L’ka Ck1 ce. Ckn
k=1 Qa+171(t) e Qa-i—l,n(t)
Qut) - Quilt)
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n+m n+m n+m n+m n+m

= kz: €Akt$k,n+g Z Z Z Z R N A
=1

v1=1 Va—1=1va4+1=1 vp=1

Cull Ce Cyln
CVa—l,l Ce CVa—lﬂ"b

17u1,1(t) C t’lfl,a717a_1(t)$l,a+l7a+1(t> R ZE,jmn(t) Ck1 oo Ckn
Cya+1,1 R Cl/a+1,n

Cl/nl Ce Cl/nn

Cyy

= > et (6,a), ., (6 a)|(t)
1< <ve<..<vp<n+m c
Un,

We summarize the preceding analysis as a theorem.

Theorem 1. (Fundamental representation formula for the solutions of (RDE))
Let Y (;C), Qo(C) and Py(C) be defined by (2.4). Further let Qo(C) be reqular and We =
Py(C)Qo(C)~L. Then

W(sWe): C\ {t € Cldet Q(t) = 0} — C™" ¢ v P(1)Q()"" = W (t; We)

is a solution of (RDE) with W (0; W¢) = We and

Cky
6(>\kl—"_W—H\kn)t|xk1 (ﬁ, Oé), sy Ly, (€> OZ) | (t)
1<k <..<kn<n+m c
wea (t; We) = . (210)
k1
ePrrtotdn )tz e |(1)
1<k <...<kn<n+m c
kn

1</<m,1<a<n.

Remark 1. (i) Obviously any solution W (-; W) defines a meromorphic matrix function
with poles at most in the zeros of det Q(¢). W (+; W) is called the solution corresponding
to Sy = span(V (), the column space of VC.

Ckl
The coefficients | : | appearing in (2.10) are the so-called Pliicker coordinates of C

Ckn
(or of the n-dimensional subspace span(C)); these coefficients and also the coefficients
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|Zhyy ooy Tg, |(1) and |z, (6, @), ..., zk, (€, )|(t) are coupled (see Lemma 1 and Lemma
3), which has strong influence on the behaviour of the solutions of (RDFE) and on the
structure of the set of all solutions of (ARE).
(i) If the coefficients B;; in (1.1) are functions of ¢ and (or) of some parameter p and if
the differential equation (L) has a (n+m) x (n +m) fundamental matrix solution of the
form

(21(t,p), ..., Znam(t, p))diag(eMtP) . rnrm(br)),

then the statement of Theorem 1 remains true for the nonautonomous or parameter de-
pendent matrix Riccati equation, if we replace the vector polynomials xx(t) in (2.10) by
the functions zx(t, p) and Mgt by Ai(t,p),1 < k <n+m.

In the special case of T-periodic coeflicients B;;(t) (L) has, according to the Floquet-
Lyapunov-Theorem, a fundamental system of solutions ¢, ..., Jpim of the form (2.5)
with T-periodic vector-functions vy, ..., v, (instead of eigenvectors); if we define the
polynomials x1, ..., Ty, (with T-periodic coefficients) formally as with (2.5) then the
fundamental representation formula (2.10) can also be used in the T-periodic case.

(iii) As far as we know the fundamental representation formula (2.10) for the general
solution of (RDFE) is in this detailed form new even in the autonomous case. Obviously
(2.10) contains the complete information on the phase portrait of (RDFE) and particularly
the complete information on all the solutions of (ARE).

The properties of the solutions of (RDFE) and (ARE) are very important for various
branches of mathematics, therefore these equations have received considerable attention.
Readers who are interested in a detailed description of the geometry of the solutions
of the most important special cases of (ARE),(RDE) and of the so-called extended
Riccati-equation (ERDE) (see [27]) are referred to the papers of Callier and Willems [7],
Shayman [23]-[27] and Hermann and Martin [10], [11] on this topic and to the literature
cited therein.

In the next section we use (2.10) to study the geometry of the solutions of (ARFE) and
(RDE). We focus our investigations mainly to those subcases which have not yet been
considered in detail in [18], [28] and [23]-]27]) - in this sense our results complement those
of Shayman and also those of Medanic [18] and Telford and Moore [28].

3. The solutions of the algebraic Riccati equation.

In this section we use (2.10) to derive a parametrization and a geometric description of
the set I' of all solutions of (ARE). For the formulation of our results we introduce the
following notations.

3.1 Notations. a) For A = (A\1,..., \yum) and a = (aq, ..., Gpem) € {0,117 we set

((a) =< A,a>= ngay)\,,, R(a) =Re((a) and I(a)=Im ((a).

v=1



b) Let N = ("Zm) and let A = {a',...,a"} C {0,1}""™ be the set with

1 for ic{vl,. .. vt < ... <l

J— (9 J J_
a =(al,...,a1,) and ai—{o olse

In the sequel we assume that the N elements of A are enumerated such that

j <k if and only if (3.1)
either Re(((a?)e’®) < Re(((a")e”®) for 0 < ¢ < ¢ for some ey > 0 or ((a/) =
C(a¥) and (v{,...,17) is lexicographically smaller than (vf,. .., vF).

C1
c¢) Fora? € A,C = : € Crm)xn and with the polynomials z,, defined in (2.5) we
Cn+m
set p(t,a’) = |§7V{(t),...,:%V%(t)|,pga(t,aj) = ]xyi-(f,a),...,.:L'Vrg-l(é,a)|(t), 1</<m1<
CV{'
a < n,and D(a/,C) = | : |. With these abbreviations (2.10) can be written in the
Cyg‘l
form _ ' ‘
D e @pye(t, a?)D(a?, O)
S We) = 24 : : E— 3.2
wealtVe) = @yt ) D, ©) 52
alcA

The following Lemma and Lemma 3 indicate the type of coupling of the coefficients
appearing in (2.10) and (3.2).

Lemma 1. a) Let 1 <k <ky < --- <k, <n+m,je{l,...,n+m}\{ky,... .k}

and |k, - -+, O, | # 0. Then at least one of the determinants
|ﬁj76k27 e 7@]%’ or |vj(€7 Oé),’l}k2(£, Oé), e 7Ukn(£> Oé)|, 1 < 14 < m, 1 <a<sn
1S MONZero.

b) Let a’ € A and let p(t,a’) = ct*, ¢ # 0, be a monomial of degree k > 1. Then at least
one of the polynomials pu(t,a’), 1 < <m, 1< a < n, is not identically zero and not
a monomial of degree k.

Proof. Dy = (vj, Vg,, ..., vy,) has rank n and by assumption Dy = (¥y,, ..., Uk, ) has rank
n— 1. Let the first n — 1 rows of D; be linearly independent — otherwise we proceed simi-

. F
larly. Then we can transform Dj by elementary column operations to the form ( 2 D ) ,

where b € C™*1\ {0} and where F € C"~V*("=1) 5 yegular; this proves assertion a).
b) follows with a) from the definition of the polynomials p(t,a’) and pg. (¢, a’). Notice the
special form of the vector-polynomials z(t) in (2.5).



3.2 The asymptotic behaviour of W (re*?; W) for r — oo. The complex plane is
divided into 2h sectors

Sp={teC|pr1 < argt < i}, 1 <k <2h, (3.3)
where
(i) po <0< 1 <o <...<pop=po+ 21 < 2m;
(ii) for 1 < k < 2h there is a permutation ok of {1,..., N} with

Re(t < A,V >) < Re(t < A,a*® >) < ... <Re(t < A, a”™™) >) for t € Sy;

(iii) the sectors Sy are the maximal sectors (3.3) with the properties (i) and (ii).

We note that the permutations ok are in general not yet uniquely determined; this is not
necessary. In addition here we can assume for convenience that o1 = id.

From the results on the asymptotic behaviour of the zeros of exponential sums [16]
(see also Boese [4] for further details) and from (2.10) we infer that lim, ., W (re™; W¢)
exists for ¢ # @; :

Lemma 2. Lete >0 and let C € CH™>" be sych that Qo(C) is regular. Then almost

all zeros (i. e. except at most finitely many) of det Q(t) -defined by (2.4)- are contained

in the set
2h

U{teClypr—c< arg t <pp+e}.
k=1
In addition, for ¢ € (0,27 \ {¢1,..., 0}, 1 <€ <m and 1 < o <n there exists

wm(ew co0; We) = TILIQO wga(rei“’; We) (3.4)

with respect to the chordal metric on the Riemann sphere C = C U {o0}. The limits are
easily determined from (2.10).

3.3 Three representations of I'. There are several possibilities to determine the set I'
of all (complex) solutions of (ARE):

(i)
_ -1 Q (n+m)xn Q . . .
r={PQ | P eC , det@ # 0 and span p) B B — invariant}

(see Meyer [19], Theorem 1 for an alternative formulation and a proof).



(i) For o & {1, 2, -+, oo}
[ = C™" N {W(e¥ - o0o; We)|C € CT™>xn Qy(C)  regular}.

This is an immediate consequence of Lemma 2 and of (2.10).
(iii) T' = set of all constant C"™*"-valued functions W (-; W¢) of the form (2.10).
Using (i), (ii) and (iii) and the fundamental representation formula (2.10) we obtain a
nice parametrization of I'. For this purpose we introduce some abbreviations.
3.4 Notations. Let V,(C""™) be the set of all full rank (n + m) x n matrices with
complex entries. For C' € V,,(C"™™) and 1 < k < N we set
Jo(C)={jl1 <j <N and D(d’,C) # 0}

Ge(a®) = {C € V,,(C™™™)|D(a”,C) = 0 for ¢(a") # ((a*) and D(a*;C) # 0}
and for 1</<m, 1<a<nlet

nome(C) = Y. pult,a’)D(a”,C),
VGJKC)
den(C) = > p(t,a”)D(a",C),
veJo(C)
d,(C) = max{degree(nome(C))|[1 <l <m, 1<a<n},

da(C) = degree(den(C)),

where here and in the sequel - for technical reasons - the degree of the zero-polynomial is
defined to be —oo.

Notice that for C' € G¢(a*) all exponential terms in (3.2) are identical to (). Hence in
this case wy, (t; We) = %&g)c) if d4(C') > 0. In particular W (t; W¢) is a constant solution
if dy(C) =0 and d,(C) <0.

For the description of I' we use the set of parameter-matrices
Gg(ak) = {C € G¢(a")|dy(C) =0 and d,(C) < 0}
and the set of indices
Ja) = U J(C).

C’GG? (ak)

3.5 Parametrization of I'. a) To any matrix C' € G{(a*) # 0 there corresponds -
according to (2.10) - a solution W = W (t; We) =: (wg;)lgfém of (ARE), where
1<a<n

> pel(t,a”)D(a”,C)

C VGJQ(C)
= . 3.5
Wea > p(t,a¥)D(a”,C) (3.5)
Z/EJ()(C)



On the other hand it follows from 3.3 (i), (iii) and formula (3.2) that any solutions of
(ARE) can be represented in the form (3.5) (see also Theorem 3 (i)).

To each family
F, = {C € V,(C"™)|Jy(C) C J(a*)}

N
there corresponds the family I'y = {W¢|C' € Fy} of solutions of (ARE) and I' = U T'y.
k=1

It is well known that the number of solutions of (ARE) corresponds to the number of
n-dimensional B-invariant subspaces of C"™ being complementary to the span of (0;;;”)
(see 3.3 (i)); alternatively the number of elements of I' and the structure of I can be
easily determined from (3.5) if we know #.Jo(C) and #J(a*), 1 <k < N. Obviously T
is either finite or uncountable.

The following Lemma implies in particular that I'; N\T'; = @ for k # j if B has only simple
eigenvalues.

Lemma 3. Let C € G¢(a’) and D(a®,C) # 0. Then (Ao A) = g Aug).

Vn

Proof. From the definition of G¢(a?) it follows that ((a’) = ((a®). Let a # j and let
us assume that the assertion of Lemma 3 does not hold, then there is a ¢ with Aya = A ;

for g+ 1 < ¢ < n and (without loss of generality) Re()\,,gei"") < Re()\yg e?) for 0 < p < €.
Since Cyiye o5 Gy aTe linearly independent, we have

n
CV!? - Z ’}/Z‘Cyg',
=1

Cuf
and from | 1 | # 0 it follows that (v1,...,7,) # 0 since c,q, Cogyy =G, 5o Cog =Gy
CV%
are linearly independent.
CVj
1
Ci_| Ci
)
Let 7, # 0 for some p € {1,...,q} then | c,a |=17,| : |#0and
C”Z+1 Ci
Cyrjl

Re(e™[\ ; + ...+ At A+ )\Vjﬂ +. o+ A < Re(e#¢(a?)) for 0 < ¢ < .

61

This contradicts C' € G¢(a’) and Lemma 3 is proved.

b) From the definition of J(a*) we infer, using Lemma 1 and Lemma 3 that #.J(a*) < 1 if
at most one of the eigenvalues )\V{c, “++, Ay 1s a multiple eigenvalue and if this eigenvalue
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has geometric multiplicity one.
If #.J(a") = 0 then T’y = 0 and if #J(a*) = 1 then 'y, = {W},} where Wy, = (wg,)
with

1<4<m
1<p<n

pf,u(t? ak) |UV{C (E’ M)a ©r s Uk (E, ,M)|
Whytn = B ~ ~ .
p(t,a ) ”nya"',vyk’

n

(3.6)

If #J(a*) = k > 1 then I}, is uncountable and there are several possibilities for the struc-
ture of I'y.

If there are matrices C' € G¢(a*) with Jo(C') = J(a*) then we infer from (3.2) that T,
is a (k — 1)-parametric family of solutions of (ARE) of the form (3.5) - in this case we
can assume without loss of generality that D(a*,C) = 1 if this parameter is nonzero.
Otherwise, according to Lemma 3 and formula (3.2), we can split I'; into two or more
subsets:

Nk Nk
I, = U [y, where I'y, is a pg,—parametric set and Zpkj < k-1
j=1 j=1

Since every element of I" can be written in the form (3.5) (for some k) we have obtained
a parametrization of all complex solutions of (ARFE) (see also Theorem 3).

A detailed description of all real symmetric solutions of (ARFE) has been given by Shayman
[24],[25], the set of all complex solutions of (ARE) has been determined by Meyer [19]
(see 3.3(i)).

c) If the matrix B has n+m simple eigenvalues, then, according to b), (ARFE) has at most
N different solutions; this fact has already been observed by Potter [20] and Martensson
[17], p. 26, who considered the most important special case of (1.1), (1.2).
If to each eigenvalue of B there corresponds exactly one Jordan block (which means that
the numbers p,,, defined at the beginning of section 2, are pairwise different), then we
get similarly that (ARFE) has only a finite number Ny < N of solutions which can be
determined according to b); in addition Ny can be determined from the number of the
Jordan blocks of B and from its eigenvectors of rank < n.
If B is cyclic, which means that J = V1BV consists of exactly one Jordan block, then
(ARFE) has no solution if D = [0y, ...,7,| = 0, otherwise (ARF) has exactly one solution
WO = (w?a) with

Wy = Sln(a), vl
This corresponds to [19, Corollary 1].

d) For special cases of (1.2) there are control-theoretical conditions, ensuring that the
denominators of (3.2), (3.5) or (3.6) are nonzero (see [15], [17], [18], [23] - [27], [28]); for

a survey of the most important results on the symmetric and definite solutions of (ARE)

in the special case B = <_C,A f%) see [15].

3.6 The parameter-matrices C' and We. In order to parametrize the solution W(-; W¢)
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it is convenient to use the matrix C' instead of the initial-matrix W¢; here we describe
how C' can be determined from the initial matrix.

~ Let C € V,(C"™) and We = Py(C)Qo(C) ™" (see (2.4)). If K € C™™ is regular and
C = CK then Wz = We; hence to the class

[C] ={CK|K € Gl(n,C)} with det Qo(C) #0
there corresponds a unique matrix We.

Let We, be given, then we can determine a normalized representative C' € [Cp] in the
following way:

I
Versi 1:StC’::V‘1< ")
ersion e WCO

Version 2: (i) Choose a permutation m of {1,---,n+m} and define V;; € C™*™ V5 €
Cn Vi € C™m and  Vay € CM¥1 by

Vit Vi
Vi i= (0r1)s*+» Un(ntm)) = <V21 V22> .

(ii) Check if the system of equations

(W Vit — Var)C' = Vi — W, Vs (3.7)

Cr(1)
for C' =: : € C™" is solvable.

Cr(m) .
If a solution C of (3.7) exists with det(V11C + Vi2) # 0 then we set Cr(m+j) = €j,

&1
1 < j < n, with the canonical unit vectors e; € C*" and we set C' =: : . In this
Cn-‘,—m

case it follows from V(fﬂ) =V C and (3.7) that W, = (Vglé’—l—Vgg)(Vj_lCAW—Vlg)’l = We.
If C' cannot be determined using 7 then we choose succesively another of the N permuta-
tions of {1,---,n+m} until - after at most NV steps - C' has been determined. We propose
to start in step (i) with m = id since in most applications one is mainly interested in the
case where (3.7) is solvable for m = id (see Remark 3 (ii)). Notice that the matrix C is of
lower dimension than the matrix C' in version 1, hence from computational point of view
it is usually better to use version 2 instead of version 1.

4. The phase portrait of (RDE)r and (RDE)

Let C € V,(C"™) be such that Qy(C) is regular, ¢ > 0 and ¢ € {p1, -, pa}, then
W (-; W¢) can have an infinite number of poles in the sector {t € Clp —€ < argt < p+¢€}
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and - in contrast to (3.4) - lim Weo(re?; We) may fail to exist. According to Lemma 2

the phase portrait of (RDE) is (as t — oo) very simple if we restrict ¢ to the interior of a
sector Sy, 1 < k < 2h; on the other hand the behaviour of W(+; W) along one of the rays
B, = {t € C|argt = ¢} may be very complicated. Obviously it is sufficient to describe
W (-; W) along one of the rays B, 1 < j < 2h - without loss of generality we assume
that the positive (and consequently also the negative) halfaxis is one of these rays. For
this reason we confine in this section to the description of the phase portrait of (RDE)g.

For the rest of this section let k € {1,---,N}, C € V,(C"™™) and t € R. The
formulation of the following theorems is rather technical since we are considering the most
general case - the formulations become much simpler if B has simple eigenvalues or even
if B is only diagonalizable. For a detailed discussion of the fundamental representation
formula we use the following abbreviations:

d(a*,C) = degrec( Y] plt,a))D(e/, C)),
¢(a?)=¢(ak)

dio(a",C) = degree( > pu(t,d?)D(a?,C)), 1<l<m, 1<a<n,
¢(a?)=¢(a")

Ge(ad®) = {C eV, (C"™)|D(a*,C)#0 and D(a?,C) =0 if
R(a’) > R(a") or (R(a’) = R(a") and ((a’) # ((a"))},

ég(ak) = {C € G¢(a")|d(a",C) =0 and max dio(a?,C) <0 for R(a’) = R(a")}.

We shall see that each solution W (-; W) with C € ég(ak) has a limit W¢, € I' with
Co € G2(a¥) as t — 0.

The following theorem is concerned with an important special case.

Theorem 2.Let C € G(a")(# 0) and R(a?) # R(a*) for j # k.
(i) We := Wy, - where Wy, is defined by (3.6) - is a solution of (ARE); Wy is real if B

15 real.

(ii) If C* € Gg(ak) with det Qo(C1) # 0 then there exists ty € R, vy € Ny and Ky > 0
such that W (t; Wer) € C™*™ fort >ty and

|w€a(t7 WCl) - ‘ < KO tyoet(R(akil)iR(ak)) (41>

|Uz/f<€7 a)a T >UVE(€’ O‘)’
oot

T,
1117 )

for1 <t <m, 1<a<nandt >ty this means that the convergence of W (t, We1)
fort — oo takes place at an exponential rate. We have vy = 0 if B is semisimple,
otherwise 0 < vy < max {degree(py,(t,a’))1 < pu<n, 1 <l<m, je Jo(Ch)}.
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(iii) If C* € G¢(a*) with d(a*,C?) = —c0 < max do(a®, C?) then either det Qy(C?) = 0
and Wee is undefined or at least one element of W(t,Wez2) tends to infinity for

t — o0.

Proof. Since R(a?) # R(a*) for j # k, the eigenvalues Auks -+ -5 Ay and the correspond-
ing eigenvectors appear in conjugate complex pairs if B is real. Hence it follows easily (as
with [17], Theorem 3) that Wy is real if B is real.

From the assumptions of (ii) and from (3.2) we infer

> jedo(Ch) epy, (t,a?)D(a?, C")
ZjeJO(Cl)etC(aj)p(t,aj)D(aj,Cl) ’

where p(t,a*)D(a*, C') # 0 and R(a’) < R(a*) for j € Jo(C) \ {k}.
Using (4.2) we obtain assertion (ii) of the theorem, and in the special case C* = C' obvi-
ously Wer = We = Wy,

(iii) is an immediate consequence of formula (3.2).

Wye (t; WCI) =

(4.2)

The next theorem generalizes Theorem 2.

Theorem 3. (i) If C € GY(a") then We =: (wea) 1ze<m is a solution of (ARE) with

1<a<n

Z pﬂa(ta aj)D(aja C)

Jj€Jo(C)
a — - - 4.3
W = S Dl O) 4
J€Jo(C)
Cl/j
1
Z |UVJ (ga Oé), : y Ui (67 Oé)’
JE€J(C)
Cyj
_ : (4.4)
CVj
1
Z |1~}Vja ) ?jyf |
jedo(C) ! '
CV%

Notice that all polynomials pu(-, @), p(-, a’) in (4.8) are constant. Any solution of
(ARE) can be written in the form (4.4) for an adequate C' € G2(aF).

(i) Let C° € ég(ak). Then there exists a solution Wy of (ARE) with Jim W(t;Weo) =
Wy, and the convergence takes place at an exponential rate. Wy is obtained from the right-

hand side of (4.3) by replacing therein C by C° and j € Jo(C) by R(a?) = R(a*).
(iti) Let O € G¢(a"),

Aty= 3 pta)D(,CY) and Aw(t)= S pulta)D(’,CY).
R(ai)=R(ak) R(a%)=R(a¥)

14



If —oo < d = degree A(t) > max{degree Ay (t)|1 < ¢ <m,1 < a <n} =D, then there
exists a solution Wy of (ARE) with

thm W(t, Wcl) = Wo, (45)

and Wy can be determined from (3.2) and the coefficients of t% in the polynomials A(t)
and Ao (t). In addition there exist constants k > 0 and ty > 0 with

k
’U)ga(t;Wcl)—wga(t;Wo)yég for t>ty and1<{<m,1<a<mn;

in this case we say that the convergence takes place at a polynomial rate.

If0 < d < D, then at least one element w,(t; Wer) tends to oo as x — oo and if A(t) =0,
then the limit in (4.5) may fail to exist.

Proof. (i) follows from section 3.5 - the last sentence in (i) is a consequence of 3.3 (i) and
(2.10). Notice that (4.4) results from (4.3) and the definition of G(a").

From the definition of G2 and (3.2) we infer that

ZR(aj)SR(ak) etC(aj)pfa (t, aj>D(aj7 CO)

all; Weo) = ‘ ‘ ' ’
we ( CO) ZR(aj)SR(ak) eté(a? )p<t7 a])D<CLJ, CO)

(4.6)

where 3 g(ui)=p(r) P(t, @’ ) D(a?, C°) is a nonzero constant; obviously this implies assertion
(ii). Part (iii) of the Theorem is proved in the same way.

Remark 2. (i) Since any initial value problem for (RDFE) is solvable and since the solution
can be represented in the form (2.10), it follows from (2.10) (for ¢ = 0):

For an arbitrary initial matrix Wy € C™*™ we can choose k € {1,---, N} such that there
exists a matrix C' € G¢(a”) with Wy = W¢ such that at least one of the constants d and
D, defined in Theorem 3 (iii) is unequal —oc.

(ii) Using (i), (2.10) and Theorem 3 we can determine the stable set S(W¢) of an arbitrary
solution Wy = W¢ of (ARE). If C € G¢(a*) and if B is semisimple then it follows from
(2.10)and Theorem 3 that S(W¢) = {W¢,|Co € ég(ak)}.

If B is not semisimple then the situation is more involved (see Theorem 3 (iii)) - instead
of trying to describe S(W¢) in the general case we propose to use directly (2.10) to de-
termine S(W¢) for a fixed solution W of (ARE).

(iii) The set of all (almost) periodic solutions of (RDFE)gr corresponds to the set of all
(almost) periodic functions of the form (3.2). Using this fact and (3.2) we get the asser-
tions of the two following theorems - the proofs are omitted since they are similar to the
proofs of Theorem 1 and Theorem 2.

For the formulation of Theorem 4 we use the abbreviations

Gr,. (a") = {C eV, (C"™)|D(a*,C)# 0 and D(a’,C) =0 if either

R(a’) # R(a") or if I(a’) and I(a*) are incommensurable},
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G} (dY={Ceaq,

com

(a®)|d(a?,C) <0 and Irl;axdga(aj,C’) <0 if R(a’) = R(a")},

Gr. (a®) = {C eV, (C""™)|D(a",C)#0 and D(a’,C) =0 if R(a’) > R(a")

or if R(a’) = R(a*) and I(a’) and I(a*) are incommensurable},

Gr (b ={Cedqy,, (a")dd,C) <0 and Hl}axdga(aj,C') <0 if R(a’) = R(a")},

., (") = {j|R(¢’) = R(a"), I(a’) and I(a*) are commensurable}.

Theorem 4. (i) Let C € G} (a*) with det Qo(C) # 0. Then W (-;W¢) (restricted to
R) is a periodic solution of (RDE)r with

EjEchom (ak) e I(aj)pfa (t, aj)D(aja C)

g (£ W) = - A , 4.7
(t:Wo) Sier., (ak) € 1@)p(t,a?)D(a?, O) o
€,
ez’tl(aj)’vij’a),...,ij(gaa)’
JETIcom (a¥) 1 "
C,i
) n | (4.8)
€
D ez‘tl(aj)\@yj,.--,@yj| :
JETIeom (@) ' ’
C,i

W (-; We) may have real poles. Every periodic solution of (RDE)R is of the form (4.7),
(4.8) for some k € {1,...,N} and for some matriz C € G} _(a*) or it can be written
in the form (4.10) (see Theorem 5 (i)). The set of all periodic solutions of (RDE)r is
either empty or uncountable.

1 =1
c il
(i) Let Ct = € G}Com(ak) and let C' = : be defined by
cl cl
n+m ) ' n+m
3 o if ke U {v,...,v0}
Gk = J€TIeom (a¥)
0 else.
If Ao(t) = X e!@p(t,a/)D(a?,CY) and  |Ag(t)] > 6 > 0 for t € R, then

W (-;Wer) is a periodic solution of (RDE)g with
lim (W (t; Wen) — W(t; Wer)) =0,

t—o0
and the convergence takes place at an exponential rate. ‘
(iii) Let C? € Gy, (a*) and ZR(aj):R(ak)etC(“])p(t,aj)D(aj,C’Q) =: e(@IA(t), where
Aty= ¥ plt,d)D(a?,C?) is a polynomial of degree d > 0. If
¢(a?)=¢(a*)
Irl}ax(degree (S pu(t,a’)D(a,C?)) < d for R(a’) = R(a*), then there erists a
o ¢(a)=¢(ad)
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periodic solution W (-;W¢) of (RDE)r with tlim (W (t; Wee) — W(t; We)] = 0, and the
convergence takes place at a polynomial rate. Using (3.2), W (-; We) can be determined
from the coefficients of t¢ in the polynomials p(t,a’) and pe(t,a?), j € 11, (a").

<

For the formulation of Theorem 5 we set
Gr(a®) = {C € V,,(C"™)|D(a*,C) # 0 and D(a?,C) =0 if R(a’) # R(a")},
GhL(a®) ={C € Gr(a®)|d(a?,C) <0 and nl}axdga(aj, C) <0 for R(a’) = R(a")},

Gr(a®) = {C € V,(C"™)|D(a*,C) # 0 and D(a’,C) =0 for R(a’) > R(a")},
GL(a®) = {M € Gr(a")|d(a*,C) <0 and d(a’,C) <0 for R(a’) = R(a*)}.

Theorem 5. (i) Let C € Gh(a¥). If det Q(t,C) #Z 0 and det Qo(C) # 0 then W(-; W)
is an almost periodic solution of (RDE)r which is bounded if det Q(t; C) # 0 for |Im t| <
e > 0;W(-; We) satisfies

etC(“j)pga(t, a’)D(a?, C)
R(ad)=R(ak)

e | | | 4.9
We ( C) ZR(aj)ZR(ak) etC(aJ)p<t7 @J)D(Clj, C) ( )
Cu{
etC(aj)|UUj (l,a),...,v,; (0 )|
R(a/)=R(a*) ' '
Cyj
) il (4.10)
CV{‘
> etC(“j)|1~}Vj, .. ,ﬁyj | :
R(af)=R(a¥) ' '
€

Every almost-periodic solution of (RDE)g is of this form for some matriz C € Gk(a®).
Notice that the functions of the form (4.9), (4.10) are periodic if the elements of the set
{¢(a?) — ¢(a¥)| R(a?) = R(a*)} are commensurable.

1 =1
G 1
(ii) LetCl( : ) e G and C" = :
Crlz—i-m 671~L+m
. if ke u {v,...,v}
with ¢} = R(a%)=R(a) :
0
IFA()= Y e@p(t,a?)D(al, CY) = e Ay, where
R(a’)=R(ak) A ‘
Ao= X pt,a))D(a?,C") and |No(t)] > 6 >0 for t >ty

R(ad)=R(ak)
then W (-; Wea) is an almost periodic solution of (RDE)g with

lm (W (t; Wer) — W(t; Wea) =0,

t—oo
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and the convergence takes place at an exponential rate. .
(iii) The statement of Theorem 4 remains true if we replace therein Gy, (a*) and periodic
by Gr(a®) and almost-periodic respectively.

Remark 3. (i) In the preceeding theorems we have given a description of the most impor-
tant parts of the phase portrait of (RDFE)gr. These results show that the phase portrait of
(RDE)g and of (RDFE) is rather simple if B has only simple eigenvalues. If B is semisim-
ple (diagonalizable) then all polynomials p(¢,a’) and ps.(t,a’) in (3.2) are constant and
in this case the constant, periodic and almost-periodic solutions of (RDFE)g are of the
form (4.4), (4.8) and (4.10) respectively - in addition we obtain from (3.2) quite easily
the corresponding stable (or unstable) sets. The phase portrait of the symplectic Riccati
equation with simple or semisimple spectrum has been described in detail by Shayman
[27].

In the general case the phase portrait of (RDE)r may be very complicated - on the
other hand, using (3.2), it is not difficult to analyze the phase portrait of (RDFE)g if the
matrix B is fixed and if its Jordan canonical form and its (generalized) eigenvectors are
known. There remains only to discuss the behaviour of some specific exponential sums as
described in Theorems 2-5.

(ii) An important special case is obtained if Re A, < Re Apy1, (g) = (Umt1s" " s Umtn)
with A = (Oma1, ", Umin) and det A # 0. Then W* = BA™! is a solution of (ARFE)
which is called dichotomic solution (see [18, Definition 2]). According to Theorem 2 any

Cc1 Cm41
solution W (+; W¢) with C' = : and | : # 0 converges at an exponential rate

Cntm Cm+4n
to the dichotomic solution as ¢ — oco. Hence the domain of attraction of W* is open

and dense in C™*". If rank A = n — 1 then it follows with Lemma 1a) that at least one
Cm+1
element of W (-; W¢) tends to infinity as t — oo if | : # 0.

Cmin
In the case of the symplectic Riccati equation the dichotomity condition Re A,, < Re

Am+1 s equivalent to the condition Re A\; # 0 for 1 < j < n +m(= 2n).

(iii) If Re A\, = Re A4 then it follows from (2.10) and Theorems 2-5 that there is no
stable equilibrium of (RDFE) with respect to ¢ — oo and that there is no solution of
(ARE) whose domain of attraction is open and dense (see also [1]).

(iv) For the asymptotic behaviour of the solutions of (RDFE)g for t — —oo we obtain
similarly all the corresponding results.

5. Nonautonomous Riccati equations

In this section we give an application of the fundamental representation formula (2.10)
to the investigation of nonautonomous Riccati equations (1.1). In order to simplify the
representation of the results we confine to the most important special case.
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5.1 Assumptions. Let the coefficients B;; in (1.1) be matrix polynomials in ¢ such that
B, Bu) ST

B(t) = ( t)y=1t" Agt 0.1

( ) By, Bao ( ) kgo k ( )

Al Ag

with r € N, 4;, € Clmtn)x(min) for 0 < k < r—1, and where 4y = <A0 AY
21 22

simple eigenvalues Ay, ..., \,1m; the eigenvector of Ay corresponding to A; is denoted by
Vg, 1 <k <n+m.

> has n+m

5.2 Notations and preliminary results.
(i) The algebraic Riccati equation (ARE)«
0= Ay + AQRW — WA, — WALW (5.2)
is called the limiting algebraic Riccati equation corresponding to

W = By (t) + Baos(t)W — W By, (t) — W Byo(t)W. (5.3)

(ii) Let § > 0 be sufficiently small and let here (¢ )gez with -+ < ¢p <0< ¢y < - -+,
be the sequence of the Stokes’ directions (for the definition see [13]) of the differential
equation

y= B(t)y, teC. (5.4)

Then we set for Ni(9) = {t € C|¢p_1+0 < argt < ¢pr1 —d}. From Assumption 5.1
and from [3] and [13] we infer that for any sector Ny (9) there exist n + m linearly
independent vector solutions 7,,1 < p < n + m, of the linear differential equation
(5.4) of the form

r—1 -7
. AR
ult) = wu(exp{3 ol ——
§=0

}

(5.5)
= (tﬁuvﬂ + tﬁuflbu(t))eau(t%

where a(()“) =\, B, € Cand Oz;“) cCforl1<j<r—1,1<u<n+m,and where
bu(t),1 < p < n+m, is uniformly bounded for ¢ € Ni(§). Since we shall assume
that Ny(0) is fixed, we do not indicate the dependence of ¢, on the sector by an
additional index.

(iii) We use all notations and assumptions introduced in the sections 2 and 3 with two
slight modifications:
a)Instead of the sectors Sj, we consider for 6 > 0 the sectors Si(d), defined in the
following way:
Let the sequence (7;)jez with -+ < 7% < 0 < 71 < 72---, be the sequence of
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all Stokes’ directions of the set {t"((a")|a" € A}, here, as in section 3.1, ((a*) =
A+ oo+ Ay {5l € Z} is the set of all solutions ¢ of equations of the form

Juw(p) =Re(e™?[¢(a") — ((a”)]) =0, a* # a”. We set
Se(6) ={t € Clyp—1 +6 <argt <y, — 6}

Notice that for r =1 v = g, 1 < k < 2h, where gy, is defined as in section 3.2.
b) The functions z,,1 < p < n+m, defined by (2.5), have to be substituted here by
the functions z,,, defined in (5.5); here and in the sequel we assume that the sector
Ni(0) is fixed.

According to 3.1 b), ¢) and (5.5) we have here for o’ € A

p(t,a?) = |2,(t),.... 7, ()
B j+..+8 o(1
— ¢4 X (DR Q)
1 n t
and o
; B i+.+B; ~
paltia?) = 4750 0), 0,6 ) +7(5>),

where Landau’s O-Symbol O(1) denotes a function of ¢ which is uniformly bounded
for t € Ni(0), 0 > 0.

For C € V,(C™"™) we set, generalizing the notations of section 2,

Y(EC) = (01(0), . inem(®)C = (7)) (5.6)
with Q(t) € C™*" and P(t) € C™*™; further we set for t € N(0) with det Q(t) # 0
Wolt) = PORW™ = (Wl () e 57

We recall that Assumption 5.1 implies that the number of solutions of (ARFE) is
< ()

Using the preceding assumptions and notations we infer from the proof of Theorem 1
(see also Remark 1 (ii) and (3.2)):

Corollary 1. (Fundamental representation formula for the solutions of (5.3))

We : No(6)\ {t € Ny(6)] det Q(t) = 0} — C
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is a solution of the matriz Riccati equation (5.3) with wg,(t) =

e0tky (D F-t iy Byt 4Bin (|0 (€, ), ..., vp, (€, )] + C0)
1<ki1<..<kn<n+m

ek () F - thy, (8) 5k, +--+5k,, (’f}kn-- Tk ‘_|_ O(l))
1<k1<..<kn<n+m "

where a;(t) is defined by (5.5).

The following Corollary generalizes Lemma 2; for simplicity we formulate the statements
of the Corollary for the sector Sp(0) U S1(0) containing the positive real axis. For the
remaining sectors the corresponding results hold true.

&1
Corollary 2.Let 6 > 0 and C = : € Vo, (C™™) with

Cn+m
(i) D(a*,C) # 0 and D(a?,C) = 0 for Re ((a/) > Re ((a%),
(ii) D(a*,C) # 0 and D(a?,C) = 0 if Re(e’?((a’)) > Re (e"°((a")) for v_1 < ¢ <.

a) If \17,,{@, o Oyk| # 0, then the solution We, defined by (5.6), (5.7), has at most a
finite number of poles in S1(6),. Further
lim Wc(t) =Wy = (w?a) 1<tsm (5.8)
1<a<n

S1(6)3t—00

exists and is a solution of (ARE)s with

v (0, @), ... v (€,
Who = —— TR (5.9)

|UV{,...,UV$L

where the convergence takes place at least at a polynomial rate:

t.
W () — wiy| < CO;T for t € S1(8) and [t] > to. (5.10)

If in addition p = k, then W¢ has at most a finite number of poles in
S(6) = {t|y_1 + 6 < argt <~ — &}, and the limit (5.8) exists for S(§) 3t — oo.

b) If p# k and |0y, ..., Oy| # 0 # |Oyr, ..., U], then We has an infinite number of
poles in B? = {t € Clyy — 6 < argt < o + 6} and at most a finite number of poles
in Sp(6) U S1(0); further

lim  We(t) =W, = (wl}a) 1<e<m (5.11)

So(6)at—00
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with

(5.12)

¢) If [Oyp, ... O] = 0 and |vi(l,a),...,v( )| # 0, then p (61)im wg (t) = oo;
1

St—o0
for the investigation of the behaviour of the remaining elements w( (t) one needs
representations of the solutions y,, which are more precise than those given by (5.5).

Proof a) Since the eigenvalues A, ..., A\, 1, are simple it follows as with the proof of
Lemma 3 that
D(a*,C) =0 it a” ¢ {a*, 0"} and ((a") € {C(a), C(a")} (5.13)
Let ¢t € 51(6) and [0k, ...,0,k| # 0. Dividing nominator and denominator of the rep-
(Ot b (8 o
resentation formula for w%,(t) (see Corollary 1) by T T By A B we
Ckn
infer, using (5.13), that there exist ¢y > 0 and ¢y(d) > 0 with
vk, U + 1)—|—O —<o(6
ey = ). (o) (G -

|17V§,... Ty + LR 4 O(ea0®)

for ¢t > ty. This implies (5.8) - (5.10).

If = k then (5.14) is valid for v_; + 6 < arg ¢ < ; — §, which proves the last statement
of a). If u # k then (under the assumptions of b)) for ¢ € Sy(d) the terms containing the
factor ™4 T Y re the dominant terms in the representation formula for We(t).
Hence we infer from the properties of asymptotic exponential polynomials (see [4], [16])
that W¢ has an infinite number of poles in B°.

The remaining assertions of Corollary 2 are obtained similarly from Corollary 1.

Remark 4 (i) Obviously any solution of (ARF). can be represented as a limit of the form
(5.8), and from section 3.5 it follows that (ARFE). has at most ("J;Lm) solutions.

(ii) If Ag has multiple eigenvalues, then the behaviour of the solutions of (5.3) may be
different from the behaviour described in Corollary 2; in particular there may be solutions
of (5.3) having an infinite number of poles in the sector Sk(d). These poles have at most
logarithmic density, which means that for § > 0 the number of the poles of any solution
of (5.3) in Sk(d)N{t € C | |t| < R} is at most of the order O(log R) for R — oo (see Jank
[12] for further details).

(iii) If 79 < 0 < 71, then Corollary 2 gives a description of the solutions of (5.3) for ¢ > 0.
If 79 = 0 then it is possible to generalize some of the results obtained in section 4 for the
autonomous Riccati equation (RDFE)g to the nonautonomous case. We give the following
example which corresponds to Remark 3(ii) and is an easy consequence of Corollary 1.

Corollary 3.
Let Re \,, < Re A1, (g) = (Umt1s - s Uman) With A = (Upmi1y- - Oman) and |A] # 0.
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Then W* = BA™! is the dichotomic solution of (5.2) and any solution W¢ (defined by

Cm+1
(5.6), (5.7) for k=1) with : % 0 converges for 0 < t — oo at least at a polynomial
Crmdn
rate to W*.
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