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Abstract

For the symplectic H∞-type matrix Riccati differen-
tial equation we derive sufficient conditions ensuring the
global existence of the solutions of the corresponding ini-
tial and/or terminal value problems.

1 INTRODUCTION

We consider in this paper game Riccati differential equa-
tions of the type

Ẇ = −AT W −WA−Q+W (S1−
1
γ2

S2)W = Ric(H,W )

(RDE)
on the interval [0, tf ]; here A,Q, S1, S2 are n×n matrices
with real entries, Q = QT , S1 = S1

T , S2 = S2
T , γ ∈ R

and H :=
(

A −S1 + 1
γ2 S2

−Q −AT

)
.

In the sequel we will assume S1, S2 to be positive semidef-
inite and put S := S1 − 1

γ2 S2 .
In particular we are interested in the existence of the solu-
tion of (RDE) satisfying an initial condition W (0) = W0

or a terminal condition W (tf ) = Wf . Such initial or ter-
minal value problems occur in finite time robust control,
H∞-control and estimation, [2], [5],[11].
The main difficulty in the aforementioned references is to
guarantee the existence of the solution W (t) on the whole
interval [0, tf ].
In the sequel we denote by W (·, X0) the solution of
(RDE) with W (tf , X0) = X0. It is known from the lit-
erature that W (·, X0) and the maximal solution Wm (if
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it exists) of the algebraic Riccati equation

−AT W −WA−Q + W (S1 −
1
γ2

S2)W = 0 (ARE)

depend monotonically on X0 and on
(

Q AT

A −S

)
; see [10],

[8], [9], [4].
It has been proved in [4] that the set Γ of all real symmet-
ric solutions of (ARE) is nonempty if and only if there
exist symmetric matrices W1,W2 with

W1 ≤ W2, Ric(H,W1) ≤ 0 and Ric(H,W2) ≥ 0.

Notice that up to now no conditions on the definiteness
of Q or S have been required. In most applications we
have Q ≥ 0 and in this case Ric(H, 0) ≤ 0; hence (ARE)
has a positive semidefinite solution if and only if there
exists W2 ≥ 0 such that Ric(H,W2) ≥ 0.
If S is not positive semidefinite (ARE) may still have a
positive semidefinite solution W+ but it turns out that
it could be difficult to check if there is a W2 ≥ 0 with
Ric(H,W2) ≥ 0 guaranteeing the existence of W+.
If there exists a solution W+ ≥ 0 of (ARE) and if Q ≥ 0
then it follows from comparison theorems (see [7], Satz
10.2) that W (t,X0) exists for t ≤ tf while 0 ≤ X0 ≤ W+.
On the other hand, it is well known that W (·, X0) may
have finite escape time for X0 ≥ W+.
Since in many applications one has to check the existence
of W (t, X0) for t ≤ tf and for different terminal (or ini-
tial) values X0, we propose in the following section an
alternative method which can be used without any defi-
niteness assumptions on Q and/or S.

2 EXISTENCE RESULTS

In this section we mainly use properties of hamiltonian
systems and the fact that there exists a transformation
of (RDE) to a higher dimensional linear system.



Recall that the matrix

H =
(

A −S
−Q −AT

)
∈ R2n,2n (2.1)

defined in the introduction is hamiltonian, consequently
there exists a symplectic matrix

V =
(

a b
c d

)
∈ C2n,2n, where a, b, c, d,∈ Cn,n,

such that

V −1HV =
(

J1 0
0 −J∗1

)
.

For simplicity, we assume in the sequel that J1 is diago-
nal and has all its eigenvalues in the open left half plane,
i. e. σ(J1) ⊂ C−. This describes the generic case and
leads to the dichotomic solution of the associated alge-
braic Riccati equation (ARE) (see [3]).
Let W0 ∈ Rn,n with

det Z1 6= 0, where
(

Z1

Z2

)
:= V −1

(
In

W0

)
; (2.2)

notice that (see [3]) the set D− = {W0 ∈ Rn,n|W0

has property (2.2)} is open and dense in Rn,n. Then we
set Z0 = Z2Z

−1
1 and introduce the Möbius-type transfor-

mation (see [6])

W0 = (c + dZ0)(a + bZ0)−1.

Furthermore, let Y denote a solution of Ẏ = HY,
Y (t) ∈ R2n,n, with initial value

Y (0) = V

(
In

Z0

)
=
(

a + bZ0

c + dZ0

)
=
(

In

W0

)
Z−1

1 ;

Y has the representation

Y (t) =
(

a b
c d

)(
eJ1t 0
0 e−J∗1 t

)(
In

Z0

)
=
(

Q(t)
P (t)

)
,

where Q(t), P (t) ∈ Rn,n.
From (2.2) it follows that (a+bZ0)−1(= Z1) exists; using
the fact that Z0 is uniquely determined by W0 we infer
that (−W0b + d)−1 exists as well with

Z0 = (−W0b + d)−1(W0a− c).

To Y there corresponds a solution W of (RDE) defined
by (see [3] for further details)

W (t) := P (t)Q(t)−1

= (ceJ1t + de−J∗1 tZ0)(aeJ1t + be−J∗1 tZ0)−1

= (c + de−J∗1 tZ0e
−J1t)(a + be−J∗1 tZ0e

−J1t)−1

= (c + dZ(t))(a + bZ(t))−1

(2.3)

as long as (a + bZ(t))−1 exists. Here we used Z(t) :=
e−J∗1 tZ0e

−J1t; hence Z(0) = Z0 and therefore W (0) = W0

and Z(t) = (−W (t)b+d)−1(W (t)a−c), while (−W (t)b+
d)−1 exists.
V is symplectic, consequently we have (see [6]) a∗d −
c∗b = In = ad∗− bc∗, and the matrices a∗c, b∗d, ab∗ and
cd∗ are hermitian. Using these properties it follows by a
straightforward computation that

Z(t) = (a∗W (t)− c∗)(d∗ − b∗W (t))−1 (2.4)

= (−W (t)b + d)−1(W (t)a− c);

notice that here W (t) is not assumed to be symmetric.
Differentiating and then using the different representa-
tions (2.4) of Z(t) we get

Ż = a∗Ẇ (t)(d∗ − b∗W (t))−1

+(a∗W (t)−c∗)(d∗−b∗W (t))−1(−b∗Ẇ (t))(d∗−b∗W (t))−1

= a∗Ẇ (t)(d∗ − b∗W (t))−1

+Z(t)(−b∗Ẇ (t))(d∗ − b∗W (t))−1

= a∗Ẇ (t)(d∗ − b∗W (t))−1

+(d−W (t)b)−1(W (t)a− c)b∗Ẇ (t)(d∗ − b∗W (t))−1.

On the other hand Z is a solution of Ż(t) = −J∗1 Z(t) −
Z(t)J1, hence

(d−W (t)b)Ż(t)(d∗ − b∗W (t))

= (d−W (t)b)(−J∗1 Z(t)− Z(t)J1)(d∗ − b∗W (t)) =

(d−W (t)b)a∗Ẇ (t) + (W (t)a− c)b∗Ẇ (t)

= (da∗ − cb∗)Ẇ (t)−W (t)(ba∗ − ab∗)Ẇ (t) = Ẇ (t).

Now we replace here Z(t) by its representations (2.4),
this yields

Ẇ = dJ∗1 c∗ + cJ1d
∗ −W [bJ∗1 c∗ + aJ1d

∗]

−[dJ∗1 a∗ + cJ1b
∗]W + W [bJ∗1 a∗ + aJ1b

∗]W.

By definition W is a solution of

Ẇ = −Q−WA−A∗W + WSW, W (0) = W0

as well and since W0 ∈ D− is arbitrary it follows that

S = aJ1b
∗ + bJ∗1 a∗

A = aJ1d
∗ + bJ∗1 c∗

Q = −cJ1d
∗ − dJ∗1 c∗.

(2.5)

After these preparations and under assumption (2.2) we
get the following results, where we denote by W the solu-
tion of (RDE) with W (0) = W0 (as represented in (2.3)).

THEOREM 2.1. For ρ ∈ R and W0 ∈ D− we set

R(ρ,W0) = W0(S + ρbb∗)W ∗
0 −W0(A + ρbd∗)

−(A∗ + ρdb∗)W ∗
0 −Q + ρdd∗;



with these abbreviations we have:
a) If R(0,W0) ≥ 0 (or ≤ 0) then R(0,W (t)) ≥ 0 (or ≤ 0,
respectively) while W (t) exists.
b) If sign(ρ)R(ρ,W0) ≥ 0 (or ≤ 0) then
sign(ρ)R(ρ,W (t)) ≥ 0 (or ≤ 0) for t ≤ 0 (or t ≥ 0, re-
spectively,) while W (t) exists.
c) If sign(ρ) R(ρ,W0) ≤ 0 then sign(ρ) R(0,W (t)) ≤ 0
for t ≤ 0 while W (t) exists; notice that here we do not
claim that sign(ρ) R(ρ,W (t)) ≤ 0.

Proof. We give a detailed proof for ρ ≥ 0 and R(ρ,W0) ≥
0; for all remaining cases the proof is similar. Defining
φ(ρ) := −Z0J1 − J∗1 Z∗0 + ρIn we get together with (2.5)
by an elementary calculation

(d−W0b)φ(ρ)(d∗ − b∗WT
0 ) = W0(S + ρbb∗)WT

0

+W0(−A−ρbd∗)+(−A∗−ρdb∗)WT
0 −Q+ρdd∗ = R(ρ,W0).

(2.6)
From this identity and R(ρ,W0) ≥ 0 we infer that

φ(ρ) ≥ 0. Multiplying this from the left by e−J∗1 t and
from the right by e−J1t gives

−Z(t)J1 − J∗1 Z∗(t) ≥ −ρe−(J1+J∗1 )t

= −ρe−2 diag(Reλ1,···,Reλn)tIn.

By our assumption Re λ1 < 0, . . . ,Re λn < 0 we obtain

−Z(t)J1 − J∗1 Z∗(t) ≥ −ρIn for t ≤ 0. (2.7)

From the proof of (2.6) it follows that (2.6) also holds if
therein W0 and φ(ρ) are replaced by W (t) and −Z(t)J1−
J∗1 Z(t)∗ + ρIn, respectively. Therefore we obtain

W (t)(S + ρbb∗)WT (t)−W (t)(A + ρbd∗)

−(A∗ + ρdb∗)WT (t)−Q + ρdd∗ ≥ 0.

This holds for t ≤ 0 as long as W (t) exists.

REMARK 2.2. (i) For ρ = 0 and symmetric matrices W0

the assertion of Theorem 2.1 a) is well known and follows
from properties of Ljapunov equations (see [7], Hilfssatz
10.4).
(ii) Theorem 2.1 is based on the assumption W0 ∈ D− (i.
e. detZ1 6= 0), which has been used to ensure that W0

is in the basin of attraction of the dichotomic solution as
t → −∞ (see Remark 2.5).
If we assume instead of det Z1 6= 0 that W0 belongs to

D+ = {W0 ∈ Cn,n|det Z2 6= 0 in (2.2)},

then we can prove as before a modified version of The-
orem 2.1. From Z̃0 = Z1Z

−1
2 it follows that aZ̃0 + b is

regular with W0 = (cZ̃0+d)(aZ̃0+b)−1; moreover W0a−c
is regular and Z̃0 = (W0a− c)−1(d−W0b).
Using Z̃(t) := eJ1tZ̃0e

J∗1 t and φ̃ := −Z̃0J1 − J∗1 Z̃0 + ρIn

(instead of Z(t) and φ(ρ)), we obtain as before and with
the abbreviation

R̃(ρ,W0) = W0(S + ρaa∗)W ∗
0 −W0(A + ρac∗)

−(A∗ + ρca∗)W ∗
0 −Q + ρcc∗

the following Lemma.

LEMMA 2.3 a) If R̃(0,W0) ≥ 0 (or ≤ 0) then
R̃(0,W (t)) ≥ 0 (or ≤ 0, respectively,) while W (t) ex-
ists.
b) If sign(ρ)R̃(ρ,W0) ≥ 0 (or ≤ 0) then
sign(ρ)R̃(ρ,W (t)) ≥ 0 (or ≤ 0) for t ≥ 0 (or t ≤ 0,
respectively,) while W (t) exists.
c) If sign(ρ) R̃(ρ,W0) ≤ 0 then sign(ρ) R̃(0,W (t)) ≤ 0
for t ≥ 0 while W (t) exists; notice that here we do not
claim that sign(ρ) R(ρ,W (t)) ≥ 0.

From the proof of Theorem 2.1 it follows that (2.7)
and consequently also the assertions of Theorem 2.1 b),
c) and Lemma 2.3 b), c) could be sharpened; we omit
details.

Theorem 2.1 and Lemma 2.3 can be used to obtain global
existence theorems; without loss of generality let in the
sequel tf = 0.

THEOREM 2.4. Let W0 ∈ D− such that R(ρ,W0) ≤ 0
holds for some ρ ≤ 0. If in addition S + ρbb∗ > 0, then
the solution W = W (.,W0) of (RDE) with W (0) = W0

remains bounded (with respect to some norm on Rn,n) on
each bounded subinterval of (−∞, 0],
i. e. W (·,W0) has no poles on the negative real axis.

Proof. Notice that from representation (2.3) it follows
that the singularities of W are poles. Given any pole of
W at t0 ∈ (−∞, 0) there is a local series representation

W (t) = W−p

1
(t− t0)p

+ · · · , W−p
∈ Cn,n \ {0}.

From R(ρ,W (t)) ≤ 0 we infer (by taking the limit as
t → t0)

W−p
(S + ρbb∗)WT

−p
≤ 0.

Since S + ρbb∗ > 0 we infer that W−p = 0, hence poles
do not exist in (−∞, 0].

REMARK 2.5. (i) From the representation (2.3) we infer
that limt→−∞W (t) =: W− exists if (2.2) holds and a−1

exists; we obtain in this case W− = ca−1, which obvi-
ously is a solution of (ARE). Notice that the dichotomic
solution W− of (ARE) exits (under our standing assump-
tion σ(J1) ⊂ C−) if and only if a−1 exists; for S ≥ 0 it
is well known that a−1 exists if and only if (A,

√
S) is

stabilizable.
(ii) Let a−1 exist. It is known (see [3]) that

AR̂(W−) = {W0 ∈ Rn,n| lim
R3t→−∞

W (t, W0) = W−},

the (generalized) basin of attraction of W−, is open and
dense in Rn,n (here we used the limit with respect to the



chordal metric.)
Moreover it is known that

AR̂(W−) = D− = {W0 ∈ Rn,n|W0 has property (2.2)}

and that W (·,W0) has at most a finite number of poles
on (−∞, 0] if W0 ∈ AR̂(W−).
In general the form of

AR(W−) = {W0 ∈ Rn,n| lim
R3t→−∞

W (t, W0) = W− with

respect to the euclidean metric and such that W (·,W0)
has no poles in (−∞, 0]},

which is the (restricted) basin of attraction of W−, can-
not be described completely.
Under the assumptions of Theorem 2.4 it follows that
W0 ∈ AR̂(W−) implies W0 ∈ AR(W−).
(iii) If S + ρbb∗ > 0 and −Q + ρdd∗ ≤ 0 for some ρ ≤ 0
then obviously ‖W0‖ can be chosen small enough such
that the assumptions of Theorem 2.4 are fulfilled. In this
case for example W0 = 0 is an appropriate initial value
for a solution W (t) without singularities on (−∞, 0] if
0 ∈ D−.

Analogously to Theorem 2.4 we get the following exis-
tence results:

COROLLARY 2.6. The solution W of (RDE) with
W (0) = W0 has no pole on the interval I if ρ ∈ R,W0 ∈
Rn,n and I ⊂ R satisfy at least one of the following 12
conditions:

W0 ∈ D−, R(ρ,W0) ≥ 0, S+ρbb∗ < 0, ρ ≥ 0, I = (−∞, 0]
(2.8)

or

W0 ∈ D−, R(ρ,W0) ≥ 0, S + ρbb∗ < 0, ρ ≤ 0, I = [0,∞)
(2.9)

or

W0 ∈ D−, R(ρ,W0) ≥ 0, S < 0, ρ ≤ 0, I = (−∞, 0]
(2.10)

or

W0 ∈ D−, R(ρ,W0) ≤ 0, S+ρbb∗ > 0, ρ ≤ 0, I = (−∞, 0]
(2.11)

or

W0 ∈ D−, R(ρ,W0) ≤ 0, S + ρbb∗ > 0, ρ ≥ 0, I = [0,∞)
(2.12)

or

W0 ∈ D−, R(ρ,W0) ≤ 0, S > 0, ρ ≥ 0, I = (−∞, 0]
(2.13)

or

W0 ∈ D+, R̃(ρ,W0) ≥ 0, S + ρaa∗ < 0, ρ ≥ 0, I = [0,∞)
(2.14)

or

W0 ∈ D+, R̃(ρ,W0) ≥ 0, S+ρaa∗ < 0, ρ ≤ 0, I = (−∞, 0]
(2.15)

or

W0 ∈ D+, R̃(ρ,W0) ≥ 0, S < 0, ρ ≤ 0, I = [0,∞)
(2.16)

or

W0 ∈ D+, R̃(ρ,W0) ≤ 0, S + ρaa∗ > 0, ρ ≤ 0, I = [0,∞)
(2.17)

or

W0 ∈ D+, R̃(ρ,W0) ≤ 0, S+ρaa∗ > 0, ρ ≥ 0, I = (−∞, 0]
(2.18)

or

W0 ∈ D+, R̃(ρ,W0) ≤ 0, S > 0, ρ ≥ 0, I = [0,∞).
(2.19)

Corollary 2.6 yields twelve different sufficient conditions
for the global existence of W (t), for t ∈ I; here condition
(2.11) corresponds to Theorem 2.4.

EXAMPLES 2.7. Using a computer-algebra system like
MAPLE it is very easy to produce nontrivial examples
verifying one of the hypotheses of Corollary 2.6. Here we
reproduce two of these examples:

Let

H =


1 −1 1

2 0
1 2 0 −4
−4 −1 −1 −1
−1 −2 1 −2

 =
(

A −S
−Q −AT

)
,

then it follows with

V :=


− 7

√
5

11 + 16
11 0 7/4 + 4

√
5

5 −7/2

− 21
11 + 14

√
5

11 1 − 21
√

5
20 − 7/2 41

8

−4/11 + 10
√

5
11 2 −

√
5

5 − 5/2 13
4

1 1 11
√

5
20 − 7

8

 =:
(

a b
c d

)

that
V −1HV = diag (−

√
5,−2,

√
5, 2).

Moreover for example W0 =
(
−7 2
2 0.999

)
∈ D+ ∩

D−,
S + 1900aa∗

=

 1903679
242 − 425600

√
5

121
704900

√
5

121 − 1569400
121

704900
√

5
121 − 1569400

121
2930284

121 − 1117200
√

5
121

 > 0,



and
R̃(1900,W0)

=

 170790395
242 − 38190000

√
5

121 − 14896847
121000 + 66633

√
5

1210

− 14896847
121000 + 66633

√
5

1210
611571

30250000 −
2793

√
5

302500

 < 0.

Obviously here (2.18) is fulfilled; consequently
W (t, W0) with W (0,W0) = W0 exists for t ≤ 0 and

limt→−∞W (t, W0) = W− =

(
−2− 2

√
5 2

2 1

)
.

Notice that here S is indefinite (like for example in H∞

control problems), moreover the initial matrix W0 and
the stabilizing solution W− of the algebraic Riccati equa-
tion are indefinite as well. Examples of this and of similar
type show how Corollary 2.6 can be used to ensure the
global existence of solutions of initial or terminal value
problems for Riccati differential equations. Notice that
we can use corollary 2.6 in combination with the mono-
tonic dependence of the solutions of (RDE) on the termi-
nal values in order to approximate AR(W−); we omitt
details.
The matrix S appearing in our example can be written
in the form S = S1 − 1

γ2 S2, where

S1 =
(

1
2 0
0 4

)
, S2 =

(
1 0
0 1

)
and γ = 1.

The dependence of the stabilizing solution of H∞-type
algebraic Riccati equations on the parameter γ has been
studied in detail by Gahinet [5]. In our lecture we will
discuss the dependence of all solutions of the algebraic
Riccati equation and of the phase portrait of the differ-
ential equation on the parameter γ. In particular we will
give an explanation of the significance of the bifurcation
points; further details on this topic can be found in [1].

For another example where we study (RDE) for different
terminal values Wf , let the corresponding hamiltonian
matrix be

H =


−5 1 1

98 0

0 −3 0 − 171
49

0 0 5 0

0 −2 −1 3

 .

With

V =


1 42

√
87

221 + 759
442 − 42

√
87

221 + 759
442 1

0 3
√

87
14 + 3/2 − 3

√
87

14 + 3/2 8379
860

0 0 0 10829
430

0 1 1 − 4802
215


we have

V −1HV = diag (−5,−3
√

87
7

,
3
√

87
7

, 5).

Therefore (ARE) has the following four real symmetric
solutions:

Ws =

(
0 0

0 − 49
57 + 7

√
87

57

)
, W1 =

(
0 0

0 − 49
57 −

7
√

87
57

)
.

W2 =

(
−2.8886298 2.88127719

2.88127719 −2.588124882

)
,

Wa =

(
−303.9120092 33.77757823

33.77757823 −5.759245408

)
.

Notice that here the stabilizing solution Ws ≥ 0 is the
maximal solution and the antistabilizing solution Wa < 0
is the minmal solution; moreover it is known from com-
parison results that W (t, Wf ) exists for t ≤ tf and
Wa ≤ Wf ≤ Ws.
Next we consider W (t, Wfj) for Wfj = Ws + Pfj and 5
different values of Pfj ≥ 0 1 ≤ j ≤ 5. For

Pf1 =

(
1/20 0

0 1/10

)
and Pf2 =

(
1/19 1

95

1
95 1/10

)
we have

Wf1 =

(
1/20 0

0 − 433
570 + 7

√
87

57

)
and

Wf2 =

(
1/19 1

95

1
95 − 433

570 + 7
√

87
57

)
.

This yields with ρ = − 19
5 that

S − 19
5

aa∗ = −

(
50.08977392 46.39766765

46.39766765 43.02627088

)
< 0,

R̃(Wf1, ρ) =

(
0.3747755653 −0.2819883380

−0.2819883380 0.369226920

)
≥ 0

and

R̃(Wf2, ρ) =

(
0.3313853413 −0.2803022434

−0.2803022434 0.2449448791

)
≥ 0.

Hence, according to Corollary 2.6 (2.15), W (t, Wf1) and
W (t,Wf2) exist for t ≤ tf .
Since the solutions of (RDE) are monotonically depen-
dent on the terminal value (see [4], Theorem 2.2) the exis-
tence of W (t, Wf1) and W (t,Wf2) implies that W (t, Wf )
exists for t ≤ tf if

Wa ≤ Wf ≤ Wf1 or Wa ≤ Wf ≤ Wf2.

On the other hand it can be checked easily (for example
using MAPLE) that the solutions W (·,Ws + Pfj), 3 ≤
j ≤ 5, with

Pf3 =

(
2/19 1

95

1
95 1/10

)
, Pf4 =

(
1/19 0

0 1/5

)



and Pf5 =

(
1/50 0

0 3/10

)
have poles for t − tf = −0.1795267853, t − tf =
−0.1560596674 and t− tf = −0.1070537472 respectively.
Using again that the solutions of (RDE) are monoton-
ically dependent on the terminal value, we infer that
W (t, Wf ) has at least one pole in (−∞, tf ] if Wfj ≤ Wf

for at least one j ∈ {3, 4, 5}.
This example shows how Corollary 2.6 can be used to
check the existence of W (t, Wf ) for different terminal
values Wf ; moreover one can use Corollary 2.6 to ap-
proximate the basin of attraction of Ws.
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