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The main object of this note ist to derive sufficient conditions for the existence of the
solutions of coupled Riccati-type differential equations appearing in linear quadratic dif-
ferential games. For convenience we confine here to the two-player case. A detailed
discussion of these differential games can be found in the book of Basar and Olsder [3].
We consider two-player linear quadratic differential games

& = Az + Byuy + Boug;  z(0) = xg (1.1)
reR™ u; € R, 1=1,2, ’
with cost functionals
1

1 rtr
Jl (Ul, u2) = ix?Klfxf —+ 5/0 (LCTQLT -+ U{Rnul + U5R12U2)d7,

1.2)
1 1 rtr (
JQ(Ul, UQ) = §$?K2fl‘f + 5 /0 (ZL’TQQI' + ugRQQUQ + u{Rglul)dT,

where all matrices K;r, Q;, R;; are symmetric with R; > 0, 1 <4, j <2 and xy = z(ty).
Here we are interested in equilibrium solutions of the differential game of the form

ui(t) = =Ry By Ky (t)®(t, 0)ao,
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u3(t) = —Roy By Ko(t)®(t, 0) o, (1.3)

where ®(¢,0) is the transition matrix of the corresponding closed loop system, i.e.

B(1,0) = (A — S K (1) — Saa k(1)) D(L,0), B(t,t) = I,,. (1.4)

The functions K; appearing in (1.3) are solutions of coupled systems of Riccati-type
matrix differential equations. The form and type of these differential equations depend
essentially on the information available to each player and on the strategies used; in this
paper it is assumed that both players are using open loop strategies. We further assume
that A, By, By, R;j for 1 <i,7 <2, 1, Q2 are time independent.

a)

Open loop Nash strategies. The pair (u}, u3) is called Nash (equilibrium) strategy
if

Ji(uy, uy) < Ji(u, ug)
and (1.5)

Jo(ui, uz) < Jo(ul, ug)

for all admissible strategies uy, us.

It is known (see [3], section 6.5 and also [5]) that for the existence of an (open loop)
Nash strategy of the form (1.3) it is necessary and sufficient that the functions Kj
appearing in (1.3) are on [0, ] solutions of the terminal value problem

K= —-ATK, — KjA — Q + K1Su K, + K1 S50 Ky; Ki(tf) = K
(1.6)

Ky = —A"K) — KyA — Q2 + K250 Ky + K251 Ki; Ks(ty) = Ko.

It is obvious that K(t) and K»(t) are definied in [ty — §;¢;] for sufficiently small
d > 0 but up to now in the literature there are no nice (i.e. easily checkable)
conditions ensuring the existence of K and K3 on [0, tf].

Open loop Stackelberg strategies. If player 2 is allowed to select his strategy
first, he is called the leader, and player 1 who selects his strategy second is called
the follower. A Stackelberg strategy is the optimal strategy for the leader under the
assumption that the follower reacts by playing optimally (see Simaan and Cruz [§]
for details). In this case the functions K7, K5 determining the Stackelberg strategies
(1.3) are determined by (see [8], [4], [3]) the following boundary value problem

K =-ATK, — K|A— Q1 + K151 Ky + K190 Ky, Ki(ty) = Kiy;

KQ = _ATKZ_KQA_Q2+Q1P+K2SHK1 +K2522K2; KQ(tf) = K2f_K1fP(tf);
. (1.8)
P:AP—PA+P311K1+P522K2—521K1—|—511K2, P(O) = 0.



c) The corresponding linear systems. It is well known (see [2], [1]) that (1.6) and
(1.8) are intimately related to the following linear systems:

X
fY = | Y, | with X,Y71,Ys, € R™" is a matrix solution of the terminal value
Y,
problem
Y' = Hy,Y =1 | —Q —AT 0 Y, Y(ty) =| Kis (1.9)
Q2 0 AT Koy

and if det X(t) # 0 for 0 < ¢ < ty, then K; := V1 X!, Ky := Yo X! defines the
solution of (1.6); i.e. if K, Ky do not blow up as long as X (¢) is regular. A similar
relationship holds between the solutions of (1.8) and of the boundary value problem

A —SH —522 0 X
: -1 —AT 0 0 Y
/ =Hq/Z =:
o —Qx 0 AT Q|| Y2 |’
0 —=Su Sun A Y3

(1.10)

X(ty) =1, Y1(ty) = Kuy, Ya(ty) = Koy — K15Y3(ty), Y3(0) = 0.

2 Existence of Nash strategies
In this section we assume that @)1 = 0.

In order to derive sufficient conditions for the existence of the solutions Kj; of (1.6) on [0, ¢ ]
we extend the matrix Hy, of the corresponding linear system to an 4n x 4n hamiltonian
matrix

A =Sy —S» 0

0 AT 0 0 :.<A —5‘)

Hy, = (2.1)

-Q;, 0 —AT 0 —Q AT
0 —Q Su A

with Qg > 0 and we use the properties of the standard Riccati differential equation
K=-A"K - KA-Q+ KSK, K(t;) = K. (2.2)
From the theory of symmetric Riccati equations (see [9], Theorem 2.1 and [6]) we infer :

Lemma 2.1 Let Q,S > 0, then the solution of (2.2) exists if either Ky > 0 orif
Ky > K,,; where K, is an arbitrary symmetric solution of the algebraic Riccati equation
corresponding to (2.2).

Using n X n matrices X?,Y? we set

MO c R4n X2n

Xy vy



If Y} is an element of
L:={Y € R™"Sy(AT)Y = —-S,(AT) Vj e NU{0}} (2.3)

then we infer from

* _SH(AT)j—l _ SQZ(AT)]'—IY'QO * O
e N * (—AT) % %
(Hy,) Moy = * (—ATYYD N
* * * %
that
Ut) 0
. X1(t) Yi(t)
Ayt My =: ! . 2.4
=1 X0 v 24
X3(t) Ys(t)

Theorem 2.2 Let Q, S >0 and let Y € L # 0.
If
X9 —yPx0 yp )
K, = 2 271 2 >0 2.5
f ( Xg _ YZSOX? }/30 ( )

(or Ky > K,,) then the solution of the open loop Nash Riccati equation in (1.6) with
Ki(ty) = X7, Ky(ty) = X3 ewists for t < t;.

Proof. Under the assumptions of Theorem 2.2 it follows from Lemma 2.1 and (2.4) that

Ul(t) 0
det ( X\t Yi(t) ) # 0 for t < t;. Consequently we have det U(t) # 0 for ¢ < t; and

the solutions K;(t) = X;(t)U(t)™!, 1 <i < 2, of our terminal value problem cannot blow
up. O

Remark 2.3 The matrices Yy € L, Y and X3 appearing in (2.5) are parameters which
we try to chose such that (for given X7, X9) K; >0 (or K; > K,,).

If for example X =0, X > 0 and Yy € L # (), then we choose for example X9 = (Y)
and Yy = al; in this case (2.5) is obviously fulfilled for o > .

Ezxample 2.4 Let Q1 = 0 and

16 -2 26 -2
72 5 5 T 1 -1
_ | 5 5 | 5 B
A‘(H)’S“‘ —o [T 2 ’“‘“sz‘(—l 3)'
5) 5! 5! 5)

Now we choose Syp = Qg = 0 and



10 0 0
? (1) (1) 8 167 -2 —46 2
01 0 1 150 75 75 75
1y =46 2 r 0 -2 o2 -
2 75 5 Ky I %75 75 75
Mo = L2 -4 - K2; Ly | Er=1 g 9 121 o
3 75 75 Py Ly 757 7575
B A — 2 -4 =2 17
75 75 75 75 150

o L =2 173

2 75 150

is positive definite and Theorem 2.2 implies that the solution of the terminal value prob-
lem (1.6) exists for ¢ < t;.

3 Existence of solutions of Stackelberg differential equations.

In this section we use the same idea as in section 2 in order to derive sufficient conditions
for the existence of the solution of the coupled system of differential equations in (1.8)
satisfying certain terminal conditions in ¢ = ¢; or the boundary conditions given in (1.8).

Theorem 3.1 Let Q1 = K1y =0, Q2 > 0; Ko >0 and L # 0 (see (2.8)). Then the
solution of the terminal value problem (1.8) exists for t < ty; this implies a Stackelberg
equilibrium is defined by (1.3).

Proof. Under the assumptions of Theorem 3.1 the system in (1.8) is partially decoupled,
since in this case K; and K, are independent of P and are solutions of a terminal value
problem of open loop Nash type; according to remark 2.3 under our assumptions these
solutions cannot blow up for ¢t < ty. Consequently P is solution of a linear differential
equations (with variable coefficients depending on K7(t), K»(t)) and exists at least for
t € (—o0,tysl, a

If we do not want to use the restrictive assumption that )1 = K,y = 0, we can apply the
method of section 2 in order to prove the following existence theorem.

Theorem 3.2 Let Q and S be defined as in (2.1) with Qo := Sa1 and let Q,5>0
and Yy € L # 0. If the matrices Yy and Y3 can be chosen such that the solution of

. ~ ~ - - 0_ vO0yO 0
K=-ATK - KA—-Q+ KSK, K(tf)=<X2 Y2 X Y2>

Xy =YXy vy

exists for t < ty (for example, if K(ty) > 0), then the solution of (1.8) with Ki(t;) =
X0, Ks(ty) = X3 and P(ty) = X3 exists for t < t;.

The proof of Theorem 3.2 is similar to the proof of Theorem 2.2 and is omitted.

rample o. et . , , , ,
p 1 3 11 ; 21 1 3




4 0 2 ; 10
4 |, and Qs = . If we have the terminal values XV = ( ) ,
= 1 01
- 3
3 2
5 0 70
= and XJ = , then we have
0 4 0 3
11 —1
— 0 — 0
2 2
—1 9 —1
E s Y 2
= _q € L # 0 and the matrix Ky = . . is
0 — — 0 — 0
2 2 2
—1 7
o — 0 =
2 2

positive definite. Consequently Theorem 3.1 implies that the solution of the terminal
value problem (1.8) exists for ¢ < ;.
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