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1. INTRODUCTION

Let A;Q; S 2 Cn;n be n� n matrices with complex entries, Q = Q�; S = S� and let

H =

�
A �S
�Q �A�

�
be the corresponding hamiltonian matrix. In the sequel

� : Cn;n ! C
n;n;W ! �(W ) denotes a linear function with �(W �) = (�(W ))� and

�(W1) � �(W2) for W1 � W2; hereW1 � W2 means that W2�W1 is positive semide�nite
(W2�W1 � 0): It is easy to construct functions � having the aforementioned properties,

they are ful�lled for example if �(W ) is the sum of terms of the form CTWC or an in�nite

series in terms of this form.
One of our main goals is the study of the generalized Riccati di�erential equation

_W = �A�W �WA�Q+WSW ��(W ) =: Ric (W;H)��(W ) (GRDE)

and of the corresponding generalized algebraic Riccati equation

0 = Ric (W;H)��(W ): (GARE)
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It is worth while to point out that in the most of sections 2 and 3 of this paper we do not

assume that Q and S are positive semide�nite.

Moreover we show that there are similar methods to study the associated discrete time

equations. Generalized Riccati equations of this form appear when studying optimal
control of linear systems with Markovian jumps (see [AFJ1], [M], [Wo] and [dSF2] for a

detailed description and further references). Such equations also occur in robust control

problems (see [KB]) and for the discrete time case (see [KA]).

In contrast to the unperturbed Riccati di�erential equation

_P = Ric (P;H) (RDE)

and the corresponding algebraic Riccati equation

0 = Ric (P;H) (ARE)

it is in general not possible to transform (GRDE) (or(GARE)) to an equivalent 2n-

dimensional linear system. On the other hand it is known from the results of Wimmer

[W1], Gohberg/Lancaster/Rodman [GLR], Faibusovich [F] and Ran/Vreugdenhil [RV]

that there is an interesting interplay between the solutions of (ARE) and of the corre-

sponding Riccati inequality and that for S � 0 the strong solution of (ARE) depends

monotonically on JH, where J =

�
0 �In
In 0

�
and In is the unit matrix. It will be shown

in this paper that similar results can be obtained for (GRDE), (GARE) and for the

corresponding discrete-time equations. A �rst step in this direction has been made in
[dSF1].
In section 2 of this paper we recall a monotonicity property and a comparison theorem for
generalized Riccati equations which have been obtained recently and are generalizations

of well known results for (RDE) (see [CO], pp. 51-53).
Using these results and the interconnections between (GARE) and the corresponding
generalized Riccati inequalities, we give in section 3 a dynamic proof for the existence
of solutions of (GARE) and (GRDE): In addition we use the comparison results from

section 2 for the proof of the global existence of the solutions of (GRDE).

Analogous results are obtained in section 4 for the discrete-time case.
In section 5 we use a di�erent approach in order to derive su�cient conditions for the

global existence of solutions of (RDE).

2. PRELIMINARY RESULTS AND NOTATIONS

In the sequel we denote by W (�;X0) the solution of (GRDE) with W (t0;X0) = X0, here

t0 is arbitrary but �xed.

LEMMA 2.1. If t0 2 I and W (�;X0) exists on the interval I then

_W (t0;X0) = Ric (X0;H)��(X0) � 0 (or � 0)

implies _W (t;X0) � 0 (or � 0; respectively) for t 2 (�1; t0] \ I:

The proof of Lemma 2.1 is analogous to the proof of [AFJ1], Theorem 1, where we con-

sidered a special case of (GRDE) with real coe�cients; notice that X0 is not assumed to
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be hermitian.

The next theorem is a generalization of a comparison result of Coppel (see [CO], pp.

51/52 ); it has been proved (for real coe�cients) in [FJA], Theorem 2.1, and it holds true

for complex coe�cients as well. This theorem will be used for the investigation of (RDE)
and (GRDE); it could also be used to derive a generalized version of the monotonicity

result proved by Fragoso and de Souza [FdS], Theorem 2.1 for periodic generalized Riccati

di�erential equations.

THEOREM 2.2. For i 2 f1; 2g let Ai; Qi; Si : I ! C
n;n be piecewise continuous (or

integrable) with Qi(t) = Q�
i
(t) and Si(t) = S�

i
(t) for t 2 I; moreover let Ki; i 2 f1; 2g be

a solution of
_Ki = �A�

i
(t)Ki �KiAi(t)�Qi(t) +KiSi(t)Ki (2:1)

on the interval I. If for some tf 2 I K1(tf) � K2(tf) (or K1(tf ) < K2(tf )) and if

�
Q1 A�1
A1 �S1

�
(t) �

�
Q2 A�2
A2 �S2

�
(t) for t 2 I;

then K1(t) � K2(t) (or K1(t) < K2(t)) for t 2 I \ (�1; tf ]:

In the sequel we shall use the following abbreviations for the sets of the hermitian solutions
of the (generalized) algebraic Riccati equations and inequalities:
For 2 2 f�;=;�g let

RH

2
:= fP 2 Cn;njP = P � and Ric (P;H) 2 0g

and

GRH

2
:= fW 2 Cn;njW = W � and Ric (W;H)��(W ) 2 0 g:

3. EXISTENCE THEOREMS FOR THE CONTINUOUS-TIME CASE

The following theorem shows the interplay between the existence of hermitian solutions
of (GARE) and (GRDE) and the solvability of the corresponding generalized Riccati
inequalities.

THEOREM 3.1. GRH

= 6= ; if and only if there exist W1 2 GRH

� and W2 2 GRH

�
with W1 � W2; moreover in this case W1 � W0 � W2 yields that W (t;W0) exists for

t 2 (�1; t0] with W1 �W (t;W1) � W (t;W0) � W (t;W2) �W2 for t 2 (�1; t0].

Proof. (i) If W0 2 GRH

= exists, we can choose W1 = W2 = W0; then W (t;W0) � W0:

(ii) Let W1 2 GRH

� and W2 2 GRH

� with W1 � W2 exist.

Then, according to Lemma 2.1, _W (t;W1) � 0 and _W (t;W2) � 0 for t � t0 whileW (t;W1)

and W (t;W2) exist. On the other hand we infer from Theorem 2.2 that W1 �W (t;W1) �
W (t;W0) � W (t;W2) � W2 for t � t0; hence the limits lim

t!�1
W (t;W1) = W1

1 � W1
2 =

lim
t!�1

W (t;W2) exist with W
1
1 ;W1

2 2 GRH

= :

The existence of W (t;W0) for t � t0 and W1 � W (t;W1) � W (t;W0) � W (t;W2) � W2
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is an immediate consequence of the preceding estimates and of Theorem 2.2.

REMARK 3.2. (i) Notice that up to this point we did not make any assumptions on the

de�niteness of S or Q. In this case the main problem in the application of Theorem 3.1
arises when we have to check the existence of the matrices W1 2 GRH

� and W2 2 GRH

� :

Fortunately in most applications at least one of the matrices Q and S is positive semidef-

inite and/or the existence of a solution of at least one Riccati inequality is guaranteed.

If for example Q � 0 then obviously W1 := 0 2 GRH

� : If in addition S = BB� and if

(A;B) is stabilizable then it can easily be shown that in this case GRH

= contains a posi-
tive semide�nite (and hence a maximal) element (see the proof of Theorem 3.3); this last

result corresponds to [GLR], Theorem 2.2.

(ii) The assumptions of Theorem 3.1 on the existence of W1;W2 could be replaced by

the weaker assumption that there exist solutions W (�;W1) � W (�;W2) on (�1; t0].

All known global existence results are based on hypotheses implying that this necessary

and su�cient condition is satis�ed. Usually one is looking for su�cient conditions for the
existence of W (�;W1) and W (�;W2) which can be checked more easily.

(iii) According to Theorem 3.1 there exist a solution of (GARE) and initial values W0

such that W (t;W0) is de�ned for t � t0 if and only if there exist adequate solutions of the

corresponding algebraic Riccati inequalities. For �(W ) � 0 there exist algebraic tests for

the solvability of Ric(W;H) � 0 (see [S] for details and further references).

The following theorems are generalizations of results obtained in [GLR], [RV] and [dSF1].

THEOREM 3.3. Let S = BB�; (A;B) stabilizable and W1 2 GRH

� : If � satis�es the

condition (see [Wo])

inf
K

jj
1Z
0

et(A�BK)��(In)e
t(A�BK)dtjj < 1; (3:1)

then there exists W2 2 GRH

= with W2 � W1. Moreover GRH

= contains a unique maximal

element W+ and �(A� SW+) � C�:

Here kM k is the spectral radius of M and C� denotes the closed left half-plane.

Proof. We choose matrices Q+; Q�;W1+;W1� � 0 with Q = Q+ �Q� and W1 = W1+ �
W1�: Further we denote by X(�;W1+) the solution of

_X = Ric (X;H) �Q� ��(X); X(t0) =W1+:

Then it follows from the proof of [Wo], Theorem 2.1 (where real coe�cients are considered

an where (3.1) is used) that X(t;W1+) exists and is bounded for t � t0: From Lemma 2.1
and Theorem 2.2 we infer that

_W (t;W1) � 0 and W1 �W (t;W1) � X(t;W1+) for t � t0:

Hence W2 := lim
t!�1

W (t;W1) exists and belongs to GRH

= :

Since GRH

= 6= ; it follows as in the proof of [dSF1], Theorem 2.1, that GRH

= contains a

unique maximal elementW+ with �(A� SW+) � C�:

Theorem 2.2. implies that the solutions of (RDE) and (GRDE) are monotonically de-

pendent on JH: We show that the same monotonicity is shown by the maximal solution
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of (GARE) - if it exists. For (ARE) corresponding results have been obtained in [W1],

[GLR] and [RV].

THEOREM 3.4. Let JH =
�
Q A�

A �S
�
� J ~H :=

� ~Q ~A�

~A � ~S

�
; S = BB�; (A;B) stabi-

lizable and let � satisfy condition (3.1). Then there exists for any ~W0 2 GR
~H
= a matrix

W0 2 GRH

= with ~W0 �W0; this inequality holds in particular if ~W0 and W0 are the maxi-

mal elements of GR
~H
= and GRH

= respectively.

Proof. From Ric( ~W0; ~H) = �( ~W0);

~W (t0; ~W0) =

�
In
~W0

��
(�JH)

�
In
~W0

�
��( ~W0)

=

�
In
~W0

��
(J ~H � JH)

�
In
~W0

�
� 0

and Theorem 3.3 it follows that there exists W0 2 GRH

= with ~W0 � W0: The existence of

the maximal elements of G
~H
= and GH

= is ensured by Theorem 3.3 since GR
~H
= 6= ;:

REMARK 3.5. Theorem 3.4 has been proved
a) for �(W ) � 0; A = ~A and S = ~S in [GLR], Theorem 2.3,
b) for �(W ) � 0 in [RV], Theorem 2.2 (see also [W1]) and

c) for A = ~A and under the assumption GR
~H
= 6= ; in [dSF1], Theorem 2.1.

Notice that Q � 0 implies that GRH

� 6= ;; hence in this case GRH

= contains a maximal
(positive semide�nite) elementW+ if (A;B) is stabilizable and if condition (3.1.) holds -
this situation was studied in [Wo]. In this case, according to [Wo], Theorem 2.1, (iv),W+

is positive de�nite if in addition (
p
Q;A) is observable. The last condition is su�cient

but not necessary.
The complete structure of GRH

= is still unknown.

The next theorem shows how the preceding results can be used for the proof of a global ex-
istence theorem for generalized Riccati di�erential equations with variable coe�cients. For
this purpose we consider matrices A1; A2; Q1; Q2; S1; S2 2 C

n;n and matrix-valued func-

tions A;Q; S : (�1; t0]! C
n;n with hermitian Q1; Q2; S1; S2; Q(t) and S(t); t 2 (�1; t0]:

By Hi =
�
A1 �Si
�Qi �A�

i

�
; i = 1; 2 and H(t) =

�
A �S
�Q �A�

�
(t) we denote the correspond-

ing hamiltonian matrices.

THEOREM 3.6. Let JH1(t) � JH(t) � JH2(t); t 2 (�1; t0] and assume that there exists

W1 2 GRH1

� and W2 2 GRH2

� with W1 � W2: Then the solution W (�;W0) of

_W = �A�(t)W �WA(t)�Q(t) +WS(t)W ��(W ); W (t0) = W0 (3:2)

exists for t � t0 and any W0 with

WH1(t;W0) � W (t;W0) � WH2(t;W0); t � t0;

here WHi(�;W0) is the solution of

_W = Ric (W;Hi)��(W ); W (t0) =W0:
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The proof of Theorem 3.6 is similar to second part of the proof of Theorem 3.1.

In general the solutions of (3.2) are not necessarily monotonic if _W (t0) is positive semidef-

inite; but this property of autonomous Riccati di�erential equations is maintained if for

example � _Q _A
_A� � _S

�
(t) � 0 for t � t0: (3:3)

LEMMA 3.7. Let the solution of (3.2) satisfy _W (t0;W0) = Ric (W0;H(t0))��(W0) � 0

and assumption (3.3); then _W (t;W0) � 0 for t � t0 while W (t;W0) exists.

Proof. _W (= _W (�;W0)) satis�es _W (t0) � 0 and

�W = �(A� SW )� _W � _W (A� SW )��( _W )

�(In W )
� _Q _A

_A� � _S

��
In
W

�

� �(A� SW )� _W � _W (A� SW )��( _W )

� �(A� SW )� _W � _W (A� SW ):

Notice that _W is the solution of a generalized Riccati equation of the type (GRDE) with
_W (t0) � 0 therefore we infer from [Wo], Theorem 2.1 that _W (t) � 0 for t � t0; this yields

the last of the preceding inequalities. Hence the assertion of the Lemma results from
_W (t0) � 0; [Wo], Theorem 2.1 (ii) and well known properties of Lyapunov di�erential

equations ([KK], Hilfssatz 10.2).

COROLLARY 3.8. Assume in addition to the assumptions of Lemma 3.7 that W0 �
0; Q(t) � 0 and S(t) � 0 for t � t0: Then W (t;W0) exists for t � t0 with

0 �W (t;W0) � W0; (3:4)

moreover limt!�1W (t;W0) = W1 � 0 exists.

Proof. The �rst inequality in (3.4) results from [Wo], Theorem 2.1, and the second in-
equality and _W (t;W0) � 0 follow from Lemma 3.7. Hence W (t;W0) exists for t � t0 and
is convergent as t! �1.

4. EXISTENCE THEOREMS FOR THE DISCRETE-TIME CASE

The subsequent comparison theorem will be used for the study of generalized discrete
time Riccati equations and has been obtained essentially in [W2], Theorem 2.2 and [WP],

Theorem 3.1 (see also [dS], Lemma 3.1, [BG], Lemma 10.1 and [FJA], Theorem 3.1).

For � 2 N, let A; ~A;A(�); ~A(�) 2 Cn�n;B; ~B;B(�); ~B(�) 2 Cn�m and let

Q; ~Q;Q(�); ~Q(�) 2 Cn�n be positive semide�nite.

For K 2 Cn�n; de�ne � by

�(A;B;Q;K) = A�KA�A�KB(I +B�KB)�1B�KA+Q:

THEOREM 4.1 (i) Let K and ~K 2 Cn�n be symmetric with K � ~K and In+ ~B� ~K ~B > 0:
If �

Q A�

A �BB�

�
�
� ~Q ~A�

~A � ~B ~B�

�
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then

�(A;B;Q;K) � �( ~A; ~B; ~Q; ~K):

(ii) Let K0 � ~K0 � 0 and assume that the sequences (K(�)) and ( ~K(�)) with

K(0) = K0; K(� + 1) = �(A(�); B(�); Q(�);K(�))

and
~K(0) = ~K0; ~K(� + 1) = �( ~A(�); ~B(�); ~Q(�); ~K(�))

for � � 0; are well de�ned. If in addition

�
Q A�

A �BB�

�
(�) �

� ~Q ~A�

~A � ~B ~B�

�
(�) for � � 0

then K(�) � ~K(�) � 0 for � � 0:

Theorem 4.1 is very useful for the study of the generalized discrete-time Riccati di�erence

equation

K(� + 1) = �(A;B;Q;K(�)) + �(K(�));K(0) = K0 (DGRDE)

and the corresponding generalized discrete-time algebraic Riccati equation

K = �(A;B;Q;K) + �(K); (DGARE)

notice that equations of this type appear in discrete-timemarkovian jump linear quadratic

control problems (see [AFJ2]).

THEOREM 4.2. Let K(0) := K0 such that (I +B�K0B) > 0 and K(0) � K(1)

(= �(A;B;Q;K(0)) + �(K(0))): Then there exists a solution ~K � K0 of (DGARE) if

and only if there exists ~K0 � K0 with

~K(1) = �(A;B;Q; ~K0) + �( ~K0) � ~K0: (DGARE)

Proof. Let (K(�)) and ( ~K(�)) be the sequences satisfying (DGRDE) with K(0) = K0

and ~K(0) = ~K0, respectively. From K(0) � K(1) and ~K0 � ~K(1) it follows by induction
from Theorem 4.1 that these sequences are well de�ned with

K0 � K(�) � K(� + 1) � ~K(� + 1) � ~K(�) � ~K0 for � 2 N:

Consequently lim
�!1

K(�) = K1 and lim
�!1

~K(�) = ~K1 exist and are solutions of (DGARE)

with K1 � ~K1: This proves the nontrivial part of the assertion of Theorem 4.2.

REMARK 4.3. (i) The assumptions K(1) � K0 and ~K(1) � ~K0 of Theorem 4.2 corre-
spond to the Riccati inequalities ful�lled by W1 2 GRH

� and W2 2 GRH

� in Theorem 3.1.

Notice that in the discrete-time case we need the additional assumption I +B�K0B > 0

which ensures the existence of the inverses of I + B�K(�)B: As in the corresponding

continuous-time case the assumptions of Theorem 4.2 could be replaced by a necessary
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and su�cient condition (see Remark 3.2 (ii)).

(ii) If (A;B) is stabilizable, �(K) � 0 and if there exists K(0) with K(1) � K(0) = K0

and I + B�K(0)B > 0; then it is easy to see that there exists ~K(0) � K(0) with
~K(1) � ~K(0) :

As in the proof of Theorem 3.3 let Q = Q+�Q� and K0 = K0+�K0� with Q+; Q�;K0+;

K0� � 0:

It follows from Theorem 4.1 by induction that the sequence (K̂(�)) with K̂(0) = K0+ and

K̂(� + 1) = �(A;B;Q+; K̂(�)) + �(K̂(�)) for � 2 N

is nondecreasing and (see [CM], Theorem 2.2) convergent. Hence lim
�!1

~K(�) = K1 � K0

exists and we can set ~K(0) = K1:

Furthermore it is known (see [RV], Theorem 3.1) that under these assumptions the max-
imal solution P+ of P = �(A;B;Q;P ) exists.

(iii) As in the continuous-time case (see [LRR],[RV], [W2], [dSF1]) P+ depends monoton-

ically on JH =

�
Q A�

A �BB�

�
and is the strong solution of the unperturbed discrete-time

algebraic Riccati equation. In order to ensure the existence of the maximal solution K+ of

(DGARE) one needs in addition to the preceding assumptions the discrete-time versions
of condition (3.1) and of the proof of [dSF1], Theorem 2.1 (see [RV], section 3, for the

case �(K) � 0): We resign to discuss this problem in detail.

(iv) Let K0 � K̂0 � ~K0 and In+B�K0B > 0: If K0 = K(0) � K(1) and ~K(1) � ~K(0) =
~K0; then the sequence (K̂(�)) de�ned by

K̂(0) = K̂0; K̂(� + 1) = �(A;B;Q; K̂(�)) + �(K̂(�)) for � 2 N;

is bounded.
If K1 = ~K1 then lim

�!1
K̂(�) = K1 exists.

This existence result is a consequence of Theorem 4.1.

The next theorem shows that the maximal solution of (DGARE) depends - if it exists -

monotonically on JH:

THEOREM 4.4. Let ~K 2 Cn;n be hermitian with I +B� ~KB > 0 be a solution of

~K = �( ~A; ~B; ~Q; ~K) + �( ~K):

If �
Q A�

A �BB�

�
�
� ~Q ~A�

~A � ~B ~B�

�

then the sequence (K(�)) de�ned by K(0) = ~K and K(� + 1) = �(A;B;Q;K(�)) +
�(K(�)); � 2 N; is nondecreasing. If (K(�)) is bounded then K := lim

�!1
K(�) � ~K

solves K = �(A;B;Q;K) + �(K):

Notice that the sequence (K(�)) de�ned in Theorem 4.4 is bounded under the assump-

tions of Remark 4.3 (ii).
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Further results on the existence of positive semide�nite solutions of (unperturbed) alge-

braic Riccati equations can be found in [GH] and [W3].

5. EXISTENCE THEOREMS FOR THE SYMPLECTIC CASE WITH GENERAL
INITIAL VALUES

Apart from the preceding treatment, where we have been using comparison results, in

this section we propose a quite di�erent approach for the symplectic or unperturbed

(RDE): Here we mainly use properties of hamiltonian systems and the fact that there
exists a transformation to a higher dimensional linear system. Although this approach is

not applicable to (GRDE) it is possible to extend it partially to nonsymmetric Riccati-

di�erential equations appearing in Nash games. This will be studied in a forthcoming

paper.

Let

H =
�

A �S
�Q �A�

�
2 C2n;2n

be a hamiltonian matrix as before and let

V =

�
a b

c d

�
2 C2n;2n; where a; b; c; d;2 Cn;n;

be a symplectic matrix such that

V �1HV =

�
J1 0

0 �J�1

�
:

For simplicity we assume in the sequel that J1 is diagonal and has all its eigenvalues in
the open left half plane, i. e. �(J1) � C

�. This describes the generic case and leads to
the dichotomic solution of the associated algebraic Riccati equation (ARE) (see [FJ]); we

note that problems with multiple eigenvalues can be treated similarly.
Let W0 2 Cn;n with

detZ1 6= 0; where

�
Z1

Z2

�
:= V �1

�
In
W0

�
; (5:1)

notice that (see [FJ]) the set D� = fW0 2 Cn;njW0 has property (5:1)g is open and dense
in C

n;n. Then we set Z0 = Z2Z
�1
1 and introduce the M�obius-type transformation (see

[K])
W0 = (c+ dZ0)(a+ bZ0)

�1:

Furthermore let Y denote a solution of _Y = HY; Y (t) 2 C2n;n; with initial value

Y (0) = V

�
In
Z0

�
=

�
a+ bZ0

c + dZ0

�
=

�
In
W0

�
Z�11 ;

Y has the representation

Y (t) =

�
a b

c d

��
eJ1t 0

0 e�J
�

1
t

��
In
Z0

�
=

�
Q(t)
P (t)

�
;

where Q(t); P (t) 2 Cn;n:

>From (5.1) it follows that (a + bZ0)
�1(= Z1) exists; using the fact that Z0 is uniquely

determined by W0 we infer that (�W0b+ d)�1 exists as well with

Z0 = (�W0b+ d)�1(W0a� c):

To Y there corresponds a solution W of (RDE) de�ned by (see [FJ] for further details)

9



W (t) := P (t)Q(t)�1 = (ceJ1t + de�J
�

1
tZ0)(ae

J1t + be�J
�

1
tZ0)

�1

= (c+ de�J
�

1
tZ0e

�J1t)(a+ be�J
�

1
tZ0e

�J1t)�1

= (c+ dZ(t))(a+ bZ(t))�1
(5.2)

as long as (a + bZ(t))�1 exists. Here we used Z(t) := e�J
�

1
tZ0e

�J1t; hence Z(0) = Z0

and therefore W (0) = W0 and Z(t) = (�W (t)b+ d)�1(W (t)a� c), while (�W (t)b+ d)�1

exists.

V is symplectic, consequently we have (see [K]) a�d � c�b = In = ad� � bc�, and the

matrices a�c; b�d; ab� and cd� are hermitian. Using these properties we get moreover

V �1 =

�
d� �b�
�c� a�

�
: (5:3)

>From H = V

�
J1 0

0 �J�1

�
V �1 it follows that

S = aJ1b
� + bJ�1a

�

A = aJ1d
� + bJ�1c

�

Q = �cJ1d� � dJ�1 c
�:

(5.4)

After these preparations and under assumption (5.1) we get the following results:

THEOREM 5.1. For � 2 R and W0 2 D� we set

R(�;W0) = W0(S + �bb�)W �
0 �W0(A+ �bd�)� (A� + �db�)W �

0 �Q+ �dd�

and we denote by W = W (:;W0) the solution of (RDE) with W (0;W0) = W0 (as repre-

sented in (5.2)).

a) If R(0;W0) � 0 (or � 0) then R(0;W (t)) � 0 (or � 0, respectively) while W (t) exists.
b) If sign(�)R(�;W0) � 0 (or � 0) then sign(�)R(�;W (t)) � 0 (or � 0) for t � 0 (or

t � 0; respectively,) while W (t) exists.

c) If sign(�) R(�;W0) � 0 then sign(�) R(0;W (t)) � 0 for t � 0 while W (t) exists; notice
that here we do not claim that sign(�) R(�;W (t)) � 0.

Proof. We give a detailed proof for � � 0 and R(�;W0) � 0; for all remaining cases the

proof is similar. De�ning �(�) := �Z0J1 � J�1Z
�
0 + �In we get together with (5.4) by an

elementary calculation

(d�W0b)�(�)(d
� � b�W �

0 ) = W0(S + �bb�)W �
0 +W0(�A� �bd�)

+ (�A� � �db�)W �
0 �Q+ �dd� = R(�;W0):

(5.5)

>From this identity and R(�;W0) � 0 we infer that �(�) � 0: Multiplying this from the
left by e�J

�

1
t and from the right by e�J1t gives

�Z(t)J1 � J�1Z
�(t) � ��e�(J1+J�1 )t = ��e�2diag(Re�1;���;Re�n)tIn:

By our assumption Re �1 < 0; : : : ;Re �n < 0 we obtain

�Z(t)J1 � J�1Z
�(t) � ��In for t � 0: (5:6)

>From the proof of (5.5) it follows that (5.5) also holds if thereinW0 and �(�) are replaced

by W (t) and �Z(t)J1 � J�1Z(t)
� + �In, respectively. Therefore we obtain

W (t)(S + �bb�)W �(t)�W (t)(A+ �bd�)� (A� + �db�)W �(t)�Q+ �dd� � 0:
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This holds for t � 0 as long as W (t) exists.

REMARK 5.2. (i) Theorem 5.1 means that a generalized Riccati inequality remains valid

for t � 0 or t � 0, respectively, if it holds for a terminal or initial value at t = 0: For � = 0
and hermitian matrices W0 this is well known and follows from properties of Ljapunov

equations (see Lemma 2.1 or [KK], Hilfssatz 10.4).

(ii) Theorem 5.1 is based on the assumption W0 2 D� (i. e. detZ1 6= 0), which has been

used to ensure that W0 is in the basin of attraction of the dichotomic solution as t!�1
(see Remark 5.4).
If we assume instead of detZ1 6= 0 that W0 belongs to

D+ = fW0 2 Cn;njdetZ2 6= 0 in (5:1)g;

then we can prove as before a modi�ed version of Theorem 5.1. >From ~Z0 = Z1Z
�1
2 it

follows that a ~Z0+b is regular withW0 = (c ~Z0+d)(a ~Z0+b)
�1; moreoverW0a�c is regular

and ~Z0 = (W0a� c)�1(d�W0b).

Using ~Z(t) := eJ1t ~Z0e
J
�

1
t and ~� := � ~Z0J1 � J�1

~Z0 + �In (instead of Z(t) and �(�)), we

obtain as before and with the abbreviation

~R(�;W0) =W0(S + �aa�)W �
0 �W0(A+ �ac�)� (A� + �ca�)W �

0 �Q+ �cc� :

a) If ~R(0;W0) � 0 (or � 0) then ~R(0;W (t)) � 0 (or � 0, respectively,) while W (t) exists.
b) If sign(�) ~R(�;W0) � 0 (or � 0) then sign(�) ~R(�;W (t)) � 0 (or � 0) for t � 0 (or

t � 0; respectively,) while W (t) exists.
c) If sign(�) ~R(�;W0) � 0 then sign(�) ~R(0;W (t)) � 0 for t � 0 while W (t) exists; notice
that here we do not claim that sign(�) R(�;W (t)) � 0.

(iii) From the proof of Theorem 5.1 it follows that (5.6) and consequently also the asser-

tions of Theorem 5.1 b), c) and Remark 5.2 b), c) could be sharpened; we omit details.

Theorem 5.1 and Remark 5.2 (ii) can be used to obtain global existence theorems.

THEOREM 5.3. Let W0 2 D� such that R(�;W0) � 0 holds for some � � 0: If in addi-

tion S + �bb� > 0, then the solution W = W (:;W0) of (RDE) with W (0) = W0 remains

bounded (with respect to some norm on Cn;n) on each bounded subinterval of (�1; 0];

i. e. W (�;W0) has no poles on the negative real axis.

Proof. Notice that from representation (5.2) it follows that the singularities of W are

poles. Given any pole of W at t0 2 (�1; 0) there is a local series representation

W (t) = W�p

1

(t� t0)p
+ � � � ; W�p 2 Cn;n n f0g:

>From R(�;W (t)) � 0 we infer (by taking the limit as t! t0)

W�p(S + �bb�)W �
�p
� 0:

Since S + �bb� > 0 we infer that W�p = 0; hence poles do not exist in (�1; 0]:
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REMARK 5.4. (i) From the representation (5.2) we infer that limt!�1W (t) = W�

exists if (5.1) holds and a�1 exists; we obtain in this case W� = ca�1, which obviously

is a solution of (ARE). Notice that the dichotomic solution W� of (ARE) exists (under

our standing assumption �(J1) � C
�) if and only if a�1 exists; for S � 0 it is well known

that a�1 exists if and only if (A;
p
S) is stabilizable.

(ii) Let a�1 exist. It is known (see [FJ]) that

AĈ(W�) = fW0 2 Cn;nj lim
R3t!�1

W (t;W0) = W� with respect to the chordal metricg;

the (generalized) basin of attraction of W�, is open and dense in C
n;n. Moreover it is

known that

AĈ(W�) = D� = fW0 2 Cn;njW0 has property (5.1)g
and that W (�;W0) has at most a �nite number of poles on (�1; 0] if W0 2 AĈ(W�).

In general the form of

AC(W�) = fW0 2 Cn;nj lim
R3t!�1

W (t;W0) = W� with respect to the euclidean metric,

where W (�;W0) has no poles in (�1; 0]g;
which is the (restricted) basin of attraction of W�, cannot be described completely.
Under the assumptions of Theorem 5.3 it follows that W0 2 AĈ(W�) implies W0 2
AC(W�):
(iii) If S+�bb� > 0 and �Q+�dd� � 0 for some � � 0 then obviously kW0k can be chosen
small enough such that the assumptions of Theorem 5.3 are ful�lled. In this case for
example W0 = 0 is an appropriate initial value for a solution W (t) without singularities
on (�1; 0] if 0 2 D�.

Analogously to Theorem 5.3 we get the following existence results:

5.5 COROLLARY. The solution W of (RDE) with W (0) = W0 has no pole on the inter-

val I if � 2 R;W0 2 Cn;n and I � R satisfy at least one of the following 12 conditions:

W0 2 D�; R(�;W0) � 0; S + �bb� < 0; � � 0; I = (�1; 0] (5:7)

or

W0 2 D�; R(�;W0) � 0; S + �bb� < 0; � � 0; I = [0;1) (5:8)

or

W0 2 D�; R(�;W0) � 0; S < 0; � � 0; I = (�1; 0] (5:9)

or

W0 2 D�; R(�;W0) � 0; S + �bb� > 0; � � 0; I = (�1; 0] (5:10)

or

W0 2 D�; R(�;W0) � 0; S + �bb� > 0; � � 0; I = [0;1) (5:11)

or

W0 2 D�; R(�;W0) � 0; S > 0; � � 0; I = (�1; 0] (5:12)

or

W0 2 D+; ~R(�;W0) � 0; S + �aa� < 0; � � 0; I = [0;1) (5:13)
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or

W0 2 D+; ~R(�;W0) � 0; S + �aa� < 0; � � 0; I = (�1; 0] (5:14)

or

W0 2 D+; ~R(�;W0) � 0; S < 0; � � 0; I = [0;1) (5:15)

or

W0 2 D+; ~R(�;W0) � 0; S + �aa� > 0; � � 0; I = [0;1) (5:16)

or

W0 2 D+; ~R(�;W0) � 0; S + �aa� > 0; � � 0; I = (�1; 0] (5:17)

or

W0 2 D+; ~R(�;W0) � 0; S > 0; � � 0; I = [0;1): (5:18)

Corollary 5.5 yields twelve di�erent su�cient conditions for the global existence of W (t);

for t 2 I; here condition (5.10) corresponds to Theorem 5.3.

5.6 EXAMPLE. Using a computer-algebra system like MAPLE it is very easy to produce

nontrivial examples verifying one of the hypotheses of Corollary 5.5. Here we reproduce
one of several examples which have been provided by our student Seung-Rae Lee using

MAPLE:
Let

H =

0
BBB@

1 0 1
15

0

0 2 0 �1
�4 0 �1 0
0 �2 0 �2

1
CCCA =

�
A �S
�Q �AT

�
;

then it follows with

V =

�
a b

c d

�
:=

0
BBBB@

0 1 0 1
330

p
165

1 0 �1
1
p
6

0

0 �
p
165 � 15 0 1

2
� 1

22

p
165

2 +
p
6 0 1

6+2
p
6

0

1
CCCCA

that

V �1HV = diag (�
p
6;� 1

15

p
165;

p
6;

1

15

p
165):

Moreover for exampleW0 =

��31 0

0 3

�
2 D+ \D� and S+�aa� =

�� 1
15

0

0 1

�
+�I2 > 0

for � > 1=15, and

~R(
1

2
;W0) = diag (

6133

30
� 16

p
165;�3

2
�
p
6) < 0:

Obviously here (5.17) is ful�lled, and consequently W (t;W0) exists for t � 0 with

limt!�1W (t;W0) =W� =

��15 �p
165 0

0 2 +
p
6

�
.

Notice that here S is inde�nite (like for example in H1 control problems) moreover, the
initial matrix W0 and the stabilizing solution W� of the algebraic Riccati equation are

inde�nite as well.
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In the same way it follows from S + �bb� =

 � 1
15
+ �

660
0

0 1 + �(2+
p
6)2

16(3+
p
6)2

!
> 0 for � > 44

that (5.11) is ful�lled for � = 45 and W0 :=

�
1 0

0 �1
3

�
2 D+; hence in this case W (t;W0)

exists for t � 0 with limt!1W (t;W0) = W+ = db�1 =

�p
165 � 15 0

0 2�
p
6

�
.

Since �Q+ �dd� < 0 for � < 24

2
p
6�5 = 237:5755:: ; it follows from (5.11) and S + �bb� > 0

for � > 44 that there exists a neighborhood U of 0 such that W (t;W1) exists for t � 0

and W1 2 U \D+ with limt!1W (t;W1) = W+.

Examples of this and of similar type show how Corollary 5.5 can be used to ensure the

global existence of solutions of initial value problems for Riccati di�erential equations.

Another example, which shows how Corollary 5.5 can be used to check the existence of

W (t;Wf) in (�1; tf ] for di�erent terminal values Wf is given in [FLJA]; this example

indicates how one can use Corollary 5.5 to approximate the restricted basin of attraction

of Ws.
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