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Abstract: We present two different methods to obtain
global existence results for solutions of nonsymmet-
ric Riccati matrix differential equations. In the first
approach we derive sufficient conditions ensuring that
the spectral norm of the solutions remains uniformly
bounded in an interval (—oo,tp]; in a second part we
make use of the linearizability of the Riccati matrix
differential equation. With the aid of an appropriate
Lyapunov-type function we obtain sufficient conditions
guaranteeing that no finite escape time of solutions can
occur. These results are then applied to open loop Nash
strategies as well as to Hy-type and related Riccati
differential equations. A complete solution of a problem
from [ThVo] is obtained and two examples show how the
methods work.

1. Introduction and Problem Formulation

Riccati differential equations appear in a natural
way in variational problems, control theory, differential
games, factorizations of rational matrix functions, etc.
(see [LaRo], [BO95] ).

The most developed case is that of symmetric equations
with constant coefficients. An important question is the
existence of solutions on a fixed interval. The theory
of these differential equations is closely connected with

*The research described in this paper was supported by CRUP
and DAAD by the program Accao Integrada Luso-Alema N. A-2/96

algebraic Riccati equations.

Here we study nonsymmetric Riccati differential equa-
tions with possibly variable coefficients. These equations
are of mathematical interest and appear also in several
fields of applied sciences. Examples can be found in
[Kui94], [Kui95] and [ThVo].

In this paper we concentrate on questions of global
existence. Unlike in the case of periodic or constant
coefficients, in general an analytical representation of
solutions is not possible thus one has to look for quali-
tative methods to study their behavior. Our main tools
are Lyapunov-type arguments by which we construct
some invariant sets for nonsymmetric nonautonomous
Riccati differential equations. With this general method
we also treat some particular cases like Riccati equations
appearing in open loop Nash games, and optimal control
problems with linear state constraints.

We consider nonsymmetric nonautonomous matriz dif-
ferential equations of the form

W = Bai(t) + Baa(t)W — WB11(t) — WBt)W, (1)
where
Bi1(t) e R Bio(t) € R™* ™) Bay(t) € R™*7™
Bos(t) € R2¥™2 W (t) € R™*"1,

and with piecewise continuous (or Riemann-integrable)
coefficient matrices B;;(t) in (—oo,T]. Our main goal is
to obtain conditions on the coefficients and initial data
which guarantee the existence of solutions on (—o0, %]
for t¢ < T. In particular, by using Lyapunov-type
arguments, we construct bounded negative invariant sets
for equation (1).

2. Preliminaries

Let us recall first the well known relation between ma-
trix Riccati differential equations (1) and linear systems
of differential equations.

If Y is a solution of the initial value problem



then W (t) = Ya(t)Y; *(t) is a solution of equation (1) as
long as Y, '(t) exists. Notice that one of our main goals
in this paper is to find sufficient conditions ensuring that
Y1(t) is nonsingular on a given interval.

If the coeflicient matrices are constant then there exists a
similar relation between solutions of the algebraic Riccati
equation

0 = Boy + BooW — WBy; — WBo W, (3)

and the r;-dimensional B-invariant graph subspaces ; i.e.

B-invariant subspaces of the form Im (ﬁ} ) of

Bi1 B2
B = .
( Bs1 B >
Ity = v, | 8@ basis of such an invariant graph sub-
2

space then detY; # 0 and W = Yngl is a solution of
(3). Provided the eigenvalues of B satisfy the dichotomy
condition

éR)\l < §R)\2 <--- < §R)\r1< §R)\T1+1 < %)\rlJrrg

and if Y is a basis of the invariant subspace of B
corresponding to the eigenvalues Aq,...J\,, then the
dichotomic solution W = Y3¥; " of (3) or (1) exists
whenever Y7 is nonsingular. As it has been shown in
[FrJa] are all solutions of the differential equation (1)
with initial data from some open and dense set in R™2*"!
attracted ( as t tends to —oo) either by this dichotomic
solution or have finite escape time.

3. Negative invariant bounded domains for
nonsymmetric nonautonomous matrix Riccati
differential equations

In this section we derive uniform estimates on the op-
erator norm ||W(t)|| of solutions of (1) in an interval
(=00, tg). By the operator norm of a rectangular matrix
W in the sequel we mean

[|[W]| = max{|Wz|gr |z|rm =1}

=max{\ : \=+/0,0¢€spec(WI'W)}

Theorem 3.1 (Negative invariance).Let Bi1, Bia, By,
Bag be Riemann-integrable on (—oo, T)|. If for some v > 0
and every t <tg < T there holds

—Bu(t) = Bly(t) B3(1) = Bia(t)\ (m
(n?w?)( Boy(t) — BL(t) Bzz(t)+B§”2(t)> (Z2>
> (] + [2?) (4)

for all ;; € R™,ny € R™, then the ball ||W]|| < 1
is negative invariant for solutions W of (1), i.e. if

W (t,Wy) denotes a solution of (1) with W (tg, Wy) = Wy
and if ||Wo|| < 1 then also ||W(t,Wy)|| < 1 holds for all
t <tp.

Proof. (i) Since it is possible to approximate each of the
coefficients of (1) uniformly by piecewise constant matri-
ces and since the solutions of (1) depend continuously on
the coefficients (see [CoLe], Chapter 2.4) it is sufficient
to prove Theorem 3.1 for constant coefficients.

(ii) In the case of constant coefficients it is known that
W = W(-,Wy) is a holomorphic matrix function as long
as it is bounded.

Let us consider the symmetric, positive semi-definite
(r1 x 7r1)-Matrix WT' ()W (). As mentioned before the
operator norm of W(t) is equal to the square root of the
maximal eigenvalue of W7 ()W (t), which is denoted by
At).

Since W (t) is holomorphic in ¢ as long as ||[W]| < 1 it fol-
lows from [Bal, section 3.5, that for these values of ¢, with
the exception of at most a discrete subset, A(t) is differ-
entiable; moreover for these ¢t with ¢ € R there exists a
basis of eigenvectors of W7 (¢)W (t) depending holomor-
phically on ¢ (see [Ba], section 3.5.5, Corollary 2).
Assume now A(t) < 1 and z(t) € R™ is a corresponding
holomorphic unit eigenvector:

WTOW (t)z(t) = M)z(t), =T (t)z(t) = 1.
Using
At) = 2T (WL ()W ()z(t)
we obtain by differentiation

d T T _
ST OWTOW (Ba(t) =

(W(t)z(t)) =
26T (YW () [W (8)x(t) + W(£)i(t)] =
2T (WL (W (£)x(t) + 2X(8)xT (1) 2 (1).

= 2TOWT ()

=

JFrom xT(t)z(t) = 1 we infer (by differentiation) that
2T (t)i(t) = 0 a.e., hence

At) = 22T ()W ()W () (t).
Inserting (1) (and suppressing time parameters) yields
1.
A= zTWT(Byy + BoyW — WBy, — WBpW)z =
= 2" WTBy1x + 2" WT BooWa — AT Byyz — Az’ BiaW.

Since this equality depends only on the symmetric parts
of the matrices involved, we may rewrite it in symmetric
form

A = 2"WT(By — ABL)z + "W (Byy + BL)Wa —
\eT (B + Bz + 2T (BL, — ABy2)Wa.



Let us put now 71 = 2 € R™, e = Wa € Rj, then we
A(Bu1 + Bf})

obtain

; — Bl —\B n

A= T, o7 21 12 1)
(771 772) ( 321 _ /\B%; B22 + ng M2

If A(t) is sufficiently close to 1 then by virtue of condition

(4) we obtain A(t) > 0 (for  # 0). Assume, there is a

t1 < to such that A(t;) > 1. Since ||[Wp|| < 1, there exists

some t* € [t1,t0] where A(t*) = 1 and A(t*) < 0 which

leads to a contradiction. This proves A(t) < 1. ;From

the proof it can also be seen that the set |[W]| > 1 is
positive invariant.

The result of Theorem 3.1 is stronger than that derived
recently by Kuiper [Kui94] using a similar method, since
we removed superfluous assumptions on the coefficients.
It should be pointed out that this method also can be
used in the infinite dimensional case, i.e. in the case of
operator Riccati differential equations (see [Kui94]).
Another slight generalization of Theorem 3.1 is obtained
by taking a modified norm; analogously to Theorem 3.1
it can be proved:

Corollary 3.2 If for some a,y > 0, a positive definite
matriz C € R™*"2 and every t < to there holds

(7 ) (—G(Bn(t) + B, (1)) B3, ()C — aBua(2) ) <Th)

0321“) — CLB?Q(t) CBQg(t) + B;’;(t)C M2

()

for all mp € R™,ne € R™, then the set ||W]|c < Va is
negative invariant for solutions W of (1), where

> y(Im* + n2]?)

|[W|& = max{spect(W" CW)}.

The latter corollary allows to include several pa-
rameters in order to obtain reasonable results. These
parameters should be adapted somehow to the problem
under consideration. It turns out to be an advantage
of this approach that it applies also to non linearizable
differential equations, this will be discussed in a subse-
quent article.

4. Non-blow-up conditions for nonsymmetric
nonautonomous matrix Riccati differential equa-
tions

A second approach is to obtain quadratic Lyapunov-
type functions. Here we make use of the linearizability
of Riccati differential equations as described in section 2.
From the remarks made there it is clear that a blow up
of the solution W = W (-, W) of the Riccati differential
equation occurs at moments where det Y7 (¢) vanishes.
To formulate non-blow-up conditions we introduce the

quadratic Lyapunov-type function

V(t) := 2T (Y () CY1 () +Y (1) DY (t)+Y5 () DY, (1))

(6)
Here 0 #2z ¢ R, C ¢ R"*", 0T = (C, D € R >
are again some parameters. Evidently

Vo :=V(to) = 27 (C + DWy + Wl D). (7)

Calculating the derivative of V'(¢) in (6), along a solution
of (2), we obtain (suppressing t)

V = 2£CT[Y1TC(BHY1 + Blz}/g) +
+ (Y{'Bf, + Y BL)DYs + Y" D(B21Y1 + Ba2Ya)|z

and therefore

vV o= QxTYlT(C'Bn + DBs)Yiz +
+ 207YT(CByzy + By D + DBay)) Yoz +
+ 227V Bl,DYsa.

This we may rewrite as

1.
§V = 2Ty, 2Tv ) x

« CBi1+ DBy CBis+ B4 D+ DBy Yiz
0 BLD Yox
Yix

or in symmetrized representation

(8)

). 9)

Theorem 4.1 Let By, Bia, Ba1, Bos be piecewise contin-
uous on (—oo, T|. If for some matrices C € R™*™ | with
CT =(C, D € R"*" holds

V= @"TYT, 2TYI VL + LT (le)
You

where

CB11 + DBy,

e

Now we are ready to prove

CBys + BfyD + DBy,
BL,D

L)+ LT (t) <0 (10)

forallt <ty <T and if

C+DWy+WIDT >0, or (11)
C +DWy+WIDT >0, (D of full rank)
for some Wy € R™*"™ | then the solution W (t,Wy) of
(1) with W (to, Wo) = Wy ezists for all t < t.

Proof. From section 2 and with the notation used there
we infer that W (t,W)) exists as long as det Y1 (t) # 0,
(here Yi(¢),Y2(t) define a solution of the initial value



problem (2)). Together with (2), (6), (8) and (10) we
obtain that V() is piecewise continuous and V (t) < 0 in
(—()O7 t()] .

Hence, V (t) is monotonically decreasing in (—oo, to].
Assume now that C + DWy + WI'DT > 0 holds; from
(2), (6), (8) and (11) we then infer

V(to) = 27(C + DWy + WL D)z > 0,

which yields together with the monotonicity of V'(¢) that
V(t) > 0 for all ¢ < to. Hence, Y7 (t) must be regular in
(—00, tg] which implies the existence of W (t) in (—o0, to].
If in (11) only C + DWy + W{' DT > 0 holds, then for
€ > 0 we solve the initial value problem (2) with

Y(to) = I, Ys(tg) = Wy +eD™.
(From (7) we infer for € > 0
Vi =27 (C+ DWy + W¢ D' +2¢DD")x >0

which as before yields the regularity of Y (¢) in (—o0, to]
for all € > 0.

JFrom the continuous dependence of the existence
interval of a solution of a differential equation from its
initial value (see [CoLe], 1, Theorem 7.1) we infer that
for an arbitrary closed subinterval [t,#y] C (—o0,to] the
matrix Y;=0(t) is regular on (f,to]. This again implies
the existence of W (t) in (—o0, to]. In [Fe] a similar result
was obtained for nonsymmetric but quadratic matrices
Wo.

5. Applications to open loop Nash games and
related problems

In the preceding existence theorems it is not a priori
clear how to choose the parameters in order to obtain
reasonable good results. Here we will propose some
possibilities of the choice and show by examples how
these approaches work. First we start with the coupled
Nash system .

5.1 Application of global existence results to Open
Loop Nash differential games

In the theory of dynamical games there appear systems
of coupled matrix Riccati differential equations; here we
deal with open loop Nash games . In this case the system
can be written as one system with rectangular matrices
of the form (see for instance [AbFJ]):

(&)= (0 ) (i) - () 4- (&)
Ky, \o0oAT Ky ) \ K S\ Qs
+<§; (5152) ﬁ) A, Ki, Qi, S; € RV,
QRi=Q;, S =5 ,i=12
(12)
where all coefficients are constant. Therefore we also have

the associated algebraic (Nash-type) Riccati equation:
AT 0 K, Ky Q1
o= (var) (1) - () - (&)
+ <§;) (S152) <§;)

(13)
Here we are mainly interested in the dynamic behavior
around a particular stationary solution - namely the di-
chotomic solution. If one wants to apply Theorem 3.1
or Corollary 3.2, the method will strongly depend on the
existence of an attracting solution of (13) which should
be contained in the considered ball. It clearly would be
quite unnatural to take the ball “around” 0, although 0
is not a solution at all.
Therefore we propose to investigate instead of (12) left

invariant domains for a transformed equation.
If (13) admits a dichotomic solution

and if K(t) = <K;Eg) is a solution of (12) then
. Ky (t) Ki(t) — Kq 1>
Kit)=1{ 7 = ’
() (Kz(t)) <K2(t) — Ky
is a solution of
db A
7l = BrnK- . . (14)
—K(A — Sle,l — SQKd,Q) + K(Sl, SQ)K
- AT — K418 —Kg18
where Bgy = — de72d§1 ! AT _ (.ifgd,ngg)' and where

Ag = A—51K41— 52K 42 denotes the closed loop matrix
of the system.

Applying for instance Corollary 3.2 with C' = I yields:
If for some a > 0

—a(Acl + AZ}) aS1  aSs
as - ~ >0, 15
aS; BL, + Bos (15)

holds then || ( §1 > || < v/a is negative invariant.
2

(From the results in [FrJal, page 278, it follows that (15)
can only hold if K41, Kq,2 define the dichotomic solution.
For all other constant solutions there cannot exist such a
negative invariant set of initial data except if the solution

Kl) || < va, since

is already contained in the ball || K
2

the dichotomic solution is the only attractive solution (as
t— —00).

As it can be seen by examples, the quality of the results
depend on a suitable choice of the parameters in the crite-
rion; in particular the method seems to work satisfactory
if A is stable.

Let us now apply the Lyapunov-function approach to OL-
Nash differential games.



Koa ) € R?*" has full rank then
Koo

one could choose in Theorem 4.1 D = W = (K{,, K{ ,)
and C' = 0. Then obviously (11) is fulfilled.

The matrix appearing in the criterion (10) then is

—K{§,Q1 — K§5Q2 — Q1Ko1 — Q2K 2
Ko1A— AKo
Ko2A — AKo 2
ATKS, — KL AT ATKT, — KT, AT
_SIKT, — Ko1 81 —S1KT, — Ko1Ss
~SoK{} — Ko2S1 —S2K{ 5 — Ko

If for instance Wy = (

L+LT =

(16)
In the 1-dimensional situation here we obtain

L+LT<0

as long as Sy,52,Q1,Q2,Ko1 > 0. Apart this 1-
dimensional case the criterion in Theorem 4.1 with C' =
0, D =W{ = (Kg,,K{,) also seems to work fine if K
and Koo nearly commute with A.

There are several other possibilities for a choice of C, D;
for instance - in order to get rid of condition (11) - take

C=WiWy= K(%F,uKo,l + K(PSF,27K0,2

and again D = W{ = (K§,,K{,).
The following numerical example should give some idea,
how to work with these results.

Example 5.1 Let

(i) s (0 8) e (38)
o=(oz)e-(as)

0 2 07
Then the following set, {—1/43 4+ /195, —v/43 — /195,
— 2,-2,v/43 — V195,/43 + V/195} is the set of the

eigenvalues of the corresponding hamiltonian matrix.

o O

1 0
0 1

If we set C = 0 and Wy = e then the
0 1

set of the eigenvalues of the matrix L + LT is
{-24.0, —18.0, —16.0,—12.0, 0, 0}. Hence Theo-
rem 4.1 implies that the solution W (t,Wy) exists for
t <tp.

5.2 Application of global existence results to
(SRDE) and related equations

(i) In the first part of this section we apply the general
results from section 3 to classical Riccati differential
equations (SRDE) as they appear in standard linear
quadratic optimal control problems and its generaliza-
tions in H..-problems.

P=—-ATP_PA—Q+ PSP, (17)

Q=QT, S=5T. Since we assume here constant coeffi-
cients, the associated algebraic equation is
0=—-ATP-PA—-Q+ PSP (18)

and the accompanying linear system is defined by the
Hamilton matrix
-5

e (4 5.

Moreover the transformation with the dichotomic solu-
tion Py of (17) and (18) - if it exists - yields:

(19)

P=—(AT — P4S)P — P(A— SP)) + PSP, (20)

dt
where P = P — P;. The accompanying Hamilton matrix
to (20) is
v [A—SPy =S
= < 0 —(4T —PdS)) ' 1)

The matrix in criterion (5) of Corollary 3.2 with C' = I
is in this case

—a(A + AT — (SPd + P;9)) aS
< aS —(A+AT — (SPd+PdS))>
where we assumed that the (real symmetric) dichotomic
solution P, exists.
If the preceding matrix turns out to be positive definite
for some a > 0 then again the ball ||P|| < \/a remains
negative invariant for solutions P of (17). It should
be noted here that we need not impose definiteness
conditions, neither on S nor on . This makes the
approach applicable also to H..-type problems.
The following numerical example shows an application
to (SRDE) of Hy type.

1
Example 5.2 Let p = 3 and

1 -1 1
1 0 —
A= 7511:(0 1),5222 2 0
0 2 0 4
3
Q3< ),5511M522<4 )
0 -1

1 1 1 1
Then the following set {—5 V22, -3 V2, 3 V2, 5 V22}
is the set of the eigenvalues of the corresponding

hamiltonian matrix and the dichotomic solution is
4.273521323  —1.072471775

4 1
1 2

Fa =\ _yoroamimra 2847173675 ) Ve choose
3
50
C=105L, a=18and P = E Then the set
O —
2



of the eigenvalues of the matrix appearing in (5) is
{.067860928, 2.633925415, 5.206934869, 9.184240949}.
Hence Corollary 3.2 implies that the solution W (t, Wy)
exists for ¢t < tg.

In a similar way this method could also be used to

obtain global existence results for Riccati differential
equations as they are used by Thompson and Volz
[ThVo] where the “only” difference to (SRDE) is that
Q@ is not symmetric anymore. Then the solutions are
nonsymmetric, but Corollary 3.2 may be applied if there
is a dichotomic solution.
A more general Riccati differential equation is introduced
by Kuiper [Kui%4] in order to study a diffusion process.
Even more general Riccati differential equations can be
treated by the previous method where the coefficient
matrices are arbitrary square matrices without sym-
metry properties. If the dichotomic solution exists an
application of Corollary 3.2 would also lead to global
existence results.

(ii) In the second part of this section we turn towards
an application of Theorem 4.1 to nonsymmetric differen-
tial equations (17) with variable coefficients, where also
Q@ and S are allowed to be nonsymmetric.

We obtain, for the matrix appearing in the criterion of
Theorem 4.1

(L+LT)(1) =

CA+ATC —-DQ —-Q"D"T
—STC +DTA—- ADT -STD - DTS
(22)
If we choose here for instance, applying Theorem 4.1,
C=0, D=1 (23)
then for an initial matrix Py with Py + P > 0 condition
(11) is fulfilled and condition (10) here has the form

Ty [ —(Q@+QT) 0
L+L (t)—( 0 _(S+ST)>(t)§0,

which is fulfilled if and only if Q+QT > 0 and S+S7 > 0.
This completely solves a problem of global existence as
stated in [ThVo].
In the case of symmetric positive semidefinite matrices
@, S, and P, this yields a classical existence result which
can also be derived by other methods.
Instead of the choice in (23) for instance we could choose,
as we already did before,
C=0,D=F (24)
with the initial matrix Py of full rank. From Theorem
4.1 and (22) we obtain

AT Py — PyAT
PyA — APT

~-SPy— PTS

—-CS+ ATD — DAT >

and if this matrix turns out to be negative semidefinite
then the solution P(t, Py) of (17), where P(to, Py) = Fo,
does not have finite escape time in (—oo,t,]. This shows
that beyond the classical results there exist solutions of
(17) without finite escape time in (—oo, tg] where S, @, Py
need not be positive semidefinite; moreover Py and hence
also P(t, Py) need not be symmetric. This shows for in-
stance the applicability of Theorem 4.1 in H.-type prob-
lems.
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