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1. Introduction and problem statement

One of the most remarkable properties of the (matrix) Riccati differential equation RDE

—X = AT(H)X + XA(t) — XSH)X + Q(t), X(to) = Xo,



where A(t), S(@t) = ST(t), Q) = QT(t) and X, = X' € R™™", is that concerning
monotonicity with respect to both initial value Xy and input data matrix
Q A"

EO=1, 5

(t)-

Stokes [23] proved the striking fact that RDE is, for n > 1, the only (matrix) differential
X = ®(t,X), X(ty) = Xo possessing the so-called order-preserving property, i.e. X
depends monotonically on X,. Notice also that under different assumptions the mono-
tonicity of X with respect to E was under the attention of many authors (see for instance

[5], [6], [8], [9] and [21]).

Furthermore, various types of monotonicity results have been also obtained for differential
and difference Riccati equations as well as for the algebraic Riccati equation (see [2], [3],
[9], [17], [21], [22], [25], [26])-

It is worthwhile to point out that in the discrete-time case the proofs need a rather
intricate technical machinery and, this is the reason that up to now, stronger assumptions
in comparison with the continuous-time case have been considered.

One of the main purposes of the present paper was that of generalizing the aforementioned
monotonicity and comparison results and, furthermore, to relax the assumptions imposed
on the coefficients. To this end a Frechet derivative based approach has been subsequently
proposed. Notice that in connection with Riccati equations, this idea has been used
already by Delchamps in order to prove the analyticity of the stablizing solution with
respect to the coefficients [7]. Furthermore, similar techniques are used in a forthcoming
paper in order to prove and generalize convexity results obtained in [10], [14], [18], [24]
and [27].

In the sequel the following notations will be used. By Z, R™ (C") and R™™™ we denote
the ring of integers, the real (complex) n—dimensional Euclidian space and the set of
n X m matrices with real entries. If M € R"*™ then M7 stands for its transpose. By
I, we denote the n x n unit matrix. The spectral radius of a linear bounded operator
T on a Hilbert H space will be denoted by p(7) and T* will stands for the adjoint of
T. Further, if T is selfadjoint, i.e. 1" = T™ then we shall term it coercive if there exists
vo > 0 such that (Tx,z) > vy||z||* Vo € H. Here (,) and || || stand for the inner product
and the associated norm on H, respectively. The coerciveness of T' will be denoted by
T >> 0. Let £2™ be the Hilbert space of norm-square doubly infinite C™-valued sequences

1
u = (Ug)gez, i-e- ur € C™ and [|ullp := (E,;“;_Oo ||uk||2)2 < oo is the £2-norm, here || ||
stands for the usual Euclidian norm. If B = (By)kez with By € R™™ is any bounded
matriz sequence, that is, || By|| < ¢o Vk € Z for some ¢y > 0 then B will be interpreted as
a linear bounded multiplication or block diagonal operator from ¢>™ into £>™. This means
that if u € ¢>™ then we shall adopt for it the doubly infinite column representation
u = col(ug)f _,, and the action of B on u, i.e. y := Bu will be explicitly described by

-0

y = col(yi)2_oo = mat(6;B;)§5— o col(uy)2 o = diag(B;)2_col(u;)2 .. Here 0y
stands for the Kronecker symbol. If B = mat(8;; B;)$5__, : £*™ — £>™ is a block diagonal



operator then we shall introduce the following four linear bounded operators from £>™ into

/2 oB = mat(di]‘Bi+1)§3:_oo, o 'B = mat(éijBi_l)ff]’-:_oo,Ba = mat(éi,j_lBi)fj:_oo
and Bo ! = mat(0;j11Bi){5— - Let Ipn = diag(As)2_, Ai = I, be the identity

operator on ¢>". Then Ipno and Ippno~! describe the action of the bilateral shift o and
its inverse o~" on £%", repectively. Thus if z € " then (Ipno)z = oz and (Ipao~ ')z =
o'z where (0%'z)) := 4. Let A = diag(4;) , be a block diagonal operator on £2m.
We shall say that A defines an exponentially stable evolution (anticausal exponentially
stable evolution) if p(Ac~') < 1 (p(Ac) < 1). If A defines an exponentially stable
evolution (anticausal exponentially stable evolution) then clearly the operator Ipno —
A (Ipno~t—A) is boundedly invertible on £2™. For more details concerning shift operator
algebra, exponential stability (both causal and anticausal) in terms of the spectral radius

see [1], [12].
For any k € Z let Ei’y’i(ﬁi’fi) be the (closed) subspace of " consisting of those sequences
with the support in [k, o0) ((—o0, k — 1]). Clearly £%" = Ei’ﬁ @ Ei:{ where @ denotes the

direct sum. Denote by P, (P{_) the orthogonal projection of £ onto Ei’ﬁr (ﬁi’fi). If
T is a linear bounded operator from %" into ¢>™ then for any k € Z, T}, := PLTRE,
is called the Toeplitz operator associated with 7" at k. T is called causal (anticausal)
if T, = TPy, (Tx = PT). Clearly if A = diag(A;){2 , : £*" — > defines an
exponentially stable evolution (anticausal exponentially stable evolution) then A is causal
(anticausal).

Let B; and B, be two Banach spaces and let £(B, Bs) be the Banach space of the
linear bounded operators from B; to By. Let T : M +— T(M) be any function from B;
to B, where M ranges the domain D C B, and let P € D. We shall say that T is
Frechet differentiable (with respect to M) in P if there exists Ty (P) € L(By, By) such
that lim,_,o [T'(P 4+ eN) — T(P)]/e = Tn(P)(N) uniformly with respect to all N € B.
Tar(P)(-) is called the Frechet derivative of T (with respect to M) in P. If T is Frechet
differentiable in each point of the domain D C B then T is called Frechet differentiable on
D. If Ty (-) : D C By — L(By, By) is Frechet differentiable on D then T is called twicely
Frechet differentiable on D and Ty (P) denotes its second Frechet derivative (in P). For

more details see [16].

The present paper is organized as follows. Section 1 has an introductory character. Section
2 is devoted to the evaluation of Frechet derivatives for the time varying discrete Riccati
equation (TVDRE) and local monotonicity of any solution with respect to the input data.
In Section 3 some global monotonicity and comparison results are given. Some limiting
cases are also studied in the context of the perturbation of the nominal data. Section 4
deals with the global existence and monotonicity of the stabilizing solution with respect
to the input data. Some conclusions are given in Section 5.

Let us be now more specific concerning the topics in order. First introduce

F(D,X):=A"6XA—- X — (L+ A*0XB)(R+ B*cXB) ' (B'"oXA+L)+Q (1.1)

where
Q A" L
D:=| A 0 B|=D" (1.2)
L* B* R



is termed as the input data matriz sequence. Here A : 2™ — (2" B : 2™ — 2" Q) :
02— p2n L™ — 027 and R ;2™ — (2™ are block diagonal operators. Whenever
R~ is well defined and bounded, (1.1) will be replaced by the following reduced equivalent
form

G(E,X) = A*0XA—-X - A0cXB(R+B*0cXB) 'B*sXA+Q 13)
= AoX(I+SoX)A-X+Q '
where A:= A— BR'L*, Q:=Q — LR 'L* and
A*
E= Q = E° (1.4)
A -5

Here E is termed as the reduced input data matriz sequence and S := BR 'B*. Notice
that if R is boundely invertible then both right-hand sides of (1.1) and (1.3) coincide. In
fact, it is easy checkable that the right-hand side of (1.3) is obtained from the right-hand
side of (1.1) by making L = 0 and by replacing A and @ by A and Q, respectively.

Definition 1.1. Let D be given and let I be any interval of Z.. Then any matriz sequence
X = X* restricted to 1 for which the following two conditions

a) (R+ B*0cXB)™! is well defined on 1
b) F(D,X)=0onl,
all hold is called a (selfadjoint) solution on I to the TVDRE
A*0XA— X — (L+ A*0XB)(R+ B*0XB) ' (B'0o XA+ L*)+Q =0. (1.5)

IfI=1l,s] then X, = (0X)s_1 is termed as the terminal condition of the solution X.
If1 =17, X is bounded (on Z), a) and b) both hold and (R+ B*c X B) ™! is bounded, then
X is called a global solution to the TVDRE (1.5).

Any global solution X for which (Ay(X) =)Aq := A+ BF defines an exponentially stable
evolution is called a stabilizing solution to the TVDRE (1.5). Here

(F(X) =)F := —(R+ B*'0XB) ' (B"o XA+ L"), (1.6)

and it is termed, in this case, as the stabilizing feedback gain. O

Remark 1.2.If X is any solution on any I = [l,s] to (1.5) then it is generated by
the backward rule X = H(D,oX) with the terminal condition X; = (0X)s 1. Here
H(D,0X) :=F(D,X) + X. O

The subsequent sections will be devoted to the following two main topics.



1.

Monotonicity of any solution X to (1.5), in particular of the stabilizing solution if
it exists, with respect to the partial input data matrix seqence

Q L
L* R

D_

p =

= D" (1.7)

Monotonicity of any solution X to the reduced form of the TVDRE coming from
(1.3), i.e. N N N
A*cX(T+SoX)'A- X +Q =0, (1.8)

in particular monotonicity of the stablizing solution, if it exists, with respect to the
reduced input data matrix F (provided R is boundedly invertible). Some existence
conditions for the stabilizing solution are implicitly given.

2. Frechet derivatives and local monotonicity
We shall start with

Proposition 2.1. For each pair (D, X) with X = X* the following statements hold

1.

Fp(D,X)(AD)=M*(D,X)ADM (D, X), (2.1)
where
I
M(D,X)=| 0 XA, (2.2)
F
and

AQ (AA)* AL
AD=| AA 0 AB|=(AD) (2.3)
(AL)* (AB)* AR
with F given in (1.6).

Furthermore, if R ist boundedly invertible, then

Gr(E, X)(AE) = N*(E, X)AEN(E, X) (2.4)
where
N(E, X) = l GXIAd ] (2.5)

with the particular form for Aq given by Ag = (I + SoX)'A, and
AQ (AA)

AE = -
AA —AS

= (AE)". (2.6)




Fy(D, X)(AX) = A50AX Ay — AX = Gx(E, X)(AX) (2.7)

where AX = (AX)* and the rightmost term in (2.7) makes sense provided R is
boundedly invertible.

3.
Fyx(D,X)(AX,AZ) = —A5[ocAXPoAZ +0AZPoAX]|Ay 28)
= Gxx(E, X)(AX,AZ) '

with AX = (AX)*, AZ = (AZ)* and
P:=B(R+ B'¢XB)"'B*=P* = S(I +0XS)" (2.9)
and where the rightmost terms in (2.8) and (2.9) make sense provided R is boundedly

invertible.

Proof. See Appendix. O

Remark 2.2. It must be noted that the essential difference between the Frechet derivatives
shown in (2.1) and (2.4) consists in their signature namely, while (2.1) is for AA, AB # 0
of indefinite signature (see (2.3)), (1.7) could be of definite signature. This fact will be
exploited further. O

Theorem 2.3. Let the input data matriz sequence D (see (1.2)) together with any interval
I=1[l,s] CZ be given. Assume that the TVDRE (1.5) has a solution X on I. Then the
following statements are true

1. X s locally monotonic with respect to both terminal condition X, and partial input
data matriz sequence D, (see (1.7)).

2. If R is boundedly invertible then X, seen as a solution to (1.8), is locally monotonic
with respect to both terminal condition X, and reduced input data sequence E (see

(1.4).

Proof. 1. Clearly we have F(D, X) = 0 on I with F given explicitly in (1.1). In addition
the equation
Ao AXAy —AX+W =0 (2.10)

has, for (AX)s(= (AX*),) specified, and arbitrary free term W = W*, a unique solution
AX(= AX*) on I. Hence, according to (2.7), this means that the Frechet derivative
Fx (D, X) is invertible. In addition both Fx and Fxx (see (2.8), (2.9)) are continous in
(D, X).



Hence, according to the implicit function theorem, we can write

Fp(D, X)(AD) + Fx (D, X)(X(x,.0)(X,, D)(AZ, AD)) =0,

(Xex..0)(Xs, D)(AZ,AD)), = AZ (2.11)

where AZ = AZT € R™*™. Here X(x,,p)(X;, D) stands for the Frechet derivative of X
with respect to the pair (X, D) taken in the product of the spaces to which X, and D
belong, and evaluated in the actual data (X, D). Using now (2.1) in conjunction with
(2.7) , (2.11) yields explicitly

AZZO'X(XS;D) (X57 D)(AZ, AD))ACZ - X(XS,D)(XSa D)(AZ, AD)

2.12
+M*(D, X)ADM(D,X) =0, (Xx,p) (X, D)(AZ, AD)), = AZ. (2.12)

As we already mentioned in Remark 2.2, AD is, for AA,AB # 0, of indefinite sign.
Assuming AA =0 and AB = 0, (2.12) receives the particular form (see also (A1l) in the
Appendix)

ALo X (x,,0,) (X5, Dp)(AZ, ADy)Ag — X(x,,Dp) (X5, Dp)(AZ, AD,)

2.13

+M:(D, X)AD,M,(D,X) =0, (X(x,.0,)(Xs, Dy)(AZ,AD,)), = AZ (2.13)
where AD, comes from (1.7) and has the explicit form
A AL

p = N (2.14)
(AL)* AR

and M?(D, X) = [I, F*].

Since the Lyapunov equation (2.13) has, for AZ > 0 and AD, > 0, a unique positive
semidefinite solution X(x,,p,)((AZ, AD,)) > 0 on I, the conclusion follows.

2. In this case (2.11) is replaced by

Gp(E, X)(AE) + Gx (B, X)(X(x,.5)(Xs, E)(AZ, AE)) = 0,

(2.15)
(Xx.,,5) (X5, E)(AZ,AE)), = AZ
or explicitly (see (2.4) and (2.7))
ANo X (x, 5) (X, E)(AZ,AE) Ay — X(x,,5)(Xs, E)(AZ, AE)+ (16)

N*(E,X)AEN(E,X) =0, (X(x,.n)(X,, E)(AZ,AE)), = AZ.
Since (2.16) has, for AZ > 0 and AE > 0, a unique positive semidefinite solution
Xx,,5)(Xs, E)(AZ,AE) > 0 on I, the conclusion follows. O

Corollary 2.3. Let D as in (1.2) be given and assume that the TVDRE (1.5) has a
stabilizing solution X. Then

1. X s locally monotonic with respect to D,.

7



2. If R is boundedly invertible then X (seen as a solution to (1.8)) is locally monotonic
with respect to E.

Proof. The proof runs similarly like in Theorem 2.3 by ignoring the terminal condition
X, and, with the additional key remark that, since A, defines an exponentially stable
evolution, (2.10), (2.13) and (2.16) have unique global solutions. This conclusion leads
automatically to the bounded invertibility of the Frechet derivatives F x and Gx. There-
fore (2.11) and (2.15), with the additional terminal conditions ignored, hold globally.

O

Remark 2.4. (i) Theorem 8.1 and its proof suggest a new Frechet derivative based, proof
for well known monotonicity results (see for instance [6] and [21]) concerning the mazimal
(stabilizing) solution of algebraic Riccali equations both in continuous and discrete time.

(i1) In both statements of Theorem 2.2 and Corollary 2.3, the existence of the solution to
the TVDRE was preassumed. The following lemma which is a slight generalization of the
result given in [9] gives some sufficient conditions for the above mentioned existence.

O

Lemma 2.5. Assume D, > 0 and R > 0. Then for any interval I = [l,s] C Z and any
terminal conditon Xy > 0 the TVDRE (1.5) has a solution X > 0 on L

Proof. Rewrite (1.5) as

1

X = A%0X Ay + [ F¥ID, l P

] , Xs = (O'X)sfl >0

and, since R, + B*X,B; > 0 (see also (1.6)) the conclusion follows trivially by induction.

3. Global monotonicity and some comparison results

The main result of this section is stated in the subsequent theorem.

Theorem 3.1. Let I = [l,s] C Z be given. Let 2, = E1| 2, = E1' € R™" with =; < =,
and Dy, , Dp,, E1, Ey with Dy, < D,, and Ey < E, be also given. Then the following
statements hold.

1. If for all E and D, with =, < E < Zy and D,, < D, < D,,, the TVDRE (1.5) has,

for the terminal condition X, = =, a solution X (=, D,) on I then

X(ElaDpl) < X(E27Dp2)' (3'1)

2. If R is boundedly invertible and for all = and E with =, < =2 < =5 and F1 < E < Ey
the TVDRE (1.8) has, for the terminal condition Xs = =, a solution X (2, E) on I
then

X (21, E1) < X(Ey, Es). (3.2)



Proof. 1. It is easy to see that for all terminal conditions and partial input data given
by Ex = (1 = A)E1 + AZ2 and D,, = (1 — A\)D,, + AD,,, respectively where A € [0, 1],
the solution X (Zy, D,,) exists on I. Hence by applying the finite increments theorem one
gets o
X (B2, Dy,) = X(B1, Dy,) = X(2,0,) (5, Dp)((E2 — E1, Dy, — Dy,))

where = and D, are each on the segments [Z;, Z,] and [D,,, D,,], respectively. Since for
AZ = Z, — Z1, AD, = D,, — D, we have X(z p,)(Z, D,)(AZ,AD,) > 0 as has been
shown in the proof of 1. of Theorem 2.3, (3.1) follows.

2. Here the proof runs similarly to 1. with the Frechet derivative Xz Dp)(é, D,) replaced
by Xz, E)(é, E’) and with the appropriate significance of the data. a

The next theorem generalize to the time-varying case, those results obtained in [9)].

Theorem 3.2. Let the partial input data matriz sequence be positive semidefinite, i.e.
D, > 0 and assume R >> 0. Assume also that the reduced input data matriz sequence
E = (Eg)kez is a monotonically decreasing one, i.e. E; < E; Vi < j. If for some s € Z
there exists = > 0 such that for the terminal condition X; = = we have X;_1 < X, then the
TVDRE (1.8) has a monotonically decreasing positive semidefinite solution X = (X)k<s,
ie. 0< ... <Xy <...<X,. Here X,y := AT X, (I + Sy_1X,) YA, + Q1. If
in addition limy_,_o Ey = E € R?™*?" then the TVDRE converges, for k — —oo, to the
discrete algebraic Riccati equation associated with E, i.e. to ZTY(I—l-? X)TA-X+Q =
0, fulfilled by X = limy_,_oo Xj.

Proof. According to Lemma 2.5 the solution X = (Xj);<x<s exists for arbitrary | < s
and it is positive semidefinite, i.e. X > 0 for [ < k < s. Let us show by induction that
(Xk)k<s is monotonically decreasing.

As X, 1 < X, we have to show that X, ;1 < X, = X, o < Xj;_1. Assume temporarily
that X; 1 > 0. Then we can write

X' > XY (3.2)

By combining the monotonicity of E with (3.2) one gets

oP AT o AT
Qo ko 1}2 Qs b2 1] (3.3)
A1 —=Spo1 — X Ao —Sk—2 — X4
As Sy, = ByR;'BF > 0Vk, (3.3) yields
I Wi Qi1+ AL (Se—1 + X 1T A 0 I 0
0 I 0 S X | w1



(3.4)

N I Wy, Qr2+ AL 5(Sko+ X 1) 1Ak o 0 I 0
VR 0 —Sp_o — X4, wr, I
where W; := —AT(S; + X )M fori=k—2,k— 1. Let
I Wi, _ I —Wy_, I Wi ‘ (3.5)
0 1 0 1 0 I

Since X; 1 = AT |(X; 1 +5,_1)"A;_1 + Q; for i = k — 1, k, as directly follows from (1.8),
(3.4) yields with (3.5)

I Wit | [ Xec 0 I 0
0o I 0 —=Sea— Xt || wWr, I
. Xp-1 — I7I\/vlc—l(Sk—l + XQI)W,CT_l —Wk_l(sk_1 + Xk) S X0 0
—(Sk1 + XYW, ~Sp1 = X! 0 —Spo— XY

Therefore Xk_l—Wk_l(Sk_mLX,;l)WkT_l > Xj_o. Since Sp_;+X, ' > 0 we get eventually
Xi_1 > Xg_o. If now the strict positiveness of X;_; is not fulfilled, i.e. Xyz_1 > 0, let
X, = Xp_1 +¢el and X; := Xy + el for e > 0. Let X;_, and X:_, be obtained
recurrently from X§ and X§_, via (1.8), respectively. Since clearly (3.2) updated with X}
and X; | holds as well, we shall get as above X; , > X¢ ,. Since both limits of X} ,
and X_, exist for £ | 0 one gets finally X;_; > Xy 5. As X}, > 0, X = limy_, o X >0
is well defind. Taking into acount that lim; , ., E; = FE, the last part of the theorem
follows trivially. O

A direct consequence of Theorem 3.2, which is essentially based on 1. of Theorem 3.1, is

Theorem 3.3. Let
Qi A7 L;

Di = Az O Bz 3 2 = 1, 2,
L B! R;
be two wnput data matriz sequences with R; >> 0 and let TVDRE 1 and TVDRE 2 be

the Riccati equation of the reduced form (1.8) (R; >> 0) associated with the reduced input
data matriz sequences E1 and Es respectively, where

5, A;‘
Ei = 2 g ’ 1= 1: 27
(S; = B;R;'B}). Let
Qi L
Di = L* R 3l 1/ = ]"27

10



be the associated partial input data matriz sequences. Assume that 0 < D, < D,, and
that both sequences Ey = (E1 k) ez and Ey = (Esk)kez are monotonically decreasing and
in addition limg_,_ E;, = F; € R 4 = 1,2, Assume that for some s € Z there
exists 2 > 0 such that iof Xo s =Z then Xy, 1 < Xy == where Xo 45 1 = AQ!S_ng,S(I +

SQ,S_IXQ,S)_lfls_l + Qg,s_l. If = is taken as common terminal condition at s € Z for
both TVDRE 1 and TVDRE 2 then both TVDRE 1 and TVDRE 2 have the solutions
X1 = (X1k)k<sy Xo = (Xok)k<s, respectively with the following properties

0 S Xl,k S XQ’ka S S (36)

Xikgd and Xop | for k] —oco (k<s). (3.7)

Furthermore, TVDRE 1 and TVDRE 2 converge for k — oo to the discrete algebraic
Riccati equations XTY (I+5,X1) "4 -X1+Q,=0and A XQ(I-i—SQXQ) TAy — X o+
Q, =0, each of them fulfilled by X| = limy_, o X s X5 = limy_,_ 0o Xo, Tespectively.

Proof. Let
Q A* L
D=| A 0 B,
L* B* R

be any input data matrix sequence such that
0< Dy, <D, <D, (3.8)

and let = be the terminal condition at s. Then, according to Lemma 2.5, the TVDRE
associated with D has a positive semidefinite solution X = (X);<x<; for arbitrary [ < s.
As D, in (3.7) was taken arbitrarily it follows from 1. of Theorem 3.1 that (3.6) holds.
Hence in particular

X1 < X9 1 <E2

that is all the conditions stated in Theorem 3.2 hold for both TVDRES, furthermore (3.7)
as well as the remainder of the theorem are true. a

Remark 3.4. If we put in the context of the above theorem Ay = Ay, By = By, L1 =
Ly, Ry = Ry and AQ = Q3 — Q; then the TVDRESs (of type (1.8)) can be written as X =
A*oX(I-l—SJX) TA+Qq and X = A*c X(I+SoX)~ LA+ Q1+ AQ, respectively, that is,
the second equation can be seen as a perturbed form of the first one. In these circumstances
Theorem 3.3 makes explicit the asymptotic behaviour of the associated solutions. More
specific results are obtained in the time invariant case in [9] and for a modified Riccati
difference equation in [19]. O

4. Global monotonicity of the stablizing solution
Let

Q A" L
D=| A 0 B|=D (4.1)
L* B* R

11



be a (bounded) input data matrix sequences. If A defines an expontenially stable evolution
then

QR L
L* R

(Ipmo — A)~'B

Mp = [B*(Ip,nd_l - A*)_l Ig2,m] = |_l*D (4'2)

Ie2,m

is a linear bounded selfadjoint operator form ¢>™ to ¢2™ and is called the Popov operator
associated with D (see [11], [12], [13], [15]). For each k € Z let the Toeplitz operator
Mok Ei’ff: — Zi’ff: associated with Mp at k be also introduced, that is,

m m * Q@ L Ly
Mpk = Pk,-q- MNp Pk,+ = [[’k Ieiz] I* R Iei,m (43)
»+

with £y := P, (Ipno — A)'BP]", = (Ipno — A)"'BP[",, and where the last written
equality is a trivial consequence of the causality of the £>-linear bounded operator (I —
A)7'B (see [15]). If A in D does not define an exponentially stable evolution but the
pair (A, B) is stabilizable, i.e. there exists a bounded ﬁ/\such that A + BF' defines an
exponentially stable evolution, then let the F-equivalent D of D be introduced by

Q A L
D:=TiDT;=| A 0 B (4.4)
L* B* R
where
Ipn 0 0
To:=| 0 Iga 0 |. (4.5)
F 0 Ipa

Performing the product T;DTﬁ we obtain the explicit connection between the entries of
D and D which is

A=A+BF, Q=Q+ LF+ F*L*+ F*RF, L =L+ F*R. (4.6)
Clearly M5 is now well defined and in addition the following proposition holds [12].
Proposition 4.1. The TVDREs (1.5) associated with D and D share the same stabilizing
solution X prowvided it exists. O
Of crucial importance is the following result of the so called generalized Popouv theory (see

[11], [12],[13] and [15)).

Theorem 4.2. Let D as in (4.1) be given and assume that A defines an exponentially
stable evolution. Then the following two assertions are equivalent.

1. The TVDRE (1.5) associated with D has a (unique) stablizing solution X.
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2. There exists py > 0 such that

|| |_|D,k U,||2 Z ,00||P]Z7‘+U||2 V k € Z, V u € £2,m (46)

From Theorem 4.2 the following corollary is easily derived [12]

Corollary 4.3. Let D as in (4.1) be given with A defining an exponentially stable evolu-
tion. Then the following two statements are equivalent.

1. The TVDRE (1.5) associated with D has a stabilizing solution X and in addition
R+ B*0cXB >>0 and R >> 0.

2. Mp >> 0. O

Remark 4.4. If the submatriz A in D does not define an exponentially stable evolution
but the pair (A, B)Ais stabilizable, then, in the light of Proposition 4.1, we shall work with
any F-equivalent D of D. O

The main result of this section is

Theorem 4.5. Let the input data matriz sequence

Q1 A7 Ly
D1: A1 0 B1
L B R

be given and assume that the following hypotheses a), b), c) are fulfilled:
a) (A1, By) is stablizable.

b) Among the block diagonal operators F' that make A+ B1F to define an exponentially
stable evolution there exists one for which Mp, is coercive, i.e.

My, >> 0. (4.7)

Here D, stands for the ﬁ’—equivalent of D1. Notice that according to Corollary 4.3, condi-
tion (4.7) implies Ry >> 0. Hence S; = BiRy ' B} is well defined and bounded. Therefore
the reduced input data sequence

Qi A
A =5




(associated with D+ ) is well defined as well. Let

5 s
E2 == ?2 2
Ay =S
with
E, < E,. (4.8)
¢) Assume now that for each o
Q A
= _ (4.9)
A =S
satisfying
E, < E < E,, (4.10)

the associated pair (A, B) is stabilizable. Here S = BR 'B* with R assumed boundedly
invertible (for instance R > Ry ).
Then the following statements are true

1. For each E staisfying (4.10) the associated TVDRE (1.8) has a stabilizing solution
X(E).

2. X(Ey) < X(Ey).

Proof. 1. For any reduced input data sequence F as shown in (4.9), introduce the linear
bounded selfadjoint operator

Q A* - IeZ,no'il
A - IKZ,nO' _S

Yp = = (4.11)

from 22" to £>*". Let Yg = P{" XpP{" be the Toeplitz operator associated with Xp
at k. Let us prove now that the following two assertions are equivalent.

Al. ¥g is uniformly bounded invertible with respect to k € Z.
A2. Mg, is uniformly bounded invertible with respect to k.

Here D is any F-equivalent of any D that generated E. In order to prove the equivalence
of A1l and A2 introduce the linear bounded self adjoint operators ¥p and Hp defined
from ¢22ntm tg ¢2:2n+m by

Q A* —Ipno ! L
3 HD = A - Ie2,n0' 0 B

L* B* R

g 0
0 R

Yp =

for R boundedly invertible. Let ¥Xp ; and Hp} be the associated Toeplitz operators at k.
Then the following chain of double implications

Spk ubd & Tpyubi & Hpyubi & Hp, = TiHpTs wbii (4.12)
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holds. Here u.b.i. abbreviates ”uniformly bounded invertible” with respect to k. Indeed,
(4.12) follows trivially by performing elementary row and column operations on ¥, and
Hp, respectively. But

A, A —Ipno~! L
Hy = | A—1Ipno 0 B
. I* B R
[ I Q 0
= 0 A—Ipno 0
B*(A* — Ipno™! L* Ip2m
- ( o )A ¢ (4.13)
0 Ipn L—Q(A—1I0)"'B
X | Ipm 0 (A—1Io)"'B
0 0 M5
[ I 0 0
X 0 A" —Ipno ! 0
0 0 I

~

Taking into account that due to causality we have P,:lﬂL(ﬁ —Io)P}, = (A—Io)P},,
(4.13) reveals that Hg , is uniformly bounded if and only if M7 , is uniformly bounded
invertible. This conclusion combined with (4.12) leads to the equivalence of A1l and A2.
From (4.7) it follows automatically that M B, is uniformly bounded invertible with respect
to k. Hence according to the equivalence of Al and A2 just proved above, it follows that

Y g, « is uniformly bounded invertible with respect to k. But (4.10) implies
EE1,IC SZE,]C VkeLZ.

Hence, using again the equivalence of Al and A2 combined with Theorem 4.2, it follows
that the TVDRE (1.8) associated with E satisfying (4.10) has a stablizing solution X (E).
Thus 1. has been proved.

2. The proof of this point follows trivially from 2. of Theorem 3.1 (ignoring the additional
terminal conditions). 0

Remark 4.6. Theorem 4.5 generalizes to the global situation and in the time-varying
case the results obtained in [9], [25] [26], in particular global existence of the stabilizing
solution is guaranted. Recently in [4] another approach has been used for the investigation
of inequalities for Riccati difference equations.

Remark 4.7. Apparently condition c) in Theorem 4.5 seems to be a strong one in compar-
ison with conditions a) and b). Indeed a) and b) are "punctual” conditions while c) claims
the preservation of the stabilizability with respect to a whole family of data. In fact the
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situation is much simpler as follows from the next proposition which is the time-varying
counterpart of Lemma 2.5 in [26]. O

Propositon 4.8. If

AT Q AT
Cgl,k Lk 2k 2k (4.14)
Ay —BiyBi,, Agp —DBoyBsy,
then ' ‘
Ker X1, C KerX;, Vk>i, Vi€Z (4.15)

where X{’k and Xg,k are the controllability Gramians associated with the pairs (Al,k, By k)
and (Ag,k,Bg,k), respectively, that is,

Xi o = A Xl AT, + BBl k>4, Xi, =0, (4.16)

X} o1 = AQ,,CXQ,CAQT’,C + Byy By, k>, X5, =0. (4.17)

Proof. Clearly X{,, Xi, >0 Vk > and (4.15) is fulfilled for £ = i. Assume that
(4.15) holds for some k£ > 4. Then

Ker X{,,, C Ker X ;. (4.18)
In order to prove (4.18) let z € Ker X} ,,,. Then 2" X}, 2 = 0 implies via (4.16) that
.TTBl’k;B;‘,:k.fC =0 (419)

and 5 o
ot Ay X] AT g = 0. (4.20)

Since By x BT, > By Bj, as (4.14) shows, it follows from (4.19) that
z" Bo By yx = 0. (4.21)
Combining (4.19) with (4.21) one gets
&' (=BayByy, + BixBi )z = 0. (4.22)
But (4.14) reveals that

Qo — Qi AL, - AT
T S - ) (4.23)
Agp — A1 —BogByy + BiiBiy,

Combining now the positiveness property shown in (4.23) with (4.22) one obtains

16



or equivalently 5 .

On the other hand by combining (4.20) with the induction hypothesis one gets
aT Ay X5 AT o = 0. (4.25)
Using now (4.24) in (4.25) we have
o Ay X5 AT o = 0. (4.26)
Hence by using (4.21) and (4.26), (4.17) yields
"X}z =0 (4.27)

and (4.18) follows from (4.27). O

Remark 4.9. Assume that the pair (1212, By) is uniformly controllable, that is, there exist
p > 0 and an integer v > 0 such that for all i € Z we have

According to Proposition 4.8 it follows that
Xi.,>0 (4.29)

for all v € Z. Hence, for achieving the controllability property for the pair (Al,Bl), we
have to strengthen a little bit more (4.29), i.e. to assume the existence of p > 0 such that

Xi iy > Pl (4.30)

instead of (4.29). Clearly this always happens in the time-invariant case. Hence by as-
suming the uniform controllability of the pair (1212, By), the uniform controllability of the
pair (Ay, By) is in fact a uniformity assumption, namely that (4.80) is fulfilled. As uni-
form controllabillity implies stabilizability, the comments on condition c) in Theorem 4.5
end. O

5. Conclusions

In this paper several results concerning monotonicity of the solution to the TVDRE have
been proved. In a way, these results generalize and extend the former ones obtained up
to now in the literature. It is whorthwhile to mention that the Frechet derivative type
approach, used in this paper, works similarly in the continous case. Moreover, using the
second Frechet derivative, convexity properties of the solution to the Riccati equation can
be proved analogously. Comparison techniques turn out to be a very efficient tool for the
proof of existence theorems both in the time-varying and time-invariant case.
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Appendix

In this appendix we shall prove formulae (2.1), (2.4), (2.7) and (2.8). For this pur-
pose let Dy be obtained from D by zeroing all its entries except ). Let D4, Dg, Dy,
and Dpg be obtained in a similar way but with respect to A, B, L and R, further let
ADg,AD4,ADg,ADy and ADpg be obtained similarly from AD. Let also ® := L +
A*0cXB and I' := R + B*0 X B be introduced. Then for € > 0 one gets

F(D +¢ADg, X) = F(D, X) 4+ eAD, (A1)

F(D +eADp, X) = A0 XA - X +Q

—(® + A0 XAB)[[ + (B0 XAB + (AB)*0 X B)]"'(®* + eABos X A*) (A2)
But

[ +&(B*0XAB + (AB)'0XB)]™" = [I + eI {(B'0 XAB + (AB)*0 X B)|~'I"!
=T~ — eI (B*0XAB + (AB)*¢ X B)T~" + 0(¢) (43)

for & small enough such that ¢||T~}(B*0c XAB + (AB)*0 X B|| < 1. Here o(g)/e — 0 as
e | 0 With (A3) substituted in (A2) one obtains

F(D+¢ADg,X)=F(D, X)
+e[®@IY(B*0 XAB + (AB)*c XB)['®* — ®T ' (AB)*0 XA — A*c XABI~'®*] + o(¢)
=F(D,X) +¢[F*B*c XABF + F*(AB)*c XBF + F*(AB)*c XA + A*c XABF| + o(¢)
=F(D,X) +¢e[A5 0 XABF + F*AB*0 X Ay] + o(¢) (A4)
where F* = —®*[" L,

F(D +cADy, X) = (A4 eAA)0X(A+eAA) — X +Q

—(® 4+ e(AA)*c XB)[~1(®* +cB*0 XAA)

=F(D,X)+c[A* 0 XAA+ (AA)'c XA+ F*B*0c XAA+ (AA)*0c XBF| + o(e)

=F(D,X)+e(A50XAA + (AA) 0 X Ay) + o(e). (A5)
F(D+¢eADp,X)= A0 XA— X+ Q — (®+cAL)T (D" + ¢(AL)*)
=F (D, X) + e(ALF + F*(AL)*) + o(¢). (A6)
F(D +cADg, X) = A0 XA - X +Q — ®(I' +cAR) *®*
= A0 XA—X+Q—d(I +eI'AR)™'T 1" (A7)
But
(I+ el "AR)™ =1 — eI AR+ o(e) (A8)

for & small enough such that || 'AR|| < 1. With (A8) in (A7) one gets eventually
F(D + ¢ADg, X) = F(D, X) + e F*ARF + o(e). (49)

By taking € | 0 in [F(D +¢A,X) — F(D, X)]/e where A stands succesively for ADy,
ADg, AD4, AD;, and ADpg, we obtain from (A1), (A4), (A5), (A6) and (A9)

Fp, (D, X)(ADg) = AQ, Fp,(D,X)(ADp) = A0 XABF + F*(AB)*0 X Ay,
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Fp, (D, X)(AD,) = A0 XAA + (AA)*'0X Ay, Fp,(D,X)(AL) = ALF + F*(AL)*
Fp,(D,X)(AR) = F*ARF. (A10)
Hence, by using (A10) one gets

Fp(D,X)(AD) =Fp,(D,X)(ADq) +Fp, (D, X)(AD,)
+Fp,(D,X)(ADg) +Fp, (D, X)(AD;)) + Fp, (D, X)(ADg)

=AQ + A0 XAA+ (AA)*0X Ay + Ao XABF + F*(AB)* 0 X Ay
+ALF + F*(AL)* + F*ARF

(A11)

Using now (2.2) and (2.3), (2.1) is easily recovered from (A1l).
Let now R be boundedy invertible and denote by ¥ the right-hand side of (A11). Then,
using the first expression in the right-hand side of (1.3), one gets the updated ¥ to be

U =AQ+ Ao XAA+ (AA)*cX Ay

+A40XABF + F*(AB)*0X Ay + F*ARF (412)
where now
F = F+R'L*=(R+B*0XB) 'B*0XA=—-R 'B*cX(I +SoX)'A (A1)
= —R'B*0XA,.
In (A13) we used
Ay=A—-B(R+B'0XB)'B'6sXA=(I+S0X)'A. (A14)

With (A14) in (A12) we have

U =AQ+ A0 XAA + (AA)'0X Ay

—A%0XABR 'B*0c XAy — Ao XBR Y (AB)*'0 X Ay

= AQ+ Ao XAA + (AA)'0X Ay (A15)

—A%0X[ABR'B*+ BR'(AB)* — BR 'ARR 'B*jc X A,

=AQ+ Ao XAA+ (AA)'0X Ay — Ao XASoX Ay.
Using now (2.5) and (2.6), (2.4) is easily obtained from (A15). In (A15), AS comes from
the Frechet derivative of S with respect to B and R, that is [(B+¢AB)R™!(B+¢AB)* —
S)/e = ABR™'B* + (AB)*R™'B and [B(R + ¢éAR)™'B* — S]/e - —BR'ARR™'B*,
both limits taken for € | 0. Notice that (2.4) can be also directly derived from the right
most expession in (1.3) in a similar way as (2.1) has been obtained. However (A15) and

the comments below show explicitly how AD becomes AF via the Frechet derivative of
S = BR ' B* with respect to B and R (see also Remark 2.2).

Let us prove now (2.7). We have
F(D, X +eAX) = A*(0X +e0AX)A— X —eAX +Q

A16
—(® + eA*ec AXB)(I' + eB*0 AX B)~}(®* + eB*0 AX A). (416)
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But
(T 4+eB*0AXB) ' = (I +el"'B*0AXB) 'I'' = — el 'B*0c AXBT +o(e) (A17)
for € small enough such that || ~'B*oAXB|| < 1. With (A17) in (A16) one gets

F(D,X +eAX)=F(D, X)
+e[A*0AX A — A*GAXBI1®* — OT 'B*6AX A + O ' B*c AXBI'®* — AX] + o(e)
= F(D, X) + e[ A*6AX A+ A*6AXBF + F*B*0AXA + F*B*0 AXBF — AX] + o(e)
=F(D, X) +¢[A50AX Ay — AX] + ofe). (A18)
By taking ¢ | 0 in [F(D, X +¢AX)—F(D, X)]/e, (A18) yields (2.7). Let us prove finally
(2.8). To this end compute
Fp(D,X +eAZ)(AX) =
[A— B(T' +eB*0cAZB) }(®* + eB*0c AZA)|*c AX
X[A— B(T +eB*0cAZB) ' (®* +eB*0cAZA)| - X
= [A— B(I — eT'B*0AZB)[ "\ (&* + eB*0AZA)*oAX (A19)
x[A— B(I — eI '\B*¢AZB)T " (®* + eB*cAZA)] — X + o(e)
= Fp(D, X)(AX) — e[A%(cAXB(R + B*¢XB) 'B*cAZ
+0AZB(R + B*6c XB) 'B*0c AX)A,] + o(e).

Fore | 0in [Fp(D,X +eAZ)(AX) — Fp(D, X)(AX)]/e, (A19) yields (2.8). If R! is
boundedly invertible, then simple computations lead to the rightmost term in (2.9).
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