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1. Introduction. We consider boundary value problems L of the form

ty=—y" +q(z)y = AR*()y, x € [0,1], (1)
Uly) = y'(0) — hy(0) =0, (2)
V(y)=y'(1) + hy(1) = 0. (3)

Here A\ = p? is the spectral parameter; R? and g are real functions, and h,h; are real numbers. We
suppose that

m
R*(x) = [[ (@ — 2.)" Ro(2),
v=1
where 0 <y <z <...<my, <1, £, € IN, Ro(x) >0 for x € I :=[0,1], and Ry is twice continuously
differentiable on I. In the other words, R? has in I m zeros x,, v = 1, m of order ¢,. Zeros x, of R? are
called turning points. We also assume that ¢ is bounded and integrable on I.

In this paper we study the three inverse problems of recovering L from its spectral characteristics, namely

(i) from the Weyl function,
(ii) from two spectra and

(iii) from the so-called spectral data.

Differential equations with turning points play an important role in various areas of mathematics as well
as in applications (see the textbooks [2], [3], [4] and [12] for details).

For example, turning points connected with physical situations in which zeros correspond to the limit of
motion of a wave mechanical particle bound by a potential field. Turning points appear also in elasticity,
optics, geophysics and other branches of natural sciences. Moreover, a wide class of differential equations
with Bessel-type singularities and their perturbations can be reduced to differential equations having
turning points. We also point out on concrete applications for inverse spectral problems considered in
this paper; such inverse problems appear, for example, in electronics for constructing parameters of het-
erogeneous electronics lines with desirable technical characteristics. After reduction of the corresponding
mathematical model we come in this case to a boundary-value problem L where R(x) reflects apriori
known parameters, and q(x) must be constructed from the given spectral information which describes
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desirable amplitude and phase characteristics, for example, transmission coefficients. Further, it is well-
known that inverse spectral problems play an important role for investigating some nonlinear integrable
evolution equations of mathematical physics (like KdF equation). Inverse problems for equations with
turning points and singularities help to study blow-up behavior of solutions for such nonlinear equations.
We also note that inverse problems considered here appear in mathematics for investigating spectral
properties of some classes of differential, integro-differential and integral operators; for further discussion
of applications see [2], [3], [4] and [12].

Inverse problems for the case R%*(z) > 0 (in particular, when R?*(z) = 1) have been studied fairly
completely in many works (see, for example, [1]-[6] and the references therein). An important role there
was played by the transformation operator method and the Gelfand-Levitan integral equation with respect
to the kernel of the transformation operator. The presence of turning points in the differential equations
produces essential qualitative difficulties in the investigation of the inverse problems for the boundary
value problem L. The transformation operator method in this case is not suitable for the solution of the
inverse problems.

To study the inverse problems in this paper we use another approach connected with the contour integral
method. An important role in this method is played by the special fundamental system of solutions
(FSS) for equation (1) constructed in [7]. This FSS gives us an opportunity to obtain the asymptotic
behavior of the so-called Weyl solutions and the Weyl function for the boundary value problem L and to
solve the corresponding inverse problems. In Sections 3-5 we prove uniqueness theorems, and in Section
6 we provide a constructive procedure for the solution of the inverse problem. Note that in [8], [9]
the distribution of the eigenvalues and an expansion theorem for L have been studied, and in [11], [12]
the contour integral method has been used for the solution of the inverse problems for arbitrary-order
differential operators without turning points. Inverse problems for arbitrary-order differential operators
on the half-line with singularities were studied in [13]. For the case R?(z) = 1, connections between the
Gelfand-Levitan equation and the main equation obtained by the contour integral method were provided
n [11], [12].

2. Notations and Preliminary Results. Let ¢ > 0 be fixed, sufficiently small and let Do, =

m

0,21 — €], Dye =[xy + &, @py1 —¢]for 1 < v <m-—1, Dpe = [z +6,1], D = U D,., and

v=0
I.=D, 1:.U[z, —¢, , +€]UD,..

We distinguish four different types of turning points: For 1 <v <m

1, if ¢, is even and R%(z)(z —z,) "% < 0in I,.,
o _ ) 1L iff, s even and RP(x)(x — )~ 4 > 0in I,
Y7\ III, if#¢,isodd and R?(z)(x —x,)" % < 0in I,.,
IV, if ¢, is odd and R?(z)(z —z,)~% > 0 in I,
is called type of z,. Further we set for 1 <v <m
1
Hv = 240,

1

1 if 1, > =,

1L by > le

0, =14 1—48 (with §o > 0 arbitrary small) if u, = T

1

e if o, < 7,

v I py, < 1

and 6y = min{f,|1 <v < m}.
We also denote
4 ={z:R*z) >0}, I_ ={z: R*x) <0},

|0, for zely
§(@) _{ 1, for xel_,
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2sin 2HY  for T, = 11,1V,
Sin sy, forT, =1,11I,
_ LT
Ke(x)=( [] %l)eXp(ilZ(S(ﬂﬂ)*f(U))),

z,€(0,x)
Ki@)=( [ w)ep(ig(E()+£0),
z, €(0,x)
R? (z) = max(0, R*(z)), R? (z) = max(0, —R?(z)).

Clearly,
* o LT o ].7 ifx € I+
KK )=o) ={ b, HTET
Let ke (k1)
™ + 1)
Su=A{plargp € [, — 1}
o = {plargp € [%ﬁ -9, %“rfﬂ}? >0,
1
o = Uag, S =8\ 0%, 80 = U S9.
s k=-—2
Below it is sufficient to consider the sectors Sy and S,‘z for k = —2,—-1,0,1 only.

It is shown in [7] that for each fixed sector Sy, (k = —2,—1,0, 1) there exists a FSS of (1) {z1(x, p), z2(z,p)}, x €

I, p € Sy such that the functions (z, p) — zj(-s) (x,p) (j =1,2;8 =0,1) are continuous for z € I, p € S

and holomorphic for each fixed x € I with respect to p € S; moreover for |p| — 0o, p € Sg, € D, j =
1,2

A0(2,p) = (Hip) | Ra)P > exp(FiZ €(x)) explp / RERCIT

« exp(tip / R (00 K < (2)r(x. p), (4)

257 (@,p) = (Fip) |[R(@) ™2 (exp(Fi 6 (@) exp(—p /0 |R-(@la

xexp(ip [ | (00K @z, ), %)
a(e,n) (@) |_ .
2(x.p) Zlx.p) ‘W“))M (6)

Here and in the sequel
(i) the upper or lower signs in formulas correspond to the sectors S_o, S_; or Sp, S1, respectively;
.. def 1 . .
ii = ——) uniformly in z -
(ii) [1] 1+ 0( 90) forml, eD
P
iii) one an e same symbol x(z, p) denotes various functions suc at:
d th bol denot i functi h that

(1) uniformly in z € D., k(z,p) = O(1) as |p| — oo, p € S,

(2) for each fixed § > 0, x(x,p) = [1] as |p| — oo, p € SY.

3. Problem I. Let ¢(z, A) be the solution of (1) under the initial conditions
©(0,A) =1, ¢'(0,\) = h and denote

AN) = ¢'(L,A) + hap(L, A). (7)
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The function A — A(X) is entire in A, and its zeros coincide with the eigenvalues {\,, }»>¢ of the boundary
value problem L. The functions x +— ¢(z, A,) are eigenfunctions of L.

Let ®(z, ) be the solution of (1) under the boundary conditions U(®) = 1, V(®) = 0. We set M(\) =
®(0,\). The functions z — ®(z,\) and A — DN(N) are called the Weyl solution and the Weyl function
for the boundary value problem (1)-(3), respectively. Clearly

ez, A) Pz, A) | _
Fad) ) | )
for all x and .

The inverse problem is formulated as follows. Suppose that the function R? is known a priori. Our goal

is to find (), h and hy from the given Weyl function 901

In order to formulate and prove the uniqueness theorem for the solution of the inverse problem we agree
that together with L = L(R?(z), ¢(x), h, k1) we consider a boundary value problem L = L(R?(x), G(z), h, k1)
of the same form (1) - (3) but with different coefficients. If a certain symbol denotes an object related to
L, then the corresponding symbol with tilde will denote the analogous object related to L.

Theorem 1. If 0 = 9N then q(z) = G(z) for x € I, h =h and hy = hy.
Thus, the specification of the Weyl function )T uniquely determines L.
Proof. Let us define the matrix

P(x, \) = [Pjx(x, \)]j k=12
by the formula

ICIRVINE {CIPVI B I C PV (COPY

P(l’, )\) 95/ z, )\) (I)I(ZL', )\) - (P/(-’L', )\) (I)I<.'I,‘, )\) . (9)

Using (8) we calculate }
Piy(z,A) = <P(SE7A)‘I"($,>\) (5C A) ~'(33 A) } (10)
Let us now study the asymptotic behavior of p(z, \), ®(z, ) and Plj (x A) as |A| — oo. For this purpose
we use the above-mentioned FSS {z1(z, p), 22(x, p)} in each fixed sector Sk, k=—2,-1,0,1.
From the initial conditions on ¢(x, \) we calculate
1
p(x,A) = —=(U(22(z, p))z1(z, p) — U(21(2, p))22(z, p)), (11)

w(A)

where

Using (4) - (6) we get for |p| — 00,p € Sk

Ulzi(x,p)) = (i p)|RO)]Y2 exp(Fi5£(0))r(p),
Uz, ) = (F in)| RO)[Y25(p), (12)
w(A) = F2ip[1);
here and in the sequel x(p) = O(1) for p € Sy, and k(p) = [1] for p € S as |p| — .

Substituting (4), (5) and (12) into (11) we conclude that for |p| — oo, p € S,
re D, j=0,1

P9, 3) = 3 (£ ipP RO R~ (exp(F i3 6(2)

. . (13)
% exp(p / ROl e i / Ry (8)|d6) K« (), p).



Consequently, taking (7) into account, we have

AQ) = 5| RORD explo [ 1R (0]

1 (14)
xexp(ip | IR OIOK=(Dr(p). p € Si. o] = oc.
0

From (13) and (14) we obtain the estimates:

(60 ()| < Cloblexplp [ |R-(0]dt) explkip [ R (0)ldo)], -

0 0

p € Sk, v €D,
and . .

A < Clpexplp [ [R_(8)ldtyexp(xip [ IRy (®Idb)], p € Sy (16)

0 0

Here and below one and the same symbol C' denotes various positive constants in estimates. Moreover,
it can be shown that

1 1
AN > Cslpexp(p / IR (t)|dt) exp(ip / Ry (8)[db)], A€ Go, (17)

where
Gs={\: 1A=\ =6, n>0}, 6 >0.

It follows from (15) and (16) that the functions o) (x,-) and A are entire functions of order 1/2.
Let us go on to the Weyl solution ®(x,\). Applying the boundary conditions to ®(x, \) we calculate

Oz, \) =

Ao(p) (V(z2(2, p)z1 (2, p) = V (212, p)22(2; p)) (18)

where
_ | Uaa(w,p)  Ulza(z,p)
AO(p)_‘ V(a(z,p)) V(z2(z,p)) ‘

Taking (4)-(6) into account we obtain from (18) that for |p| — oo, p € S°, x € D, j =0,1

@) (z, ) = (Fip)’ ! |R(0)| /2| R(x) 1/ (exp(F ig&(w)))JV

x x (19)
xexp(—p [ ROl exp(F ip [ R(O)d)KL(@)]1]
0 0
It follows from the boundary conditions on ¢(x, A) and ®(z, \) that
O(x,A) = S(z,A) + MN)p(x, ), (20)

where S(x,\) is the solution of (1) satisfying the conditions S(0,A) = 0, S’(0,A) = 1. Using the FSS
{z2(x,p), 22(z, p)} we get

Sz, ) = ﬁ(zmo,p)zmm — 250, p) 21 (. ).

By virtue of (4) - (6), we infer that for p € Si, * € D¢, j =0,1

S (,2) = 5 (ipP | RO)| 2 R@) 2 exp(F 15 6(2) o
<expl 6O explp [ R- (Ol exp(ip [ IRy (0)1d0K L (@n(o.p)

and
159) (@, \)] < Clof | exp(p / IR (t)|dt) exp(= ip / IRy (8)]db)). (22)
0 5 0



It follows from (22) that the functions S (x,-) are entire of order 1/2.
Using (10), (13) and (19) we get
1

Pyy(z,A) = [1], Pia(z,\) = O(%)7 lp| = 00, pe S°, x € D.. (23)

Further, substituting (20) into (10), we calculate
Pii(2,)) = (@, NS (2, 4) = S, M@ (2, 1) + (D) = MV, )@ (2, 1),
Pis(2,)) = S(@, M@, A) = o, )@, A) + (M) = M) o (z, )@, A).

By the hypothesis of Theorem 1, 9T(\) = I(N), and consequently the functions Py1(x, \) and Pya(x, )
are entire in A of order 1/2. It follows from this and (23) that Pi;(z,A) =1, Pia(z, A) = 0. Substituting
into (9) we obtain ¢(z,\) = @(z,\), ®(z,\) = ®(z, ) for all z and A. Consequently, ¢(z) = §(z) for
rzel, h= h and h1 = ﬁl. Theorem 1 is proved.

4. Problem II. Let {\l},>0 be the sequence of eigenvalues of the boundary value problem L; for
equation (1) with the boundary conditions y(0) = V(y) = 0. Now we consider the inverse problem of
recovering q(x),h and hy from the given two spectra {\, },>0 of L and {\l},>0 of L.

Theorem 2. If A, = Ay, AL = AL for all n > 0, then g(z) = G(z) for x € I, h=h and hy = hy.

Proof. The function A is entire of order 1/2, and A()) is uniquely determined by its zeros {\, },>0 via
the formula

' A

=A 1——) (if A\, #0Vn

nl;[O( ) # 0Vn)
where the constant A is uniquely determined with the help of the asymptotic formula (14), (the case
when A(0) = 0 requires minor modifications).
The eigenvalues {\l},>¢ of the boundary value problem L; coincide with zeros of the entire function
A1 (N) =8(1,)\) + h1S(1,\) of order 1/2. Tt follows from (21) that

1
AL(N) = SIR(O)| 2 R(1)[M2 exp(+ i 5£(0) exp(p / IR (¢)|d?)
2
1 (24)
xexplip [ R(O)d)KL(1)n(p)
0
The function A; is uniquely determined by its zeros {\}},>¢ via the formula
)\
=4 H 1
n=0 n
where the constant A; is uniquely determined with the help of (24).
Since V(®) = 0, it follows from (20) that
A (V)
- . 2
M) = - 3 (25)

By hypothesis of Theorem 2, A, = A,, AL = AL for all n > 0, and consequently A(X) = A()\), A;())

A;(\). From this, in view of (25), we get M(N) = 952( A). Using Theorem 1 we conclude that ¢(z) = ()
for x € I, h = h and hy; = hy; hence Theorem 2 is proved.

5. Problem III. In this section we consider the inverse problem of recovering L from the so-called
spectral data. For simplicity, we confine ourselves to the case when all zeros of A()\) are simple.
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Denote 1
ap = / R%(2)0*(z, A\ )dx.
0
The set {A,, @ >0 is called the spectral data of the boundary value problem L.
Theorem 3. If A\, = An, an = du, for all n > 0, then qg(x) =q(x) forx e I, h= h and hy = hy.
Proof. Since
—®"(z,)) + q(z)®(z,\) = AR?(2)®(z, \),

=" (2, A\n) + q(x)p(T, A\r) = )\.,LR2(1‘)<,0(JL‘, An)
we get
(@ (2, \)¢@' (2, An) = @' (2, N)p(2, \n))" = (A = X)) R?(2)D(, Ao (, An)

and hence

1

(A=Xn) /0 R*(2)® (2, \)p(z, An)dz = (B2, M) (2, 00) = &2, Npl, An)) = 1.

In view of (20) and (25), we have

(A= ) /0 R2(2)S(2, N, A ) — (A — )\n)AAl&\)) /0 R2(2)o(2, o, A )dar = 1.

Let A — \,, then

AI(AH) ! 2 2 _
o | Bt e = -1
where A(\) = %A(A). Hence .
An
oy = AW (26)

It follows from (25) that the Weyl function 9 is meromorphic with simple poles in the points A,,,n > 0.

Using (26) we calculate
1

ReSA:,\nm()\) = ? (27)
Further, by virtue of (19), we derive

M) = exp(iZE(0)), |o] = o0, pe §°

(Fip)| R(0)]

and consequently

Let us consider the function A — 9T(\) Lot M) — 9:7{()\)
By hypothesis of Theorem 3 and (27), we have
1 1
ReS)\:)\an\) = — - —=0.

an  On
Thus, the function 1 is an entire function of order 1/2. On the other hand, in view of (28),

M) < m pe s, |pl — oo
Consequently, (A) =0, i.e. M(N) = Dj't()\) Using Theorem 1 we obtain g(z) = G(x) for € I, h=h
and hy = hy. Theorem 3 is proved.



Remark 1. Theorem 2 and 3 are generalizations of results by Borg [1] and Marchenko [2] for the Sturm-
Liouville equation without turning points where R?(z) = 1.

Remark 2. 1t can be shown that

M) =) _r (29)

= an(A = An)
Indeed, it follows from (17) and (24) that
Cs
M) < Tl A € Gs. (30)

Let vy = {X: |\| = rn} be circles of radii ry — oo situated at a positive distance from the spectrum of
L. Then, in view of (30),
1 M
ey L C ¥y
N—oo 271 N A— 1%
From this, by virtue of (27) and the residue theorem, we obtain (29), where the series converges ”with
brackets”.

Remark 3. Analogous results are valid for other classes of separated boundary conditions.

Remark 4. We can also apply this method to investigate the inverse problems for equation (1) with
turning points in 0 or (and) 1.

6. Solution of the inverse problem. Let us now go on to constructing the solution of the inverse
problem. The central role for solving the inverse problem is played by the so-called main equation of
the inverse problem which connects the spectral characteristics with the corresponding solutions of the
differential equation. We give a derivation of the main equation, which is a linear equation in the Banach
space m of bounded sequences. Moreover we prove the unique solvability of the main equation. For
simplicity, we confine ourselves to the most important particular case when m =1 and 77 = IV, i.e. the
weight-function changes sign exactly once. The general case can be treated analogously.

For deriving the main equation of the inverse problem we need more precise asymptotics for the solutions
of equation (1). For definiteness, everywhere below p € Sy U Sy (the case p € S_; U S_5 is considered in
the same way). It has been shown in [7] that for |p| — oo, j = 0,1 the following asymptotic formulas are
valid

émam:pmmmF”%m@/ﬂmmﬁme<m
0

() (i = o 1 T 7
2y (z,p) = (I—ZP) |R(x)|7 =12 eXp(P/O |R(t)|ft)2050 21 exp(i) (31)
XeXP(*iP/ [R(t)|dt)[1] + (*UHlieXP(iP/ [R(t)|dt)[1], © > a1

4 (00) = (oP RGP iexp(op [ IR+
HDiesply / [R(1)|dt) exp(—2 / IR@ID, 2 < 2

4 (@.p) = (ip) | B(a)P = 225 "B exp(—i ] exp(—p [ IRt
0

4
xwmm/ﬂmmﬁmLx>m

1

(32)

1
Here, as above, [1] = 1+ O(—-) uniformly in z € D..
P



It follows from (11), in view of (6), (31)-(32), that

(@, \) = 1,OjIR( 0)['/2|R(x )Ij‘l/Q(exp(p/Ox [R(t)]dt)[1]

1)7 exp(— / |R(®)|dt)[1]), = < 1

(33)
P9, ) = 5 (60) | RO)M2 R(x) =24 (p) explip / (R(t) dt)[1]
HoW s(p)esp(—ip [ RO, 2>
where ) -
Aalp) = gese ™5t expl ) exnlp [ IR()Id0)
—iexp(—p [ RO, (34)

As(p) = ~iAa(p) + 2sin L exp(iT) exp(— [ R lan) 1

Remark 5. Let £ = / |R(t) |dt. It follows from results of [7] that (31)-(33) are also valid uniformly for

|p€| > 1 with [1] =14+ O(—+ ) moreover for |p€| < 1 we have the estimates

(pﬁ)
lp(z,A) < C|R(z)[ /2 exp(p/: |R(t)|dt)|, <z

o1 (35)
oz, )] < CIR(w)I‘l/Qlexp(p/o [R(t)]dt)], © > a1

Lemma 1.

(i) The spectrum {A;} of the boundary value problem L consists of two sequences of eigenvalues:
A} ={ATU{A } k€ IV, such that

1
Pk =\ A =it O(m% k — 400 (36)

where

1 1
Pro = (/m1 |R(t)|dt) " (k + i)w, Pro = (/0 |R(t)|dt) " (k + i)m'

(ii) Denote aif = /o R2(2)¢*(x, \i)dz, ie. {ax} = {af} Uy}

Then
100 [ ey > 21+ 00, b= +oo
(37)
ay :—7|R( / |R ()\dt(l—kO( —)), k — +00
0
where .
w = exp(p'k’,:o/ |R(t)|dt), o = min(1 — &g, b).
0
Proof. Substituting (33) into (7) we calculate
A = 3o ROR (A et | 1RO a1
(38)

As(p) exp( zp/ IR(8)|d)[1]).
9



Let p € Sp. It follows from (34) that

M) = qese B exp(=iT)exlp [ IR(Idn)]]

1

As(p) = gese ™ML exp(iT) exp(p /0 R[],

Hence, by virtue of (38), the equation A(X) = 0 can be rewritten in the form
1
exp(2ip/ |R(t)|dt) = 4[1].
1

1
This equation has a countable set of roots p;: such that p;: = pzo + O(W)' Analogously, if p € S; then

the equation A(\) =0 can be transformed to
exp(2p [ R()]dt) = il1);
0

1
therefore this equation has a countable set of roots p; such that p;~ = p; ( + O(m).

Let us now consider o, . Put o, = 0y, where

T 1
o= [ B@e @ = [ R @

Denote Iy = {z € [0,21] : [£p, | 2 1}, T2 = {z € [0,21] : |{p, | < 1}, where
§:/ |R(t)|dt. According to (33),
z1

R(a) o\ e = 5 1RO) [ IRG)explo [ RO+

I 1
expl—p [ IROWONE,_, v

The change of variables gives

&
/1 R () (, Ay )da = **IR( )| (exp(p(&r — €))L+ O((p€)~™))

1/lel

+exp(—p(&1 — )1+ O((p8) =) dg| -

z1
where &; :/ |R(t)|dt. Hence
0

R2 () (e, AD e = — \/ 2)]da( 1+0( ).

Ik

Further, it follows from (35) that

|| R@)eP( Ay dda| < / IR exp(2p [ |ROIar)_|da.

Iy 2

In view of (36), the exponential is bounded, and consequently,

) /1o 1
[ R @)@\ )l g/j |R(Jc)\dx:/0 a6, = O0().

Ik 2
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Thus, we arrive at
_ 1 o 1
o, = _§|R(0)|/0 [R@)ldr(1 +0(;)) (39)

Let us now estimate «, ,. Denote Ji1 = {x € [x1,1] : [£p, | > 1}, i =
{z € [x1,1] : |€p; | < 1}. In the same way as above one can show that

[ R@e e = 0.
Ji,2

Then .
a,;QZ/J R (@) (2, N ) + O(3).

k,1

Taking (33) into account, we get

o, = - EO / ()elp / (R(0)|dn) ]

4
+aalp)expl—ip [ IROIOIE, do+O(7).

1

The integral seems to be unbounded as k — +oo. But it follows from (38) and (34) that

A2(p) = exp(2ip,. '
o0, o | ir@ian (40)
Alpy) = 2expli ) sin ot exp(-p; [ IROIan)L (41)
Then R(0 N
o=~ [ IR@)exptin / RO+

1 T
. . 1
+exp(2zp/ |R(t)|dt) exp(—zp/ |R(t)|dt)[1])?p:p;da:—&—O(%).
T X1
After changing variables z +— £ = / |R(t)|dt and integrating we arrive at the estimate
x1

1

Combining this with (39), we obtain (37) for «;, . For o the proof is analogous; hence Lemma 1 is proved.
Now we go on to the derivation of the main equation of the inverse problem. We assume that the spectral
data {\, ag k>0 of L are given. Let L = L(R?*(x), G(z), h, h1) be a certain known model boundary

value problem with the same weight-function R?(x) and with the spectral data { A, @ }r>o0-

Lemma 2. For each fixed = # z1, and k — 400 the following estimates hold:

(i) If x < x1 then

(@, 07) = O(1), (A7) = O(1), (42)
ez, A;) — ez, A;) = Olp, — ), (43)
Pl AD) = Olesploly [ IR0,
i e (44)
(2, M) = O(exp(p g / IR()|dt)),
o, AD) — o(w, M) = Oloi — 5| exploit / "R ). (45)

11



(i) If > z then

Pl A7) = Oty [ IRWan) (46)
Pl 2) = O~ expl—inicy [ IR(®)Iat) (47)
90(%, /\2—) = O(wk)a cp(x, :\2_) = O(wk)7 (48)
ol ) — ol ) = O(lof — i o). (19)

We mark the difference in the estimates (46) and (47) for the functions ¢(x, A ) and ¢(x, A ); the real
part of the exponent in (46) is negative but the real part of the exponent in (47) is positive.

Proof. Let x < z1. The estimates (42) and (44) follow from (33) and the asymptotics of A\{ and A .
Using (42), (44) and Schwarz’s lemma we obtain (43) and (45).

Let now x > x;. For A=\, and A = 5\,; we rewrite (33) as follows

Pl 0) = 5RO RE)] 2 4s(p)explip [ RO+

As(p)
TG el w/\RIﬁMD

From this, using (40) and (41), we obtain (46). Further, it is easy to show that

As(p)
A1(P) | p=p

+

= 0(), M) = O().

Substituting into (50) we arrive at (47). The estimates (48) and (49) are proved in the same way as (44)
and (45). Lemma 2 is proved.

In the sequel we use the abbreviation
(y,2) ==yz' —y'2.

Lemma 3. For each fixed x € I, the following relations hold

) = ol ) + 3 (PPt - P i) o
lo(e, A, oz, ) _ (@, N), (1))
)\—ﬂ A—p
.’L‘ )‘k)> <(P x, A )750(1'7:“»
Z( ak(/\ Ae) (O — ﬁ) (52)

k

(@A), B, M) - <so(w,Ak)7<p(fc7u)>) _o
k(A = M)k — p)

Proof. Let P(x,\) be the matrix introduced above via (9). In the A-plane we consider a oriented

contour vy = y© U~~, where & = {\ : £Im\ = Cy, —00 < FReX < oo}; here Cy > 0 is chosen

such that [ImA,| < Cp and [ImAy| < Cp for all k. Put J, = {\ : [Im\| > Cp}, and the contour

v =0N{A: Al <Ry} U{A:|A|=Rn, A& J,}, Ry — oo with clockwise orientation. Since

1 ( 1 B 1 ): 1
A=pA=¢ p=¢ A= —n)

12



we have by Cauchy’s theorem that for A\, u € J, N{: |{] < Ry}

1 Pii(x,8) — 01k

Plk(xv)‘)_(slk:ﬁ ¢ dg,
Bk, A) = Pir(, 1) 1 / Piji(x,£)dg
X—p T 2w ), -0

where 0,5 is the Kronecker delta. Using (10), (11) and (18) it is easy to show that Pyj(z, A\) — 01 =
O(p~%), A€ GsnN Gs. Therefore

5 Pii(x,&) — 0k
1m —_—

de — 0 li _]k)(x §)d§
N—oo Jie|=Ry A=¢ ¢ e

Noxo Jielepy A= E(E—p)

and consequently,
Py (

1
= — d
Pi(z,\) = 01 + 2FZL . 5 § AE Jy, (53)
Pji(z,\) — Pjx(, p) 1 / _ Pjg(z,£)d§
= 54
" “ami ) O oMb E Ty, (54)

where here and in the sequel / = lim .
v N7y

It follows from (9) that ~
p(x, A) = Pri(x,§)@(x, A) + Pra(z, A (, ).

Then, in view of (53), we get
1
211,

‘P(xv)‘) = @(x’)‘) +

4\

(@(, \)Pra(2,€) — ¢ (2, \) Pra(x, 5))75g

From this, by virtue of (10), we infer

Pl N) = w0 + 5 [ (B N ol OB (0, €) = B, /(2. €)) -
e (B, O3, €) ~ pla, OBl )1

Using (20), (27) and the residue theorem we arrive at (51).

From (10) and the identity (¢(z, A), ®(x,\)) =1 it follows that

Pia(, N/ (2, A) — Par (2, Npla, A) = &/, \),

(55)
Py (z, N)p(z, ) — Pra(z, N’ (2, A) = ¢(x, A),
Py | 40 | = w@aeam | S04 | - we.sen | o0 | (56)
for any y(z) € C[0, 1]. Taking (54) and (56) into account, we calculate
Pz, A) = Pz, p) [ y(z) 1 5 p(x,€)
X—u |: y/ l’) :| = 27”/)/ ((y(w),@(x, )> |: S0/ LE) :| - (57)

Using (55) we get



and consequently, in view of (57), we obtain

By virtue of (20), (27) and the residue theorem, we arrive at (52); hence Lemma 3 is proved.

Denote Ao = Ay A1 = Ay Qo = Ok, Qg1 = Gk, Py () = (2, M), Prj(x) = P(, Ay,

D (@ni(®), Prj()) 1 TP ~
Prigj(x) = Oy = Mg akj/o R (t)pni () iy (),
Lo <(pnz($)7(pkj($)> L * 2 ) )
Puase) = Lol — [ R g )t
It follows from (51) and (52) that
Bni () = Pni(®) + > (Puiko(®) ko () — Pri g1 ()11 (7)), (58)
k
Prigj(x) — Poigj(z) + Z(Pm,ko(f)Pko,e]'(x) — Pri 1 () P gj () = 0. (59)
k

Let x < z1. Denote

+ [ R(t)|dt), for A, =\
o= L et [ RGO, o =3
1 for A\, = A,

)

_ |y, — au
Ve = Ye(T1), &k = |pk — Pr| + ——5—
i

Clearly, £, = O(k~7). It follows from (42) - (45) that
ors(2)] < Cyi(x), |Pro(x) — 1 ()] < C&evi(2),

Cyn () k()
(In = k| + )7

(60)
| Pri e ()] <

Let V be a set of indices v = (k,j), k € IN, j = 0,1. Define the vector ¥(x) = [ty(x)]pev :=
[¥00, P01, V105 P11, - - |7 and similarly the block matrix

HnO,kO(x) Hno,kl (.13)

H(.’L’) = [Hu,v('r)]u,vev = Hnl,ko(l') Hnl,kl(z) i

u=(n,i), v=(k,j), where

Uro(x) = (Pro(r) — a1 (2)) G ()1 Yra (@) = wpa (@) (ye(2)) 7,
Huno,k0(%) = (Pro,ko(2) = Pt ko(2))Exva () (Enym () 7,
Huk0(x) = Prako(2)Exyn(2) (1 (2)) 71,
(2) = (Proko(2) = Pa,ko(2) = Pro,k1 (%) + P per (2))10(2) (€n v () 7,
() = (Pu1ko(2) = P g1 () 7k (@) (yn (2)) 7
14
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Analogously we define ¢)(x), H(z). Tt follows from (60) and Schwarz’s lemma that for each fixed z €
(Oa Il)

Cék

[ni (@) < C, [Hpij(z)| < =kl +1) (61)
Similarly, ot
z - k

[ni(2)| < O, |Hpigj(2)] < (R ES) (62)

Let us consider the Banach space m of bounded sequences o = [, ]yev With the norm ||a||,, = sup |ow|.
veV

It follows from (61) and (62) that for each fixed x € (0,z;) the operators E + H(x) and E — H(z) (here
E is the identity operator), acting from m to m, are linear bounded operators, and

IHE@ A < Y oy ) <o

Theorem 4. For each fixed z € (0,21), the vector ¢)(z) € m is the solution of the equation

() = (B + H(x))i(x) (63)

in the Banach space m. The operator E + fl(a?) has a bounded inverse operator, i.e. equation (63) is
uniquely solvable.

Indeed, taking into account our notations, we can rewrite (58) and (59) in the form

U(x) = (B + H(z))y(z), (E+ H(x))(E - H(x)) = E.

Interchanging places for L and L we obtain analogously

Y(z) = (E — H(x))y(x), (B~ H(x))(E+ H(x)) = E.

Hence the operator (E + H(x))~! exists, and it is a linear bounded operator.

Equation (63) is called the main equation of the inverse problem. Solving (63) we find the vector ¥ (z),
and consequently, the functions ¢,;(z). Since ¢,;(z) = p(x, \y;) are the solutions of (1), we can construct
the function ¢(z) for z € (0,21) and the coefficient h. Thus, the inverse problem has been solved for the
interval z € (0,z1).

For x > x1 we can act analogously, starting from (58)-(59) and using (46)-(49) instead of (42)-(45), and
construct g(z) for x € (x1,1) and the coefficient hy.

Remark 6. To construct ¢(z) for « € (x1,1) we can act also in another way. Suppose that, using the
main equation of the inverse problem, we have constructed ¢(x) for = € (0,21) and h. Consequently, the
solutions ¢(z, A) and S(z, \) are known for z € [0, z;]. By virtue of (20) and (29), the solution ®(x, A) is
known for x € [0, 1] too. Let 1(x, \) be the solution of (1) under the conditions (1,\) =1, ¥'(1,\) =

—hy. Clearly, ®(z,\) = _@[}ix(a)\))‘)

. Thus, using ¢(z) for z € [0, 1], we can constant the functions

5;(N) = U D (z,N), j=1,2.

The functions J;(\) are characteristic functions of the boundary value problems @); for equation (1) on
x € (21,1) with the conditions 3y~ (x1) = 3'(1) + hyy(1) = 0. Thus, we can reduce our problem to
the inverse problem of recovering ¢(z), « € (z1,1) from two spectra of boundary value problems Q); on
the interval (z1,1). In this problem the weight-function R?(z) does not change sign. We can treat this
inverse problem by the same method as above. In this case the main equation will be simpler. We note
that the case when the weight-function does not change sign were studied in more general case in [11]
and other papers.
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