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Summability of eigenfunction expansions
of three-point boundary value problems

1. Introduction

We consider the irregular three-point eigenvalue problem

l(y) = y(5) +
5∑

ν=2

fνy(5−ν) = λy, (1)

Uν(y) =
4∑

j=0

ανjy
(j)(aν) = 0, ν = 1, ..., 5, (2)

with irregular splitting three point conditions, where fν ∈ C, ανj ∈ C and
0 := a1 = ... = aν1 < a := aν1+1 = ... = aν1+ν2 < aν1+ν2+1 = ... = a5 := 1.

This problem can have one or two infinite sequences of eigenvalues (see [2]) and we use the modification of the well
known definition of Abel-summability (see [1]).

Let λ1, λ2, ... be the eigenvalues of the operator L, generated by (1),(2). For σ ∈ {1,−1} and α > 0 we fix the branch
of the multivalued analytic function λ 7→ (σλ)α so, that (σλ)α > 0 for σλ > 0.

For a function f : [0, 1] → C we construct a series

u(x, t) =
∑

Reλk≤0

Resλ=λk
e−(−λ)αt(L− λE)−1f(x) +

∑
Reλk>0

Resλ=λk
e−λαt(L− λE)−1f(x)

where E is the identity operator.

Further we assume in what follows that the number α has been chosen so that the series u(x, t) converges for every
t > 0.

We will say that Fourier series in the system of eigen- and associated functions of the operator L for a function f
is Abel-summable to order α uniformly with respect to x ∈ [a, b](⊂ [0, 1]) if the limit limt→0u(x, t) = f(x) exists in
the sense of the norm in C[a, b].

2. Results

Theorem 1. Let ν1 = 2, ν2 = 1 and f ∈ D(L), the domain of definition of the operator L. Then the Fourier series
of f is Abel-summable to order α ∈ (1/5, 1] uniformly on the whole interval [0, 1]

From the estimates in [2] it follows, that there is a ray in the λ-plane, where the Greens function of the problem
decreases like (λ−4/5), and for the proof of the Theorem 1 we can use a modification of the Lidskii method (see
[1],[3]).



If for example ν1 = ν2 = 2 or ν1 = 3, ν2 = 1, then it follows from [2] that the Greens function G(x, ξ, λ) increases
exponentially on the whole λ-plane for x > a, and we have to use a modification of the Kostyuchenko-Shkalikov
method (see [4]).

Theorem 2.Let ν1 = ν2 = 2 and f ∈ D(L). Then the Fourier series of f is Abel-summable to order α ∈ (1/5, 1/3]
uniformly on the whole interval [0, 1].

Theorem 3.Let ν1 = 3, ν2 = 1 and f ∈ D(L). Then the Fourier series of f is Abel-summable to order α ∈ (1/5, 1/3]
uniformly on the interval [0, a].

Let us note, that in the case ν1 = ν2 = 2 there is only one sequence of eigenvalues, as in the two-point case.
In the case ν1 = 3, ν2 = 1 there are two sequences of eigenvalues and the summability can only be obtained on the
smaller segment [0, a] = [0, a4]. Moreover for arbitrary points x0 ∈ (a, 1] and k ∈ N we can construct a function
from the domain of definition of the operator Lk, such that limt→0 u(x0, t) does not exist.

From the above mentioned results it follows that for the problem of Abel-summability there is no straightforward
analogy between multipoint and two point boundary value problems (see [3]-[5]).

Acknowledgements

One of the authors (T.I.Yu.) worked on this paper while visiting the Gerhard-Mercator-University in Duisburg. The research
was sponsored by the DAAD Foundation. The financial support of the above Institution is gratefully acknowledged.

3. References

1 Lidskii,B.V.: On summability on series in the principal vectors of non-self-adjoint operators. Tr. Mosk. Matem. Ob-va.11
(1962) pp. 3–35.

2 Freiling,G.: On the completeness of eigenfunctions and associated functions of irregular multipoint eigenvalue problems.
Journal für reine und angewande Mathematik. 346 (1984) pp. 36–47.

3 Khromov,A.P.: On summability of expansions in the eigenfunctions of a boundary problem for an ordinary differential
equations with uncoupled boundary conditions and an analog of a theorem of Weierstrass. In: Ordinary Differential
Equations and Fourier Series Expansions [in Russian]. Saratov Univ. (1968), pp. 29-41.

4 Kostyuchenko,A.G., Skalikov,A.A.: Summability of eigenfunction expansions of differential operators and convolution
operators. Func. Anal. 12 (1978), pp. 262–276.

5 Trooshin,I.Yu.: Abel summability of the series of eigen- and associated functions of the integral and differential operators.
In: Operators Theory: Advances and Applications, Vol.57 (1992), pp.307–309.

Address: Freiling, G., RWTH Aachen, Lehrstuhl II, Templergraben 55, 52056 Aachen
Trooshin, I.Yu., Saratov University, Astrachanskaya 83, 410601 Saratov, Russia


