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Abstract. We study the inverse problem of synthesizing parameters of differential equations
with singularities from incomplete spectral information. We establish properties of the spectral
characteristics, obtain conditions for the solvability of such classes of inverse problems and
provide algorithms for constructing the solution.

1. Introduction

Let us consider the system

% = ipR(x)y

with the initial conditions

y1(0,0) =1 y2(0, p) = —1.

Herep = k + it is the spectral parameter, aRdx) is a real function.

For a wide class of problems describing the propagation of electromagnetic waves in
a stratified medium, Maxwell’'s equations can be reduced to the canonical form (1), where
x is the variable in the direction of stratification; and y, are the components of the
electromagnetic fieldR (x) is the wave resistance which describes the refractive properties
of the medium and is the wavenumber in a vacuum [1,2]. System (1) also appears in
radio engineering for the design of directional couplers for heterogeneous electronic lines,
which constitute one of the important classes of radiophysical synthesis problems [3].

Some aspects of synthesis problems for system (1) with a pogitive were studied
in [2-4] and other works. In this paper we study the inverse problem for system (1) from
incomplete spectral information in the case whfx) is non-negative and can have zeros
which are called turning points. More precisely, we shall consider two classes of functions
R(x). We shall say thaR(x) € By if R(x), R’(x) are absolutely continuous on,[D],
R"(x) € L(0,T), R(x) > 0, R(O) = 1, R'(0) = 0. We also consider the more general
case whemR(x) has zeros 6< x; < --- < x, < T, p > 0 inside the intervalQ, T'). We
shall say thatR(x) € By if R(x) has the form

dy, .
e IPR(x)yl x €[0,T] 1)

1 P R;
= 4+ Ro(x),0<x1<---<x,<T,R; >0
R(x) _,;(x—xj)2 b !
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andRo(x), Ry(x) are absolutely continuous on, [D], Rg(x) € Ly(0,T), R(x) > O(x # x;),
R(0) =1, R'(0) = 0. In particular, if herep = 0 thenR(x) € Bo.
As the main spectral characteristics we introduce the amplitude reflection coefficient

(T, p) + RO (T, p)

= RO := R(T

"= ST p) — ROT. p) ™
the power reflection coefficient

o (k) = |r(k)|?, k ;== Rep
the transmission coefficients

Fip) = yi(T, p) — ROyo(T, p) o) = yi(T, p) + R%y(T, p)

2+ RO 2V RO
and the characteristic function
1

A(p) = ﬁh(ﬂ 0)-
Clearly,

r(p) = f2(p)/f1(p) (2

A(p) = f1(p) + f2(p). 3

In many cases of practical interest, the phase is difficult or impossible to measure,
while the amplitude is easily accessible to measurement. Such cases lead us to the so-called
incomplete inverse problems where only a part of the spectral information is available. In
this paper we study one of the incomplete inverse problems, namely, the inverse problem
of recovering the wave resistance from the power reflection coefficient.

Inverse problem 1. Giveno (k), constructR (x).

The lack of spectral information leads here to nonunigueness of the solution of the
inverse problem. Let us briefly describe a scheme of the solution of inverse problem 1.

Denotec; (k) = | fi(k)], j =1, 2. Sinceaf(k) — a%(k) =1 (see (19) below), we get in
view of (2),

o(k) =1— (a1(k))~> 0<o(k) <1

First, from the given power reflection coefficieaik) we constructw; (k). Then, using
analytic properties of the transmission coefficiefjt) and, in particular, information about
their zeros, we reconstruct the transmission coefficients from their amplitudes. Namely, at
this stage we are faced with nonuniqueness. Problems concerning the reconstruction of
analytic functions from their moduli often appear in applications and have been studied in
many works (see [5—7] and references therein). The last of our steps is to calculate the
characteristic functiom (p) by (3) and to solve the inverse problem of recoveriRr)
from A(p). Here we use the inverse Sturm—Liouville theory which was developed in [8—12]
and other works.

To realize this scheme, in section 2 we study properties of the spectral characteristics.
In section 3 we solve the synthesis problem Rqi) from the characteristic function (p),
obtain necessary and sufficient conditions for its solvability and provide three algorithms for
constructing the solution. In section 4 we study the problem of recovering the transmission
coefficients from their moduli. In section 5, the so-called symmetrical case is considered,
and in section 6 we provide an algorithm for the solution of inverse problem 1. We note
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that inverse problems for Sturm-Liouville equations with turning points have been studied
in [13]. Some aspects of the turning point theory and a number of its applications are
described in [14-16].

We shall say thatR(x) € B, if (R(x)™T e By . An investigation of the classes
B§ and B, is completely similar because the replacem&nt> 1/R is equivalent to the
replacementys, y») — (—y2, —y1). Below it will be more convenient for us to consider
the caseR(x) € By .

2. Properties of the spectral characteristics

We transform (1) by means of the replacement

nx, p) =VR@uE, p)  yalx, p) = Rl —(x. 0) @)
to the system

u' + h(x)u =ipv v — h(x)v =ipu x €[0,T] (5)
with the initial conditionsu (0, p) = 1, v(o, p) = —1, where

h(x) = fRi);))' (6)
Hence the functiom(x, p) satisfies the equation

—u" +q(x)u = \u A= p? @)
and the initial conditions

u©,p)=1 u'(0, p) = —ip
where

q(x) = h*(x) — ' (x) ®)
or

3/R()\ 1R'(x)
1= (R(x)) T 2RM)
Similarly,

—v+gw=2  v0p=-1 V0O =ip

whereg(x) = h2(x) + h'(x).
In view of (4), the transmission coefficients, the amplitude reflection coefficient and the
characteristic function take the form

T, p) — v(T, T, T,
filp) = u(T, p) . (T, p) Falp) = u( 0)42-v( 0)
9
T, T,
r(p) = u(T, p)+ (T, p)  fa(p) A(p) = u(T. p).

(T, p)—v(T, p)  filp)
Sincey;(x, 0) = 1, we have according to (4)

vVRX)u(x,0) = 1. (20)
Lemma 1. R(x) € B if and only if ¢g(x) € L»(0, T), A(0) # 0.
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Proof.
(1) Let R(x) € By, i.e.

P
R
R(x):E — 4 Ro() O<x1<---<x,<T, Rj >0
j=1 (x —x))? (11)

Ro(x) € W2(0, T) R(x) > O(x # x;) RO =1 R'(0) =0.
Using (6) and (11) we get far — x;

h(x) ~ — + h(x) hi(x)e Wy hi(x))=0

X — .Xj
and consequently(x) € L,(0, T). If follows from (10) thatu(T, 0) # 0, i.e. A(0) £ 0.
(2) Now letg(x) € L2(0, T), u(T,0) # 0, and let O< x1; < --- < x, < T be zeros of
u(x, 0). If follows from (10) that

R(x) = (u(x, 0))2.
HenceR(x) > O(x # x;), R(0) =1, R’(0) =0, and

RA
R(x) ~ —L— x — xj, R; > 0.

()C — xj')27
Denote
)4 Rj
Ro(x) = R(x) =y ——
° ; (x — x;)?
It is easy to see thaRo(x) € WZ[O0, T]. O

Remark 1. If R(x) € By, then the functions1(x, p) andv(x, p) have singularities of order

1 atx = x;, and there exist finite limits lim, ., (x — x;)v(x, p), lIM, ., (x — xj)y1(x, p).

In other words, we continue solutions in the neighbourhoods of the singular points
with the help of generalized Bessel-type solutions (see [17]). If follows from (10) that

limx—))g (x — xj)\/ R(x) = R/

Example. Let R(x) =.ﬁ. Thenh(x) = tgx, g(x) = —1, u(x,0) = ﬁ = Cosx,
u(x, p) = COSpx — ips'n%, > =p?+1. If T € (@, W), thenu(x, 0) hasp
zerosx; = &0 i = T1p.

Theorem 1. Let R(x) € B,. Then:
(i) the characteristic function(p) is entire inp, and the following representation holds
T

A(,o):e’ipT +/ n(t)e’ip’ dr n(t) € AC[-T,T], n'(t) € Lo(=T,T),n (=T) =0
-T
(12)
wheren(¢) is a real function, and
17 LC0 N Y
n(T)—E/O q(t)dt__7+§/(; he(t) dt

(ii) for real p, A(p) has no zeros. For Im > 0, A(p) has at most a finite number of
simple zeros of the formp; =it;, 7; >0, j =1 m,m > 0;
(iii) the function A(p) has no zeros for Imp > 0 if and only if R(x) € Bo.
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Proof.
(1) It is well known (see [9]) thak (x, p) has the form

u(x, p) = e °x +[ K (x,)e """ dr

whereK (x, t) is a real, absolutely continuous functidki, (7', ¢t) € Lo(—T, T), K(x, —x) =
0, K (x,x) = 1 [ q(t) dr. Moreover,

u(x, p) =u(x, —p) (13)
(u(x, /0)3 u(x, _10)> = 2'10 (14)

where(y, z) := yz’ — y'z. Hence we arrive at (12), wherigt) = K (T, 1).

(2) It follows from (13) that for reap, A(p) = A(—p), and consequently, in view of
(14), for realp # 0, A(p) has no zeros. By virtue of lemma A(0) # 0. Further, denote
M, ={p:Imp > 0}. Letp =k +it € I1, be a zero ofA(p). Since

—u" + q(x)u = pu — ' +q)u = pu
we get

T
(- /32>/0 P dv = |2 (. @) = —i(p + )

which is possible only ik = 0. Hence, all zeros ofA(p) in I1.. are pure imaginary, and
by virtue of (12), the number of zeros i, is finite.

(3) Let us show that i1 all zeros of A(p) are simple. Suppose that for a certain
p=it,7 >0, A(p) = A(p) =0, whereA(p) = %A(p). Denoteu; = u. Then, by virtue
of (7),

—u] + q(x)ur = p°us + 2pu u1(0, p) =0 uy (0, p) = —i.
Consequently,

T T
pro u?(x, p dx =/O u(x, p)(—ui(x, p) + q(X)us(x, p) — p2us(x, p)) dx

= — o, u1) = i

Zt/ lu(x, p)l?dx = —1
0

which is impossible.

(4) If R(x) € Bg, then in view of (10 (x,0) > 0,x € [0, T']. Sinceu(0,it) =1, >0
andu(x,it) > 0,x € [0, T] for large 7, we getu(T,it) > 0 forall > 0, i.e. Ap) has no
zeros inTI,. The inverse assertion is proved similarly. O

In an analogous manner one can prove the following theorem.

Theorem 2. Let R(x) € B
(i) The functionsfi(p), f2(p) are entire inp, and have the form
T .
g1()e " dt
T

filo) =T + /
g1(t) € AC[-T, T], g1(t) € Lo(~T,T), g1(~=T) =0 (15)

T .
Falp) = / e A go(t) € AC[=T, T1, gh(t) € La(=T, T), g2(—T) =0 (16)
-7
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whereg;(¢) are real, and

1 ’ 2 h .
a = / W, goT) =~ hi=h(T), (17)
0

(if)
f1(p) f1i(=p) — f2(p) f2(—p) = 1. (18)

(iii) For real p, fi(p) has no zeros. Iil,, fi(p) has a finite number of simple zeros
of the formpj = irj*, rj* >0,j=1m* m*>0.

(iv) If R(x) € By, then fi(p) has no zeros il i.e.m* = 0.

We note that (18) follows from (14). Sincé(p) = f;(—p), we obtain from (18) that

a?(k) — ad(k) = 1. (19)
It follows from (9), (15), (16) and (19) that
h?  w(k) h? o)
) (20)
=t a® k| > oo
W= ret e
wherew (k), wi(k) € Lo(—00, 00).
Lemma 2. Denoteg; (1) = g;(t — T). Then
£ £
81(6) +fo g1 (g1t + 2T — &) dr =f0 82(1)g5(t + 2T — &) di§ € [0, 2T1]. (21)

Proof. Indeed, using (15) and (16), we calculate
2T

Fio) frl=p) = 1+ / GO o) fal—p) = /

27 )
Ga(&)ede (22)
T

whereG;(=§) = G;(§),
T
Gu(&) = gu(T — &) + /S 0ne—Od

&
G2(5) = /S g2(t)go(t — &) dt £>0.
-T
Substituting (22) into (18) we arrive at (21). O

Denote

q(T —x) 0<x«rT
px) = :o e T
and consider the equation
-+ px)y=»1y, x>0 (23)

on the half-line. Lek(x, p) be the lost solution of (23) such thatx, p) = € forx > T.
Denotes(p) = e(0, p). Clearly,

e(x, p) = €"Tu(T — x, p) 0<x<T 8(p) = €T A(p).
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Then
) 2T —x ) )
e(x,p)ze"’x+/ G(x,t)er dt 0<x<T e(x,p) =€ x>T
(24)

2r . )

8(p) = 1+f 0(t)e”" dr 6(t) € ACIO, 2T] 0'(r) € Lo(0, 2T) 0(2T) =0
0

(25)

where G(xT,t):K(T —x, T — t),Te(t) =nT —-—1t) = GO,1), Gx,2T — x) = 0,
0(0) =3 Jo PO, Gx,x) =3 [, p(€) .
Denote

0o -1
ajz (/ ez(x,pj)dx) >0 ijiTj 'Cj >O,j=1,_m.
0

Lemma 3.
i8(—p))
R Wk 26
%= S0 (20)

wheres(p) = %5@).

Proof. Since—e” + p(x)e = p2e and§(p;) = 0, we have

(0* = p}) /0 e(x, ple(x, py) dx = [F(e(x, p), e(x, p))) = =€ (0, p)8(p).

Which yields
€' (0, pj)8(p;)
Since{e(x, p), e(x, —p)) = 2ip, we get
8(=p)€'(0, pj) = 2ip;. (28)
Together with (27) it gives (26). O

3. Synthesis ofR(x) from the characteristic function A(p)

In this section we study the inverse problem of recovering the wave resisingerom

the givenA(p) in the classBy . This inverse problem has a unique solution. We provide
physical realization conditions, i.e. necessary and sufficient conditions on a furction

to be the characteristic function for a certatix) € B,. We also obtain three algorithms
for the solution of the inverse problem.

Denote s(p) = ‘Sgaf)’). For real p, s(p) is continuous and, by virtue of (25),

s(p) = 1+ O(%), lp] — oo. Consequently, I s(p) € Lo(—00,00). We introduce
the Fourier transform

1 [ .
Folt) = - / A= spn@” dp (29)
1—s5(p) = /oo Fo(t)e " dt. (30)
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Substituting (25) and (30) into the relatidip)s(p) = §(—p), we obtain the connection
betweenFy(r) andé (z):

2T
0(t) + Fo(t) +/ 0(s)Fo(t +s)ds =0 t>0 (31)
0

wheref(r) = 0 for ¢+ > 2T. Further, we consider the function

F(t) = Fo(t) + F1(t) (32)
where

Fi(t) = Zajéﬁf’. (33)

j=1

Since

2T m
Fi(t) +/ O(s)Fi(t +s)ds = Zaje"’f’é(pj) =0
0 j=t
we get by virtue of (31) that

2r
9(t)+F(t)+/ O()F({+s)ds=0 t>0. (34)
0

Calculating the integral (29) by Jordan’s lemma fore- 2T and using lemma 3 we
obtain

Fo(t) =i 2 Resl—s(p)e = —i Z 6;@?] =" i%é”f’ =-h®.
j= j=
Thus,
F(t)=0 t > 2T. (35)
Taking (35) into account we rewrite (34) as follows

2T
6(t) + F(t) +/ O(s —t)F(s)ds = 0 t € (0, 27). (36)

In particular it yieldsF (1) € AC[0, 2T], F'(t) € L(0,2T), F(2T) =0

We note that the functio () can be constructed from equation (36) which is usually
better than calculating'(¢) directly by (32), (33), (29).

Acting in the same way as in [9] one can obtain that

2T —t
G(x,t)—l—F(x,t)—i—/ F(t+5)G(x,s)ds =0 0<x<T, x<t<2T —x.

(37)
Equation (37) is called the Gel'fand-Levitan—Marchenko equation.
Now let us formulate physical realization conditions for the characteristic fungti@n.

Theorem 3. For a functionA(p) of the form (12) to be the characteristic function for a
certainR(x) € By, it is necessary and sufficient that all zeros/ofp) in I are simple,
have the formp; =it;,7; >0, j =1, m,m > 0, and

i5(—p;

o = M >0
8(pj)

R(x) € By if and only if A(p) has no zeros ifil,, i.e.m = 0. The specification of the
characteristic functiom\(p) uniquely determine (x).
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Proof. The necessity part of theorem 1 was proved above. We prove the sufficiency. Put
8(p) = €°T A(p). Then (25) holds, wheré(r) = n(T —t). Since for each fixed > 0, the
homogeneous integral equation

w(t) + /OO F(t+s)w(s)ds =0 t>x (38)

has only the trivial solution (see [9]), then equation (37) has a unique solGtions). The
function G(x, ) is absolutely continuous; (x, 2T — x) = 0 and %G(x,x) € L0, 7).
We construct the functioa(x, p) by (24).

Let us show that(0, p) = §(p). Indeed, it follows from (24) and (25) that

2T
e(0, p) — 8(p) = / (G(0.1) — 0(1))€"" . (39)
0
By virtue of (36) and (37),
2T —t
(G, 1) —9(t))+/ (G(0,s) —0(s))F(t +s)ds = 0.
0

In view of (35), it gives us that the functiom(¢) := G(0, t) — 6(¢) satisfies (38) for = 0.
HenceG (0, 1) = 6(¢t), and according to (39%(0, p) = 8(p).

Put p(x) := —2%&0 y € [0, 7], and p(x) = O,x > T. It is easily shown that
—e"(x, p) + p(x)e(x, p) = p2e(x, p), x > 0. We construciR(x) by the formula
1
R(x) = ———— 40
(x) . 0) (40)

whereu(x, p) = e "*Te(T — x, p). Sincesd(0) # 0, we haveu (T, 0) # 0. It follows from
(40) thatR(x) € By, where O< x1 < --- < x, < T are zeros of«(x, 0). In particular,
if 8(p) has no zeros i, then, by virtue of theorem 1R(x) € By. The uniqueness of
recoveringR(x) from A(p) was proved for example in [18]. (]

Theorem 3 gives us the following algorithm for constructitig) from the characteristic
function A(p).

Algorithm 1. Let a functionA(p) satisfying the hypothesis of theorem 3 be given. Then:
(1) constructF (), t € (0, 2T) from the integral equation (36), wheé&r) = n(T — t),

or directly from (26), (29), (32), (33);
(2) find G(x, t) from the integral equation (37);
(3) calculateR(x) by

1
R(x) = ———
&)= 2T —n
Next we provide two other algorithms for the synthesis of the wave resistance from the
characteristic function, which sometimes may give advantage from the numerical point of
view.
Let S(x, A) be the solution of (23) under the conditioi€0, 1) = 0, §'(0, ) = 1. Then

2T —x
e(x) =1+ / G(x,t)dt. (412)

S(x, 2 = M+/ 0,2 g (42)
o 0 o
where Q(x,t) is a real, absolutely continuous functio@(x,0) = 0, Q(x,x) =

1[0 p@)dr.
Since(e(x, p), S(x, 1)) = 8(p) ands(p;) = 0, we get

e(x, p) = €0, p)Stx, 1) Aj=p} (43)
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and by virtue of (27) and (28),

-1 - 2

o 20;¢'(0, pj) 4ip;
.- S2(x. A dx) __chieC ) ] 0. (44
& (/o 0 A) 5o Sy O @

Taking into account the relations
8(pj) = €T A(p)), 8(—p)) = €T A(—pj)
we obtain from (44)
4ipjz
ACp)AG)
Consider the function

Z  COSpjx 2/°° < 1 )
a(x) = ; + — cospx | ——— — 1) dp. 45
,-;ﬂ’ I AN TN75 T A (43)

B =

10'

By virtue of (12),p(m —1) € L,(0, 00), and consequently(x) is absolutely continuous
anda’(x) € Lp. The kernelQ(x, t) from (42) satisfies the equation (see [10])

f(x,t)+Q(x,t)—i—/XQ(x,s)f(s,t)ds=O x>200<r<x (46)
0

where f(x,1) = %(a(x —1t) —a(x +1t)). The functionR(x) can be constructed by the
following algorithm.

Algorithm 2. Let A(p) be given. Then:
(1) constructa(x) by (45);
(2) find Q(x, r) from the integral equation (46);
(3) calculatep(x) := 2L Q(x, x);
(4) construct
1
e2(T — x)

wheree(x) is the solution of the Cauchy problepi = p(x)y, y(T) =1, y'(T) = 0.

R(x) =

Remark 2. We also can construd(x) using (6) and (8), namely,

R(x) = exp(2fx h(t) dt)
0

whereh(x) is the solution of the equation
h(x) = / h2(t)dt +20(T —x, T — x) — 2Q(T, T).
0
Remark 3. If R(x) € By, then

2 (™ 1
a(x) = ;/o COSpx <W — 1) d,O

and for constructing the solution of the inverse problem it is sufficient to spetify)| for
k> 0.

Now we provide an algorithm for the solution of the inverse problem which uses discrete
spectral characteristics.
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Let X, (x, 1), k = 1, 2 be solutions of (7) under the conditiois (0, 1) = X5(0, A) =
1, X7(0,2) = X»(0, 1) = 0. DenoteA(r) = X, (T, »). Clearly,

u(x, p) = X1(x, A) —ipXa(x, A), A(p) = A1(A) —ipAa(A)
and consequently

A A(— A(p) — A(—
Ay() = (o) +2 (=p) Ar(h) = (o) 2ip( p).

Let {u,}.>1 be the zeros oiA,(2), and

T
Vn ::f X%(x’ ,an)dx > 0.
0

It is easily shown that

d
Vo = (A1(un)) 7t <—Az(k)>
[A=ptn

dx
and
. 7n 1 (7 o, T3 o1
nTT 2n d o n= 555 3 nis n 0o.
# T+2nn/;q(§)$+n Y 2n2712+n3 {wn}, {wn1} € €2
(47)
We introduce the function
2 - T cos MnX anx
Alx) = — — cos ) 48
© T;( 2V thn T ) (48)

By virtue of (47),A(x) is absolutely continuous, amdf (x) € L,. It is known (see [9]) that

sinpx sinpt

Xo(x,A) = —— +/ D(x,1t) dr
1Y 0

where D(x,t) is a real, absolutely continuous function, aitx,0) = 0, D(x,x) =
%f; q(t)dt. The functionD(x, t) satisfies the equation (see [10])

X
D(x,t)+B(x,t)+/ D(x,s)B(s,t)ds =0 0<x<T,0<t<x (49)
0

whereB(x, t) = %(A(x —1) — A(x +1)). The functionR(x) can be constructed from the
discrete datdu,, y.}.>1 by the the following algorithm.

Algorithm 3. Let {i,, yx}x>1 be given. Then
(1) ConstructA(x) by (48).
(2) Find D(x, r) from the integral equation (49).
(3) Calculateg (x) := 29240,
(4) ConstructR(x) := ——, whereu(x) is the solution of the Cauchy problem

uZ(x) ’

u" = qx)u u@ =1 u'(0)=0
or by

R(x) = exp<2/xh(t) dt) h(x) = /Xhz(t) dr — 2D(x, x).
0 0
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4. Reconstruction of the transmission coefficients from their moduli

Lemma 4. Suppose that a functiop(p) is regular in 1:[+, has no zeros ifdl,, and for
lpl = 00, p € I, y(p) = 1+0(%)- Lety (k) = |y(k)|e"#®, k = Rep. Then

1)
ﬁ(k)-;/_oo e

In (50) (and everywhere below) the integral is understood in the principal value sense.

dk. (50)

Proof. First we suppose that(k) # O for realk. By Cauchy’s theorem, taking into account
the hypothesis of the lemma, we obtain

1 [ Iny@)
271 Jo,. E—k

whereC, . is the closed contour (with anticlockwise circuit) consisting of the semicircles
C,={:5=r€% ¢oel0,n]},Te ={£:&—k =¢€€% ¢ €[0,n]} and the intervals
& e[—rr]\ [k — €, k + €] of the real axis. Since

lim f lny(é)dgz—%lny(k)
T

ds =0 (51)

eeOﬁ . E—k
1 [ Iny®
Mmoo o E—k d =0
we get from (51) that
_ 1 [Fny®
Iny(k)_ni /_w py? dt.

Separating here real and imaginary parts, we arrive at (50).
Suppose now that for real, the functiony (p) has one zergy, = 0 of multiplicity s
(the general case is treated in the same way). Denote

7(0) = ¥ (p) (p’;“)X e>0 k) =7k)e V.
Then

Bk) = Bk) + s arctg%. (52)
For the functiony (p), (50) has been proved. Hence, (52) takes the form

L1 cnp@l s [ ha+g)
’3(’“)_;/,@ E & d“ZLO E &

Whene — 0, it gives us (50). (]

dé +s arctg%

Lemma 5. Suppose that a functioy(p) is regular inTl,, y(—p) = y(p), and for

lpl = 00, p € My, y(p) = 1+ O(2). Lety(k) = ly(k)le™#®, and letp;, = k; + i,
1 > 0, j = 1,5 be zeros ofy(p) in I;. Then

L1 Injy @)
ﬂ(k)—;/_oo "

]

k—k;

d& +2 " arctg (53)
=
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Proof. Sincey(—p) = y(p), the zeros ofy(p) in 1, are symmetrical with respect to the
imaginary axis. Ifp; =it;, r; > 0, then
k+ pj
k— Pj
If pj = kj + i‘L’j, kj > 0, T > 0, then

(k+ pj)(k — p;j)
— - —2arct + 2 arct
& — o+ 7)) s % +k,

arg

=2 arctgzj. (54)

arg (55)

Denote

V(p)—y(p)]_[p+p’-
j=1P P

The functiony (p) satisfies the hypothesis of lemma 4. Then using (50), (54) and (55) we
arrive at (53). O

Using lemma 5 one can construct the transmission coefficients from their moduli and
information about their zeros ifl,. For definiteness we confine ourselves to the case
h #0.

Theorem 4. Let

fl(k) = g (k)e"® (56)
and Ietpj =itf, 17 >0,j= 1,m be zeros offi(p) in 1. Then
3 In oy (£)
81(k) = kT + —/oo Pk dé +ZZarctg— (57)

In particular, if R(x) € By, then

Su(k) = KT + % /°° Inai(§)

Bl (58)

Proof. Denotey (p) = €*7 fi(p). If follows from (15) that
T
y(p) =1+ / g€’ dr
-T

and consequentlyy(—p) = y(p), and for|p| — oo, p € I, y(p) = 1+ O(%).
Thus, the functiony (p) satisfies the hypothesis of lemma 5. Using (53) and the relations
ly (k)] = a1 (k), 81(k) = B(k) + kT, we arrive at (57) . O

Similarly we prove the following theorem.
Theorem 5. Let
fa(k) = az(kye® (59)

and Iet,of = kf + irf, rjo >0,j=1,m be zeros offa(p) in I,. Then

0

|2§0!2(§)| o 7]
Sa(k) = —S|gn( ) +kT + = / —h T2 de 4+ Z;amtgk——k})' (60)
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In particular, if f2(p) has no zeros ifl,, then

00 2
Sa(k) = —S|gn( )+kT+—/ In' a2(§)| dt. (61)

Thus, the specification af; (k) uniquely determmes the transmission coefficients only
when they have no zeros Ifi,.. In particular, for the clasBg, f1(p) is uniquely determined
by its modulus, and all possible transmission coefficigiatg) can be constructed by means
of solving the integral equation (21).

5. Symmetrical case
The wave resistance is called symmetricaRifT — x) = R(x). For the symmetrical case
the transmission coefficienk (k) is uniquely determined (up to the sign) from its modulus.

Theorem 6. For the wave resistance to be symmetrical it is necessary and sufficient that
Re f2(k) = 0. At that, f2(k) = — f2(—k), g2(¢) = —g2(—1), and

T
fa(k) = —Zi/ g2(1) sinkt dr.
0

Proof. According to (9) and (5),

1 .
folp) = ﬂ(u’(T, p) +ipu(T, p) + hu(T, p)).

Sinceu(x, p) = X1(x, A) —ipXo(x, A), we calculate
Refo(k) = 2(X1(T, 2) — X5(T, 1) — hXo(T, 1)). (62)

If R(x) = R(T — x), then it follows from (6) and (8) thak(x) = —h(T — x), g(x) =
q(T — x), and consequently = 0, X,(T, 1) = X'Z(T, A) (see [19)]), i.e. Reh(k) =0
Conversely, if Refa(k) = 0, then (62) gives us

X1(T, 1) — Xo(T, &) — hXo(T, 1) = 0. (63)

Since fork — oo,

5. SinkT 1 ) 1
Xo(T, k%) = 3 + O(ﬁ X1(T,A) — X, (T, 1) =0 2
we obtain from (63) that = 0, X1(T, 1) = X’2(T, A). Consequentlyg(x) = g(T — x)
(see [19]). Similarly one can prove thatx) = ¢(T — x). Henceh(x) = —h(T — x), and
R(x) = R(T — x).

Further, it follows from (16) that

T T
Re f>(k) =/ go(t) coskr dr Im fo(k) = —/ go(2) sinkt dt.

T T
For the symmetrical case Re(k) = 0, and consequently,(t) = —g>(—t). Then

T
Fak) = iIm fok) = —2i /O qnsinkide  fa(—k) = — fo(k).

Thus, f>(k) can be constructed (up to the sign) by the formulaefRe) =
M fo(k)| = az(k), fa(k) = — fo(—k).
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6. Synthesis of the wave resistance from the power reflection coefficient

In this section, using results obtained above, we provide a procedure for constrR¢ting
from the given power reflection coefficient(k). For definiteness we confine ourselves
to the caser # 0. Leto(k)(0 < o(k) < 1, o(k) = o(—k)) be given. Our scheme of
calculation is as follows.

Step 1 Calculatex; (k) andax(k) by the formula

@d(k) = 14 ad(k) = (64)

1—ok)
Step 2 Constructfi(k) by (56), (57) or forR(x) € By by (56), (58). Findg,(¢z) from
the relation

T
/ gune ™ dr = fi(k) — et
-T

Step 3 Constructf,(k) by (59), (60) or, if f2(p) has no zeros ifdl,, by (59), (61).
Find g,(¢) from the relation

T .
/gmwmwzﬁw.
-T

We note thatg,(¢) can be constructed also from the integral equation (21). In this case
f2(k) is calculated by (16).

Step 4 Calculaten(r) = g1(t) + g2(t) and A(p) by (12).

Step 5 ConstructR(x) using one of the algorithms 1-3.

Remark 4. In some concrete algorithms it is not necessary to make all the calculations
mentioned above. For example, IRtx) € By, and let us use algorithm 2. Then it is not
necessary to calculaig (¢), g2(¢) andn(z¢), since we need onlyA (k)|.

Now we consider a concrete algorithm which realizes this scheme. For simplicity, we
consider the cas®(x) € By.
Forr € [0, T] we consider the functions

@i (1) =gj(t) + gj(—1) Vi) = gj(t) — gj(—1) j=12 (65)

@) =n@)+n(=1) V(1) =n) —n(=t). (66)
Sincen(t) = g1(t) + g2(t), we get
V() = 1(t) + @2(1) V() = Ya(0) + P2(t). (67)
Solving (65) and (66) with respect 9 (r) andn(¢) we obtain
30 () + ;1) t>0 30 + ¥ (1) t>0
8j (1) = 1 77(1‘) = 1
5(pi(=1) — ¢ (1)) t<0 (=) + ¥ (=1)) t <0.
(68)
It follows from (17) and (65) that
h
0i(T) = ¢91(T) = —wy 02(T) = Y2o(T) = 3 V1(0) = ¢2(0) =0 (69)
where

T
lm==—%A 12(€) .
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By virtue of lemma 3,
Sfi(k) = (coskT + Ci(k)) — i(SINKT + S1(k))

fak) = Calk) — iS2(k) (70)
A(k) = (coskT + C(k)) —i(SinkT + S(k))

where

T T
C;(k) =/ @;(t) coskt dt S; (k) =f Y;(¢) sinke dt (71)
0 0

T T
C(k) =f @(t) coskt dr S(k) =/ Y () sinkt dt. (72)
0 0

Using (69) and (71) we obtain the following asymptotic formulae @ptk) and S; (k)
ask — oo:

SinkT  w(k) hsinkT  w(k
Ci(k) = —ws k % Ca(k) = >k T)
. (73)
S1(k) = coskT " w (k) Sx(k) = hcoskT  w(k)
o=y k 2 =% k

Here and below, one and the same symb@) denotes various functions frofp(—oo, co).
Comparing (70) with the relationg; (k) = «; (k)e~%®, we derive

C1(k) = ay(k) cossdi(k) — coskT S1(k) = aq(k) sindy (k) — sinkT (74)
Ca(k) = az(k) cossy (k) Sa2(k) = az(k) sinda(k). (75)
To calculate the arguments of the transmission coefficients we use (58) and (61), i.e.
S1(k) = kT +81(k)  Salk) = %w FkT +8,() k>0 (76)
wherew = signh,
< _ 1 [ Inaé)
o = [ B (77)
~ 1 (*®Ina 2
Bath) = = / 1020 g ) = ’ﬁaz<s>’ : (78)
) o E—k h
It follows from (73)—(75) and (20) that fot — +o0
8,(k) = kT + % # 8,(k) = %w KT + 0 k). (79)

Substituting (76) into (74) and (75), we calculate for 0
C1(k) = coskT (a1 (k) cossi(k) — 1) — sinkT (cea (k) Sindy (k))

Sy(k) = sinkT (a1 (k) cosby (k) — 1) + coskT (e (k) Sindy (k)) (60)
Co(k) = —az(k)w(sinkT co~s£§2(k) + coskT si~n£§2(k)) 61)
So(k) = ax(k)w(coskT cosd,(k) — SinkT sindy(k)).
Further, consider the functions
@1(t) = a(t) + w1 Vi) = Yu(t) + w
(82)

N~ N~

N =

h
@5 (1) = (1) + 5 Y (1) = Pa(t) +
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Then in view of (69),

gD =y () =y; O =0  j=12 (83)
Denote
T T
C;“(k) = f gp;*(t) coskt dr S;‘(k) = / 1/;}“(:) sinkt dr. (84)
' 0o ‘ 0
Integrating the integrals in (84) by parts and taking (83) into account, we obtain
. r . sinkT . r ., _coskt
Ci (k) = —/0 ¢ (= —d S7 (k) :/O vy (0 —— dr. (85)
Clearly,
sinkT coskT  sinkT
Ci(k) = Ci(k) — w1 S1(k) = S7(k) + w1 (T - T—k2> (86)
h sinkT h (coskT  sinkT
__ — QO _ _ " 7
Calh) = C5(k) — 5= Sak) = S50 + - ( . e ) (87)

Now let the power reflection coefficient(k)(0 < o (k) < 1, o (k) = o(—k)) be given
for |k] < B, and put

2
4k? + h?
whereB > |k| is chosen sufficiently large, such that (see (200)) is sufficiently accurate
for |k| > B.

Using (64) we calculate; (k) anday (k). Thena?(k) —a3(k) = 1, a;(k) = aj(—k) > 0,
and

o(k) = k| > B (88)

2 2

h h
a?(k)y =1+ e a5 (k) = yTE; k| > B. (89)

In order to calculaté; (k) we use (77). First lefk| > B + x, x > 0. In view of (89),
equality (77) takes the form

B lnal(g) / |n(1+ 452)
S1(k d
b = / p ok ST o, ek ®
Since

R G-
2r |€|>B §—k 2r =1 J 4 |€|>B £21(€ — k)

1 &yt rry 1/ 1 1\ %= 1
=2 J (Z) /|s|>3{ﬁ<s—k_§>_;W}d§
we get

B nay &) 1 2B h?
S1(k) = [B dg+Z| < k_B>|n<1+@>

E—k

1 & _1)j h2\’ I 1 1

- - - . 90
+7-[ Z 1 ( 4 ) l;) (21 _ 2/" _ 1)32/—2u71k2u+1 ( )
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Using the relation

_/B |n0l1(§)
g &k

Elnay(§)
=—— I d
/ na@E+ fg KE—h)
we separate in (90) the terms of orde‘rkll e

~ w ~
Bi(k) = 71 +850
where

S P Enai®) 1 2B h?

a2
(_1)j h2 Jj-1 1
+n ]; ; <4 MZ .

—1 (2j — 21 — 1)B%i—2n—1f2u+1

1]
——f In oy (§) dg + = Z( )

. < U
T 432 2j—1
It is easy to show that

Qk QI
161 ()| < 2
where

B
Q= +X

+ o
Now let |k| < B + x. In this case we rewrite (77) in the form

5u(k) = /"O INa1(& + k) —Inay (& —k) ot
7 Jo &
> 2B + x. Since

h? h?
'”(”@)‘— S

4g2| =

2
/ slnal(s>ds+—ln (1+ 27B> h

Taker

/’14
3264

we get

1 ®Ina(E +k) —Ina(§ —k)
s r

h2 1 1
£ dézgfr E(
where

_ 1 )ds+<k>
E+h2  (E—k? ¢

h4
k)| < .
le®)] 96rr(r — B — )3
Calculating this integral and substituting into (94), we obtain
In k) —In —k
5u(k) = / o1(§ +k) —Inay(§ — k) d
7 Jo §
+h2 LY (S T | I
s\ r—k k\R+k R—k))TF€
81(0)=0, k| <B+x, r=>2B+y .

(95)

dg

(94)

(91)

k| > B + x

(92)

(93)
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In order to calculaté,(k) we use (78). Letk| > B+ x, x > 0. According to (89) we
havea,(k) = 1 for |k| > B. Hence

o
5a(k) = = / IN&2(8) 4 &l > B + x. (96)
T _B g—k

For |k| < B + x it is more convenient to use another formula:

~ 1 ("Ina k) —Inay(& —k

5o(k) = _f a2(§ +k) az(§ )OI
7 Jo &

Let us calculatey; (1), ¢ (). By virtue of (84),
. 2N, (NN . N
i == HZ:; S; <?) sin—

. 1, 2, nm nw
i) = ZCiO+ = ;cj (?) cos" 1.

& k| < B+ x, r =2B + . (97)

(98)

According to (85), the series in (98) converge absolutely and uniformly. By virtue of
(80), (81), (86), (87), the coeﬁicien@k(%) andC;(%) can be calculated via the formulae

= w1 nmw
* — (—]" _ = —_ >
Si(k) = (=1) (al(k)3|n81(k) - ) k="Ton>1
; -~ h nmw
S5k) = (=1 (aatk)w cosda(k) — — k="" n>1
2k T " (09)
Ci(k) = (=1)"(a1(k) cosdy(k) — 1) + 80w T k= 7" >0
. hT
C30 = (<1 Mwsindok) + 60— k= % n>0

whereé,; is the Kronecker delta.

Using the formulae obtained above we arrive at the following numerical algorithm for
the solution of inverse problem 1.

Algorithm 4. Let the power reflection coefficient(k) be given forlk| < B, and takes (k)
according to (88) fottk| > B. Then:

(1) constructy (k) andaz(k) by (64);

(2) find the numbeiw; by (93);

(3) calculates, (k), 8-(k) by (91), (92), (96) forlk| > B + x, and by (95), (97) for
k] < B+ x;

(4) constructy;(z), vi@) by (98), whereS; (*F), Cr("F) is defined by (99);

(5) find ¢; (1), ¥ (t) using (82);

(6) calculaten(z),t € [-T, T] by (67), (68);

(7) find F(t), 0 < t < 2T from the integral equation (36), wheé&t) = n(T — t);

(8) calculateG (x, 1) from the integral equation (37);

(9) constructrR(x), x € [0, T] via (41).

Remark 5. This algorithm is one of several possible numerical algorithms for the solution
of inverse problem 1. Using the obtained results one can construct various algorithms for
synthesizingR (x) from spectral characteristics.

Acknowledgment

The authors gratefully acknowledge support from the Volkswagen Foundation.



1150 G Freiling and V Yurko

References

(1]
(2]

(3]
(4]
(5]
(6]
(7]
(8]
(9]
[20]

(11]
(12]

(13]

(14]
(15]

(16]
(17]
(18]

(19]

Sveshnike A G and Il'inskii A S 1972 Design problems in electrodynami@ekl. Akad. Nauk04 1077-80

Tikhonravor A V 1982 The accuracy obtainable in principle when solving synthesis probfm¥ychisl.
Mat. Mat. Fiz.22 1421-33 (Engl. transl. 1982omput. Math. Math. Phy22 143-57)

Meshane V P and Feldstei A L 1980 Automatic Design of Directional Coupler@loscow: Sviaz) (in
Russian)

Litvinenko O N and SoshnikoV | 1964 The Theory of Heterogeneous Lines and their Applications in Radio
Engineering(Moscow: Radio) (in Russian)

Hurt N E 1989Phase Retrieval and Zero CrossiiDordrecht: Kluwer Academic)

Bates R H T andMcDonnel M J 1986 Image Restoration and Reconstructi@Xxford: Clarendon)

Hoendes B J 1975 On the solution of the phase retrieval problefath. Phys16 1719-25

Borg G 1946 Eine Umkehrung der Sturm-Liouvilleschen Eigenwertauf@ate Math.78 1-96

Marchenko V A 1977Sturm-Liouville Operators and their Applicatior{Kiev: Naukova Dumka) (Engl.
transl. 1986 (Basel: Birkduser))

Levitan B M 1984 Inverse Sturm-Liouville Problem®loscow: Nauka) (Engl. transl. 1987 (Utrecht: VNU
Science Press))

Poschel J and Trubowitz E 198iverse Spectral TheorfNew York: Academic)

McLaughlin 1986 Analytical methods for recovering coefficients in differential equations from spectral data
SIAM Rev2853-72

Freiling G and Yurko V 1997 Inverse problems for differential equations with turning pbin&se Problems
13 1247-63

Wasow W 1985Linear Turning Point TheoryBerlin: Springer)

McHugh J M 1971 An historical survey of ordinary linear differential equations with a large parameter and
turning pointsArch. Hist. Exact Sci7 277-324

Eberhard W, Freiling G and Schneider A 1994 Connection formulas for second-order differential equations
with a complex parameter and having an arbitrary number of turning pbiath. Nachr.165 205-29

Yurko V A 1997 On integral transforms connected with differential operators having singularities inside the
interval Integral Transforms and Special FunctioBs309-22

Yurko V A 1984 Boundary value problems with a parameter in the boundary condliendkad. Naukl9
398-409 (Engl. transl. 19880v. J. Contemp. Math. Andl9 62—73)

Yurko V A 1975 An inverse problem for second order differential operators with regular boundary conditions
Math. Zametkil8 569-76 (Engl. transl. 197®lath. Notes18 928-32)



