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Abstract

We present existence and uniqueness results for a hierar-
chical or Stackelberg equilibrium in a two player differ-
ential game with open loop information structure. There
is known a convexity condition ensuring existence of a
Stackelberg equilibrium which was derived by Simaan
and Cruz [15] . This condition applies to games with
a rather non-conflicting structure of their cost criteria.
By another approach we obtain new sufficient existence
conditions for an open loop equilibrium in feedback syn-
thesis in terms of solvability of two symmetric Riccati
differential equations and a coupled system of Riccati ma-
trix differential equations. The latter coupled system also
appears as a necessary condition. In case that the con-
vexity condition holds, both symmetric equations are of
standard type and admit globally a positive semidefinite
solution. But the conditions presented here also apply
to conflicting situations like zero-sum or nearly zero-sum
games. Then the corresponding Riccati differential equa-
tions may be of H∞-type.

1 Introduction

In non-cooperative game theory the concept of hierarchi-
cal or Stackelberg games is eminently important, as it
was pointed out for instance in [15] . Different hierar-
chical structures as well as different information patterns
have been investigated (see [13], [5], [14], [12], [16], [10],
[1]).
Further information on Stackelberg differential games
may also be found for instance in [2], [3], [4].
The purpose of this paper is to study a two player Stack-
elberg differential game under open loop information pat-
tern, where the performance criteria of the players are of
quadratic type and where a linear differential equation
describes the constraints to the state vector.
In the case of two players, which we consider here for
reasons of simplicity, we are given a differential equation

in a fixed time interval [t0, tf ]

ẋ = A(t)x + B1(t)u1 + B2(t)u2, x(t0) = x0, (1.1)

where x(t), x0 ∈ Rn, A(t) ∈ Rn×n, Bi(t) ∈ Rn×mi ,
ui(t) ∈ Rmi , i = 1, 2; and the performance criteria are

Ji =
1
2
xT (tf )Kifx(tf )+

+
1
2

tf∫
t0

(xT (t)Qi(t)x(t)+
2∑

j=1

uT
j (t)Rij(t)uj(t)) dt, i = 1, 2;

(1.2)
with the matrices Kif , Qi(t), Rij(t), 1 ≤ i, j ≤ 2, being
symmetric and of appropriate size. Throughout this pa-
per we assume that R−1

ii (t) exists for t ∈ [t0, tf ].
In order to apply the approach, as presented in [15],
x(t) has to be absolutely continuous, the controls ui ∈
Lmi

2 ([t0, tf ]), while the matrices A,Bi, Qi, Rij , 1 ≤ i, j ≤
2, can be considered continuous.
We also assume the player 2 to be the leader, i.e. he is
seeking a strategy u∗2(t), a function of time only in open
loop information structure, that he announces before the
game starts, knowing how the follower reacts to any of
his choices. The follower will then calculate his strategy
u∗1(t) also as a function of time only.
More formally, if we define the sets Γ1,Γ2 of admissible
controls for (1.1) and (1.2), i.e. sets of functions such that
(1.1) is solvable for each u1 ∈ Γ1 and u2 ∈ Γ2 and that
J1, J2 exists, respectively, then a Stackelberg equilibrium
is defined as follows:
The optimal reaction set of player 1 (the follower) to a
control u2 ∈ Γ2 is

R1(u2) = {γ ∈ Γ1 | J1(γ, u2) ≤ J1(u1, u2) for all u1 ∈ Γ1}.

If player 2 is leading then u∗2 ∈ Γ2 is called a Stackelberg
equilibrium for player 2 if for all u2 ∈ Γ2

supγ∈R1(u∗2)J2(γ, u∗2) ≤ supγ∈R1(u2)J2(γ, u2).

Then
u∗1 ∈ R1(u∗2)

is an optimal Stackelberg strategy for the follower.
From [15],page 545, Proposition 4.2, we cite



Theorem 1.1 In the differential game, as given by
(1.1), (1.2), let player 2 be the leader.
If the following convexity condition

(C)

 R11(t) > 0, R22(t) > 0, t ∈ [t0, tf ]
R21(t) ≥ 0, Q1(t) ≥ 0, Q2(t) ≥ 0, t ∈ [t0, tf ]
K1f ≥ 0,K2f ≥ 0

holds then there exists a unique open loop Stackel-
berg equilibrium u∗1, u

∗
2 in the set of admissible controls

Lm1
2 ([t0, tf ]), Lm2

2 ([t0, tf ]), respectively.

2 Existence of Stackelberg equilibria

To our knowledge the Hilbert space method - as applied
in [15] - was so far the sole method to obtain existence
conditions for a Stackelberg equilibrium. The convexity
condition (C) in Theorem 1.1 is seen to be sufficient for
existence. In [15] there is also obtained a general nec-
essary and sufficient condition for existence in terms of
invertibility of an operator in Hilbert space, but this con-
dition cannot be applied directly.
In linear quadratic problems there exists also another ap-
proach using a value function which can be obtained by
an appropriate guess.
This leads to sufficient conditions that turn out to be
more general than (C) but are restricted to feedback con-
trols.
For Nash games a similar approach is nicely presented in
the papers [6],[7], [11].

Theorem 2.1 Let the solution of the Riccati Differential
equation

Ė1 = −E1A−AT E1 −Q1 + E1S1E1, E1(tf ) = K1f ,
(2.1)

with S1 = B1R
−1
11 BT

1 , exist on [t0, tf ].
For any given admissible open loop control u2 of the
leader define e1(t), d1(t) by

ė1 = E1S1e1 −AT e1 − 2E1B2u2, e1(tf ) = 0 (2.2)

ḋ1 = −uT
2 R12u2 − eT

1 B2u2 +
1
4
eT
1 S1e1, d1(tf ) = 0.

(2.3)
Then the following identity holds:

2 J1(u1, u2) = xT
0 E1(t0)x0 + xT

0 e1(t0) + d1(t0)+

+

tf∫
t0

||z1(t)||2R11
dt, (2.4)

where ||z1(t)||2R11
= zT

1 (t)R11z1(t) and

z1(t) = u1 + R−1
11 BT

1 (E1x +
1
2
e1)

with x a solution of (1.1).

Proof: We try a “quadratic” guess for the value func-
tion, i.e. we start with

d
dt (x

T E1x + xT e1 + d1) = 2xT E1(Ax + B1u1 + B2u2)+
xT Ė1x + eT

1 (Ax + B1u1 + B2u2) + xT ė1 + ḋ1 =
= xT [E1A + AT E1 + Ė1 + Q1 − E1S1E1]x− xT Q1x−
uT

1 R11u1 − uT
2 R12u2 + xT [ė1 + AT e1 − E1S1e1+

2E1B2u2] + ḋ1 + uT
2 R12u2 − 1

4eT
1 S1e1 + eT

1 B2u2 + ||z1(t)||2R11

= −[xT Q1x + uT
1 R11u1 + uT

2 R12u2] + ||z1(t)||2R11
.

Integrating this identity from t0 to tf and observing (2.1),
(2.2) and (2.3) yields together with (1.2) the result in
(2.4). 2

From (2.4) we now infer that for any fixed u2

J1(u1, u2) ≥
1
2
(xT

0 E1(t0)x0 + xT
0 e1(t0) + d1(t0)),

hence, the minimal costs are attained if and only if
z1(t) ≡ 0.
With this remark we obtain:

Theorem 2.2 Let the solution E1 of (2.1) exist on
[t0, tf ]. Then the unique response of the follower to the
leaders open loop strategy u2 is given by

u1(t) = −R−1
11 (t)BT

1 (t)(E1(t)x(t) +
1
2
e1(t)), (2.5)

where e1 is a solution of (2.2) and x(t) is a solution of

ẋ = (A− S1E1)x−
1
2
S1e1 + B2u2, x(t0) = x0. (2.6)

The corresponding minimal costs then are

J10(u2) :=
1
2
(xT

0 E1(t0)x0 + xT
0 e1(t0) + d1(t0)). (2.7)

In open loop Stackelberg games now the leader (i.e.
player 2) tries to find an optimal open loop control u2

in order to minimize J2(u1(u2), u2) while u1(u2) is de-
fined by (2.5).

Theorem 2.3 Let the solution of the Riccati differential
equations (2.1) and the solution of

Ė2 = −E2H −HT E2 −Q + E2SE2,

E2(tf ) =
(

K2f 0
0 0

)
(2.8)

exist in [t0, tf ], where

H =
(

A −S1

−Q1 −AT

)
, Q =

(
Q2 0
0 S21

)
,

S =
(

S2 0
0 0

)
.

S21 = B1R
−1
11 R21R

−1
11 BT

1 , S2 = B2R
−1
22 BT

2 .

(2.9)



For any given admissible control u2 of the leader de-
fine the functions e2(t) ∈ R2n, v1(t), x(t) ∈ Rn and
d2(t) ∈ R in [t0, tf ] by the following initial or terminal
value problems:

ė2 = (−HT + E2S)e2, e2(tf ) = 0, (2.10)

ḋ2 =
1
4
eT
2 Se2, d2(tf ) = 0, (2.11)

v̇1 = −Q1x−AT v1, v1(t0) = v10, (2.12)

ẋ = Ax− S1v1 + B2u2, x(t0) = x0. (2.13)

Then we obtain with

u1 = −R−1
11 BT

1 v1 (2.14)

the following identity:

2J2(u1, u2) = (xT
0 , v10)E2(t0)

(
x0

v10

)
+

+(xT
0 , v10)e2(t0) + d2(t0) +

tf∫
t0

||z2(t)||2R22
dt, (2.15)

where

z2 = u2 + (R−1
22 BT

2 , 0m2×n)(E2y +
1
2
e2) (2.16)

with y =
(

x
v1

)
and 0m2×n the m2 × n-dimensional zero

matrix.

The proof of this theorem is similar to the proof of The-
orem 2.1 and will be presented in a forthcoming paper.

Remark 2.4 Notice that in the term

J20 = (xT
0 , vT

10)E2(t0)
(

x0

v10

)
+ (xT

0 , vT
10)e2(t0) + d2(t0),

(2.17)
x0, E2(t0), e2(t0), d2(t0), do not depend on the choice of
u2. In view of (2.5), (2.10) and (2.14) we later have to
choose v1(tf ) = K1fx(tf ) and this fixes v10 uniquely but
then depending on u2.

In order to derive from Theorems 2.2, 2.3 sufficient con-
ditions for the existence of a unique Stackelberg equi-
librium we must get rid of the u2-dependence of v10 in
(2.15). Therefore we propose to restrict the set of admis-
sible controls to functions representable in linear feedback
form, i.e. ui = Li(t)x(t), i = 1, 2, where Li denotes some
linear operator.

Theorem 2.5 Let the solutions E1(t) ∈ Rn×n, E2(t) ∈
R2n×2n of (2.1) and (2.8) exist in [t0, tf ], respectively.
Let, furthermore, the coupled system

K̇1 = −AT K1 −K1A−Q1 + K1S1K1 + K1S2K2,
K1(tf ) = K1f

K̇2 = −AT K2 −K2A−Q2 + Q1P + K2S1K1+
K2S2K2, K2(tf ) = K2f

Ṗ = AP − PA + PS1K1 + PS2K2 + S1K2 − S21K1,
P (tf ) = 0

(2.18)
admit a solution in [t0, tf ].
Then there exists a unique open loop Stackelberg equilib-
rium in feedback synthesis which is given by

u∗1(t) = −R−1
11 (t)BT

1 (t)K1(t)x(t),
u∗2(t) = −R−1

22 (t)BT
2 (t)K2(t)x(t),

(2.19)

where x is a solution of the closed loop equation

ẋ = (A− S1K1 − S2K2)x, x(t0) = x0. (2.20)

The minimal costs for the follower then are J10(u∗2) as
given in (2.7), together with (2.1),(2.2) and (2.3). The
costs for the leader are

J20(u∗1, u
∗
2) = 1

2 (xT
0 (In,KT

1 (t0))E2(t0)
(

In

K1(t0)

)
x0

+ eT
2 (t0)

(
In

K1(t0)

)
x0 + d2(t0)),

(2.21)
where e2(t0), d2(t0) are determined by (2.10), (2.11).

The proof makes use of Theorems 2.2, 2.3 and the as-
sumption that all admissible open loop controls can be
represented by a feedback law. We also will present this
proof in a forthcoming paper.

Here we first point out that from condition (C) in
Theorem 1.1 it follows that S1, S,Q1, Q and K1f =
E1(tf ), E2(tf ) are all positive semidefinite. Therefore,
if the convexity condition (C) holds, by well known re-
sults on standard Riccati matrix differential equations,
we then obtain global solvability of equations (2.1) and
(2.8) in (−∞, tf ].

There remains the question about direct criteria for solv-
ability of the Riccati matrix differential equations (2.1),
(2.8) if (C) is not fulfilled and also for the coupled system
(2.18).
Before stating a result in that direction let us remark that
the coupled system in (2.18) also can be written as a sin-
gle, nonsymmetric, Riccati matrix differential equation.



We obtain instead of (2.18)

d
dt

 K1

K2

P

 = −

 Q1

Q2

0


−

 AT 0 0
0 AT −Q1

S21 −S1 −A

  K1

K2

P

−

 K1

K2

P

 A

+

 K1

K2

P

 (S1, S2, 0)

 K1

K2

P

 ,

 K1

K2

P

 (tf ) =

 K1f

K2f

0

 .

(2.22)
All these Riccati matrix differential equations (2.1), (2.8)
and (2.22), now are of the (generally nonsymmetric) type

Ẇ = B21(t) + B22(t)W −WB11(t)−WB12(t)W,
W (t0) = W0,

(RDE)
where W (t) is a m× n matrix and the coefficients are of
appropriate size and smothness In [9] (see also [8]) there
are proved several global existence results for (RDE). We
cite the following:

Theorem 2.6 Let B11, B12, B21, B22 be piecewise con-
tinuous and locally integrable on (−∞, T ]. If for some
matrices C ∈ Cn×n, with C∗ = C, D ∈ Cn×m, and

L =
(

CB11 + DB21 CB12 + B∗11D + DB22

0 B∗12D

)
(2.23)

holds
L(t) + L∗(t) ≤ 0, (2.24)

for all t ≤ t0(≤ T ) and if

C + DW0 + W ∗
0 D∗ > 0, (2.25)

for some W0 ∈ Cm×n, then the solution W (t, W0) of
(RDE) with W (t0,W0) = W0 exists for all t ≤ t0.
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