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1 Introduction and problem statement

One of the most remarkable properties of the (matrix) Riccati differential equation (RDE)

~X = AT()X + XA(t) — XS()X + Q(t), X(to) = Xo,



where A(t), S(t) = ST(t), Q(t) = QT(t) and X, = XI € R**" is the following:
Its solutions are monotonic with respect to both initial value Xy and input data matrix
Q AT

=1, s

(1)-

Stokes [?] proved the striking fact that RDE is, for n > 1, the only (matrix) differential
equation X = O(t,X), X(to) = Xo possessing the so-called order-preserving property,
i.e. X depends monotonically on Xy. Notice also that under different assumptions the
monotonicity of X with respect to £ has been studied by many authors (see for instance

71, 171, [7], [?] and [7]).

Furthermore, various types of monotonicity results have been also obtained for both dif-

ferential and difference Riccati equations as well as for the algebraic Riccati equation in
both continuous and discrete versions (see [?], [?], [?], [?], [?], [?], [?], [?])-

The main purpose of the present paper is that of generalizing the aforementioned mono-
tonicity and comparison results to the case of the time-varying discrete Riccati equation
(TVDRE). A nice survey on TVDRE theory could be found in [?].

To this end a Fréchet derivative based approach combined with the bilateral shift algebra
has been proposed. Notice that in connection with the continuous-time algebraic Ric-
cati equation, the idea of using the Fréchet derivatives belongs to Delchamps who proved
the analyticity of the stabilizing solution with respect to the coefficients [?]. Further-
more, similar techniques are used in a forthcoming paper in order to prove and generalize
convexity results obtained in [?], [?], [?], [?] and [?].

In the sequel the following notation will be used. By Z, R” (C”) and R"*™ we de-
note the ring of integers, the real (complex) n—dimensional Euclidian space and the
set of n x m matrices with real entries. If M € R™*™ then M7 stands for its trans-
pose. By [, we denote the n x n unit matrix. The spectrum and the spectral ra-
dius of a linear bounded operator 7' on a Hilbert H space will be denoted by A(T)
and p(T'), respectively, and T will stands for the adjoint of 7. Further, if 7' is self-
adjoint, i.e. T = T then we shall term it coercive if there exists 1y > 0 such that
(Tx,z) > vo||z||* Vo € H. Here (,) and || || stand for the inner product and the associ-
ated norm on H, respectively. The coerciveness of T' will be denoted by T >> 0. Let £>™
be the Hilbert space of norm-square doubly infinite C™-valued sequences u = (uj)rez,

1
le. up € C™ and |Ju|; := (Zzoz_oo Huk||2)5 < oo is the *:-norm, here || || stands for
the usual Euclidian norm. If B = (By)pez with By € R**™, is any bounded matriz
sequence, that is, ||Bg|| < ¢o Vk € Z for some ¢ > 0 then B will be interpreted as a
linear bounded multiplication or block diagonal operator from £*>™ into £*>™. This means
that if v € £*™ then we shall adopt for it the doubly infinite column representation
u = col(ug)g>_., and the action of B on u, i.e. y := Bu will be explicitly described by
y = col(y)2_ . = mat(&jBi)fZ:_oo col(uj);";_oo = diag(B;)2__ col(u;)2 __ . Here §;;
stands for the Kronecker symbol. If B = mat(é}jBi),?;:_oo : (2™ — (*™ is a block diagonal
operator then we shall introduce the following four linear bounded operators from £>™ into

02" 0B = mat(6;;Biy1)5 c™'B = mat(6;;Bi—1) Bo = mat(d; j—1B;)

1,]=—00" 1,j=—00" 1,j=—00



and Bo™' = mat(; j11B;)5° Let Ipn = diag(Ai)$2 A; = I,, be the identity

1,j=—00" t=—00)

operator on (>". Then Ipno and Ipno™! describe the action of the bilateral shift o

and its inverse o=! on (*" respectively. Thus if z € (*" then (Ipno)z = oz and
(Ipnot)z = o~z where (0%'7); 1= zp1. Let A = diag(A4;)2___ be a block diagonal

operator on £*". We shall say that A defines an exponentially stable evolution (anticausal
exponentially stable evolution) if p(Ac™") < 1 (p(Ac) < 1). If the above inequality is
relaxed to p(Ac™!) < 1 (p(Ac) < 1) then we shall say that A defines a semistable
(anticausal semistable) evolution. If A defines an exponentially stable evolution (anti-
causal exponentially stable evolution) then clearly the operator Ijzno — A (Ipno™' — A*)
is boundedly invertible on £*™. For more details concerning shift operator algebra, ex-
ponential stability (both causal and anticausal) in terms of the spectral radius see [?],
[?].

For any k € Z let K,ij_ (ﬁii) be the (closed) subspace of £*™ consisting of those sequences
with the support in [k, o0) ((—o0, k — 1]). Clearly £*" = Eii & Eii where @ denotes the
direct sum. Denote by Py, (Pj'_) the orthogonal projection of £>™ onto Ei’i (Ei”i) If
T is a linear bounded operator from ¢*" into (*>™ then for any k& € Z, T} := PmTP?,
is called the Toeplitz operator associated with 7" at k. T is called causal (anticausal)
if Ty, = TP, (Th = P, T). Clearly if A = diag(A:)2_, - 2 — (?" defines an
exponentially stable evolution (anticausal exponentially stable evolution) then A is causal
(anticausal).

Let B; and By be two Banach spaces and let L£(By,B;) be the Banach space of the
linear bounded operators from By to By. Let T': M — T'(M) be any function from B,
to By where M ranges the domain D C By, and let P € D. We shall say that T is
Fréchet differentiable (with respect to M) in P if there exists T (P) € L(Bi,B2) such
that lim.,o [T(P 4+ eN) — T(P)]/e — Tm(P)(N) uniformly with respect to all N € B;.
Twm(P)(+) is called the Fréchet derivative of T' (with respect to M) in P. If T' is Fréchet
differentiable in each point of the domain D C B then T is called Fréchet differentiable on
D. If Ty(+) : D C By — L(By,Bz) is Fréchet differentiable on D then T is called twicely
Fréchet differentiable on D and Tasar( P) denotes its second Fréchet derivative (in P). For
more details see [?].

The present paper is organized as follows. Section 1 has an introductory character. Section
2 deals with the evaluation of Fréchet derivatives for the TVDRE and local monotonicity
of any solution with respect to the input data. In Section 3 some global monotonicity and
comparison results are given. Some limiting cases are also studied in the context of the
perturbation of the nominal data. Section 4 deals with the global existence and mono-
tonicity of the semistabilizing solution with respect to the input data. Some conclusions
are given in Section 5.

Let us be now more specific concerning the topics in order. First introduce

G(E,X) = A0X(Ipn+ SoX)'A— X +Q (1.1)

where
Q A"
A =S

o (1.2)




is termed as the input data malriz sequence. Here A : (%™ — (2" B :(>™ — (2" Q :
2n — 27§ = BR™'B*, and R : (*™ — (*™ are block diagonal operalors, with R
boundedly invertible.

The TVDRE is now introduced by G(F, X) = 0, that is,
Ao X(Ipn +SoX)"A- X +Q =0, (1.3)

Recall that any global, bounded on Z and selfadjoint solution X to the TVDRE
(??) is called stabilizing (semistabilizing ) if Ipn + SoX has a bounded inverse and

Ay = (Ipn 4+ ScX) A (1.4)

defines an exponentially stable (semistable) evolution. In the subsequent sections we
shall investigate the local and global monotonicity of any selfadjoint solution X to the
TVDRE (??), existing on any interval [[,s] with [ > —oo, with respect to the input
data matrix sequence E and terminal condition X,. The results are derived under no
assumptions on the signature of S. Further, semipositive definiteness of S will be assumed
for establishing some comparison results and global monotonicity of the semistabilizing
solution. In the last case some existence conditions for the semistabilizing solution in
terms of the generalized Popov theory are implicitly given.

2 Fréchet derivatives and local monotonicity

We shall start with the following result.

Proposition 2.1. For each pair (£, X) with X = X* the following statements hold

1.
Gy(E, X)(AE) = N*(E, X)AEN(E, X) (2.1)
where
N(E, X) = l aX[Ad ] (2.2)

with Ay defined in (77) and

AQ (AA)
AE = - = (AE)". (2.3)
AA —AS
2.
Gx(E, X)(AX) = A50AX A,y — AX (2.4)

where AX = (AX)* .



Gxx(E, X)(AX,AZ) = —AYoAXPoAZ +0cAZPocAX]|A. (2.5)
with AX = (AX)*, AZ = (AZ)* and

P:=S(I+ O'XS)_l = P (2.6)

Proof. By elementary direct computations that use the definition of the Fréchet deriva-
tive. O

Theorem 2.2. Let the input data malriz sequence F together with any interval 1T =
[[,s] C Z be given. Assume that the TVDRE (??) has a selfadjoint solution X on 1.
Then X is locally monotonic with respect to both terminal condition X, and input data
sequence F.

Proof. We have G(F, X) =0 on L. In addition the Stein equation
Ao AX Ay —AX +W =0 (2.7)

has, for (AX), = (AX™), specified, and arbitrary free term W = W*, a unique solution
AX = AX* on I. Hence, according to (??), this means that the Fréchet derivative
Gx(F, X) is invertible. In addition both Gx and Gxx (see (??), (??)) are continuous
in (F,X).

Hence, according to the implicit function theorem, we can write

Gr(E, X)(AE) + Gx(E, X)(X(x..;) (X, E)(AZ,AE)) = 0, (2.8)

with the terminal condition
(Xx.,m) (X, E)(AZ,AER)), = AZ.
Using (??) and (?7?), (??) receives the explicit form

AEZJX(XS,E)(X& E)(AZ, AE)ACZ - X(XS,E)(st E)(AZ, AE)

+N*(E,X)AEN(E,X) =0 (2:9)

with
(X(XS’E)(XS, EYAZ,AE))s = AZ.

Since (??) has, for AZ > 0 and AF > 0, a unique positive semidefinite solution
Xix.5)(Xs, E)(AZ,AE) > 0 on I, the conclusion follows. O

Corollary 2.3. Let E be given and assume that the TVDRE (??) has a stabilizing
solution X. Then X is locally monotonic with respect to E.



Proof. The proof runs similarly like in Theorem 2.2 by ignoring the terminal condition
AZ of equations (??), (??) and by taking into account the additional key remark that,
since A, defines an exponentially stable evolution, (??) has a unique global and bounded
on Z solution (see for instance [12]). 0

Remark 2.4. (i) Theorem 2.2 and its proof suggest a new Fréchet derivative based proof
for well known monotonicity results (see for instance [?] and [?]) concerning the maximal
(stabilizing) solution of algebraic Riccati equations both in continuous and discrete time.
In the present paper we confine to TVDREs with real coefficients, however it is obvious
that the results obtained also hold in the case of complex coefficients.

(ii) In both statements of Theorem 2.2 and Corollary 2.3, the existence of the solution to
the TVDRE was preassumed. The following lemma which is a slight generalization of the
result given in [?] gives some sufficient conditions for the above mentioned existence.

Lemma 2.5. Assume Q >0 and R = Ipm. Then for any interval I = [I,s] C Z and any
terminal condition X, > 0 the TVDRE (??) has a solution X > 0 on L.
Proof. Rewrite (??) as

X=A0XAu+Q, Xi;=(0X)5-12>0 (2.10)

and, since [ + BX ;X;Bs;_1 > 0. i. e. I 4+ S,_1 X is nonsingular, the conclusion follows
trivially by induction. a

3 Global monotonicity and some comparison results

The main result of this section is stated in the subsequent theorem.

Theorem 3.1. Let I = [I,5] C Z be given. Let Ty =TT, Ty =TT € R™" with 'y < Ty,
and Fy, By with By < FEy be also given. If for all T and E given by I' = (1 — M)y + ALy
and £ = (1=A)E1+ A Fy with 0 < XA < 1, the TVDRE (??) has, for the terminal condition
X; =T, a solution X(I', E) on I then

X(Ty, EBy) < X(Ty, E). (3.1)

Proof. Using the mean value theorem one gets
X(Ta, By) — X(T1, Br) = Xem)(T, E) (T2 — Ty, By — Ey)) (3.2)

where T" and F are each on the segments [I'y, I'y] and [Fy, Fo], respectively. Since Al :=
Iy —T1 >0, AE := FE,— F; >0, one gets X g)(I', B)(AI', AE) > 0 as has been shown
in the proof of Theorem 2.2. Hence (?7) follows. O

6



Assume now for the rest of the paper that R = I2m, that s, S = BB*.
The two next theorems generalize to the time-varying case, those results obtained in [?].

Theorem 3.2. Let the data matriz sequence K be given. Assume that () > 0 and
FE = (Ep)rez is monotonically decreasing, i.e. F; < E; ¥i < j. If for some s € Z there
exists ' > 0 such that for the terminal condition X, = 1" we have X,_y < X, then the
TVDRE (??) has a monotonically decreasing positive semidefinite solution X = (Xj)i<s,
ie. 0< ... <X, <0< X, Here X,y = AT X, (I + S, 1 X)) P Ay 1 + Qoy. If
in addition limy_,_., By = E € R * then the TVDRE converges, for k — —oo, to the
discrete algebraic Riccati equation associated with F, i.e. to ZTY(I—I—E X)) TA-X+Q =
0, fulfilled by X = limj_,_., Xj.

Proof. According to Lemma 2.5 the solution X = (Xj)i<r<s exists for arbitraryl < s
and it is positive semidefinite, i.e. X3 > 0 for [ < k < s. Let us show by induction that
(X&)r<s i1s monotonically decreasing.

As X,_1 < X, we have to show that X;_; < X = X;p_o < Xj;_1. Assume temporarily
that X;_; > 0. Then we can write

X' > =X (3.3)

By combining the monotonicity of E with (??) one gets

_ AT _ AT
Qk 1 k-1 » > Qk 2 k—2 » . (3‘4)
Ap_y =Sk — X Ap_g —Sk—2 — X
As Sy >0 VE, (?7?) yields
I Wiy 1] Queey + AT ((Skey + X7 Ay 0 I 0 -
0 I | 0 ~Sp — X! wr, 1|~
I Wica | [ Queo + AT 5(Skeo + X)) M Ars 0 I 0 (35)
o I || 0 — Sk =X || W, T '

where W; := —A](S; + X ;)" fori =k — 2,k — 1. Let

[ Wiy I Wiy | [T Wiy
= . (3.6)
0 I 0 I 0 I

Since X;_y = AL (X7 4+ S;21)7 " A;_1 + Q; for i = k — 1, k, as directly follows from (?7),



(??) yields with (?7)

I Wi X1 0 r 0
0 I 0 —Sia—Xgt || wr, I

[ Xy — Wk—l(sk—l + XQI)W;CT_l _Wk—l(sk—l + Xi)
— (S + XYW, — 81 — X¢!

[ X, 0

>
0 —Sio— X7,

Therefore Xj,_ 1—Wk 1( Sk 1—|—Xk_1)ﬁ\/kT . > Xp—a. Since Sp_1+ X' > 0, we get eventually
Xi—1 2 Xp_o. If now the strict positiveness of Xj_; is not fulfilled, i.e. Xy_; > 0, let
Xi, = Xpy 4+ el and X; := X + el for e > 0. Let X;_, and X:_, be obtamed
recurrently from Xj and Xj_; via (??), respectively. Since clearly (??) updated with
X} and Xk . holds as well, we shall get as above X;_, > X:_,. Further, since both
limits of Xk , and X,C , exist for ¢ | 0 one gets finally X3y > Xjp_2. As X > 0,
X = limj_,_oo X; > 0 is well defined. Taking into account that lim;,_., F; = E, the last
part of the theorem follows trivially. O

A direct consequence of Theorem 3.2, which is essentially based on Theorem 3.1, is the
next result.

Theorem 3.3. Let ~
Q: Af
A, =S,

be two input data matriz sequences and let TVDRE1 and TVDRE? be the Riccati equations
associated with Fy and Fy, respectively. Assume that both sequences Fv = (Fik)rez
and Ey = (Fag)rez are monotonically decreasing, 0 < Q1 < Qak, Yk € Z, and
that in addition limy_,_ . E;; = B, € R 4 = 1,2. Assume thal for some s € 7
there exists I' > 0 such that of Xy = T then Xo5 1 < Xy = T where X3, =
A2T75_1X275(] + S2,5-1X2,5) P As_1 + Q25-1. If T is taken as a common terminal condition
at s € Z. for both TVDRE 1 and TVDRFE 2 then both TVDRE 1 and TVDRE 2 have the
solutions X1 = (X1x)r<s, X2 = (Xog)r<s, respectively with the following properties

E; = i=1,2, (3.8)

0 S Xl,k S XQJC \V/[{f S S, (39)

Xixd and Xop ] for k] —oco (k <s). (3.10)

Furthermore, TVDRE 1 and TVDRE 2 converge for k — oo to the discrete algebraic
Riceati equations ZTY (I+5, X, ) "A, - X1 +Q, =0 and Al s Xo(I4+52X,) VA, — Xy +
Q2 =0, each of them fulfilled by X1 = limp__oo X1 s X, = hmk_} 0o Xak, respectively.



Proof. Let £ = (1 —A)E1+ AFEz. As @ > 0 it follows from Lemma 2.5, that the TVDRE
associated with £ has a positive semidefinite solution X = (X})i<x<, for arbitrary [ < s.
Hence, by invoking Theorem 3.1, (??) follows. In particular

X1 £ Xo s <T, (3.11)

that is, all the conditions stated in Theorem 3.2 hold for both TVDREs. Furthermore
(??) as well as the remainder of the theorem are true. O

Remark 3.4. If we put in the context of the above theorem A; = Ay, By = B; and
AQ = Q2 — @, then the two TVDRESs can be written as X = A*¢ X(I + SoX)'A+ Q
and X = A*oc X (I + SoX)"A + Q; + AQ, respectively, that is, the second equation can
be seen as a perturbed form of the first one. In these circumstances Theorem 3.3 makes
explicit the asymptotic behaviour of the associated solutions. More specific results are
obtained in the time invariant case in [?] and for a modified Riccati difference equation

in [?].

4 Global monotonicity of the stabilizing solution

Let
Q

A

A*
g :| , with S = BB* (4.1)

be a bounded input data matrix sequence. If A defines an exponentially stable evolution
then
HE = [g2,m —I‘ B*(A* — [é2,n0'_1>_1Q(A — [({2,710')_1B = H*E' (42)

is a linear bounded selfadjoint operator form £2™ to £*™ and is called the Popov operator
associated with F (see [?], [?], [?], [?])-
Of major importance is the following result of the so-called generalized Popov theory (see

71, 170, 170, I2D)-

Theorem 4.1 Let £ as in (4.1) be given with A defining an exponentially stable evolution.
Then the following two statements are equivalent.

1. The TVDRE (??) associated with E has a stabilizing solution X and in addition
Ipm + B*c X B >> 0.

2. llg >> 0.
If 2. is fulfilled then the following representation formula holds Vk € Z

X = 05Q[pn + (Ipno — A) PR, S(Tpno™" — A%)7'Q] 7' 0y, (4.3)

where Oy is the state transition operator at k, i. e. (Pp x); = Ajm1--- Az, @ > k. O

9



The main result of this section is given below.

Theorem 4.2. Lel

Qi A}

B =
A =S

?

be two inpul data matriz sequences and let the following three assumptions be fulfilled:
1.

g, >> 0
FEy > Fy;

(1 = X)A; + XAy VX €[0,1] is exponentially stable.

Then both TVDREs associated with K, and Fq have semistabilizing solutions X, and X,
respectively. In addition Xy > X;.

Proof Invoking assumptions 1. and (for A = 0) 3., it follows from Theorem 4.1 that the
TVDRE associated with F; has a stabilizing solution X; and in addition

[lQ,m + BTO'XlBl >> 0. (45)

Further assumption 2. yields

[ Q2 A; — 112,710'_1

>
A2 — 112,710' —5275 -

* o -1
O A eno ] (4.6)

Al — 112,110' _Sl,e

where S;, = S; + el >> 0,1 = 1,2, for some € > 0. As S;. is [*boundedly invertible,
(??) can also be written as

[le,n Wy ] lQ;E O ] [le,n 0, ]

O Ipn O =5 Wy pa
(4.7)
> [l2,n Wl* Qfe 0 [Z2,n O
- O [l2,n O _Sl,e W1 [lz,n ’
where
QF. = Qi+ (A" = Teno " )STHA = Ipno), i=1,2 (4.8)
is the Schur complement of S5;. and W; := —S{CI(A — Ipno), 1 = 1,2. Further, (?7)

yields the inequality

[l2,n W= Q;E O [l2v" O Qie 0
l O [l2,n ] l O —5276 W [[2% Z O _Sl,e (49)

10



where W := Wy — Wi. From (?7?) one gets
Q;e - W*SZfW 2 Qie?

which leads to the inequality
Qs > Q.. (4.10)
But
HEl = ]p,rn + BT(A* — [p,nO'_l)_lQl(A — 112,n0')_1B1 >> 0,

hence

A + S1(A* = T 'Q1(A — Tpmo)™") C (6, 00),

for some § > 0. In order to obtain the last inclusion we recall that if H; and H, are two
Hilbert spaces and Uy : ‘Hy — Ha, U;: Hy — Hy are two linear bounded operators,
then I, + U;U; has a bounded inverse if and only if Iy + U;U; has a bounded inverse.
Hence A(I1 + UyUsy) C (6,00) if and only if A(1y + UyUy) C (6, 00) where 6 € (0,1). Here
I; denotes the identity in H;, 1 <3 < 2. Consequently we get further

AL + Sy (A = Tpno™ ) Qu(A — Tewo)™) C (6, 00),

for € small enough. Hence

[l2,n ‘I‘ SIE,E(A* - [l2,n0-_1)_1Q1(A - [l2,n0-)_1512_76 >> 07
from which follows
51_761 —|— (A* — 112,710'_1)_1621(14 — 112,710')_1 >> 0,

or, equivalently,

Q7. >> 0. (4.11)

Invoking (??) and (??) we conclude that
Q5. >>0. (4.12)
Using (?7?), (??) reveals that
Q2+ (A" = Ipno™")S3H(A = Tano) >> 0,
from which one gets
Lpn + SZA" — Iono ) 1Qo(A — I2no) 82, >> 0 Ve > 0.

Hence

I + S5 (A" — Ipno ™)' Qo(A — Tpmo) ™' S5 >0,

and, consequently,
A([l2,n + SQ(A* — [l2,'n0-_1>_1Q2(A — [[2,710')_1) C [0, OO),

from which we conclude that

g, > 0. (4.13)

11



For some ¢ > 0 let

EQ,E -

Q> A;
Ay —(1+6)715, |

As Ey, > Fj it follows that
FEy. > E, (4.14)

But, since, by 3. for A = 1, A; is exponentially stable,

[N

Hpg,, = (14 ¢)72(Ilg, + clpm)(1 + €)77 >> 0,

as can be checked easily. Hence, in accordance with Theorem 4.1, the TVDRE associated
with F;, has a stabilizing solution X, , i.e.

p((Izn + (14 6)_1520-)(276)_1[420-_1) < 1. (4.15)

Notice now that the above developpment shows in fact that for all £ = (1 — A\)E; + AFE,
(see also assumption 3. in the statement) the TVDRE associated with E has a stabilizing
solution Hence by invoking Theorem 3.1, (?7), reveals that

X > Xy, (4.16)

But X; . is monotonically decreasing when € | 0. Indeed, by invoking the representation
formula (4.3) one gets for the input data £,

XQ’Q]C = (I);kQQ[[p,n —|— ([g2,n0’ — AQ)_1PI~:+(1 —|— 6)_152([g2,n0'_1 — A;)_lQQ]_IQQ’k7 (417)

which clearly shows that X3, decreases when ¢ | 0. Combining this conclusion with (?7?)
one obtains

li_fng276 = X2 2 Xl. (418)

Further (??) implies
Lpm + Bio X3 By >> 0. (4.19)

Indeed, since Sy < S7 we may write By = By K for some K with ||K|| < 1. Hence, for some
0<p<1,(??) implies < u, Bjo X1 Beu > =< Ku, Bjo X1 BiKu > > —(1 — p)||Kul|3
> —(1—p)||u||3, that is, lzm+ Bso X1 By >> 0, from which (??) holds because of X, > Xj.
Therefore, Ij2m + Sq0 Xy must be [>~boundedly invertible. By combining this conclusion
with (??) we deduce that p((7 + S20X3)" ' A2071) < 1. Recalling now that X, > Xj, the
proof is completed. O

Remark 4.3. Theorem 4.2 generalizes to the global situation and in the time-varying case
the results obtained in [?], [?] [?], in particular global existence of the stabilizing solution
is guaranteed. Recently in [?] another approach has been used for the investigation of
inequalities for Riccati difference equations.

12



5. Conclusions

In this paper several results concerning monotonicity of the solution to the TVDRE have
been proved. In a way, these results generalize and extend the former ones obtained
up to now in the literature. It is worthwhile to mention that the Fréchet derivative type
approach, used in this paper, works similarly in the continuous-time case. Moreover, using
the second Fréchet derivative, convexity properties of the solution to the Riccati equation
can be proved analogously. Comparison techniques turn out to be a very efficient tool for
the proof of existence theorems both in the time-varying and time-invariant case.
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