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Inverse spectral problems for differential equations on the
half-line with turning points

G. Freiling and V. Yurko

Abstract. Boundary value problems for second-order differential equations on the
half-line having an arbitrary number of turning points are investigated. We establish
properties of the spectra, prove an expansion theorem and study inverse problems
of recovering the boundary value problem from given spectral characteristics. For
these inverse problems we prove uniqueness theorems and provide a procedure for
constructing the solution.
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1. Introduction. This paper deals with the boundary value problem L for the
differential equation

by == —y" +q(x)y = \R*(2)y, >0 (1)
on the half-line with the boundary condition

Ul(y) :=y'(0) — hy(0) = 0. (2)

Here R? and q are real functions, and h is a real number. We suppose that

m

R*(x) = [z - )" Ro(x),

v=1

where 0 < 21 < 23 < ... < Ty, {, € IN; Ry(x) > 0 for x € I :=[0,00) and is twice
continuously differentiable on I. In other words, R? has in I m zeros z,, v = 1,m
of order ¢,. Zeros x, of R? are called turning points. Other restrictions will be
introduced later, they correspond to the condition of summability of the potential
for the classical Sturm-Liouville problem on the half-line when R?*(x) = 1.

In the present paper we establish properties of the spectrum of £, prove an expansion
theorem and study inverse problems of recovering £ from its spectral characteristics.

Differential equations with turning points arise in various problems of mathematical
physics as well as in applications (see [1-4] for details). Furthermore it is known
that wide class of differential equations with Bessel-type singularities and also per-
turbations of such equations can be reduced to differential equations having turning
points.

For the special case R?(x) > 0 (in particular, when R*(z) = 1) inverse problems
have been studied fairly completely in many works (see, for example, [5-10] and
references therein). An important role there was played by the transformation op-
erator method. The presence of turning points in the differential equation produces
essential qualitative difficulties in the investigation of the inverse problems for the



boundary value problem £. The transformation operator method in this case is not
suitable for the solution of the inverse problems.

In order to study the inverse problems in this paper we use another approach con-
nected with the contour integral method. An important role in this method is played
by the special fundamental system of solutions (FSS) of equation (1) constructed
in [11]. This FSS gives us an opportunity to obtain the asymptotic behavior of
the so-called Weyl solutions and Weyl function of £ and to solve the correspond-
ing inverse problems. In Section 2 we study properties of the spectrum. For the
boundary value problem with turning points, the behavior of the spectrum is more
complicated than for classical Sturm-Liouville operator when R?*(z) > 0. In partic-
ular, the discrete spectrum can be unbounded, and when m > 1 the main part of
the characteristic function may have an unbounded set of zeros on the continuous
spectrum. In Section 3-4 we provide uniqueness theorems for the solution of two
inverse problems: from the Weyl function and from the so-called spectral data. In
Section 5 an expansion theorem is proved, and in Section 6 we give a constructive
procedure for the solution of the inverse problem.

Note that in [12-17] some aspects of direct problems for second-order differential
equations with turning points have been studied, and in [18-20] the contour integral
method has been used for the solution of the inverse problem for arbitrary order
differential operators without turning points. Inverse problems for equation (1) on
a finite interval have been solved in [21].

2. Properties of the spectrum. Denote
&(x) :/ R(z)dt, x > xyp,

where R(z) = (R2(x))z > 0 for © > x,,, and let

_ R'(z)  3(R'(2)* | qlx)
") = SR T am@) T R@) (3)

We assume that R'(z)(R*(z))' = O(1), z — oo; q(z) € L}, (1),

lim £(z) = o (4)
and
b(z) € L(T, ), (5)

where T' > x,,,. Condition (4) makes £ singular. When £(x) is bounded we have
a qualitatively different situation requiring a separate investigation. Condition (5)
corresponds to the summability assumption for the potential for the classical Sturm-
Liouville problem when R*(z) = 1.



Remark 1. Consider the Hilbert space L‘ZRP =

y(@): [ 1R @)]- Jy(a)de < oo}

with scalar product (y,z) = /OO |R?(x) | y(z)z(z)dr. We identify the boundary
0

value problem (1)-(2) and the operator

L:D(L)— L|23|2, Y Rzl(x)(_y” + q(z)y)

with the domain of definition D(L) = {y : y € Li2(I) N ACu(1), y' € ACree(I),
Ly € Lpp(I), Uly) = 0}

Let A = p?, and let for definiteness Imp > 0. Denote by II the A-plane with the cut
A > 0. Then II corresponds to the domain IT, = {p : Imp > 0}. Put u, = (£, +2)7!

Following R. Langer [12] we introduce the functions

o) = 4 and an(a) = gz (@) V@) + 412,

Clearly,
y 1.R*z) R'(z) . 3(R!(2))2
) 2R T AR

Further consider the functions

A .
vj(@, p) = ) pE(x) HP) (p(x)), &> m,j = 1,2,
%)), and H() are Hankel functions [22]. It

where A; = (g)% exp((—1)"71i( gm +
(x, p) are solutions of the equation

is easy to verify that the functions v;(x

—y" + qo(2)y = AR*(2)y,
and
(vi(z, p), va(z, p)) = —2ip,
where
(y,2) ==y —yz.
For Im p > 0, |p&(z)| > 1, © > zy,

Rl(x exp(ip€(x))(1 + O(——
1

Ul(xvp) =

N~—
e
I
—~
&
N—

va(a, p) = exp(—ipé(z)) - O(1).

=3
=

It follows from (3) and (6) that

o) o), 1 R
ORI E)




By virtue of (4),

€ L(T,0), T > xp,.
Together with (5) it gives

q(z) — qo(z)

R(x) € L(T, o). (7)

Let e(z, p), * > x,, be a solution of the integral equation

c(o.p) = 1(e.p) + 5 [ (@l phoalts p) = vale Pl ) alt) = an(0)ett, )t

(8)
In view of (7), Eq. (8) has a unique solution for each p € I, \ {0}. For each fixed =,
the functions e®)(z, p), s = 0,1 are holomorphic in IT; and continuous in IT, \ {0}.
For x — oo

e, p) = (ip)’ (R(x))"? exp(ip€(«)) (1 + o(1)) (9)

and for |p| — oo uniformly in > z,, + ¢

ez, p) = (ip)*(R(x))** exp(ip(x))(1 + 0</1)>>. (10)

For each fixed p € 11, e(x, p) € L%R|2(T, 00), T > Ty
The function e(z, p) satisfies Eq. (1) for x > x,,. We continue e(z, p) for x < z,, as
a solution of (1) and consider the function

A(p) = €'(0, p) — he(0, p) (11)

which is called the characteristic function for £. The function A(p) is regular in IT,
and is continuous in IT; \ {0}. For real p # 0 the functions e(z, p) and e(z, —p) =
e(z, p) form the FSS of (1), and

<€($,p),6(l‘,p)> = —Zip. (12)

Let p(x,\) and S(z, A) be solutions of (1) under the initial conditions
©(0,\) =1, ¢'(0,\) = h, S(0,\) =0, S"(0,\) = 1.

Denote
O(x,\) = e(Ax(’p’;), (13)
then we have
(o, ), ®(z,A)) =1, (14)
{0z, A), e(z, p)) = Alp). (15)

We set M(A) := ®(0,A). The functions ®(z,\) and M(\) are called the Weyl
solution and the Weyl function for £ respectively. Clearly,

M) = 620(,[)/;)

(16)



and
Oz, \) = S(x,\) + M(N)p(z, N). (17)

Theorem 1. Let p be real, p # 0. Then

(i) Ap) #0,
(ii) A = p? is not an eigenvalue of L.

Proof. The functions e(x, p) and e(x, p) form a FSS of (1). Then, in view of (12),

we have
1

Pl ) = 5 (A(p)elasp) — BJe(z. ). (18)
If A(pp) = 0 for a certain real py # 0, then A(py) = 0, i.e. ¢ = 0; but this is
impossible since (0, ) = 1.

On the other hand, if py # 0 is real and Ay = p? is an eigenvalue of £, then p(x, \g)
must be an eigenfunction. This contradicts to (18) because, in view of (9), any
nontrivial linear combinations of e(z, p) and e(z, p) does not belong to L\2R|2(I ). O

Theorem 2. In the domain IT, the eigenvalues A, = pi of L coincide with the
zeros of A(p). The functions p(z, \¢), e(z, p) are eigenfunctions, and

e(z, pr) = Brp(x, Ak), Bi # 0. (19)
Proof.

1) Let A(p,) = 0, p0 € II;. Then, by virtue of (15), we have e(z,py) =
Bop(x, M), Bo # 0, Ao = 7. Since ez, po) € Liga(I), we get p(x,Ao) €
L|2R|2(I), and consequently \g = pZ is an eigenvalue, and e(z, po), p(x, \g) are
eigenfunctions.

2) Let Ao = p3 be an eigenvalue of £. Then ¢(z,\) is an eigenfunction, and
consequently ¢(z, Ao) € Lig(I).
It is known (see, for example, [12]) that for each fixed p € II there exists a
solution E(x, p) of (1) such that

1 .
E(l’,p) - \/%exp(—zpf(x))(l + 0(1))7 T — 00,

and (e(x, p), E(z,p)) = —2ip. Therefore

o(x, Xo) = Boe(z, po) + L (z, po)

with certain constants Gy and 7. Since E(x,py) & L|2R|2(I ), we infer that
70 = 0,1.e. o(x, \g) = Boe(x, po). From this and (15) it follows that A(py) = 0.
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Denote -
= / R2(2) 0% (2, Ay ). (20)
0
d : :
Lemma 1. Let Ay(p) := d—AA(p), then the following relation holds:
Brar = Ai(pr)- (21)

Proof. Since
_6”<I7 p) + Q(x>€(x7 IO) = /\RQ(‘I)e("Ev p),
—¢" (@, M) + q(z)p(z, M) = Nl (@) (2, k),

we get
d

Tl ), (e, M) = (A = Ne) R (2)e(z, p)p(x, Ak),

hence

(A =M) [ R@)ela. p)ele W)da = [ (e, ). o, M)
It follows from (9) and (19) that

lim (e(z, p), p(z, Ar)) =0,

r—00

and consequently, in view of (11),

(A=) [ R (@)e(e, p)pla. M)de = Alp).
If A — Az, then
| B @)l pple, e = Ba(py).
Using (19) and (20) we arrive at (21). O

For simplicity, we shall assume in the sequel that the operator £ is normal (see [13],
[17], [23]), and M (X\) = O(p~1'), p — 0, this is fulfilled, for example, when g(x) > 0
and b(z) exp(e€(x)) € L(T, 00) for a certain € > 0. It is also fulfilled if ¢, are even
and b(z)é(x) € L(T, 00).

Theorem 3. The set of eigenvalues A = {\;}r>1 and the eigenfunctions p(z, A),
e(z, px) of L are real. Moreover, Ay < 0, and A = 0 is not an accumulation point of
A. All zeros of A(p) are simple, i.e. Aj(pg) # 0.

Proof. Let \* = u+iv, v # 0 be a non-real eigenvalue with an eigenfunction y*(z).
Since ¢(z), R*(x) and h are real, we get that \* = u — v is also the eigenvalue with
the eigenfunction y*(x). Then

TR @y @de = [ @) g @de= [y @) @de =

= X [T Ry @)y @)da.




Since \* # \*, we derive
|7 R @)y @)de =0
0

which is impossible for normal operators. Hence the eigenvalues \; are real, and
taking Theorem 1 into account, we conclude that Ay < 0. The functions p(z, \)
and e(z, p) are real for A < 0 (i.e. for p =i7,7 > 0), and hence the eigenfunctions
o(x, \p) and e(z, pg) are real.

In view of (20) and (21), we have

Ailp) = G [ R (a) ol M) Pda £ 0.

At last, since the function pM () is bounded near the origin, it follows from (16)
that there is a neighborhood of the origin without zeros of A(p), i.e. A = 0 is not
accumulation point for A. a

Using (16), Theorem 1-3 and the analyticity properties of A(p) and e(0, p), we ob-
tain the following properties of the Weyl function M ().

Theorem 4. The Weyl function M ()) is holomorphic in IT\ A and continuous in
IT\ (AU {0}). In the points A = \; the Weyl function M () has simple poles, and

1
Resyx, M(\) = Alﬁ(i)k) -

For A > 0, there exist finite limits

M*(\) =limM(\+iz), 2 — 0, Re z > 0.

Denote 1
V(A) = %(M_()\) — M*T()\)), > 0.
Then p
V(A = W, A > 0. (22)

Equality (22) follows from (11), (12) and (16), since

M=(\) — M*(\) =

Now we consider the resolvent of L:

Y(z,A) = /0 T G, t, R £()dt (23)

9



where

Glat, \) :{ (2, N (t, N), z fi _ 1 { z(x,k)e(t,pgax ;i (24)

is the Green’s function. Then
~Y" 4+ q(2)Y — AR*(2)Y + R*(x)f(z) =0, U(Y) = 0.

The spectrum of £ coincides with the set of singularities for the resolvent, i.e. with
the set of singularities of the Weyl function M (\). The spectrum of £ is discrete
on the negative half-line, and is continuous on the positive half-line. Thus, sp(L£) =

{A: A >0} UA. The set S = (V(A),{\g, ax}) is called the spectral data of £. We
also introduce the so-called spectral function o(\) via

e(\) = /AV(z)dz, A>0 o) =— Y L A<, (25)

0 A >A Qg

3. Inverse Problem 1. In this section we prove the uniqueness theorem for
the solution of the inverse problem from the Weyl function. Moreover, additional
properties of the characteristic function A(p) and the spectrum for £ are provided.
In particular, the discrete spectrum can be unbounded in contrast to the classical
Sturm-Liouville operator when R?(z) = 1. We shall also show that when m > 1, the
main part of the asymptotics of A(p) for A > 0 can have a countable set of zeros,
in spite of A(p) # 0 for A > 0.

The inverse problem is formulated as follows. Suppose that the function R? is known
a priori. Our goal is to find ¢(z) and h from the given Weyl function M.

In order to formulate and prove the uniqueness theorem for the solution of the
inverse problem we agree that together with £ = L(R?(x),q(z),h) we consider a
boundary value problem £ = £(R?(z),§(z), h) of the same form (1) - (2) but with
different coefficients. If a certain symbol denotes an object related to £, then the
corresponding symbol with tilde will denote the analogous object related to £.

Theorem 5. If M = M then g(z) = G(x) for z € I, and h = h.

Proof. First we study the asymptotic behavior of the solutions p(z, A), e(x, p) and
the characteristic function A(p) for large |A|.
Let € > 0 be fixed, sufficiently small and let Do. = [0, 21 —¢|, Dye = [z, +, 41 —€]

for1 <v<m-—1, Dp. =[x +¢&,0), D = U D,.,and I,. =D,y Uz, —¢c,z,+

v=0
e]UD,..

10



We distinguish four different types of turning points:
For1<v<m

I, if £, is even and R?*(z)(z — z,)~% < O in I,
II, if ¢, is even and R*(x)(x —x,)"% > O in I,.,
III, if ¢, is odd and R*(x)(z —z,)™% < O in I,
IV, if 4, is odd and R?*(x)(z — x,,) > 0in I,

T, =

is called type of x,. Further we set for 1 <v <m

1 if 1, > 1,
O, =4 1—4, (with dy > 0 arbitrary small)  if p, = g,
4ﬂy if 1%5% < i7

and ©p = min 6,. We also denote

1<v<m

I, = {z: R*=x) >0}, I_ = {z: R*(z) < 0},

|0, forxely,
0() = { 1, forxel_,

L[ 2 ”5”, for T, = I11,1V,
Y sinmy,,  for T, =1,1I,

( II when(- 4(9(:@—9(0))),

z,€(0,z)

I ) exp(—i7 (6(x) +6(0).

z,€(0,z)

R? (z) = max (0, R*(2)), R* (z) = max (0, —R*(x)),

o kr (k4 1)m
={pragp e[ — I}
agz{p:argpe[%r—& Sg+(5]}, d >0,

od =|Jod, Sp =S\’ S°={JS).
s k

Clearly,
1 iteel,,

K(z)K*(z) = exp(—ige(x)) = { —72', frel
Let for definiteness, p € Sy U Sy (for other sectors estimates are similar). It was
shown in [11] that for each sector Sy there exists a FSS of (1) {z1(x, p), 2z2(z,p)},
x € I, p € S such that the functions z](s)(x, p); j=1,2; s=0,1 are continuous for
x €1, p € S and holomorphic with respect to p for each fixed x € I.
For |p| = o0, p € Sk, x € D.; j,k=0,1

D) = (—ipP IR exp(i50(0)) explp [ 1R-(0)]d)

11



exp(—ip [ |R:(0]dt)K ()M (. p). (26)
Dz, p) = (ip) | R(x) P (expli50())) exp(—p [ [R-(0)ld)

exp(ip | |R-(8)ld0)K" (@)H(x.p), (27)
<Z1(£C, p)a 22(.1', p)) = 22p[1] (28)
Here and in the sequel
(i) [1] =14 O(p=®°) uniformly in z € D.,

(ii) one and the same symbol H(z, p) denotes various functions such that:
- uniformly in z € D. H(z, p) = O(1) as |p| — o0, p € Sk,
- for each fixed § > 0, H(z,p) = [1] as |p| — oo, p € SY.

The solutions z(x, p), zo(x, p) were constructed and studied in [11] for a finite in-
terval. For the half-line arguments are essentially the same.

Using the FSS {z(z,p), 2z2(x, p)} one can study the asymptotic behavior of the

solutions p(z, A) and e(z, p).
From the initial conditions on p(z, A) we get

pla,A) = (U(22(z, )21 (2, p) = Ulzi(, p)) 222, ), (29)

where w(p) = (z1(x, p), 22(x, p))s=o. Using (26) - (28) we calculate for |p| — oo,
p € S,

Ulzi(x, p)) = (—ZP)|R(02|% exp(i50(0))H(p),
Ulza(x, p)) = (ip)[R(0)[2H(p), (30)
w(p) = 2ip[l],

here and in the sequel H(p) = O(1) for p € Sy, and H(p) = [1] for p € S} as |p| — oo.

)
Substituting (26), (27) and (30) into (29) we conclude that for |p| — oo, p € Sk,
.Z'GDE; j?k:()?l)

o9 (2, \) = §<—z'p>f‘|R<o>|%rR<x>|ﬂ‘—%<exp<z§e<x>>>j exp(p [ [R-(1)|dt) "
exp(—ip [ IRy (Old)K (@)K (. ).

We note that the solution z3(z, p) is constructed such that

e(z, p) = s(p)z(x, p), (32)

where, in accordance with (10) and (27),
s(p) == (1] )~ expli00)) explp [ [R-(Oldt) exp(—ip [ |Ry()]a). (33)
v=1

12



Hence for |p| — oo, p € Sk, v € D.; j, k=0,1,

e, p) = (i) |R()~H( T )" exp(—i7 0() (exp(i50(x)))
\ (34)
exp(—p [ [R-(0]dt)explip [ |R.(2)|dt) H(a.p).

Remark 2. Let {,(x) = / |R(t)|dt. It follows from the results of [11] that (31)

and (34) are also valid unif(l)/rmly for |p€,(z)| > 1, |x — x| < e with
[1] = 1+ O((p&,(x))~®°). Moreover, for x > 0, Im p > 0, |p| > p* we have the
estimates

[z, N < CloPRG)F exp(lRe | [ 1R-(0)ldt)

exp(fm p [ |R ()]de),

. | . . (35)
eV (x, p)| < ClpP|R(z)P~2 exp(—|Re p| | IR-(1)ldt)
exp(~Imp [ |Ru(t)|dt).
Denote
—/ (t)|dt, v =1, m,
Jt={v:(zy, 1) e Ly ={v,... .y},
J- :{V:(xl/—laxl/) EI—}:{Vfa"’> q}? p+q:m
| =, ifreJt,
YL ifved.
From (32) it follows that
A(p) = s(p)U(22).
By virtue of (30) and (33) we have for |p| — oo, p € Sk, k=0, 1,
Ap) = Apesxplp [ [R-(1)|at) exp(—ip [ R (D]dVH(p) =
m (36)
Ap T exp(pw.a,)H(p),
v=1
where .
A= RO (T[ 7)™ exp(i76(0)) # 0.
v=1

Using the more precise asymptotics of H(z, p) for z(z, p), z2(z, p) from [11] one
can obtain the asymptotics for H(p) from (36) and consequently the more precise
asymptotics for A(p) as |p| — oo, Im p > 0:

13



Let us now study the behavior of A(p) near the real and imaginary axes of the
p-plane.

Case 1. Let |Re p| < Im p. Then it follows from (37) that for |p| — oo

Alp) =p I exp(—ipa,) > A 5 TI exp((=1)"pa,)(1],

veJt J1se-Jp=0 veJ—

(38)

~~~~~~

By Theorems 2 and 3, zeros of A(p) are pure imaginary: py = itx, 7 > 0, k > 1.
On the other hand, using the asymptotic formula (38) by a well-known method (see
[24]) we deduce that

(i) The number N, of zeros of A(p) in the segment [a,a + 1] is bounded with
respect to a.

(ii) Denote
Gs ={p:1p| =0, lp—prl 206, k> 1} N {p:|Re p| < Im p}.

Then
IA(p)| = Cslp| TI exp(anIm p) [] exp(a.|Re pl), p € Gy .

veJt veJ—
Case 2. Let |Re p| > Im p > 0. Then it follows from (37) that for |p| — oo

Alp)=p TT esplwoar) > A%, TT ep((Dipa)l,  (39)

.....

Denote by

AG(p) == p [ exp(gpa,) > A, I1 exp((=1)"ipa,)

-----

veJ— J15e-,Jq=0 veJt

the main part of the asymptotics (39) for £Re p > 0.

By Theorems 1-3 the function A(p) has no zeros for |Re p| > Im p > 0. Notice
that the functions AF(p), in general, have countable sets of zeros in this region.

Let {pY}1>0 be the zeros of Af(p) for Re p > 0, and let {p?}1<o be the zeros of
Ay (p) for Re p < 0. Then (see [24])

(i) The number {p)} lie in the strip |Im p| < H.

(i) The number N} of zeros {p{} in the rectangle B, = {¢ : |[Im p| < H,
Re p € [a,a + 1]} is bounded with respect to a.

14



(iii) Denote
Gy ={p:lpl =0, |p—prol 26, k € ZY N {p:|Re p| = Im p > 0},
Gs =G5 UGH.
Then

A(p) > Colol T] expla,Im p) [] expla|Re pl). p€ Gy (40)

veJ+ veJ—

(iiii) There exist numbers R, — oo such that for sufficiently small § > 0 the
semicircles |p| = R, Im p > 0 lie in Gy for all n.
Now let us define the matrix

| Pu(z,A) Pz, ))
P(x,\) = [ Po(x,N)  Poo(x,\) 1

by the formula

P [ B0 B |- LEEN MR ] @

Using (14) we calculate
Pu(x,A) = ()P (2, ) = ®(z,\)¢' (2, A), (42)

Pas(,A) = (x, \)@(x, A) — p(, \)(x, A). (43)
According to (13), ®(z,\) = (A(p))'e(z, p). Using (34) and (36) we obtain for
|p| — 00, pes}ga xEDS; jak_oala
O (2, ) = (ip) "' |R(0)| 72 |R ()]~ 2 (exp(i56() )

z z 44
exp(—p [ |R-()]dt) expip [ [R4(1)|dt) " (x)[1]. )

In view of (14), we transform (42) into
P11(137 )‘) =1+ ((p(l’, )‘> - @(xv A))CI;’(x, /\) - ((I)<x? /\) - (i)<x7 A))g;’(x, )‘) (45>

Substituting (31) and (44) into (43) and (45) we get for |p| — oo, p € S°,
z € D,
Prii(z,A) = 1=0(p™®), Pia(x,\) = O(p™). (46)
Note that according to (40) these estimates are also valid for p € G9J.
Further, using (17) we can rewrite (42) and (43) in the form

Pii(w,\) = o, ) S (2, ) = S, )@ (, ) + (M () = M(A))p(a, A/ (2, ), }
Pya(x, ) = S(2, N@(, ) — (@, NS (@, A) + (M(A) = M(A\))(z, Nz, A). |

(47)
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By the the hypothesis of Theorem 5, M()\) = M()), and consequently the func-
tions Pyy(z, A) and Pyo(x, ) are entire in X of order 5. Taking (46) into account
we conclude that Pij(x,\) = 1, Poo(z,A) = 0. Substituting into (41) we obtain
o, A) = Pz, ), ®(x,A) = ®(x, \) for all z and . Consequently, ¢(z) = §(z) for

x € I and h = h. Theorem 5 is proved.

4. Inverse Problem 2. In this section we consider the inverse problem of recov-
ering q(z) and h from the given spectral data S = (V(\), { A\, ax}).

Theorem 6. If S = S, then ¢(x) = §(z) for z € I and h = h.

Proof. In the A-plane we consider the contour v = v U~" (with counterclockwise
circuit), where v = {\ : |p| = §} with a sufficiently small 6 > 0, and 7" is a two-
sided cut along the arc {\: A > d}. Let v, =vyN{A\: |\ <r,}, where r,, = R2.

Consider the function

_ 1 M(A)
I,(2) = Mﬁkrn o )\d)\7 z & Sp(L).

It follows from (35) and (40) that for Imp > 0, p € Gy,

e(0.)| < Cexp(Re pl [ IR-(®)ldtyexp(tmp [ [RL(B)d),  (43)

A = Cslolexpl(Re pl [ IR-()ldt) exp(mp [ R @)lar).  (29)
Using (16), (48) and (49) we have

|IM(N)] < ﬁ’ p € Gs. (50)
It follows from (50) that
A, () =0

uniformly on compacts in IT \ A.
On the other hand, deforming the contour |A| = r, to 7, and using Theorem 4 and
the residue theorem we get

1 1 M(X)
I,(2)=—M(z2)+ 74——,/ dA,
( ) ( ) |)\;§<:rn ak(z — /\k:) 21 Yn R — A
and consequently uniformly on compacts in IT'\ A
1 % V(z)
M) = —_— + dz, 51
() ,;ozk()\—/\k) 0 A—2 (51)
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where
>+ / =lim( > + /
k>1 " <rn

Formula (51) is the expansion the Weyl function into its singularities. We can rewrite
(51) with the help of the spectral function () defined by (25):

< do(z)

o A — Z.

By hypothesis of Theorem 6, S = S, and consequently V(\) = V()),

A>0; A= M\, ap = dg, k> 1. From this and (51) we get M(\) = M(\). Using
Theorem 5 we conclude that ¢(z) = §(z) for € I, and h = h; hence Theorem 6 is
proved. O

M()) =

Remark 3. By virtue of (25), the specification of the spectral data S = (V/(\), { A\, ax})
is equivalent to the specification of the spectral function o(A). Thus, the inverse
problem from the spectral data considered in this section is equivalent to the inverse
problem from the spectral function.

5. Expansion theorem. The purpose of this section is to prove the following
theorem.

Theorem 7. Let f(z) be an absolutely continuous and finite. Then uniformly for
x>0

f@) =Y —F (), M) +/ WA)A, (52)

k>1

where ~
FO = [ RA(0p(t, ) (),
+ - = lim ( +
kz>:1 /0 e |)\;§<:rn /

Proof. Consider the function

1

Inl@) =55

Y (2, A)d,
[NERLCEY
where Y'(z, ) is defined via (23) and (24), i.e

Y(z,\) = @z, \) /O "Rt \) f(D)dE + oz, \) / TR N f()dE. (53)

T

Since ¢(x, A) and ®(z, A) are solutions of (1) we rewrite (53) as follows

V(e n) = PEA o)+ et ) (0 +

N g0<AA> |70 + g ) st
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We carry out integration by parts in the terms with the second derivatives. Using
(13), (14), (31), (34), (35) and (40), we obtain

fla) | 2N

Y =

where
lim max |Z(z,\)] =0

n—00 |\|=ry,

uniformly in x. Hence, uniformly in z

Tim Jo(2) = f(2). (54)
On the other hand, deforming the contour |A| = 7, to 7, and using the residue
theorem we get
1
Jox)= 3 Res oy Y (2, M) + T/ Y (2, \)dA. (55)
U

‘)\k|<7’n
By virtue of (53), (17) and Theorem 4, we calculate

1
Res yon, Y (2, A) = —F(Ap)p(z, Ag),

073

1/ Yz, A)dr = /0 FEA)p(z, NV (A)dA.

271 Yn

Substituting into (55) and taking (54) into account we arrive at (52). Hence Theo-
rem 7 is proved.

Remark 4. The expansion (52) can be rewritten with the help of the spectral

function o(\):

J@) = [~ FO)e(e, Ndo ().

—00

6. Solution of the inverse problem. Let us now go on to constructing the
solution of the inverse problem. The central role for solving the inverse problem
is played by the so-called main equation of the inverse problem which connects the
spectral characteristics with the corresponding solutions of the differential equation.
We give a derivation of the main equation which is a linear equation in a suitable
Banach space. Moreover, we prove the unique solvability of the main equation. For
simplicity, we confine ourselves to the most important particular case when m = 1
and T = IV, i.e. the weight-function changes sign exactly once. The general case
can be treated analogously. For deriving the main equation of the inverse problem
we need more precise asymptotics for the solutions of equation (1). For definiteness,
everywhere below p € SyUS; (the other sectors are considered in the same way). It
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has been shown in [11] that for |p| — oo, j = 0, 1 the following asymptotic formulas

are valid
A (,p) = pIR@ explp [ IROION), @ < .
A, p) = (=ip) | R(@)+ Jese "ot exp ) explp [ [R(O]dN)
<(exp(~ip [ f RN + (~17* i expip [ f IR()[dO[1]), & > 21

(@, p) = (=pV [R@)P* (=iexp(=p [ |R()|an)1]+
(=D explp [ IRt exp(~2p [ [RWIA[1]), @ <,
(. p) = (ipV [R@)P - 2sin T2 exp(—i D) expl(—p [ |R(D)|at)
x expl(ip / IR()|d)[1], & > 1.

By virtue of (32) and (57), we have

T, 1 Ly

ez, p) = | R()PE exp(—iT) - 5 cse L

+iexp(—p [ [ROIDN), o < a1,

e (z, p) = (ip)|R(z))7~2 exp(ip /: |R(t)|dt[1], = > ;.

Further, from (29), in view of (28), (56) and (57), it follows that

() = 5 ROER@EHesplo [ 1R 1)+
(~1Y exp(—p [ IROON, o < a1,

P9 0) = 3oV IR AP (i) explip [ IROIdel1+

s (=1 exp(p [ IR [1)+

(=1 Aalp) expl~ip [ IR@)|dt)[1]), = > o,

where

Ax(p) = g ese ™ expi D) (explp [ IR()Ide[1] -
iexp(—p [ IR()ap)]1))
Aslp) = —ida(p) +2sin "2 exp(i ) exp(—p [ [RE)Id0)[1]

Remark 5. It was shown in [17] that As(p) = C A(p).
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Remark 6. Let { = / |R(t)|dt. It follows from the results of [11] that (56)-(59)
1

are also valid uniformly for [pé] > 1 with [1] = 1+ O((p€)~®°, moreover for |p¢| < 1
we have the estimates

9 (2, \)] < Clpf | R() = exp(p /ﬂm dn)], @ <

(61)
o) (2, M| < Clpl |R(x)[~ 2] exp( p/ (O)|dt)] > 2
By (58),
L 1
e(0,p) = |R(0)| "2 exp(—i— fcsc—ex )|dt)|
(0,p) = [R(0)] p( 4)2 pp ®)] )
iexp(—p [ R()an)1),
1 . 1
A(p) :le(O)PeXp(—zZ) icscf exp(p | |R()]dt) + )

iexp(—p [ IR@)an))):

It follows from (63) that there is a countable set of eigenvalues A\, = p? such that

pr = i(kma™' + % + O(k™9)), k — o0 (64)

o= /0 \R(t)|dt.

Substituting (64) into (18) we obtain

where

B = (0, pi) = 2|R(0)[ 7 - 5 ese “5 (14 O(k™®)). (63)
Denote Gs = {p: |p| =6, |p — px| > 0, k > 1}. Then (40) becomes

|A(p)| = Cslplexp(alRe pl), p € Gs. (66)

N —

Lemma 2. For k£ — oo
on = — 5| R(O)la(1 + O(k~*)) (67)
Proof. First we consider
1 :—/ R*(x)p*(z, \p)da.
Denotg Iy = {z € [0,z1] : |pr€] > 1}, Ixe = {x € [0,24] : |px&] < 1}, where
= /xl |R(t)|dt. According to (59).
[ B@dede = 51RO [ R@)- el [ 1RO+

exp(—ps [ IR(B)d0)[1])*d
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A change of variables gives

[ B e = —IRO) [, explpla— )1+ Ol )

T o]
+ exp(—pr(a — &) (1 + O((prg)~°)))de.

Hence
/Im R*(z)?(x, A )dz = —;|R(0)\a(1 + O(k~%0)).

Further, it follows from (61) that

|| R*(2)¢*(z, \)da| < / | R(x) eXP(QPk/ | R(t)|dt)|d.
Iy Ijo 0
In view of (64), the exponential is bounded here and consequently
1
[ B0 wydel < [ |R()lde = O().
Ik2 Ikg k
Thus, we arrive at
1
ap = —5 |R(0)]a(l + O(k™)). (68)
Let us now estimate

Qg = /Oo R*(2)¢?*(w, A\, )d.

Denote Jp1 = {x > x1 : |{pr| > 1}, Jio = {z > 21 1 |{pr| < 1}. In the same way as
above one can show that

2 2 _ 1
[ R @) e = 0(p).

This and (19) yields

1 2 2 1
— dr + O(=).
02 7 /Jm R*(x)e*(z, p)dx O(k)

Using (58) we calculate

iy — ;%/Jk |R(z)| exp(2ip /x |R(t)|dt)dz + O(;).

A change of variables leads to
1 o , 1
My = — /1 exp(2ipp€)dE + O(E)

k7 Torl

Taking (64) and (65) into account we get
1
Ao — O(E>

21



Combining this with (68) we arrive at (67). Lemma 2 is proved.

Now we go on to the derivation of the main equation of the inverse problem. We
assume that the spectral data S = (V(A),{\r,x}) of L are given. Let £ =

L(R*(z), (x), h) be a certain known model boundary value problem with the same
weight-function R?(x) and with the spectral data S = (V(A), {\, ax}).

Lemma 3. For each fixed x € I, x # x, the following relations hold

B, ) = pla, N + [ (BEA OB g0 it

0 A—
@z, A), o(z, A)) (@(x, A), Bz, ) 3
2 ( Y R S S W ) 0)
tole, A), @, ) (B, ), pla 1)
A—p A— 1

o <95(x7 )‘>v @(x7€)> <90(35,5) 90(377 M)) O

/ o s Ve
(@@ N, 8 ) (w(x,§k),w(w,u)>)
(A = Ar) N — p ’

Proof. Let P(x,\) be the matrix introduced above in (41). In the A-plane we con-
sider a oriented contour v = v+ U~~, where v = {\: £Im X = 4§, —0o < FRe A <
oo} with a sufficiently small fixed § > 0. Put J, = {A: [Im | > d}, and the contour
Yo =N A <rp ) U{A | A =10, A & J,} with clockwise orientation.

By Cauchy’s theorem, for A\, € J, N{&: [¢] <.}

Puc(, \) — i _ ;MA P1k(9§\7§)£— 61kd§7
Pir(z,A) = Pig(a,p) - _ 1/ Pji(x, §)dg
P 2t b O )€ — 1)

where §;; is the Kronecker delta. It follows from (13), (41), (43), (45), (58), (59),
(66), that

ij($, )\) = O(l), plk(l', )\) — 51k = O(pi(ao), 1% € G5 N ég.
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Therefore

. Pyy.(x,§) — oy, : Pjy(z, §)
¢ =0, 1
L AR - W FESY wroryry

and consequently

d§ =0,

Py (z, )
(A—=¢)

P (%)\ — P, j1) 1/ gk(ﬂff
“2mi (A= €)(¢

—
where / lim /
n—oo Yn
1)

It follows from (4

Plkx/\—51k+—/ dé, N e J, (71)
Y

E ‘]’Y7 (72>

that

gp(x, >‘> = P11<:U7 )\)35(.’13‘, )‘) + P12($7 )\)(,5/(.%, )‘)
Then, in view of (71), we get

dg

90('7;7)‘) :(,5(1’,)\)—|— )\7_5

=[NP + ) Pl )

2mi J

From this, by virtue of (42) and (43), we infer

oz, ) = <xm+]'A@@»@@@é@@—@@@&@@ﬂ-

271
d§
&

Using (17), Theorem 4 and the residue theorem we arrive at (69).
From (41) and (14) it follows that

@' (2, (D2, €)p(x,) — p(,€) D, ¢

P | Y0 | = o s | 203 |- v, een| g53) | @

for any smooth y(z). Taking (72) and (74) into account, we calculate
)

AT [0 ] L (w0 [ £23] -

N d(x,§) d§
@m»¢m@»[¢%u®])(A_®@_My

(75)

Using (73) we get

det <(P(I,>\)—P(l‘=ﬂ)) l g/((:c’,)\)



and consequently, in view of (75), we derive
¢(z

(o, N), oz, ) (o, A), @, 1))
A— U A— L
L (@, N), P, ) p(,6) oz, 1)) (P(x,N), B, €))(®(2,E), p(x, 1))
i L O 0 e P L
By virtue of (17), Theorem 4 and the residue theorem, we arrive at (70), hence
Lemma 3 is proved. O

Denote Ao = Ak, A1 = Mg, Qro = i, 1 = G,

onj(m> = QO(I, /\kj>7 @k](x) = 95(1:7/\kj)’ SOA('I) = QO(CL’,/\), @A(I) = @(IL‘,)\),

Pre) = 2D g [T R0 gy 00t V), g0
Posj(z) = <Zzgf;’f’“i$))> — alk] Ox R2(8)oa () (£)edt, A > 0
Puaa) = S ) 0 ) (0 10, > 0
Passte) = o) [ R0 )0

We define f’,\u( ), P, ki (), P, ul@), Pni,kj (x) by the same formulas but with ¢ in-
stead of .
It follows from (69) and (70) that

Pr(@) = oa(@) + [ Prue)pu(@)dn

+ Z(PA,kO(@@ko(x) - P/\,ki(f)me(l')), A>0 (76>
k>1
* Z ni.k0 (%) Pro (7 ) — Poia (2) i () (77)
Pyu(x) - PM )+ /oo Py () Pe () de
+ g P)\ sO 50 #( ) PA,81<J;>P31,#(I)) =0 (78>
Py (@) — ]5)\ ki) + /OOO Py () Py i () dE
(79)

+ Z P)‘ 50 Pqo k]( ) - p/\,sl<$>P51’]gj(l')) =0

s>1
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Pm’u(iﬂ) - ﬁniu( ) + pni,é(w)Pé,u(w)df
+ Z 1,50 () Pso u(x) pni,sl(x)Psl,u@)) =0

s>1
Pnikj( - mk] / nz{ P{k] )dg
+Z TLZSOPSOkJ]( ) stl( )Pslk]( )):0

s>1
Denote
&k = |pr — Pr| + o — aul.

Clearly, & = O(k=%0).

Let for definiteness = < 1. It follows from (59), (64) and Schwarz’s lemma that

or(@) = Oexp(p [ |R()ldD)), p >0

erj(x) = O(1), ro(x) = pm(z) = Olpe — ), k21,5 =0,1.
Using (22) and (63) we calculate

V(A = eXp 2p/ (t)|dt)), p > 0.

It follows from (59), (61), (64), (67) and (84) that for n,k > 1; i,5 =0, 1;
p,0 >0 (\=p*pu=06%),

1
(p—0l+D)6+1) "

exp(=20 [ " |R(D]d).

Paule) = O plp [ IR()dt)exp(6 [ |R(E)at)

Prii(@) = O explp [ IR,
1

Pia(t) = O g o 9/ |R(t)|dt) exp( 29/ (t)|d)),
1

Prigj(z) = O(m)~

Denote -
(x) = explp [ |RE)dE), p>0
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and consider the functions
da(z) = Q3 (@) ea (@),
Uro(2) = (ro(®) = 1 (2))& ", Ui () = o (),
Hy () = Q3 (2) P ()2 (),
Hygo(2) = Q3 () Prjo(2)&r, Hapa () = 7 () (Pago(®) — P (@),
Hyg,u(2) = (Pro,u)(#) = Par(2)) ()60 Hur () = Pou(2)Qu(2),

Hyok0(2) = (Proo() = Parro(®))&, '

Hp1 k(%) = Pt ko()&,

Hoo,11(2) = (Proko (%) = Prko(®) = Proga (@) + Py (7)€,
Hp1g1(2) = Paigo(x) — Paigpa (2),

nk>1;4,5=0,1; p,0 >0 (\=p? p=0?.

Analogously we define ¥y (x), Ur; (), Hxu(2), Hypj(2), Hpip(x) and Hpipg(z). Tt
follows from (59), (61), (82) - (85) and Schwarz’s lemma that
)

[a(@)] < O, i ()] < C,
C Cék
H < —20 )|dt), |H < =
’ A,M(‘r” — (|p_0| + 1)( eXp / | | )\,kl(x)| — p—i—k”
C C&
9 <k
nk>1;4,j=0,1; p,920(>\—p 7u—02),
(86)
and consequently,
sup{ [~ [ (w)ldp+ 32 Hgy ()]} < €
o (87)
Sup{/ Hpio(@)dps + Y [ iy (@)} < C.

k,j

The same estimates are also valid for Py (z), ¥ (), Hx (), Hpi (), Hagj (), Hpigi (2).
Let w be the set of indices v = (k,j), k € IN;j = 0,1. Consider the Banach space

m of bounded sequences a = [, ]ye, With the norm ||la|,,, = sup,e,, |-
Define the vectors

R X e

26



It follows from (86) that for each fixed z € (0, ),

(), ¥(x) € m.

Let C = C]0,00) be the Banach space of continuous bounded functions f = f\ on
the half-line A > 0 with the norm || f[|c = sup,sq |fA|. It follows from (86) that for
each fixed x € (0, z1)

¢>\(ZL‘), 12),\(1‘) - C

Consider the Banach space B of vectors

[l

where [ = fy € C, a = [ay)yew € m, with the norm [|[F||p = max(||f]|c, [|&]|m)-
Denote @) J @)
_ | U= Uir) = | O T
o= |5 s =[]

Clearly, ¥(z), ¥(x) € B for each fixed z € (0,2,).
For fixed x, let Q@ = Q(z) : B — B be the operator acting from B to B by the
formulas

F*z@F,Fz[i]EB, F:M € B,

f;: = /0 ﬁ[/\,ufudlu + Z g)\,vava

vEW

of = /0 Hy, fudp + > H, e,

vEW
Az 05 u=(n,i), v=_(kj); nk>14;j=01
Analogously we define the operator Q = Q(z).
It follows from (87) that for each fixed = € (0,z1) the operators E 4 Q(z) and

E — Q(x) (here E is the identity operator), acting from B to B, are linear bounded
operators.

Theorem 8. For each fixed = € (0, z), the vector U(z) € B is the solution of the
equation . 3
U(z) = (E+ Q(x))¥(x) (88)

in the Banach space B. The operator E + Q(x) has a bounded inverse operator, i.e.
equation (88) is uniquely solvable.

Indeed, taking into account our notations, we can rewrite (76) - (81) in the form

U(z) = (B + Q2)¥(z), (E+Q2))(E - Qx)) = E.
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Interchanging places for £ and £ we obtain analogously

U(z) = (B~ Q) ¥(x), (E—Q2))(E+Q(x)) = E.

Hence the operator (E 4+ Q(x))~! exists, and it is a linear bounded operator.

Equation (88) is called the main equation of the inverse problem. Solving (88) we
find the vector ¥(z), and consequently, the functions vy (), @ni(x). Since ¢, (x) and
©ni(z) are solutions of (1), we can construct the function ¢(z) for z € (0,2,) and the
coefficient h. Thus, the inverse problem has been solved for the interval = € (0, xy).
For x > x; the arguments are similar.

Remark 7. To construct ¢(z) for x € (z;,1) we can act also in another way.
Suppose that, using the main equation of the inverse problem, we have constructed
q(z) for x € (0,z1) and h. Consequently, the solutions ¢(z, A) and S(z, A) are known
for x € [0, z1]. By virtue of (17), the solution ®(z, A) is known for = € [0, x;] too.
Denote ()
L1,

Ml()‘) - @,(xl’)\)‘
The function M;(\) is the Weyl function for the interval (x;,00). Thus, we can
reduce our problem to the inverse problem for (z1,00). In this interval the weight-
function R?(x) does not change sign. We can treat this inverse problem by the same
method as above. In this case the main equation will be simpler. We note that the
case when the weight-function does not change sign was studied in more general
case in [19] and other papers.
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