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ABSTRACT

A representation formula for the solution of the Riccati difference equation
W(k+1)=—May — My W (k) (I — My W (k)™ My; ; W(0) = W,

is derived. It reflects precisely the dependence of W (k) on the initial value Wj.
A parametrization of all solutions to the corresponding algebraic Riccati equation and
results on the dynamic behavior

of the sequence (W (k)) are provided as well.

1. INTRODUCTION
We shall analyze first the solutions of the linear matrix difference equation

Z(k+1)=T Z(k), Z(0)=Zy, k>0, (1.1)

Subsequently we use these results for the investigation of the asymptotic behavior
of the solution of the associated matrix Riccati difference equation

W (k+1) = —My — Moy W(k) (I — My W (k)™ My, W(0)=W,.  (1.2)

In Section 2 we recall that (1.2) and the linear system (1.1) are, in a restricted sense,
equivalent and that the solutions of the algebraic matrix Riccati equation

0 - —M21 - M22 W([ - M12 W)_lMll (13)
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can be determined from certain n-dimensional T-invariant subspaces of €™,
A representation formula for the solutions of (1.2) in dependence on the initial matrix W,
is derived in an elementary way in Section 3. This formula allows us to give a nice and
complete description of all solutions of (1.3) and of the behavior

of the sequence (W (k)) for k — oo; see Section 4.
These results extend earlier ones obtained in [4] for the solutions of (1.2) and (1.3) with
coeflicients M5 and My; of rank 1.
It turns out that each solution (W (k)) of (1.2), if it is defined for all £ > 0, is either
convergent to a finite or infinite limit or it is asymptotically periodic or almost periodic.
Similar results have been obtained for nonsymmetric matrix Riccati differential equations
in [16] and [8], where further detailed results on the geometry of matrix Riccati equations
can be found.
Moreover we use the results of Section 3 for the investigation of the solution of time-
varying Riccati difference equations with asymptotically constant coefficients.

2. PRELIMINARY RESULTS AND NOTATIONS

In this section we introduce some notations used in this paper and we state some basic
facts for linear matrix difference equations and in particular for general matrix Riccati
difference equations. By

M = ( MH M12 ) = C(n-}-m)x(n-i-m)
M21 M22

we denote an arbitrary matrix where the submatrices My, My5, My, My, are of dimensions
n xn,nxm,mxnand m x m, respectively. If det My; # 0, then we associate with M

the matrix
T4 T12)
T(MY=)T =
ron=r= (0

1, 0 M 0 I, —-M
— 11 12 (21)
—My 1, 0 — Moy, 0 1,

( M — M7 My, ) _
— My M7 —Myy + My M7 My ’

if det My, # 0 we consider instead the matrix

- ( My, — Mg M35 Moy — My, M3 )
— M5, My —Ms;'

Here I,, € C"*™ stands for the unit matrix. If both det M;; and det My, are nonzero then
we have T'= T~L. Since the cases det M # 0 and det M3y # 0 can be treated similarly,
we assume henceforth that det My, # 0.

Further we associate with 7" and T' the (discrete-time) algebraic Riccati equations

W — —M21 - M22 W ([ - M12 W)_l M11 (DARE)
and the Riccati difference equation

W (k+1) = —My — Moy W (k) (I — My, W (k)™ My, W(0)=W,. (DRDE)
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Notice that (DARE) and (DRDE) can also be written as
W - —M21 - M22 ([ - WMlg)_l WMll, (DARE)

W (k+1)=—My — My, (I — W My, (k)™ W (k) Myy, W (0)=W,. (DRDE)

Sometimes one considers instead of (DRDE) the reverse difference Riccati equation
W (k)= =My — Myy W (k+1) (I = Myg W(k+1))™" My, (RDRDE)

with W (0) = Wy for —k € IN.

Nonsymmetric Riccati equations of this form appear in polynomial factorization problems
and have been investigated in [4], where the corresponding continuous-time Riccati equa-
tions have also been studied. Further results on nonsymmetric matrix Riccati differential
equations and the associated algebraic Riccati equations can be found in [15], [8] and [10].

Here we recall and generalize some basic facts for discrete-time problems obtained
essentially in [4]; for the convenience of the reader we add simple proofs.

For W € €'™*" let us denote by Sy = Im (é{}) the graph subspace of W.

Lemma 2.1 There exists a bijection ¢ between the set S of all solutions of (DARE) and
the set I% of all n-dimensional T-invariant graph subspaces Sw of C*" with det (I, —
M, W) #0; ¢ is defined by o (W) = Sw.

Moreover the matriz of Tis,, with respect to the basis (-matriz) (ﬁ}) of Sw is the invertible
matric

[(0 = Ml_l ([n — Mlg W) . (22)
Proof. From

) o)
14 —~ Moy W — Mgy M (1, — Mya W)

we infer that Sy is T-invariant if and only if

()= () . »

where K is defined by (2.2). Obviously (2.4) holds if and only if

(2.3)

WMl_ll ([n - M12 W) = _M22 W - M21 Ml_ll ([n - M12 W),

which is for det Ky # 0 equivalent to (DARFE).
Notice that (2.2) results from (2.3) and (2.4). O

In order to analyze (DRDFE) we introduce the linear difference equation

Z(k+1):TZ(k),Z(O):(é;o),kZO, (L)
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where 7 (k) = (?,(((:))) with X (k) € €™ and Y (k) € ™",

Equations (L) and (DRDFE) are equivalent in the following (restricted) sense:

Lemma 2.2 (i) If (Z (k))o<k<, satisfies (L) and det X (k) # 0 for 0 < k < v then
(W (k))o<kzy, with W (k) :=Y (k) X (k)7 satisfies (DRDE); in particular W (0) = W.

);
(ii) If (W (k))o<k<y satisfies (DRDE) then the sequence (?,( ((:))) che defined by

X (k+1) = M5 X (k) = M5 Mia W (k) X (), X (0) = I,

and

salisfies (L).

Proof. (i) Under the assumptions of statement (i) we have W (0) = Y (0) X (0)~! = W,

and
det (X (k) — M2 Y (k)) = det X (k) det (I, — M12 W (k)) #0.
Therefore assertion (i) follows from
W({k+1)=Yk+1)X(k+1)"
= [ My Y (k) = Myy M' (X (k) — Myy Y (k)] (X (k) = My Y (k)™ My,
= —M22 Y(k) X(k‘)_l ([n — Mlg Y(k) X (k‘)_l)_l M11 — Mgl, 0 S k S v—1.
(ii) Under the assumptions of statement (ii) we have
X(0)=1, Y(0)=W(0)=W, ,

X(k+1)= ]\411 (I, — Mia W (k) X (k)

e Y(k+1)=W(k+1) X (k+1)= My M7 (I, — Mya W (k)) X (k)
— My, W (E) (I, — My W (k))™" My M5! (I, — My W (k) X (k)
= —My M7 X (k) — [ —=May + My My My, Y (k)
for 0 <k <wv —1. Hence the assertion of (ii) is proved. a



3. A REPRESENTATION FORMULA

In order to analyze the asymptotic behavior

of the sequences (Z (k))i>0 and (W (k))r>o (if the last is defined) for & — oo we
represent appropriately these sequences as functions of the initial data.
Let V = (v1,...,054m) € CFXH7) he a Jordan basis (matrix) of T i.e.

/\1 * 0
VTV = Jp = diag (..o ) = e (3.1)
ok
0 /\n+m
with % € {0,1} and with Jordan blocks
A1 0
0 X, .o i %
J, = eC o X, €{ ), . A}, 1 <v<p.
0 0 A

We assume here and in the sequel that
M < S g |
The matrix
1 c11 ce. Cln I
C=1: = : : =V ( W ) (3.2)

Cnim Cn4ma1 -+ Cnimn

is uniquely determined by the initial data of the sequences (7 (k)) and/or W (k).

For a parametrization of these sequences it turns out that it is more convenient to
use C instead of Wy .
Using (3.1) we get for £ >0

Z(k+1)=T*" (%) (V Jp VTH* (%) =V JEC = (g UC)) : (3.3)

0

If 7' is semisimple then
V(k) = V‘]Ik“ = (/\llc U1, /\IQC Ugyt /\fﬁ-m Un+m) 5 (34)

otherwise

V (k) =V Jp = (21 (k), 22 (k),, Tngm () | (3.5)

where to every Jordan block .J,,1 < v < p, there correspond the vectors
 Shpios | F S
Tjpetivn4s(B) = D AL o) Vit I1<:<j,,50=0. (3.6)
i=1
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Introduce now for arbitrary vectors z = (21, ++,Tpym)’ € €™ the abbreviations
- T T
:E:(xlv"'7$n) ,$:($n+1,"',$n+m)

and
05 _ T
z( J)_(Ih...73;]._17%“7%“7...7%) ]

Consequently (3.3), (3.4), (3.5) yield Q(k) = (%1 (k), -+, Zntm(k))C and
P (k)= (21(k), -+, Zntm(k))C, and the Binet-Cauchy formula (see [11], Section 1.2) gives

Cyy

det Q (k) = 3 ERGREE NN (3.7)

1< <y << <n+m
S S c,

n

for k& > 0. For the entries w (k),; of the matrix W (k) = P (k) Q (k)~! we get analogously
to (3.7) by an elementary calculation (similar to [8], p. 263)

w(k)e; - det @ (k) = (P (k) Adj Q (k))e;

Cuy

= Z | xl/l(k)(é’j)v e 7$Un(k)(é7j) | . (38)

1< < <vp<nt+m
S S c,

n

Summarizing we get from (3.4) - (3.8) the following representation formula for the ele-
ments of the sequence W (k).

Theorem 3.1 (Representation Formula)

As long as W (k) is defined,

> el k)2l (k) |
1<y - <vp<nt+m

w(k)gj = = (310)

> | 20y (B), -5 20, (F) |

1<y < <vpntm

for1 <f<m,1<j5<n.
If in addition T is semisimple then
Cuy
k k 0 0 .
Z /\ull../\un |U1(/1])7"'7U1(/n]) | .
1<y < <vpn<n+m ¢,
w (k‘)gj = . = . (311)
21
k E |~ ~ .
Z /\ulu./\un|vl/17'”7vl/n .
1<y < <vp<ntm c
Un



4. INTERPRETATION OF THE REPRESENTATION FORMULA

In spite of their quasi-elementary derivations formulae (3.10) and (3.11) are of utmost
relevance for obtaining the whole information on the dynamics of the solution (W (k))
of (DRDFE) and also on the structure of the set of all solutions of the algebraic Riccati
equations (DARFE) this will be discussed subsequently.

For sake of simplicity we assume henceforth that 7' is semisimple; the investigation of
the general case runs analogously but is much more technical, moreover, T is generically
semisimple.

4.1 Properties of the solutions to (DARFE)

Cyy

(a) Notice first that the determinants | : |, appearing in (3.10), (3.11), are the so-

Cy

n

called Pliickerian coordinates of the subspace Im V! (VI;;) Hence, for a fixed Jordan
basis V/, the initial value is uniquely determined by these Pliickerian coordinates (and

vice versa).

(b) If 7" has only simple eigenvalues and if the complementarity (disconjugacy) condi-
lion

|ﬁl/17"'7ﬁl/n|7é0 ) (41)
is satisfied, then the matrix W = (wy;)1<e<m with
1<5<n
| U%y‘)7 e 77}5@') |
Wy, = ~ = & (42)
! |UV17"'7UUTL|

is a solution of (DARE); moreover, each solution of (DARF) has a representation of the
form (4.2), and in this case there are obviously at most (”Zm) solutions of (DARFE). For

Cuy

the product A, --- A, # 0 these solutions are obtained by choosing in (3.11) | : # 0

Cy,
for one n-tuple (vq,---,v,) (with property (4.1)) while all other Pliickerian coordinates
are zero.

Notice also that for A,, ---A,, = 0 the matrix W, defined by (4.2), (under assumption
(4.1)) is not a solution of (DARE) since in this case, according to (2.2), (2.4), I, — Mo W

is not invertible.

(¢) Forv = (v1, - ,vn) with 1 <1y <--- < v, <n+m we define
Moy )\yl T8
[(V): m= : ‘1§/~L1<---<,un§n—|—mand : = :
2278 A, o,



In this case each matrix W = (wy;)1<t<m with

1<5<n
' ' Cu
> (o] |
MEI(D) c N
tn
= = — 4.3
wZ] CM D ? ( )
Z |6M17"'7@Mn :
/J'EI(U) c,un

satisfying the complementarity condition D # 0 and the feasability conditions

Cm
Au o Ay, #0and | : =0forp¢I(v)

Cu

n

is a solution of (DARFE). Notice that A, ---A,, = g, -, does not imply that
(A3 Aw) = (fuyy - oy [, ), moreover, if one of these feasability conditions is not ful-
filled then (4.3) does not define a solution of (DARFE) since otherwise either (as before)
det (I,, — My2(k)) = 0 or Sw is not T-invariant. This last conclusion is derived by using
(3.3) and (3.4) in conjunction with the main idea of the proof of Lemma 3 in [8].

Moreover, according to (3.10), each solution of (DARFE) can be represented in the form

(4.3); however in this case there may be solutions of (DARFE) which cannot be represented

in the form (4.2) (for a fixed Jordan basis V).

If I(v) contains py > 1 elements then the family F (v) of solutions of (DARFE), repre-
Cm

sented by (4.3), contains (after normalizing one nonzero Pliickerian coordinate | : to

Cun
1) a subset with ¢ < py — 1 free parameters. If for each y € I(v) at least one of the
determinants

| By 0 | |v£€’j),---,v£€;j)|

in nonzero, then it is easy to see that F (v) = Ufoz?)l}_j (v) , where F; (v), 0 < j < pg—1,
is a j-parametric set; in particular F (v) is uncountable for py > 1. Consequently the set
F (v) is either finite or a uncountable set.

If F (v) is uncountable then formula (4.3) shows that no solution W &€ F (v) is isolated -
this corresponds to the main result obtained for continuous-time algebraic Riccati equa-
tions in [5].

We have to point out that the condition A, ---X,, # 0 is always fulfilled if M;; and
M, are both invertible since in this case 7" is invertible as well. In fact for nonsymmet-
ric difference Riccati equations only this special case has been treated up to now in the
literature (see [4]).

If T is invertible then (L) generates the sequence (Im Z (k))s>o of points from G' (n, m+n),
the Grassmannian manifold of n-dimensional subspaces of €'™*"; this allows us to inter-
pret (Im Z (k))r>o as the solution of an extended Riccali equation on G (n,n 4+ m) which
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is defined for any initial value Sw, € G (n,n + m).

The extended Riccati equation has in the continuous-time case been studied in detail in
[16]. In the discrete-time case the extended Riccati equation is equivalent to the (trivial)
linear difference equation ().

(d) T is called dichotomic (of type (m,n)) if
In this case Sy :=Im (Vyny1,- -+, Umyn) is called the dichotomic (invariant) subspace of T'
moreover, if in addition the complementarity (disconjugacy) condition
| Dmt1s+y Oman | # 0 is fulfilled, then

Wd = (ﬁM+17 U 7@m+n) (6m+17 e 7ﬁm+n)_1 (4'4)
is called the dichotomic solution of (DARFE). According to Lemma 2.1 the matrix
My (I — My W) has the eigenvalues Ay1, -+, Angn (counted with multiplicity).

(e) T is called reverse dichotomicif | X, | < | Apy1 |5 if in this case | ¥1,--+,0,| #0 and
A1 # 0 then
WTd = (ﬁlv"'vﬁn) (617"'7671)_1 (45)

is called the reverse dichotomic solution and Mﬂl([ — MiaW,q) has the eigenvalues
Ayt A,
4.2 Properties of the solutions to (DRDFE)

Let Wy € €™*" be given and let us define as before C' by V! (MI,O) =(C =

cn+m

and denote by (W (k)) the solution of (DRDE).

(a) If T is dichotomic we shall say that Wj is contained in the basin of attraction of
Sq (in symbols: Wy € BA (84)) if | ¢mt1, 3 Cman | # 0. If in addition Wy exists we
shall say that Wy is contained in the generalized basin of attraction of Wy (in symbols:
Wo € GBA (Wy)); in this case BA(S;) = GB A (W,).

It can be easily seen that B A(Sy) is of dimension m - n if S is defined; moreover
C™*" \ B A(S4) can be represented as the union of a finite number of sets of dimen-
sions less than m - n. Consequently B A (S;) is in particular open and dense in €™*".

BAWy) ={Woe GBA(W,) | W (k) exists for k> 0}

is called the basin of attraction of W,.

(b) Assume now that W, exists and that Wy € B A(W;). Then it follows from (3.6)
that

| Emg1(B), s Fngm (B) | = Ay - Mo | Ot Bgen | £ 0 (4.6)
and
Lo Lo {a {a
|l (), el (k) | = Mgy Mo Lol ol | (4.7)

9



Since all remaining summands in the denominator and in the nominator of (3.10) are
dominated by the terms (4.6) and (4.7) (if the last determinant is nonzero), it follows
that (under these assumptions)

lim W (k) = W, . (4.8)

k—oco

From Theorem 3.1 combined with (3.6) it follows in addition that there exist constants
¢ >0 and k € INy with

A7n . .
|(W(k)—Wd)i7j|§ck”|)\—|k,1<z§m,1§]<n, (49)
m+1
where k depends on the size of the Jordan blocks .J,, in particular k = 0 if 7" is semisimple.
Notice that Wy, € G B A(W;) does in general not guarantee that (W (k)) is defined for

all & > 0. Nevertheless it follows like before that
lim ImZ (k) =38, . (4.10)

k— o0

Notice that (4.10) also holds true if Wy does not exist but Wy € B A (Sy).
Formulae (4.8) and (4.10) justify the notation introduced in (a).

(e) If T~! exists, analogous results hold for the reverse Riccati difference equation (RDRDE).
Notice that (RDRDFE) corresponds to the linear difference equation

Zk+1)=T""Z k), Z(0)= (VI[/(J) E>0.

(d) Assume now that 7" is not dichotomic. In this case there exist no n-dimensional
T-invariant subspace and no solution of (DARFE) having an m - n-dimensional basin of
attraction. Define

K1

Jueu=] 0 | |1<m < <pa<ntmoand [Ny A | = Angr o A [}
Hn

Then (using the notation of (3.2)) it follows that

Cuy

Dy = {Wo € C™*"

# 0 for at least one p € Jy.}

Cu

n

is open and dense in '™*".
For Wy € Dy, the sequence (W (k)) behaves - as long as it is defined - asymptotically
like its leading term R (k), which is defined by

Cuy
k k 0 X )
5, [ 0|
ﬂeJdic C/.L
(R(K))e = — (4.11)
Cm
Z /\ﬁl"'/\ﬁn|ﬁma"'7f)un
ﬂEJdic c
fin
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If Jy;. contains 7 elements then there are numbers ¢, € [0,27), p1 € Jy., such that (4.11)
can be written as

Z etk en | vffi’]) e vv;(ﬁlj) |
ﬂEJdic c#n
(R (K))ej = : (4.12)
' Cuy
Z elkkﬁ“ |ﬁ#17"'7ﬁﬂn |
/“Et]dic c,LL
n

This clearly shows that R is (as a function of k) either constant, periodic or almost peri-
odic. Consequently the sequences (W (k)) behave for each initial value Wy € D (if they
are defined for k& > 0) asymptotically like (4.12).

Notice that the constant sequences of the form (4.12) are solutions of (DARF). Moreover
(4.12) is periodic if and only if all differences ¢, — ¢,, 1 < v < 7, corresponding to
nontrivial summands in (4.12), are rational multiples of m; here @ € {1,---,7} is fixed
and belongs to one nontrivial summand in (4.12). If T is dichotomic then 7 = 1 and

Dyi. = BA (Sd)
(e) In linear-quadratic discrete-time control problems one has to study special cases
of (DARFE) and (DRDFE) where
M11 = —MQ*Q = A, Mlg =-B R_l B* = —S, M21 = —Q,

with det A # 0, @ = Q* and invertible R = R*. In this case one is interested mainly in
hermitian or symmetric solutions of the resulting hermitian Riccati difference equations

W(k+1)=Q + AW(k)(I - SW(k)) A, (HDRDE)
Wi(k)=Q+ AW(k+1)(I—-SW(k+1) A, (RHDRDE)

and the corresponding hermitian algebraic Riccati equation
W=Q+ AW —-SW) A= Q + A (1 - WS)"'WA). (HDARE)

There exist well known sufficient conditions for the existence of solutions of (HDARE) or
(RHDARE) (see [13], [14], Part III, and [18]). The existence and convergence properties
of the solutions of symmetric Riccati difference equations have been investigated in [1],

[2] and [3].

(f) Under the additional assumption that My and My are matrices of rank 1, suffi-
cient conditions for the existence of solutions of nonsymmetric algebraic Riccati equations
(DARFE) have been derived in [4], Section 3.2. This result is in general not valid for ma-
trices Mya, Mz of rank greater than 1 (see [17] and also Section 4.3).

The next theorem shows how the precedent results can be used to obtain easily infor-
mation on the dynamics of (HDRDE) and (RHDRDE).

For convenience we assume here in addition to the preceding assumptions that

Q=C"C, R>0, (A, B) is controllable and (C, A) is detectable. (4.13)
Under these assumptions it is well known ([14], [7]) that

11



(i) o(T)NilR =, i.e. T and T~ are dichotomic of type (n,n).

(ii) The dichotomic solution W, and the reverse dichotomic solution W,; of (HDARE)
exist and W,; < W < W, for any solution W of (HDARE). Moreover, in the no-
tation of discrete-time control theory, Wy (and W,4) is the unique stabilizing (and
antistabilizing, respectively) solution of (HDARE).

(iii) For any Wy > W4 (or Wy < Wy) the solution W (k) of (HDRDE) with W(0) = W,y
exists for k£ > 0 (or k& < 0, respectively); analogous statements hold for (RHDRDE).

Theorem 4.1 Let (4.13) be fulfilled. Then the following holds for the solution W of
(HDRDE) and the solution W of (RHDRDE) with W(0) = W(0) = Wy:

(i) For Wy > W,gand k£ >0 W(k) exists and lim W(k) = Wy,

k— oo

(ii) for Wy < W,.q W(k) blows up after a finite number of steps,

(iii) for Wy < Wy and k > 0 W(k) exists and klim W(k) = W,q,
— 00

(iv) for Wy > Wy W(k) blows up after a finite number of steps. Similar results are
valid for £ < 0 and £ — —cc.

Proof. We prove here only (i) and (ii) since (iii) and (iv) can be proved analogously.

(i): Let Wy > W,4. Since BA(S,) is open and dense in €™ (see Section 4.2) there
exists a matrix Wy € BA(Sy) with W,y < Wi < Wy. On account of the remarks precedent
to this theorem we also have Wy € BA(W,). If (W;(k)) denotes the solution of (HDRDE)
with W;(0) = Wy, then it follows from the comparison theory of (HDRDE) (see [7]) that
Wi < Wi(k) < W(k) < Wy for k> 0. Hence klggo Wi (k) = Wy implies kli)r(r)lo W(k) = Wj.
(ii): For the proof of (ii) we use the fact that there exists a matrix Wy € BA(S;) with
Wo < Wy < W,4. Using the above mentioned comparison results it is obvious that
the solution (W3(k)) of (DHRDE) with W(0) = W, (and hence also the solution with

W(0) = Wy) must blow up after a finite number of steps, since otherwise W (k) exists for
k>0 and klim W3 (k) = Wy, which contradicts Wy < W,.q < Wy, O
—00

With some more effort it is possible to prove (under weaker assumptions) a refined
version of Theorem 4.1 and also an analoguous result for hermitian Riccati difference
equations with periodic coefficients - these results are the discrete-time versions of the
convergence results in [6].

4.3 Necessary complementarity conditions

(a) A € € is called an unobservable mode (of rank r) of the pair (M, —My,) if there
exist vectors ¢; € €™\ {0}, 0 < j <r —1, such that

(—Mzz - )‘[n—}—m)Qj = {qj—1 and M, q;, =0 for0<j;<r—1;
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here g_; = 0.

Subspaces spanned by chains of such generalized eigenvectors are called (Mz, —Ms,) -
unobservable subspaces corresponding to the eigenvalue A of — M.

Notice that a subspace S is (M2, — Msz)-unobservable if and only if it is —Myz-invariant
with § C Ker M,.

(b) The subsequent assertion follows, using (2.1), by straightforward calculation:
A is an unobservable mode (of rank r) of the pair (M3, —My;) corresponding to the chain
q;, 0 < j <r=1,if and only if (with the notations of (2.1))

-3t (V) =2 (0 ) 0sisoon

q; qj-1
(c) As an immediate consequence of (b) we get:

Let § = Im (v,,,---,v,,) be an n-dimensional T -invariant subspace with (v,,,---,v,,) =
(é) and X € C"*". Then the complementarity condition det X # 0 can only be fulfilled

if S does not contain an (Mya, —May) - unobservable subspace.

This shows that the observability of (M2, —Myz) is a necessary condition for all possi-
ble eigenvector selections (v,,, - -,v,,) to give nonsingular X. From the results in Section
3 of [17], where similar problems have been studied , we infer that these necessary condi-
tions are not sufficient for the invertibility of X.

Necessary conditions for the existence of solutions of two special classes of nonsymmet-
ric algebraic Riccati equations, appearing in discrete-time Nash and Stackelberg games,
can be found in [9].

(d) Analogously to (a), (b), (c) we can derive by direct calculations that the observability
of (M3', My;) is a necessary (but non-sufficient) condition for all eigenvector selections

(Vs oy 0,,) = (i,() to give rank Y = n.

Notice that
T_/\]nm b = b= ) 0§]§T_17
N0 0

holds (with p_; = 0) if and only if
(Ml_ll _)\[n) P; = Pj-1, Mgp] :07 0 §] S r — 1,

i. e. if and only if A is an unobservable mode of rank r of the pair (M;;', My;).

(e) If W is a solution of the (DARF)
W = —My — Mag W (I — My, W)_l M,
then V = W* is a solution of the modified algebraic Riccati equation
Vi= =M = My (1=V M)~V Mg,
hence each solution V' corresponds to an n-dimensional T-invariant subspace, where

T . ( _MQ_Q* _M2_2* Mf? )
=M Myy" =My + M3 My My,
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As before it follows that A is an (M7,, — My, ) - unobservable mode of rank r corresponding
to the chain ¢;,0 < 7 <r —1, if and only if

(T—/\[n+m)<0> :( 0 ) 0<j<r—1.
9 9j-1
This shows that the observability of (M{,, —M};) (or the controllability of (=M, M;,))

is a (second) necessary condition for all eigenvector selections to give (as before) a non-
singular X.

Summarizing the preceding results we obtain:

Theorem 4.2 [f each n-dimensional T -invariant subspace Im (?,() has the property that
X is nonsingular, then (W = XY is a solution of (DARFE) and)

(i) det T #0 (i. e. det M1 #0 and May #0).
(it) (Mo, —Mys) is observable;
(iit) (My1, Myz) is controllable.

Notice that assertion (i) of Theorem 4.2 follows from the last sentence of Lemma 2.1;
moreover (My1, Mi2) is controllable if and only if (—Mj1, My3) is controllable.

4.4 Nonautonomous Riccati difference equations

Mll M12
M21 M22

In this subsection we assume that M = ) is as in Section 2 and that

: M1 (k) Miq(k)

(M(k))kZO with ( Mgl(]{f) M22(k)

with klim M(k) = M, where M is dichotomic of type (m,n).
—00

We associate with (M (k))z>o the nonautonomous Riccati difference equation

is a sequence of invertible (n+m) x (n4+m) matrices

W(k + 1) = — My (k) — Mos(k)W (k)(I — Myo(k)) " My (k), W(0) = W(0).  (4.14)

Ti(k) Thia(k)
Tor(k) Taa(k)

sponds to the nonautonomous linear difference equation

Let T'(k) := T(M(k)) =: ( ) , k € IN (see (2.1)), then (4.14) corre-

Z(k+1) = T(k)Z(k), Z(0) = ( 3}0 ) k>0, (4.15)

and we can use the results of Kooman, [12], on (4.15) for the study of (4.14).

Let V = (v1,...,0s4m) be a Jordan-basis of M such that

_1 Y AV
vronv= (3 2.
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where all eigenvalues of A,, have smaller modulus than each eigenvalue of A,,.

From [12], Theorem 3.2, it follows that there exists a sequence (L(k))r>o of invertible
matrices with

lim L(k) = L, (4.16)
and
Lk + V)V T(M(k)V L(k) = ( Bnlk) Ano(k) ) , (4.17)
where A (k) € €™, Ay(K) € €™ and Jim ( A”B(k) Ano(k) )
Denote
Dy = {Wy € €| det Z; # 0 for ( 2 ) = L(0)V~! ( %”/0 )}, (4.18)

here we used the preceding notations and 7, € €™*™, Z, € €™*".
As in Section 4.2, a, we infer that D, has dimension m - n and ¢™*" \ Dy is the finite
union of sets of dimensions less than m - n; hence D, is open and dense in ¢ ",

Lemma 4.3 Let Sy = Im(vpg1,-- -, Ungn). Then

I

kli}rgo Im Z(k+1) =38, for Z(0) = ( Wn/o ) with Wy € Dy. (4.19)

Proof. From (4.15) - (4.17) we infer that
Z(k+1) = }i)T(k)(MI/O)
— VL(k+ 1)-1]‘1f[0 ( g ) LV ( MI/O )

An(j) 0
0 Ay(

k

= VLE+1)| 2°

I A-() 2

7=0

Here det Z, # 0 (since Wy € Dy ) and therefore, on account of det A, (k) # 0 and (4.16)

also det Zy(k) # 0 for k > ky. This implies (4.19). O

In the remaining part of this section we assume in addition to the preceding assump-
tions that

My (k) = —M5y(k) = A(k), Mia(k) = —B(k)R™'(k)B*(k), My (k) = —C*(k)C(k),k >0,
where det A(k) # 0 and R(k) > 0 for £ > 0 and

lim (A(k), B(k),C(k), R(k)) = (A, B,C, R)

k— o0
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with det A # 0, R > 0 such that
(A, B) is stabilizable and (C, A) is dectectable.

Then it follows easily from the comparison results in [7] that for Wy > 0 the solution

(W(k))r>o of (RHDRDE) with W(0) = Wy is a well defined sequence of positive semidef-
inite matrices. Moreover the stabilizing solution W, = W, of (HDARE) exists and is
positive semidefinite.

Theorem 4.4 For Wy > 0 the solution W (k) of (RHDRDE) with W(0) = 0 exists
and lim W(k) = W,.

k— oo

Proof. For Wy > 0 there exists, according to Lemma 4.3, W; with 0 < W; < W, and
W, € GBA(WY).
Since the solution Wi(k) of (RHDRDE) with W;(0) = W, exists for & > 0 (which fol-

0
lows for example from the comparison theorem), it follows that klim Wi(k) = W4 and

—00
consequently, using again the comparison theorem, klim W(k) =W,. O
—00

References

[1] R.R.Bitmead and M.R. Gevers. Riccati difference and differential equations: Conver-
gence, monotonicity and stability. In: S. Bittanti et al. (Ed.) The Riccali Equation,
Berlin, Springer Verlag, 1991.

[2] P.E. Caines and D.Q. Mayne. On the discrete time matrix Riccati equation of optimal
control, Int. J. Control 12:785 - 794 (1970).

3] S.W. Chan, G.C. Goodwin and K.S. Sin. Convergence properties of the Riccati differ-
ence equation in optimal filtering of nonstabilizable systems, IEFE Trans. Automat.

Contr. 12:110 - 118 (1984).

[4] D.J. Clements and B.D.O. Anderson. Polynomial factorization via the Riccati equa-
tion, STAM J. Appl. Math. 31:179 - 205 (1976).

[5] J. Daughtry. Isolated solutions for quadratic matrix equations, Lin. Alg. Appl. 21:89
- 94 (1978).

[6] G. Freiling and A. Hochhaus. Existence and convergence results for periodic Ric-
cati differential equations. Schriftenreihe des FB Mathematik der Universit”at-GH-
Duisburg Nr.438 (1999) (to appear in the Proceedings of the European Control
Conference 1999, Session: Linear Systems II).

[7] G. Freiling and V. Ionescu. Time-varying discrete Riccati equation: Some monotonic-
ity results, Lin. Algebra and its Appl. 286, 135-148 (1999).

[8] G. Freiling and G. Jank. Non-symmetric matrix Riccati equations. Zeitschr. fir Anal-

ysis und thre Anw. 14:259 - 284 (1995).

9] G. Freiling, G. Jank and H. Abou-Kandil. Discrete time Riccati equations in open
loop Nash and Stackelberg games. In: Proceedings of ECC 97, Brussels 1997.

16



[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

G. Freiling, G. Jank and A. Sarychev. Lyapunov-type functions and invariant sets for
Matrix Riccati Differential Equations. In: Proceedings of ECC 97, Brussels, 1997.

F.R. Gantmacher. The Theory of Matrices, Vols. 1 and 2. Chelsea, New York, 1959.

R. J. Kooman. Convergence properties of recurrence sequences, Dissertation Univer-

sity of Leiden, Netherlands, 1989.

V. Kucera. The discrete Riccati equation of optimal control, Kybernetika 8:430 - 447
(1972).

P. Lancaster and L. Rodman. Algebraic Riccati Fquations. Oxford, Clarendon Press,
1995.

H.B. Meyer. The matrix equation AZ + B-Z C7Z-72D =0, SIAM J. Appl. Math.
30: 136 - 142 (1976).

M.A. Shayman. Phase portrait of the matrix Riccati equation. STAM J. Contr. Opt.
24:1 - 65 (1986).

A.J. Telford and J.B. Moore. On the existence of solutions to nonsymmetric algebraic
Riccati equations. In: Proceedings of the Workshop on The Riccati Fquation in
Control, Systems and Signals, S. Bittanti (Ed.), Pitagora Editrice, 83-86, Bologna,
1989.

H. Wimmer. On the existence of a least and negative-semidefinite solution of the
discrete-time algebraic Riccati equation. J. Math. Syst. Est. and Contr. 5:445 - 457
(1995).

17



