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Abstract: We study the asymptotic behavior of difference equations appearing in the necessary opti-
mality conditions of noncooperative open loop Nash and Stackelberg games. Since these equations are
coupled nonsymmetric Riccati difference equations, their qualitative behavior is essentially different from
that of standard (symmetric) Riccati equations. Moreover we study also the properties of the solutions
of the corresponding algebraic Riccati equations.

1. Introduction.

Standard Riccati equations are widely studied in the literature due to their prominent role in linear-
quadratic optimal control and filtering problems (see for example [6],[10]). In dynamic games where
several players or decision makers are acting on the same system, coupled and/or nonsymmetric Riccati
equations occur and have to be solved in order to compute each player’s strategy. The type of coupling
between such equations depends on the information structure in the game (open loop, closed loop, ...)
and also on the strategy adopted by the different players. A detailed review of these concepts in dynamic
games can be found in [5].

In this paper we consider nonsymmetric coupled Riccati equations associated with open loop discret-
time linear-quadratic games when Nash or Stackelberg strategies are applied. For the continuous time
case, i.e. for differential games, the corresponding equations were examined in [2], [3] and [4]. Two main
problems were tackled: the solution of the coupled Riccati equations [2]-[3], and the asymptotic behavior
of the nonsymmetric Riccati equation associated with the Nash strategy to derive necessary conditions
for obtaining constant solutions [4]. A recent rigorous exposition of these results can be found in [9]. For
the discrete-time case, a closed form solution of the Riccati difference equations associated with the open
loop Stackelberg strategy was proposed in [1].

The purpose of this paper is to study the discrete-time coupled nonsymmetric Riccati equations
occurring when a Nash or a Stackelberg equilibrium is sought in a linear-quadratic game with an open
loop information structure. The main results concern the asymptotic behavior of such equations and the
solution of the corresponding algebraic equations. It is shown that, in analogy with the linear-quadratic
control problem, the solutions of the algebraic equations can be characterized in terms of invariant
subspaces of a matrix associated with the necessary conditions to be satisfied for an equilibrium.

It is worth noting that solvability of the above mentioned set of coupled Riccati equations does not
necessarily guarantee the existence of an equilibrium. This problem is examined in [11], [8] and [9] for
the continuous time case. The existence of Nash or Stackelberg equilibrium in the discrete-time case is
not addressed here.

The paper is structured as follows: discrete-time linear quadratic games are defined in Section 2. Then,
Nash and Stackelberg strategies are presented and the associated Riccati equations are derived for an
open loop information structure. Sections 3 and 4 are dedicated to the analysis and the solutions of the
nonsymmetric Riccati equations for Nash and Stackelberg equilibria respectively. Concluding remarks



make up Section 5.
For further details concerning these topics see [9].
2. Problem formulation.

For the sake of clarity, we restrict the presentation here to two player games. However, the results
obtained can be easily extended to the case of n-person dynamic games.
Consider a discrete-time linear system with two decision makers (or players)

x(k+1) = Az(k) + Biui (k) + Baua(k), x(0) = xo, (1)
with
z(k) e R", uy(k) eR™, 1<i<2, 0<k<N-1L1

Each player is trying to minimize its own cost functional subject to (1) by exploiting the available
information to take the correct decision according to the sought strategy. The cost functionals of the
players are defined by:

i
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Iy = %xT(N)Kle(N) + 27 (k)Qua (k) + uf (k) Ruyur (k) + ug (k) Rizua (k)]

i

T = %IT(N)KWU(N) + 27 (k) Qo (k) + uf (k) Ravur (k) + ug (k) Rozua(K)]

DN | =
=
I
=)

where all matrices are symmetric with
R; >0 for = 1,2.

Notice that we do not assume here that all weighting matrices are positive semidefinite (which would
unnecessarily restrict and essentially simplify the problem).

It is assumed here that the information structure of both players is of the open loop type, i.e. no state
measurements are available during the optimization period and each player computes its optimal policy
at the beginning of the game and is committed to follow that policy during the whole period. Depend-
ing on the strategy sought, necessary conditions for an equilibrium can be derived (see [5]). Nash and
Stackelberg strategies are now introduced.

2.1. Nash strategy.

The Nash equilibrium strategies (u},u3) are defined as satisfying the conditions:
Ji(uy,ug) < Ji(ug, ug),

JQ(ULU;) < JQ(uika UQ)'

Thus, the Nash strategy safeguards against a player deviating from the equilibrium strategy. It becomes
reasonable when cooperation between decision makers cannot be guarantee. It has been shown by Pindyck
[13] (see also [5]) that the necessary conditions for an open loop Nash strategy for the game defined by
(1), (2) are given by

uy (k) = —Ry'BY 1 (k +1), ua(k) = —Ryy Ba tha(k + 1), (3)
where the costate vectors ¥;(k) must satisfy
Gi(k) = Qix(k) + ATi(k + 1), 4(N) = Kina(N), 1<i<2, 0<k<N-1 (4)
Due to the linearity of the above equations we suppose here that
Yi(k) = Ki(k)x(k), 1<i<2, 0<k<N, (5)
which implies that (1) can be written as

0= Ax(k) — [I + 81K, (k+1) 4+ So Ko (k + 1)) z(k + 1) (6)



with 2(0) = 29 and S; = B;R;;'BY, 1 <i < 2. If [[ + 51K (k+1) + SyKo(k + 1)] is invertible this
means

a(k+1)=[I+ 81K (k+1)+ Sy Ky(k+1)] " Azx(k), 0<k<N-—1 (7)

Here and in the sequel I € R"*™ denotes the identity matrix.
From (4),(5) and (6) we infer that K7, K5 must be solutions of the discrete -time open loop Nash Riccati
difference equations

Ki(k) = Q1+ ATK (k+1)[I + 51Ky (k+1)+ S3Ko(k+1)] " A, Ky(N) = K1y,

(8)
Ko(k) = Qo+ ATKy(k+ 1) [I + 81Ky (k+1) + SoKo(k+1)] " A, Ky(N) = Koy,

provided the inverses in (8) exist.

The asymptotic behavior of such difference equations is discussed in Section 2 of this paper where neces-
sary conditions are established for the existence of constant solutions of (8), i.e. solutions of the coupled
algebraic Riccati equations

Ki=Qi+ATK, [+ 8K, + S: Ky ' A,
Ko= Qo+ ATKs [I + Sy K + SoKo] " A. ()
. . . . Ky
In the sequel we write the (pairs of) solutions of (9) in the form 5 )
2
2.2. Stackelberg strategy.

The concept of Stackelberg equilibrium has been introduced in dynamic differential games by Chen
and Cruz [7] and Simaan and Cruz [14]. In such a strategy, one of the players, the leader, has the ability
to enforce his strategy on the second player, the follower. A hierarchical equilibrium solution concept
as proposed by H. von Stackelberg in 1934 (see [5] for details) must be defined. In fact, the follower is
restricted to those strategies minimizing its own cost for a given strategy of the leader.

When player 2 acts as a leader and player 1 as follower, necessary conditions for an open loop Stackelberg
strategy (3) are given by (see [5], Theorem 7.1 and Corollary 7.1)

U1 (k) = Qua(k) + ATy (k + 1),

a(k) = Qo (k) + ATk + 1) + Qi (k), (10)
Y(k+1) = So1p1(k + 1) — Siaba(k + 1) + Avy(k),
P1(N) = Kinz(N), ¥2(N) = Konaz(N) + Kiny(N), ~(0) =0,
with Sy = BlRl_llelRﬁle and where again S; = BinlBiT, 1< <2

If (k) = K;(k)z(k),1 < i <2, and y(k) = P(k)xz(k), then again (1) can be rewritten in the form (7),
where K, Ko are obtained from the coupled system of difference equations

Ki(k) = Q1+ ATK (k+1)[I + 51K (k+1) + Sy Ky (k+1)] " A,

Ko(k) = Qo+ ATKy(k+ 1) [I + 81K, (k+ 1) + 8o Ko (k + 1)) A+ Q1 P(k), (11)
Plk+1)[I+ 81K (k+1) 4 SoKo(k+1)] 7" A=
[So1 Ky (k+1) — S1Ky(k+ 1) [I 4+ S1 K1 (k+1) 4+ SoKa(k +1)] " A+ AP(k),

with
Ki(N)=Kin,K3(N) = Koy + K1nP(N), P(0) =0,

provided the inverses in (11) exist.

Notice that - in contrast to (8) - the equations (11) cannot be integrated backwards since they are not
decoupled at the terminal condition; i.e. the coupled system (11) constitutes a two-point boundary value
problem, since the starting conditions are specified at both endpoints.



3. Nash Games.

In the sequel we assume that A is regular; this implies that (after an index transformation) the
difference equations in (4) and (6) can be rewritten as

¥ ¥
P (m+1) = Mn, L (m) (12)
o o

where m := N — k, Z(m) = x(N + 1 —m), ;(m) = ;(N +1—m), 1 <i <2, and

A1 A~LS, A~LS,
My, = | QA™Y AT+ QA5 Q1A™1S,
Q2A7! Q2A715, AT 4+ Q24715

Obviously the sequence | 91 | (m), m > 1, is uniquely defined if its initial value is known.

2
It should be noted that if A is not invertible, a more general matrix pencil approach, in analogy with the
standard linear-quadratic case (see [12]), has to be used; we do not discuss this here.

Since it turns out that the asymptotic behavior of this sequence as m — oo is related to the behav-
ior of the solutions of the algebraic Riccati equation (9), we present next some results concerning the
interconnection of (9) and the corresponding linear difference equation (12).

1
Theorem 1. (i) If S(K1, Ky) := span | K1 | € @3"*" is an invariant subspace of My, with
K

det (I + S1K1 + SoK3) # 0 then (§1> is a solution of (9).
2

(i) If <§1> € C*"" is a solution of the algebraic Riccati equation (9), then S(K;, Ky) C €™ is
2

an invariant subspace of Mpy,. Moreover Fczl = AU + S1 K1 + SoKs), which is the inverse of the
corresponding closed loop matrix F.y, is the matriz of the restriction of My, to S(K1, Ka) with respect
I
to the basis defined by the columns of | K;
Ky

Proof. (1) If S(K1, Ks) is My,-invariant there exists a matrix R € C™**™ with

A1 A‘lSl A‘ng I
QA7 AT+ Q4715 Q1A™1S, K,
QA7 Q2A1S; AT + Q2 A718, Ky
I I
= MNa Kl = Kl R (13)
K> Ky

The first row of (13) yields R = A=1(I + S1 K1 + S2K>), hence we obtain, using the second and third row
of (13), that
QLA™ + S1K1 + SoKs) + ATKy = K1 AT (I + S1 K1 + 5, K5),

QuA™N(I + $1 Ky + S2063) + ATKy = Ky A~ (I + $,K; + S30). (14)

This means that (§1> is a solution of (9) since we assumed det(f + S1K; + S2K3) # 0.
2

(ii) If vice versa (§1> is a solution of (9) then (14) is verified and (13) holds with
2

R:= Ail(I'f‘SlKl +52K2). O



Remark 1. (i) Theorem 1 shows that the solutions of the algebraic Riccati equation (9) can be deter-

mined from the generalized eigenvectors of My,; more precisely we have:
X

Let span(vy,,...,v,, ) be an Myg-invariant subspace such that det X # 0 for | Y7 | = (vuy,...,00,),
Y,

-1
then Ky = YlX_l is a solution of (9) if det(I + S1 K7 + SaK3) # 0.
Ky Yo X
If My, has at least one eigenvalue of geometric multiplicity g > 1 then (9) may have an uncountable
number of (real or complex) solutions; if all eigenvalues of My, have geometric multiplicity 1 then there

exist at most (3:> solutions of (9).

Notice that a solution (gl ) of (9) corresponding to S(K7, K3) = span{v;,,...,v;, } is real if the gen-
2

eralized eigenvectors v;, corresponding to nonreal eigenvalues of My, are appearing in {v;,,...,v;, } in
conjugate complex pairs.

(ii) From Theorem 1, (ii) we infer that the closed loop matrix F., = (I + S1K; + SoK2) 1A is stable
(in the discrete-time sense, i.e. that all the eigenvalues of F, have modulus less than one) if the gener-
alized eigenvectors spanning S(K, K») are corresponding to eigenvalues of My, lying in the exterior of

the closed unit circle; in this case is called a stabilizing solution of (9). Since My, has (counting

1
K
multiplicity) 3n eigenvalues it is obvious that (9) may have several stabilizing solutions. Notice that on
account of the substitution m = N — k we have to use a solution of (9) corresponding to an invariant
subspace of My, belonging to unstable eigenvalues if we want to have a corresponding stable closed loop
matrix.

For the formulation of our next results we introduce the following notations:

Notation. For arbitrary matrices A € €™*", B € €™** and Q € €™ "we define:
(i) A is called an unobservable mode (of rank r) of the pair (Q), A) if there exist vectors p; € €™\ {0}, 0 <
j <r—1, and p_; = 0 such that

(A= X)p; =pj—1 and Qp; =0 for 0<j<r—1.

Subspaces of € spanned by chains of such generalized eigenvectors of A and unions of such subspaces
are called (@, A) unobservable subspaces corresponding to the eigenvalue A of A.

(ii) A is called an uncontrollable mode (of rank r) of the pair (A, B) if there exist vectors y; € €"\{0}, 0 <
j<r—1,and y_1; = 0 such that

ij(A—)\I):y;‘-';l and BTyj:0 for 0<j<r-—1.

Subspaces of €™ spanned by chains of such generalized eigenvectors of A and unions of such subspaces
are called (A, B) uncontrollable subspaces corresponding to the eigenvalue \ of A.

Using these notations we get:

Lemma 1. (i) For 1 < v < 2 X is an uncontrollable mode of (A, B,) of rank r corresponding to the
0

chainy;, 0 <j<r—1ifandonlyif | y; |, 0 <5 <r—1,is a chain of generalized eigenvectors of
Yj

Mpq corresponding to the eigenvalue .

(Notice that this implies that X is also an uncontrollable mode of rank r of (A, By) with the same chain).

(i1) X is an uncontrollable mode of rank r of (A, By) (respectively (A, By)) corresponding to the chain

0 0
yj, 0<j<r—1,ifandonlyif | y; |, 0<j<r—1, (respectively | 0 |, 0<j<r—1,) is a chain
0 yj

of generalized eigenvectors of My, corresponding to the eigenvalue A

Subspaces of €>" spanned by chains of generalized eigenvectors of My, as given in Lemma 1, (ii) and



unions of such subspaces are called special (A, By) uncontrollable subspaces (respectively special (A, Bs)
uncontrollable subspaces) of M.

Proof. Let y_; := 0. From detA # 0,R,, > 0 and S, = B, R, !B it follows that A=1S,y = 0 if and
only if Bl'y = 0. Therefore it follows from

0 A_151yj + A_ISQyj
Myo |y | = | QAT S1y; + Q1A Say; + ATy,
Yj Q2A71S1y; + QA Sy + ATy,

that y] (A — X) =y7 | and
B?;yj =0 for 0<j<r—1,1<wv <2 holds if and only if

0 0 0
Myolyi | =21y |+ yir ], 05j<r—1
Yj Yj Yi—1
This proves (i); similarly one can prove (ii). O
Ailyj
Yj
Using My | O =| QiA7'y; | we obtain analogously to the proof of Lemma 1:
0 _
Q2A™y;
Lemma 2. \ # 0 is an unobservable mode of rank r of the pairs (Q1, A~ and (Q2, A™1) corresponding
Yj
to the chain y;, 0 < j<r—1,ifandonlyif [ 0 |, 0<7<r—1, is a chain of generalized eigenvectors
0

of My, corresponding to the eigenvalue .

Subspaces of €™ spanned by chains of generalized eigenvectors of My, as given in Lemma 2 and unions
of such subspaces are called special (Q1,A™1), (Q2, A~!) unobservable subspaces corresponding to the
eigenvalue A\ of Myy,.

The next Theorem is an immediate consequence of Lemma 1 and Lemma 2.

X X
Theorem 2. Let S = span| Y1 | with | Y1 | = (vu,,...,v,,,) be a n-dimensional Mpyq-invariant
Y, Y,

subspace of C>".

(i) If S contains a nontrivial special (A, B,) uncontrollable subspace of My, for some v € {0, 1, 2} then
det X = 0; i.e. S does not correspond to a (finite) solution of (9).

(ii) If S contains a nontrivial special (Q1,A) and (Q2, A) unobservable subspace of My, then

det Y1 = det Yo = 0.

Notice that part (ii) of Theorem 2 provides necessary conditions for the invertibility of the matrices
Y1 X1 and Y2 X 71, defining a solution of the algebraic Riccati equation (9); a similar statement could be
made concerning the relevance of Theorem 7, (i) and (iv). It is well known that (A, B,) is controllable
if and only if
rank (B,,AB,,---, A" 'B,) =n,

which is equivalent to

BT

B AT

L,:= Kemelof | .~ = {0}.

BZ“(AT)nfl

Notice that Lo = L1 N Ls. Now we prove another characterization of the controllability of (A, By).



Theorem 3. (i) The subspace

0
So={| v | € €y e Lo} (15)
Y
On,k:
18 the maximal My, -invariant subspace having a basis-matriz of the form | Y
Y

(ii) (A, By) is controllable if and only if My, does not have a nontrivial invariant subspace of the
form (15).

Proof. We prove (i) as follows:

a) Let y € Lg. Using the theorem of Cayley-Hamilton it follows from the definition of Ly that
BT(AT)iy =0 for j € N U {0}, therefore ATy € L.
For y € Ly we get

0 A7151y+A7152y 0
Myo | vy | = | Q1A S1y+ Q1A Sy + ATy | = | ATy | €S
Y Q2A71S1y + QA7 Sy + ATy ATy

which shows that Sy is My .-invariant.

On,k
b) Let § = span Y be My .-invariant. Then there exists P € €*** with
Y
On,k: On}]@ A_lSlY + A‘15’2Y
My, Y = YP = QlA_lSlY + QlA_lSQY + ATY . (].6)
Y YP Q2A71S1Y + Q2A71S2Y + ATY

Since det A # 0 we infer from the first row of (16) that (S; + S2)Y = 0. Consequently it follows
with R;; > 0,7 = 1,2, that
YT'B;R;;'Bl'Y =0, 1<i<2

This implies

BfY =0 and BIY =0 (17)
and, on account of (16),
On,k On,k On,k:
Myo | Y =| ATy | = vP |. (18)
Y ATY YP

From (17) and (18) we infer that
BI'ATY = BYYP =0,4,P =0, fori=1,2.
Repeating this step we obtain, using for j > n the Cayley-Hamilton theorem, that
BI'(AT)Y =0, for i =1,2 and j € N U {0}.
Hence span Y C Lo and S C Sp. O
This proves assertion (i).
For the proof of (ii) we use the Hautus-criterion, which implies that (A, By) is uncontrollable if and only

if there exist a vector y # 0 and a A € €' with

ATy =)y, Bly=0;



Y Y
Using this fact and the definition of Sy and Ly we get assertion (ii).

0 0
notice that in this case My, y) = (y) .

Remark 2. In analogy to the continuous-time case we can show that the Riccati difference equation (8)
and the linear difference equation (see (12))

X X X I
Uy | (m+1)=Mya| V1 |(m), 1<m <N, [ ¥ |(1)=| Ky (19)
Uy Uy Uy Kaon

are equivalent in the following sense:

(i) Let Ky (k), K2(k), N > k > 0, be solutions of (8) with K;(N) = K;n, 1 <i < 2.
If (withm:=N —k) for 1 <m < N,

X(m+1)=A"1X(m) + A718,0 (m) + A71S, Wy (m), X(1) =1, (20)

U (m+1):= K;(N—m)X(m+1), ¥;(1)=Kn, 1<i<2, (21)

X
then ( 0, ) (m),1 <m < N + 1, is a solution of (19).

Uy
X N
(ii) If vice versa | Wy | (m),1 <m < N +1, is a solution of (19) with invertible matrices X (m) and
U,

I+81%(m)" ! + SQ\iJ(m)_l, 1<m< N+1, then K;(N —m) := \ilz(m + 1)X(m +1)71
1<i<2,1<m< N +1, defines a solution of (8).

Proof. (i) Let K (k), Ka(k) solve (8) and let X (m) and ¥;(m), 1 < m < N + 1, be defined by (20)
and (21). Obviously (20) implies the first row of (19). Using this identity it follows from (8) and (21)
that fori =1,2and 1 <m <N

Ui(m+1) = K;(N —m)X(m+1)

={Qi+ ATKi(N —m A+ D[+ S K (N —m+1)+ S Ky (N —m+1)] P A}X (m + 1)

= QAT + SiK{(N —m+ 1) + So Ko(N — m + 1)] X (m)

+ATK; (N m+ D[+ S1K1(N —m+1) + SKa(N — m + 1)] 7P AA X (m) + S04 (m) + SoWa(m)]
= QAT X (m) + S1W1(m) + SaWa(m)] + AT, (m),

which is equivalent to the second and third row of (19).

(ii) (19) implies for 1 <m < N

X A {[X(m) + 5101 (m) + S50 (m)] i
Uy | (m+1)=| ATE(m) + QAT [X(m) + S1P1(m) + S2Ws(m)]
U, \I’ (m) + QgAil[X(m) + Slllll(m) + SQ\IIQ(m)}

Replacing X (m + 1) by the expression on the right hand side of this identity we get

( Uy (m+1)X (m+ 1)~ ) _ ( Q1+ ATy (m)[X (m) + S1¥1(m) + So¥a(m)] 1A )
\IIQ(m + 1)X(m + 1)_1 o QQ —+ AT\IIQ(m)[X(m) + Slllfl(m) + SQ‘I’Q(m)]_lA ’

which shows that K;(N —m) = ¥;(m)X(m)~', 1 <i <2, 1<m< N, solve (8). O



Since the dynamics of the difference equation is very simple it can be used to investigate the asymptotic
behavior of the sequences K;(k) for k — —oo.

Let V = (v, -+, v3,) € C3"®3" be a matrix defined by a Jordan basis of generalized eigenvectors of My,
such that
Al * 0
V™ My, V =diag (Ji,--+,Jp)=| - o %
0 B )\Sn

with * € {0,1} and (without loss of generality)
0< M| < [Aof <+ < [Asnl-

Mpy, ( and the system (8) of Riccati difference equations ) is called dichotomically separable if |Aap| <
X

[A2n+1]- If in this case in addition the n-dimensional matrix X defined by | ¥1 | = (vopa1, -, vs,) is
Uy

invertible then it follows from Theorem 1 that K¢ = U; X! K¢ = U, X! defines a real solution of the

algebraic Riccati equation (9), this solution is called the dichotomic solution of (9).

K

We say that ( glN > belongs to GB ( a |, the generalized basin of attraction of ( K}j ), if the
2N K2 Kz
C1 I
last n rows of the matrix C' = =V~!| Kiny | are linearly independent.
C3n K2N

K4
Notice that GB ( L
K

respect to@" ™ consists of a finite union of sets of dimensions < 2n?2.

> is an open and dense subset of C2"*™ more precisely, its complement with

d d
Theorem 4. Assume that the dichotomic solution Kb of (9) exists and that Kin € GB K}i .
K¢ Kon K¢

If the sequence glgg ) corresponding to the solution of (8) with K;(N) = K;n (fori =1, 2) is defined
2

for all k < N then
lim K;(k) = K& fori=1,2.

k——o0

X
Proof. Let the sequence [ ¥, | (m), m > 1, be defined like in (19). Then it follows (under our
U,
assumptions) that
X X X I
Uy | (m41)=Mya | ¥y | (m)=MF, | U1 | (1) =My, "My, VV' | Kiv | =
\Ilg \:[12 \Ilg K2N
My JIC = My 2V 20 =VJI™C = (0, -+ ,0,v941, -+ ,03,)J™C + R(m),

where the elements of R(m) are (for m — o0) bounded by a constant times |\ |.
Hence we infer as with the proof of the classical power method that

X I

n
lim span | W, | (m)=span (veni1,--,v3n) = span [ K¢
m— o0 ~ d
Uy K;
This proves the assertion of Theorem 4. O
Notice that here the order of convergence depends essentially on the ratio § = i >‘\22+‘1\ .




Theorem 4 indicates that for large values of N and for problems having a dichotomic solution with a
stable closed loop matrix (I + S1 K¢ + SoK¢)™1 A it makes sense to replace the controls u;(k) defined in
(3) by the constant (or static) stabilizing controls

(k) = —R;;' BF K{z(k), 1<i<2, 0<k<N.

4. Stackelberg Games.

In this section we assume like in section 3 that A is regular. It is possible to formulate most of the
results of section 3 in the context of Stackelberg games.
Notice that the difference equations in (1), (10) can be rewritten as

X X
Tl =Ms| ] [ k+D0<k<N -1, (22)
o o
U1 U1
where
A1 0 A7152 A*151
Mer — 0 A1 A7151 —A*1521
ST QAT QAN AT £ QuATIS +QaATSy QuATNS) — Q1 ATSy
QA1 0 Q1A™1S, AT + QA8

The algebraic (Stackelberg-) Riccati equation corresponding to (11) is

K, = Ql =+ ATKl[I—l- S1K7 + SQKQ]_IA,
K2 :Q2+ATK2[I+51K1 +52K2]_1A+Q1P, (23)
P[I+ S1 K1 + SQKQ]_lA = [SglKl — SlKg][I—F S1 K + SQKQ]_lA + AP.

The following theorem shows that the solutions of (23) can be determined from the n-dimensional invari-
ant subspaces of Mg;.

Theorem 5.
(i) If S(K1, K, P) := span (I, PT, KT, KI)T ¢ @*"*" is an invariant subspace of Mg; with det(I +

K,
S1K1 + S2Ks) #0, then | Ka is a solution of (23).
P
K, 3
(ii) If | Ko | is a solution of (23) then S(Ki, Ko, P) is an invariant subspace of Mg; and A= (I +
P

S1K) + S,K5) is the matriz of the restriction of Mg, to S(K1, Ky, P) with respect to the basis defined by
the columns of (I, KT, KT, PT)T.

Proof. (i) If S(K1, Ky, P) is Mg, - invariant then there exists a matrix R € ¢™*" with

I I
P P

Mse| o | =1 & |2 (24)
K K

The first line of (24) yields that R = A~![I + S; K7 + S2K>], therefore we obtain from the last three
rows of (24) that

AP+ AT S Ky — Sy K] = PATHI 4 51K, + S2 K3, (25)

QoA P+ QAP+ ATKy + Q1AT1S Ky + QoA 1S Ky + Qo A™1S Ky — Q1 A™1S0 K,
= Ko A7V I + S1 K, + So K], (26)
QAT+ QAT S Ky + ATK + QA8 Ky = K1 AT + 81K 4 S2K). (27)
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Then we multiply the equations (25), (26), (27) from the right by [I +S; K7 + S2K3] 1A and in addition
(25) also from the left by A. This yields

[P+ S1Kq — So1 Ki][I + S1 Ky + So Ky 1A = AP, (28)
and, using (28),
Q2+ ATK[I + S1 K1 + S2K2) P A+ Q1P = Ko, (29)
Q1 + ATK,[I + S1 K1 + Sa K] PA = Ky, (30)
Ky
which shows that | K3 | is a solution of (23).
P
K,
(ii) If vice versa | Ky | solves (23) then (25) - (30) are verified and (24) holds with R = A71[I +
P
S1K7 + S2Ks). O
From
y Ay 0 A1 Sy
o _|[ o 0| _[ A 'Sw
Msi) o | = QA 'y |7 Ms: y || ATy+@QATISiy+ QAT Sy |
0 Q1A Yy 0 Q1A Syy
0 0 0 A5y
y | | Aty 0| —A"1S5y
Msi) o | = QA y |7 Mse o Q2A7S1y — Q1A Sory
0 0 Yy ATy + Q1A' Sy

and So; = B Ry Rio R BT it follows as with the proof of Lemma 1 and Lemma 2:

Lemma 3. \ # 0 is an unobservable mode of rank r of the pair (Q1, A=) (resp. of the pairs (Q1, A1)
and (Q2, A™1)) corresponding to the chain y;,0 < j <r —1, if and only if

0 0 Yi
gj ,0<j<r—1,(resp. gj and 8 0<ji<r—1)
0 0 0

s a chain of generalized eigenvectors of Mgy corresponding to the eigenvalue \.

Lemma 4. X is an uncontrollable mode of rank r of the pair (A, B1) (resp. of the pairs (A, B1) and
(A, Bs)) corresponding to the chain of generalized left eigenvectors ij, 0<j<r—1, if and only if

0 0 0
0 . 0 0 .

< g <r—- <1< r—-
0 ,0<j <r—1((resp. 0 and v, ,0<ji<r—1)
Yj Yj 0

s a chain of generalized eigenvectors of Mgy corresponding to the eigenvalue \.

If we define special (Q1, A~!) unobservable and (A, By )- uncontrollable subspaces of Mg; similarly to
section 3 (see Lemma 2), we obtain necessary conditions for the existence of certain solutions of (23):

Theorem 6. Let S = span(X7T, YT, YL VOT with (XT, Y, Y, V) = (vy,,...,v,,) be a n-
dimensional Mg, -invariant subspace of C*".
(i) If S contains a nontrivial special (Q1, A~) unobservable or (A, By) uncontrollable subspace of Mgy,
then det X =0, i.e. S does not correspond to a (finite) solution of the algebraic Riccati equation (23).
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(i1) If S contains a nontrivial special (A, B1) and (A, B2) uncontrollable subspace of Mgy, then det X =
detY; = 0.
(iii) If S contains a nontrivial special (Q1, A~') unobservable subspace of Ms;, then detYs = 0 and
det Yg =0.

If we define the subspaces L, like in section 3 then it follows from the preceding results analogously
to the proof of Theorem 3:

Theorem 7. (i) The subspace

0
0 4n
Sy ={ y € €™y € Lo} (31)
Y
OQn,k
1s the maximal Mg¢-invariant subspace having a basis-matrix of the form | Y
Y

(ii) (A, Bo) is controllable if and only if Mg, does not have a nontrivial invariant subspace of the form

(31).

(i4i) The subspace

0
0 4n
Szy = { y e |y S Ll} (32)
0
02n,kr
1s the maxzimal Mgi-invariant subspace having a basis-matrix of the form | Y
On,k

(iv) (A, By) is controllable if and only if Mg, does not have a nontrivial invariant subspace of the form

(32).

5. Conclusions.

We study discrete time Riccati difference equations and the corresponding algebraic Riccati equations
which appear in the necessary conditions for the optimal strategies of open loop Nash and Stackelberg
games.It is been shown how the solutions of these algebraic Riccati equations can be determined from
the n-dimensional invariant subspaces of the system matrices My, and Mg; of the corresponding linear
systems.

Moreover we give necessary conditions for the existence of (stabilizing) solutions of the algebraic Riccati
equations in terms of controllability and observability conditions; it is worth mentioning here that there
may exist a finite or even uncountable number of stabilizing solutions for the algebraic Riccati equations
(9) (see Remark 1) and (23). Notice that in contrast to standard symmetric algebraic Riccati equations
it is not possible to give elementary sufficient conditions for the existence of stabilizing solutions.

In the case of Nash games we discuss also the asymptotic behavior of the Riccati difference equations
under the assumptions that these solutions are defined for m > 0 (or k& < 0). Sufficient conditions for the
existence of these solutions will be derived in a subsequent paper.

Acknowledgement: The research described in this paper was performed while H. Abou-Kandil was
visiting RWTH Aachen, he gratefully acknowledges support from DAAD.
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