Reconstructing parameters of a medium from
incomplete spectral information

G. Freiling and V. Yurko

Abstract. The problem of the synthesis of a stratified medium with specified amplitude
and phase properties is investigated. The wave propagation in the medium is described
by a system of differential equations. The synthesis problem considered in the paper re-
lates to inverse problems of spectral analysis with incomplete spectral information. Using
the contour integral method we study properties of spectral characteristics and obtain al-
gorithms for the solution of the synthesis problem for differential equations with singularities.
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1. Introduction.

The paper deals with the following system of differential equations

dy: dys . 1
Y ipR 2 g 0,7 1
with the initial conditions y;(0,p) = 1, y2(0,p) = —1. Here p = o + it is the spectral

parameter, and R(x) is a real function which is called the wave resistance.

System (1) describes the wave propagation in a stratified medium and often appears in

optics, spectroscopy, in electrodynamic and acoustic problems. Radio engineering problems
of the design of directional couplers for non-uniform electronics lines and synthesizing tran-
sitions between acoustic wave guides can also be reduced to studying system (1) (see [1 - 3]
and references therein).
Some of these classes of synthesis problems relate to inverse problems of spectral analysis
with incomplete spectral information. Several aspects of synthesis problems for system (1)
were studied in [3 - 5] with the help of the transformation operator method. In this paper in
order to construct the inverse problem theory for system (1) with singularities and turning
points we use the contour integral method. It gives us an opportunity to obtain effective
algorithms for the solution of such classes of inverse problems.
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We shall consider three classes of coefficients R(x). We shall say that R(z) € By if
R(z) € W2(0,T), R(x) > 0, R(0) =1 and R'(0) = 0. We also consider the more general
case when R(z) has poles or zeros inside the interval (0,7"). We shall say that R(z) € By if
R(z) has the form

p
Z +R0()0<x1 <...<z,<T, R; >0,

and Ry(x) € W(0,T), R(x) >0 (93 # xj), R(0) =1, R'(0) = 0. In particular, if p = 0,
1
then R(z) € By. We shall say that R(r) € By if —— R@) € By,.
Let us consider the functions
o) = (T, p) — Rs(T, p) f(p) = 2L p) + Rys(t, p)
2v/ RO ’ 2V RO
which are called the transmission coefficients. Denote a;(c) = |fj(0)| , 0 = Rep. It is
shown below (see (69)) that a?(k) — a3(k) = 1.

For a wide class of synthesis problems, the phase is difficult or impossible to measure,
while the amplitude is easily accessible to measurement. Such cases lead us to inverse spectral
problems with incomplete information. In this paper we study the following incomplete
inverse problem:

, R = R(T),

Inverse Problem 1. Given «;(0), construct R(z).

In order to solve this inverse problem we first should reconstruct the transmission coefficients
from their moduli j(0) on the real line. Here we face with a lack of information which leads
to nonuniqueness of the solution. For the construction of the transmission coefficients we use
an additional information about their zeros. Further we calculate the so-called characteristic
function: A(p) = fi(p) + f2(p), and obtain the solution of the inverse problem of recovering
R(x) from the characteristic function A(p).

We note that the inverse problem theory for differential operators with integrable coef-
ficients has been described in [6 — 10] and other works. Inverse problems for Sturm-Liouville
equations with turning points habe been studied in [11]. Some aspects of the turning point
theory and a number of applications are in [12 - 14].

An investigation of the classes By, and By is completely similar because the replacement
R — 1/R is equivalent to the replacement (y;,vy2) — (=2, —y1). Below for definiteness we
study the case when R(z) € Ry .

2. Reduction to the Sturm-Liouville equation.

We introduce the functions

/

u(z, p) = (. p)/(R(x))?, wv(x,p) = (R(x))"? ya(x,p), h(z) = R (z)/(2R(z)). (2)

Then the transmission coeflicients can be written in the form

fi(p) = u(T, p) ;U(T, p) h(p) = u(T, p) —ZHJ(T, ) .

(3)



The function u(z, p) satisfies the equation

—u" +q(x)u=du, A=p?, (4)
and the initial conditions
u(0,p) =1, u'(0,p) = —ip, (5)
where
q(x) = h*(z) — h'(z) . (6)

By virtue of (1), y1(z,0) = 1. Hence, taking (2) into account, we get

(R(z)Y?*u(z,0) = 1. (7)

Lemma 1. R(z) € By if and only if q(x) € Ly(0,T), u(T,0) # 0.
Proof. 1) Let R(z) € By . It follows from (2) that for z — x;,
1

[L’—l'j

h(z) ~ — + hj(x), h*(x) € Wy , hi(z;) =0.

Taking (6) into account we conclude that ¢(z) € Ly(0,T"). By virtue of (7), u(T,0) # 0.
2) Let now ¢(z) € L2(0,7), uw(T,0) # 0, and let 0 < 27 < ... < x, < T be zeros of
u(z,0). It follows from (7) that

R(z) = (u(z,0))72.

Hence R(z) > 0(z # z;), R(0) =1, R'(0) =0, and

R.
R(ZIZ’)Nm, r—x;, R]>0
Denote
(@) = ) -y
Ry(x) .= R(x) — —_—
j=1 (x — ;)
It is easy to see that Ro(z) € W3(0,T). O

Remark 1. If R(x) € By, then the functions y;(z, p) and v(x, p) have singularities at © = x;,
and there exist finite limits

lim (x —xj)v(z,p), lim (x —z;) yi(x,p) .

T—T; T—T;

It follows from (7) that lim (z — ;) (R(z))"/? = R;.

3. Properties of the characteristic function.

Denote A(p) = u(T, p). The function A(p) is called the characteristic function. The function
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A(p) is entire in p of exponential type. We interested in zeros of A(p) in the upper half-plane
I, :={p: Imp> 0}

Theorem 1. Let R(x) € By. Then in I, A(p) has at most a finite number of zeros
{pe}rtmm» m > 0. All zeros of A(p) in Il are simple and pure imaginary, i.e. pp =
iTk, 7 > 0.

Proof. Tt follows from (4), (5) that

,P) = U(I, _ﬁ) ) (8)

=
5

and consequently

(p) = A(=p) . (9)
Denote (y, z) := yz’ —y'z. Using (4), (5) and the Ostrogradskii-Liouville theorem we obtain
(u(z, p), u(z,—p)) =2ip . (10)

According to Lemma 1, A(0) # 0. If A(pg) = 0 for a certain real py # 0, then by virtue
of (9), A(—pg) = 0. But it contradicts to (10) for x = T". Thus, A(p) has no zeros for real p.

Let pg = 09 + i19 € I} be zero of A(p). Since u(z, p) satisfies (4), (5) and u(7T, py) =
u(T, po) = 0 we calculate

(6~ ) [ e, po)uC, polde = [} Cule, o). wCespol) = il + o)

This yields o = 0, i.e. all zeros of A(p) in IT, lie on the imaginary half-axis.
Let us show that in IT, all zeros of A(p) are simple. Suppose, on the contrary, that for

d
a certain pg = i19, 70 > 0, A(pg) = A(pg) = 0, where A(p) = d—pA(p). Denote wuy(z, p) =

j u(z, p). Then, by virtue of (4), (5),
)

—uy + q(x)uy = p*uy + 2pu, uy(0,p) =0, uy(0,p) = —i . (11)
In view of (8), the function u(z, py) is real. Using (4), (5), (11) and the relation u(7’, pg) =
uy (T, po) = 0 we get for p = py
T T , )
2 [ wia o) = [ ue,p) - (<ul(@. p) + qla) w(a, p) = o s (o, p) o =

_ —‘Z(u(m,p),ul(x,p» = —,

1.e.

T
2 [ lule,p) [P do = -1,
0

which is impossible.
It can be shown by the well-known method (see [15]) that for p € II , |p| — oo,

w9 (z, p) = (—ip)? e7 (1 — 2le /096 q(t)dt +w(z,p)), j=0,1 (12)
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and hence
Alp) = (1= 24+ 20y e, - oo, (13

1 /T
=

Here and in the sequel, one and the same symbol w (p) (or w (x, p)) denotes various functions

such that w = o(1) as | p |— oo, p € Iy (uniformly in z € [0,7]) and w € Ly(—00, 00) for

real p (for each fixed z).
In particular, (13) implies that for large p € I, A(p) has no zeros. O

where

Theorem 2. The function A(p) has no zeros in I, iff R(x) € By.

Proof. Consider the real function y(z,7) := wu(z,it), x € [0,T], 7 > 0. According to
Theorem 1, for each fixed x, the function y(z,7) has at most a finite number of simple zeros,
and in view of (12) there exists 7 > 0 such that y(z,7) > 0 for all 7 > 7%, 2 € [0, T.

If R(x) € By, then by virtue of (7), y(x,0) > 0, x € [0,7]. Since y(0,7) = 1,7 >0
and y(z,7*) > 0, = € [0,T], we get y(x,7) > 0 for all 7 > 0, = € [0,7]. In particular,
A(r) = y(T,7) > 0 for all 7 > 0, i.e. A(p) has no zeros in IT,. The inverse assertion is
proved similarly. a

4. Reconstruction of the wave resistance from the characteristic function.

In this section, using the contour integral method, we study the inverse problem of recov-
ering R(x) from the given characteristic function A(p). We provide necessary and sufficient
conditions of its solvability along with algorithms for the solution.

4.1. Denote

and consider the equation

" +p@)y =Xy, >0 (14)
on the half-line. Let S(x,\) and C(z, A) be solutions of (14) under the initial conditions
C(0,)\) =5(0,\) =1,5(0,\) = C'(0, ) = 0. Denote

e(z, p)
d(x,\) = 15
(#.0) = 5 (15)

where e(x, p) is the solution of (14) such that e(x, p) = €® for x > T, and §(p) := (0, p).
Clearly, .
e(,p) = T U(T —3,p), 0 < T ; 6(p) = €T Alp) (16)

We introduce the function

M) = : (17)



which is called the Weyl function. Since ®(0,\) =1, ®'(0,\) = M(\), we have

Q(xz,\) =C(z,\) + M(\) S(z,N),

(P(x,N), S(z,\)=1.

(18)

(19)

According to Theorem 1 and the relation §(p) = € A(p), the function 6(p) has at most
a finite number of simple zeros in Il of the form py = i1, 7 > 0, k = 1,m, m > 0.

Moreover, by virtue of (13) and (16),

a  wip)

ip
Since (e(x, p), S(z,\)) = d(p) and 6(px) = 0, we get

e(z,pr) = €(0,p1) S(z,\e), M=p; <0.

Denote

By = (/OOO S%(x, \g) da:'>_1 :

4i p,
= A A

Lemma 2.

Proof. Since e(z, p) satisfies (14) and e(0, px) = 0, we have

(0= pt) [ elw.p) et p)de = (ela.p), ela, o)) = -

As p — pg it gives us

2 /0 e(x, pi)dz = —€'(0, pi) 8 (p) -

Using (21) we deduce
B, = _ 2pk€'(0, pi)

o(pr)
It follows from (10) and (16) that

<6($,p), G(ZL‘, _p>> = —2ip,

and consequently
6(—px) €(0, px) = 2ipy .

(20)

(22)

e'(0, pr)d(p).

(24)

(25)

Substituting (25) into (23) and taking into account the relations 0(py) = e?TA(py),

§(—pr) = e T A(—py), we arrive at (22).

O

Denote by II the A-plane with the cut A > 0, and A = { A} 17, Ak = pi < 0.



Theorem 3. The Weyl function M(X) is holomorphic in I\ A. In the points A = Xy, the
Weyl function M(\) has simple poles, and

Res M(A) = —pfy . (26)

A=A,

For X\ > 0, there exist the finite limits M~(\) = lim M (A £iz), 2 — 0, Re z > 0, and

V() = ;m,(M*(/\) M) = 7T|A‘(’p)|2 >0, (27)

For |\ — o0,
M) =ip+w(p), pelly, (28)
V()\):g—kw(p), p>0. (29)

Proof. The domain IT in the A-plane corresponds to I, in the p-plane. By virtue of (17),
M ()) is holomorphic in IT\ A, continuous in IT \ A, and we have

Res M(X) = ¢(0. i) - ((d‘i 6<p>>/ ) )

Together with (23) it gives (26).
Further, using (17) and (24), we calculate for p > 0:

M+()\) _ M_(/\) _ el(o,p) o 6/(0, —P) 2ip 2ip

3(p) 5(=p) 18P~ JAP

-1

i.e. (27) is valid.
According to (12) and (16) we get for |p| — oo, p € T1,

. o 1 /T
D =Gper (1= oo [C o 20 o<o<T. )
1w Jzx 1%

Hence )
e'(0,p) = (ip (1—,CL+W>. 31
(0.0) = i) (1= 242 (31)
Substituting (20) and (31) into (17) we arrive at (28). At last (29) follows from (13) and
(27) . O

Definition. The set S = (V(A), {pk, Ok }) is called the spectral data.

4.2. Consider two wave resistances R(z) and R(x) from By . We agree that, if a certain
symbol « denotes an object related to R(z), then & denotes the analogous object related to
R(z), and & := a — a.

Theorem 4.

STV AT o fj —. (32)



Proof. In view of (29), the integral in (32) converges absolutely and uniformly on compacts
in IT. In the A-plane we consider the contour v = 4 U ~" (with counterclockwise circuit),
where 7/ is a bounded closed contour encircling the set A UA U{0} (i.e. A UAU{0} C int +'),
and 7" is the two-sided cut along the arc {\: A > 0, A & int vo}.

Consider the function

~

1 NI(\)dx
I(2) = — ]{ .
(2) 2mi zZ—=A
(Al=r
It follows from (28) that
lim 1, () =0 (33)

uniformly on compacts in IT\ A. On the other hand, moving the contour |A\| = r to the real
axis and using the residue theorem and Theorem 3, we get

R r V( m m Bk

I.(2) = —M(2) — / ~

() (&) =) = 2 o Ak kZ::l p—l
Together with (33) it yields (32) . 0

Corollary 1.
, o fy o dp Ok

M) = — / Vi) — VB . 34
) =ip [TV - 33 P (34)

Indeed, take R(z) = 1. Then M(X\) = ip, V()\) =

ERRS

, m =0, and (34) follows from (32).

Corollary 2.
(i) The specification of the spectral data S uniquely determines the Weyl function M()\).

(i1) The specification of the characteristic function A(p) uniquely determines the Weyl
function M(N).

Denote ~ ;
<5(:c,;),_SM(x,u)> _ /O”Eg(t’ ) S (¢, p)dt (35)

The following theorem gives us a tool for the solution of the inverse problem of recovering
R(x) from the characteristic function A(p).

D(x, A, ) =

Theorem 5. Let R(x), R(x) € By. Then

S0 =8N + [ Dl A w) VS, dut
i D(x, A\, Xe) B S(, \g) — ZDx)\/\k)ﬁk (x,j\k)7 (36)



p(z) = p(z) — 2€(x) , (37)
where .
(A V) A+ S, ) S(a, \r) B
i = (38)
— Z S(l’,j\k) S(x,j\k)ﬁk )

k=1

Pul
=
I
%

3
o
8
R

(@]

Proof. 1) According to (24), the functions {e(x, p), e(z, —p)} form a fundamental system of
solutions for (14). Using the initial conditions on S(z, \) we calculate

1
By virtue of (15), (20), (30) and (39) one can obtain the following asymptotics for |p| —
o0, p € Il;, j = 0,1, uniformly in z € [0, 7] :
. o 1
eV (x,2) = (ip)’ €™ (1+0(-)),
‘ 1 S (40)
SY (@, A) = 5 (ip) 7 ("7 = (=1)7 ™) + O(p"~* 7).

It follows from (35) and (40) that

i C
DA< e+ D=0l + 1)

According to (29), (40) and (41), the integrals in (36) and (38) converge absolutely and
uniformly in z € [0,7], ¢ > 0. The function €(x) is absolutely continuous and €¢'(x) €
Ly(0, 7).

2) Let us introduce the functions A;(z, A) and As(x, \) by the formulas

A=p, n=0%,p>0,0>0. (41)

Ai(x,\) = &(x,\) S’ (z, \) — Sz, ) &'(z,)), Ay(z,\) = S(x,\) B(z, ) — ®(z,\) S(z, \) .

(42)
Using (19) one has
Ap(z,N) = 14 (B(z, \) — B(x,\)) §'(x,\) — (S(x,\) — S(z,\)) &' (z, ).
In view of (40), this yields
@A) =1=002). 4w ) =00 ). ] = o0, peTl.. (43)

Let v, =yN{\: A <7}, 0 =~rU{X: [N=r} ,J,={ : A&~ N inty}, where v
was defined above. By Cauchy’s theorem

N 1 Ak($7ﬂ)_51k
Ak(qu)_élk—QmLO /\_,u d,LL,

r
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where 4y, is the Kronecker delta, and X € int 7. Tt follows from (43) that

1 /ll Ak(l'aM)_dlk d'u:O7

r—00 279,

and consequently

— (44)

1 A d
Ao, X) — oy = o= [ ARy
v

T

where / = lim / . By virtue of (42) and (19),
ol

v T

S(x,A) = Ai(x,A) Sz, \)+Az(z,A) S'(x,0), (2, ) = Ay (2, A) (2, A)+As(x, A) P (x, ) .
(45)
Substituting (44) into (45) we get

S(a, A) = S(a, \) + ;%ﬂm@méwm+m@mgmmg?u.

From this and (42) it follows that

S(e, ) = SN + 5o [ ((@leun) S'an) = SGop) ¥ (o) SN+

(S(aos) o) = g0 S(a.0) 5o 0) 77

We replace here ®(z, ;1) and ®(z, 1) by (18). The terms with C(z, 1) and C/(x, j1) are equal
to zero, and we deduce that

32, M) = Sz, \) — 21 /y D, M i) V(1) Sy ) dpt s A€ T, . (46)

X

From (46) with the help of Theorem 3 we arrive at (36).
We note that similar arguments lead to the formulas

Oz, \) = Oz, \) — 217” /q{ [z, ))\\)’_i(x"u» M(p) S(z, 1) dp, X € J,
(z,\) = Oz, \) + OOO (O )/\\)’_i( M»V(,u) S(z, p) du+ (47)

3) Differentiating (46) twice with respect to x and using (14) and the relation

T D(a, A w) = 5, 2) S(a,p)
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we obtain

(B(x) =) S(z,A) = (p(x) = N) S(2,A) — 5— L D(a, A, ) M(p) (p(x) = p) S (2, 1) dp

—25(z, \) -

2mi
We replace here S(z, A) by (46). Then

B() S, ) = p(x) Sz, \) — — / (S(x, ), S(x, 1)) M(p) S(x, p) du—

28 5 [ (o) Sop) Ml dp 5 [ (32,3) S+

T Jy 211

After cancellation of the terms with S'(z, ) we get

1 d ~ ~
—p(z) = M .
p(a) = pla) = — 7o [ Sa.3) Sl 3) N(3) )
By virtue of Theorem 3, it gives (37) . O

Denote Ao = Ak, Akt = Moy Bro = Bis Be1 = B Spi(x) = S(, Aj), Sej(x) = S(x, \j).
Then (36) yields

S(x,A) = S(x,A)+/°° D, M 1) V() Sz, 1) dpt

Z D(l’ A, Ako) ﬁko Sko(x Z (, A, Ak1) Bra Ski/z) ,A >0,

k=1 1

~ (48)
> D(, Anis Mro) Bro Sro( Z (2, Anis Akr) Bra Ska(z) -

k=1 =1

For each fixed x, (49) are linear equations with respect to S(z,A), A > 0 and S,;(x).
Denote

N = m 4 Q(\) = min(1, /1)),,0 S 0 a(x) = ()" S(a, ):

V() = [Ur(@) )it Yr() = Sko(2), k = 1,m; Ypym() = Spa(x), bk =1,m .
Analogously we define @A(x), 1/;(35) Clearly,

[a(x)] <O, [a(x)] <C, A>0, 2€[0,T]. (49)
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Let €' = €'[0,00) be the Banach space of continuous bounded functions f = f\ on the
half-line A > 0 with the norm ||f||¢ = sup |fa]. It follows from (49) that for each fixed
A>0

€ [0, 7], 1x(z),¥r(x) € €. Consider the Banach space B of vectors

<[]

where f = f, € O, a = [ak]k:ﬁ € RV, with the norm ||F||p = max(||fl||e, |la||z~).
Denote ~
U(z) = Hj] , U(x) = H/NJA] :
Obviously, ¥(z), ¥(x) € B for each fixed z € [0, 7). Let
Hy () = ()™ D, A 1) V() Qp),
Hyr(z) = ()" D(2, A, Mo) Bro, k=T, m,
Hygorm () = —(QN) 7 D(2, M\ M) Bra, k= 1,7,
Hypu(x) = D(@, Ao, 1) V(1) Qp),n = T,m,
Hpgmp(w) = D(w, Aty 1) V(1) Qp), n=T,7m,
H, (%) = D(2, Mo, o) Bros no k=1, m,
Hypm (%) = D(x, A1, M) Bro » n = 1,m, k=1, m,
wkem(T) = =D(2, Aoy A1) Bra, 1=
ﬁn+m,k+m(x) = —D(l', Anis )\kl) Br1,n,

By virtue of (29) and (41) we get

=

1,m, k=1,m,
k=

1, .

sl < g S )] < 20 00 50, (a0

Let Q : B — B be the operator acting from B to B by the formulas

f] A [f’;
(0

N

F*=QF, F = €B,

«

o) ~ N ~
fi= [ Hn fadi+ Y Hagou
k=1

oo ~ N ~
a::/o Hn,pfud,u‘l'z Huk au,

k=1

It follows from (50) that for each fixed = € [0, 7], the operator E 4 Q(x) (here E is the
identity operator), acting from B to B, are a linear bounded operator.
Taking into account our notations we can rewrite (49) to the form

(2) = (B + Q) W(x) . (51)
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Thus, we proved the following assertion.

Theorem 6. For each fized x € [0,T], the vector W(x) € B is a solution of equation (51).
Equation (51) is called the main eqution of the inverse problem.

4.3. In this subsection we present a theorem on the solvability of the main equation. We also
provide necessary and sufficient conditions on A(p) along with algorithms for the solution
of the inverse problem of recovering R(z) from the characteristic function A(p).

Denote by € the set of entire functions A(p) of exponential type T' such that

(i) (9) and (13) are valid;

(i) In I, A(p) has at most a finite number of simple zeros p, = it, 7 > 0, k =
I,m, m >0, (in general, the set {p;} is different for each A(p));

(iii) Bk > 0, where [ are defined via (22).

Clearly, if A(p) is the characteristic function for R(z) € By, then A(p) € Q.
Theorem 7. Let A(p) € Qy, R(z) € By. Then, for each fived z € [0,T), equation (51) has

a unique solution in B.
Proof. 1t is sufficient to show that the homogeneous equation
5 _ _ |9(x) _ -
(E+Q(x)) G(x) =0, G(z) = o) | € B, g(z) = [ge(2)],_z; (52)

has only the zero solution.
Let G(z) be a solution of (52). Then (52) implies

o ~ N ~
9A+/ ngud,ujtz Hypge =0, A >0,
(53)

gn+/ nugudﬂ+z angk:O 17N

Denote s(z, \) = Q(X) ga(2); sko(z) = gr(z), k =1,m , sp1(z) = grem(x), k = 1,m. Then
(53) takes the form

s(z, \) +/ (2, M\ 1) V(p) s(x, ) du—l—i D(z, )\, Mo) Bro Sko()—

: k=1
Z 37)\>\k1 ) Bk1 Sk1(z) =0, A >0,
N n (54)
Snz + / Anla M V( ) (.T /,L d/,L Z LU )\niy >\k0) 6k0 Sko(x)_

Z D(x>)\ni7)\k:1) ﬁkl Skl(l') =0.

k=1
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Further, we construct the functions y(x, \) and I'(x, \) by the formulas

=3 ) = [ DA V) s e 3 Dla N o) B i)

i D(x, A\ A1) Bra swa ()
k=1 _ ) 55)
S 70t
L T, Ako u (i) ), S(x, A1
+kzl<<1>( A) )\io k )) Bro 10z kz::l A(k1 k1)) B (@)

The function (x,A) is entire in A, y(z,A) = y(z,)), and by virtue of (54), v(x, \y;) =
skj(2), v(z,A) = s(x,A), A > 0. The function I'(x, ) is holomorphic in IT'\ (A U A) and
continuous in IT\ (A U A). Denote

1
21

(2, A\) ;= imD(z, A +iz2),2 — 0, Re z > 0.
Since ®(x,\) = C(z,\) + M()\) S(z, \), we obtain from (55)

d(x,A) = — (T~ (x,\) = TF(x,\)), A > 0;

—T(z,\) = v(w, \) +/ % i4) V() s(a, ) dpit
+§: (C(a:,;% S)\(J%MO» Bro sr0(x) — f: <C(a:,;), 5;\(3;’)\“» Br1 Sk ()
k=1 — k0 k1 o
From the relation d

<é($,A), S’(x’u» z ~
A— 1 )‘—M+/0 C(t,\) S(t, ) dt
It yields A
~I(a,A) = —M(/\) T+ [ W‘“‘
6]60 SkO m Or1 Skl(ogj) i (56)
+Z )\ )\k:O _kzz:l W—FEO(ZE’ )’

where €y(z, \) is entire in )\. Using (56) and Theorem 3 we calculate
Res [(z, A) = —fBro Sko(z), Res I'(z,A\) =0,
=Ako A=Ak1 (57)
d(x,\) =V (A)s(x,\) .

Now we introduce the function

Az, A) = v(z,A\) T'(x, \) . (58)

14



By Cauchy’s theorem,

1
—/ Az, \)dA =0 .

271 ~9
Using (55) and (58) one can show that

|
lim ‘/| Az, N dA =0,
A=

r—oo 277

and consequently

1
. L Az, A) dA =0 .

211

Taking (57) into account, we calculate

/0°0|(m>|2 d)\+26k|sko =0

Since B > 0,V(A) > 0 we deduce sgo(z) =0, s(z,\) = 0. Hence y(z,\) =0, A > 0. The
function 7(z, \) is entire in A, and consequently v(z,\) = 0 for all A and x. From this it
follows that s (z) = v(z, A1) = 0. O

Theorem 8. For a function A(p) to be the characteristic function for R(x) € By it is
necessary and sufficient that A(p) € Qo. The specification of the characteristic function
A(p) uniquely determines R(xz). The function R(x) can be constructed by the following
algorithm.

Algorithm 1. Given A(p). Then
(1) Calculate \g, B, V(N), A >0 by (22), (27).

(2) Choose R(z) € By .

(3) Construct p(x), S(z, X),V(\) and D(z,\, j1).

(4) Find S(x,A\),\ >0 and Sk;(x) by solving equation (48) which is equivalent to (51).
(5) Calculate

~

e(z) = /0 =8, A) Sz, MV (A d)\+z Sio(2)So (@ mo—z S () S () Bt (59)

(6) Construct
1

y* (T —x)
where y(x) is the solution of the Cauchy problem

y' =)y, y(T) =1, ' (T) =0, p(x) = p(z) — 2¢(x).

R(x) :=

15



Remark 2. We also can construct R(x) using (2), (6), namely:
R(z) = exp(2 / " h(t)db), (60)
0

where h(x) is the solution of the equation

h(z) :/ h?(t)dt—/ BT — 1)dt — 2(e(T — @) — €(T)). (61)
0 0
In this case it is not necessary to calculate the derivative €'(z).

Proof of Theorem 8. Necessity is obvious, so we will prove sufficiency. Let

| Ualx)
)= [ (@)

be the solution of equation (51). Denote

S(l‘, )‘) = QO‘)¢A(£)> Sno(f) = wn(%’)ﬂl = 1,m; Sn1<x) = wn+m(x)>n =1,m.

Then the functions S(x,\), Sy;(x) satisfy (48). We construct the entire function S(z, A) by
(48) for all A\. Then S(x, A\y;) = Spi(z). Further, we introduce the function ®(z, \) via (47)
and p(z), R(x) according to Algorithm 1. Clearly, p(z) € Ly(0,T), R(z) € By . Following
the method described in [16] one can show that S(x, A), ®(x, \) are solutions of (14) under
the conditions S(0,\) = 0,57(0,\) = ®(0,\) = 1, ®(z,\) = O(e””),z — oo, and A(p) is
the characteristic function for R(z). Uniqueness is obvious. a

€EB

Now let us consider the particular case when R(z) € By. In this case the inverse problem
becomes simpler.

If R(z) € By, then, according to Theorem 2, A(p) has no zeros in I1, i.e. m = 0. Take
R(x) € By. Then the main equation (48) takes the form

S(x,\) = S(z, \) +/ D(w, A ) V(i) S, i) dps, A > 0. (62)

The function p(z) can be constructed by the formulas
p(z) = p(z) — 2€(z) , (63)
e(x) = /0 TS, A) S, A) V(AN . (64)

If we choose R(x) = 1, then
pla) =0, V) = £, S = ==
! ’ (65)
dt, N\=p*u=0%p>00>0.

~ /J»‘ sin pt sin 6t
p 0

16



Thus we obtain the following algorithm for the case R(x) € By.
Algorithm 2. Given a(o) :=|A(o)|, 0 > 0. Then

o 2

(1) Calculate V(X)) = =0°,0>0.

Tl
(2) Choose R(x) € By (for ezample, R(z) = 1).

(8) Caleulate p(z), S(z,A), V(N), D(z, A\, ), A\, p >0 (if R(z) = 1 use (65)).
(4) Find S(z,\),\ > 0 by solving the main equation (62).

(5) Construct e(x) by (64).

(6) Construct R(x) by the same was as in Algorithm 1 or by (60), (61).

5. Algorithm for the solution of Inverse Problem 1.

It follows from (3) that
Alp) = filp) + f2(p) - (66)

Therefore in order to solve Inverse Problem 1 we need to reconstruct the transmission co-
efficients from their moduli and then reduce Inverse Problem 1 to the inverse problem of
recovering R(z) from the characteristic function described in Section 4.
By virtue of (1), (2),

W' (2, p) + hx) u(z, p) = ipv(z,p) .
Substituting into (3), we get

() = 5 ulT.p) = 5 (T, p) + hu(T. ) o
Folp) = 5 u(T.p)+ 5 (T ) + hu(T. ).

where h := h(T).
The functions f;(p) are entire in p of exponential type 7. It follows from (10) and (67)

that
filp) fi(=p) = fa2(p) fo(=p) = 1. (68)
Since f;(p) = fj(—p), we have from (68) that
a2(o) —a3(o) =1 (69)

where a;(0) = |f;(0)| as above.

Using (12) and (67), we obtain that for |p| — oo, p € I,

— T 2 W(P)) — T <h w(P))
Ao = (1424 22) o) (70
where
1 T
b= -5/, RE:(t)dt, h = h(T) .

17



It follows from (69) and (70) that for real p = o, |o] — 0,

h*  w(o) n? w(o)
a%(g):1+@+ o ag(U)ZF‘QﬂL o

(71)

In view of (69), the function f;(p) has no zeros for real p. Using similar arguments as in

Section 3, one can show that zeros of fi(p) in II, are simple and pure imaginary: p; =

ith, >0, k=1,m*. If R(z) € By, then fi(p) has no zeros in IL,, i.e. m* = 0.

Lemma 3. Suppose that a function y(p) is regular in IL,, has no zeros in I, and for
_ 1 )

ol = 00, p €10y, 7(p) =1+ 0( ). Let7(0) = (0)le™@), o = Rep. Then

sy =1 [ g (72)

T J—0c0 5—0'

In (72) (and everywhere below, where necessary) the integral is understood in the principal
value sense.

Proof. First we suppose that v(o) # 0 for real 0. By Cauchy’s theorem, taking into account
the hypothesis of the lemma, we obtain

1 In~y() .
271‘2'/(%5 E—o =0, (73)

where C,. . is the closed contour (with counterclockwise circuit) consisting of the semicircles
C,={:¢6=re% , pe|0,n]}, Te ={: -0 = e, ¢ € [0,7]} and the intervals
€€ |—rr]\ [0 —€ 0+ ¢ of the real axis. Since

1 Invy(§)

im —
=0 21 Jr., £€—0

1 In y(§)

r—oo 21 Jo, €—o0

d =),

g =0,

we get from (73) that

1 oo 1
In y(o) = . 21(?

de .

Separating here real and imaginary parts, we arrive at (72).
Suppose now that for real p, the function v(p) has one zero py = 0 of multiplicity s (the
general case is treated in the same way). Denote

7(p) = (p) (p;k) L e>0; (o) = |j(o)] - e @) |

Then . .
B(o) =p(o)+s arctgg : (74)

18



For the function 5(p), (72) has been proved. Hence, (74) takes the form

5(0):1/00 In 7(6) df—i—i/oo ln(17%—52)dﬁ—i-seurctg—

T £—0 P S

As e — 0, it gives us (72). O
Lemma 4. Suppose that a function v(p) is reqular in Iy, v(=p) = v(p), and for |p| —
o0, pelly, v(p) = 1—1—0(1) . Lety(0) = |y(0)|e™9) o = Rep, and let p, = op+itg, 7 >
0, k =1,s be zeros of v(p)pm IT,. Then

ﬁ(a)zl/_oo Wdé%—Qz arctg

E—o a—ak'

(75)

Proof. Since v(—p) = 7(p), the zeros of v(p) in II, are symmetrical with respect to the
imaginary axis.
If Pr = 1Tk, Te > 0, then

arg oo _ = 2arc tg — (76)
0= Pk
If pr. = o) + i1k, 06 > 0,7 > 0, then
(0 + pi)(o = i)
ar = 2arct —i— 2 arct . 7
g(U—Pk)(U+Pk) “ b ot o (77)
Denote
- P+ Pk
F(p) =(p :
0 =2 IT 220
The function 7(p) satisfies the hypothesis of Lemma 3. Then using (72), (76) and (77) we
arrive at (75). O

Using Lemma 4 one can construct the transmission coefficients from their moduli and
information about their zeros in II,. For definiteness we confine ourselves to the case h # 0.

Theorem 9. Let

fi(o) = ay(o) e 1) (78)
and let p;, = i1, 75 > 0,k = 1,m* be the zeros of fi(p) in I1;.
Then
l *
61(0) =0T + — / nozl({) dé—i—QZ arctg—k. (79)
k=1
In particular, if R(z) € By, then
o ]
5u(0) = oT + — /' nm . (80)
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Proof. Denote v(p) = T fi(p). Tt follows from (70) that the function (p) satisfies the
hypothesis of Lemma 4. Using (75) and the relations |y(co)| = a1(0), 01(c) = oT + 5(0),
we arrive at (79). O

Similarly one can prove the following theorem.

Theorem 10. Let 4
f2(0’) = 062(0') 67162(0) 5 (81)

and let p) = oV +it0, 70 > 0,k = 1,mO be the zeros of f2(p) in L. Then

O

5
da(0) = gsz’gn (Z) +oT + — / 5—062@ d§ +2 Z arctg - 02 . (82)
k=0

In particular, if fa(p) has no zeros in 11, then
oo ]
8o(0) = g sign (Z) 0T+~ / M de | (83)
—0

Thus, the specification of a;(o) uniquely determines the transmission coefficients only when
they have no zeros in 11,.

Using (66), (78) and (81) we calculate a(o) := |A(0)]:
a?(0) = ai(0) + a3(0) + 201 (0) aa(a) cos(d1(a) — da(0)) . (84)

From the obtained results one can construct various algorithms for synthesizing R(x)
from spectral characteristics. As example, we provide one of the possible algorithms. For
definiteness we confine ourselves to the case h # 0, R(x) =1, R(z) € By.

Algorithm 3. Given a;(0)

402 o2

QMWNZLaﬂﬂﬂzmw%aﬂ®=1+h/+wwv'

Then
(1) Calculate 8,() by (80).
(2) Construct 6,(c) by (83) where an(o) is defined by (69).
(3) Find (o) by (84).
(4) Caleulate

o

V() = A=02>0.

ma?(o)
(5) Construct V(X), S(z,\), D(z,\, ) by (65).

(6) Find S(x,\), X >0 from equation (62).
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(7) Calculate e(x) by (64).

(8) Construct R(x) by i
R(x) = exp (2 /0 h(t) dt)

where h(z) is the solution of the integral equation

h(z) = /O " R2(t)dt — 2(e(T — x) — ¢(T))

or by
1

y (T =)’
where y(x) is the solution of the Cauchy’s problem

y' =plx)y, y(T)=1, ¢(T)=0, p(x)=—-2€(x) .

R(z) =
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