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Abstract. The problem of the synthesis of a stratified medium with specified amplitude
and phase properties is investigated. The wave propagation in the medium is described
by a system of differential equations. The synthesis problem considered in the paper re-
lates to inverse problems of spectral analysis with incomplete spectral information. Using
the contour integral method we study properties of spectral characteristics and obtain al-
gorithms for the solution of the synthesis problem for differential equations with singularities.
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1. Introduction.

The paper deals with the following system of differential equations

dy1

dx
= iρR(x) y2,

dy2

dx
= iρ

1

R(x)
y1, x ∈ [0, T ] (1)

with the initial conditions y1(0, ρ) = 1, y2(0, ρ) = −1. Here ρ = σ + iτ is the spectral
parameter, and R(x) is a real function which is called the wave resistance.

System (1) describes the wave propagation in a stratified medium and often appears in
optics, spectroscopy, in electrodynamic and acoustic problems. Radio engineering problems
of the design of directional couplers for non-uniform electronics lines and synthesizing tran-
sitions between acoustic wave guides can also be reduced to studying system (1) (see [1 - 3]
and references therein).
Some of these classes of synthesis problems relate to inverse problems of spectral analysis
with incomplete spectral information. Several aspects of synthesis problems for system (1)
were studied in [3 - 5] with the help of the transformation operator method. In this paper in
order to construct the inverse problem theory for system (1) with singularities and turning
points we use the contour integral method. It gives us an opportunity to obtain effective
algorithms for the solution of such classes of inverse problems.
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We shall consider three classes of coefficients R(x). We shall say that R(x) ∈ B0 if
R(x) ∈ W 2

2 (0, T ), R(x) > 0, R(0) = 1 and R′(0) = 0. We also consider the more general
case when R(x) has poles or zeros inside the interval (0, T ). We shall say that R(x) ∈ B−

0 if
R(x) has the form

R(x) =
p∑

j=1

Rj

(x− xj)2
+R0(x), 0 < x1 < . . . < xp < T, Rj > 0,

and R0(x) ∈ W 2
2 (0, T ), R(x) > 0 (x 6= xj), R(0) = 1, R′(0) = 0 . In particular, if p = 0,

then R(x) ∈ B0. We shall say that R(x) ∈ B+
0 if

1

R(x)
∈ B−

0 .

Let us consider the functions

f1(ρ) =
y1(T, ρ)−R0y2(T, ρ)

2
√
R0

, f2(ρ) =
y1(T, ρ) +R0y2(t, ρ)

2
√
R0

, R0 = R(T ) ,

which are called the transmission coefficients. Denote αj(σ) = |fj(σ)| , σ = Re ρ. It is
shown below (see (69)) that α2

1(k)− α2
2(k) ≡ 1.

For a wide class of synthesis problems, the phase is difficult or impossible to measure,
while the amplitude is easily accessible to measurement. Such cases lead us to inverse spectral
problems with incomplete information. In this paper we study the following incomplete
inverse problem:

Inverse Problem 1. Given α1(σ), construct R(x).

In order to solve this inverse problem we first should reconstruct the transmission coefficients
from their moduli αj(σ) on the real line. Here we face with a lack of information which leads
to nonuniqueness of the solution. For the construction of the transmission coefficients we use
an additional information about their zeros. Further we calculate the so-called characteristic
function: ∆(ρ) = f1(ρ) + f2(ρ), and obtain the solution of the inverse problem of recovering
R(x) from the characteristic function ∆(ρ).

We note that the inverse problem theory for differential operators with integrable coef-
ficients has been described in [6−10] and other works. Inverse problems for Sturm-Liouville
equations with turning points habe been studied in [11]. Some aspects of the turning point
theory and a number of applications are in [12 - 14].

An investigation of the classes B−
0 and B+

0 is completely similar because the replacement
R → 1/R is equivalent to the replacement (y1, y2) → (−y2,−y1). Below for definiteness we
study the case when R(x) ∈ R−0 .

2. Reduction to the Sturm-Liouville equation.

We introduce the functions

u(x, ρ) = y1(x, ρ)/(R(x))1/2, v(x, ρ) = (R(x))1/2 y2(x, ρ), h(x) = R
′
(x)/(2R(x)). (2)

Then the transmission coefficients can be written in the form

f1(ρ) =
u(T, ρ)− v(T, ρ)

2
, f2(ρ) =

u(T, ρ) + v(T, ρ)

2
. (3)
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The function u(x, ρ) satisfies the equation

−u′′ + q(x)u = λu , λ = ρ2 , (4)

and the initial conditions
u(0, ρ) = 1 , u′(0, ρ) = −iρ , (5)

where
q(x) = h2(x)− h′(x) . (6)

By virtue of (1), y1(x, 0) ≡ 1. Hence, taking (2) into account, we get

(R(x))1/2 u(x, 0) ≡ 1 . (7)

Lemma 1. R(x) ∈ B−
0 if and only if q(x) ∈ L2(0, T ), u(T, 0) 6= 0.

Proof. 1) Let R(x) ∈ B−
0 . It follows from (2) that for x→ xj,

h(x) ∼ − 1

x− xj

+ h∗j(x), h
∗(x) ∈ W 1

2 , h
∗
j(xj) = 0 .

Taking (6) into account we conclude that q(x) ∈ L2(0, T ). By virtue of (7), u(T, 0) 6= 0.
2) Let now q(x) ∈ L2(0, T ), u(T, 0) 6= 0, and let 0 < x1 < . . . < xp < T be zeros of

u(x, 0). It follows from (7) that

R(x) = (u(x, 0))−2 .

Hence R(x) > 0(x 6= xj), R(0) = 1, R′(0) = 0, and

R(x) ∼ Rj

(x− xj)2
, x→ xj , Rj > 0 .

Denote

R0(x) := R(x)−
p∑

j=1

Rj

(x− xj)2
.

It is easy to see that R0(x) ∈ W 2
2 (0, T ). 2

Remark 1. If R(x) ∈ B−
0 , then the functions y1(x, ρ) and v(x, ρ) have singularities at x = xj,

and there exist finite limits

lim
x→xj

(x− xj) v(x, ρ), lim
x→xj

(x− xj) y1(x, ρ) .

It follows from (7) that lim
x→xj

(x− xj) (R(x))1/2 = Rj.

3. Properties of the characteristic function.

Denote ∆(ρ) = u(T, ρ). The function ∆(ρ) is called the characteristic function. The function
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∆(ρ) is entire in ρ of exponential type. We interested in zeros of ∆(ρ) in the upper half-plane
Π+ := {ρ : Imρ > 0}.

Theorem 1. Let R(x) ∈ B−
0 . Then in Π+ ∆(ρ) has at most a finite number of zeros

{ρk}k=1,m, m ≥ 0. All zeros of ∆(ρ) in Π+ are simple and pure imaginary, i.e. ρk =
iτk, τk > 0.

Proof. It follows from (4), (5) that

u(x, ρ) = u(x,−ρ̄) , (8)

and consequently
∆(ρ) = ∆(−ρ̄) . (9)

Denote 〈y, z〉 := yz′− y′z. Using (4), (5) and the Ostrogradskii-Liouville theorem we obtain

〈u(x, ρ), u(x,−ρ)〉 ≡ 2iρ . (10)

According to Lemma 1, ∆(0) 6= 0. If ∆(ρ0) = 0 for a certain real ρ0 6= 0, then by virtue
of (9), ∆(−ρ0) = 0. But it contradicts to (10) for x = T . Thus, ∆(ρ) has no zeros for real ρ.

Let ρ0 = σ0 + iτ0 ∈ Π+ be zero of ∆(ρ). Since u(x, ρ) satisfies (4), (5) and u(T, ρ0) =
u(T, ρ0) = 0 we calculate

(ρ2
0 − ρ̄2

0)
∫ T

0
u(x, ρ0)u(x, ρ0)dx =

∣∣∣T
0
〈u(x, ρ0), u(x, ρ0)〉 = −i(ρ0 + ρ̄0) .

This yields σ0 = 0, i.e. all zeros of ∆(ρ) in Π+ lie on the imaginary half-axis.
Let us show that in Π+ all zeros of ∆(ρ) are simple. Suppose, on the contrary, that for

a certain ρ0 = iτ0, τ0 > 0, ∆(ρ0) = ∆̇(ρ0) = 0, where ∆̇(ρ) =
d

dρ
∆(ρ). Denote u1(x, ρ) =

d

dρ
u(x, ρ). Then, by virtue of (4), (5),

−u′′

1 + q(x)u1 = ρ2 u1 + 2ρu, u1(0, ρ) = 0, u
′

1(0, ρ) = −i . (11)

In view of (8), the function u(x, ρ0) is real. Using (4), (5), (11) and the relation u(T, ρ0) =
u1(T, ρ0) = 0 we get for ρ = ρ0

2ρ
∫ T

0
u2(x, ρ)dx =

∫ T

0
u(x, ρ) · (−u′′

1(x, ρ) + q(x)u1(x, ρ)− ρ2 u1(x, ρ))dx =

= −
∣∣∣T
0
〈u(x, ρ), u1(x, ρ)〉 = −i ,

i.e.

2τ
∫ T

0
| u(x, ρ) |2 dx = −1 ,

which is impossible.
It can be shown by the well-known method (see [15]) that for ρ ∈ Π+ , |ρ| → ∞ ,

u(j)(x, ρ) = (−iρ)j e−iρx (1− 1

2iρ

∫ x

0
q(t) dt+ ω(x, ρ)) , j = 0, 1 (12)
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and hence

∆(ρ) = e−iρT (1− a

iρ
+
ω(ρ)

ρ
) , ρ ∈ Π+ , |ρ| → ∞ , (13)

where

a =
1

2

∫ T

0
q(t) dt .

Here and in the sequel, one and the same symbol ω (ρ) (or ω (x, ρ)) denotes various functions
such that ω = o(1) as | ρ |→ ∞ , ρ ∈ Π+ (uniformly in x ∈ [0, T ]) and ω ∈ L2(−∞,∞) for
real ρ (for each fixed x).

In particular, (13) implies that for large ρ ∈ Π+, ∆(ρ) has no zeros. 2

Theorem 2. The function ∆(ρ) has no zeros in Π+ iff R(x) ∈ B0.

Proof. Consider the real function y(x, τ) := u(x, iτ), x ∈ [0, T ], τ ≥ 0. According to
Theorem 1, for each fixed x, the function y(x, τ) has at most a finite number of simple zeros,
and in view of (12) there exists τ ∗ > 0 such that y(x, τ) > 0 for all τ ≥ τ ∗, x ∈ [0, T ].

If R(x) ∈ B0, then by virtue of (7), y(x, 0) > 0, x ∈ [0, T ]. Since y(0, T ) = 1, τ ≥ 0
and y(x, τ ∗) > 0, x ∈ [0, T ], we get y(x, τ) > 0 for all τ ≥ 0, x ∈ [0, T ]. In particular,
∆(τ) = y(T, τ) > 0 for all τ ≥ 0, i.e. ∆(ρ) has no zeros in Π+. The inverse assertion is
proved similarly. 2

4. Reconstruction of the wave resistance from the characteristic function.

In this section, using the contour integral method, we study the inverse problem of recov-
ering R(x) from the given characteristic function ∆(ρ). We provide necessary and sufficient
conditions of its solvability along with algorithms for the solution.

4.1. Denote

p(x) =

{
q(T − x) , 0 ≤ x ≤ T

0 , x > T ,

and consider the equation
−y′′ + p(x)y = λy, x > 0 (14)

on the half-line. Let S(x, λ) and C(x, λ) be solutions of (14) under the initial conditions
C(0, λ) = S ′(0, λ) = 1, S(0, λ) = C ′(0, λ) = 0. Denote

Φ(x, λ) =
e(x, ρ)

δ(ρ)
(15)

where e(x, ρ) is the solution of (14) such that e(x, ρ) ≡ eiρx for x ≥ T , and δ(ρ) := e(0, ρ).
Clearly,

e(x, ρ) = eiρT u(T − x, ρ), 0 ≤ x ≤ T ; δ(ρ) = eiρT ∆(ρ) . (16)

We introduce the function

M(λ) :=
e′(0 , ρ)

δ(ρ)
, (17)
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which is called the Weyl function. Since Φ(0, λ) = 1,Φ′(0, λ) = M(λ), we have

Φ(x, λ) = C(x, λ) +M(λ)S(x, λ) , (18)

〈Φ(x, λ), S(x, λ)〉 ≡ 1 . (19)

According to Theorem 1 and the relation δ(ρ) = eiρT ∆(ρ), the function δ(ρ) has at most
a finite number of simple zeros in Π+ of the form ρk = iτk, τk > 0, k = 1,m, m ≥ 0.
Moreover, by virtue of (13) and (16),

δ(ρ) = 1− a

iρ
+
ω(ρ)

ρ
, ρ ∈ Π+, |ρ| → ∞ . (20)

Since 〈e(x, ρ), S(x, λ)〉 ≡ δ(ρ) and δ(ρk) = 0, we get

e(x, ρk) = e′(0, ρk)S(x, λk), λk = ρ2
k < 0 . (21)

Denote

βk :=
(∫ ∞

0
S2(x, λk) dx

)−1

.

Lemma 2.

βk = − 4i ρ2
k

∆(−ρk) ∆̇(ρk)
> 0 . (22)

Proof. Since e(x, ρ) satisfies (14) and e(0, ρk) = 0, we have

(ρ2 − ρ2
k)
∫ ∞

0
e(x, ρ) e(x, ρk)dx =

∣∣∣∞
0
〈e(x, ρ), e(x, ρk)〉 = −e′(0, ρk)δ(ρ).

As ρ→ ρk it gives us

2ρk

∫ ∞

0
e2(x, ρk)dx = −e′(0, ρk) δ̇ (ρk) .

Using (21) we deduce

βk = −2ρk e
′(0, ρk)

δ̇(ρk)
. (23)

It follows from (10) and (16) that

〈e(x, ρ), e(x,−ρ)〉 ≡ −2iρ , (24)

and consequently
δ(−ρk) e

′(0, ρk) = 2iρk . (25)

Substituting (25) into (23) and taking into account the relations δ̇(ρk) = eiρkT ∆̇(ρk),
δ(−ρk) = e−iρkT ∆(−ρk), we arrive at (22). 2

Denote by Π the λ-plane with the cut λ ≥ 0, and Λ = {λk}k=1,m, λk = ρ2
k < 0.
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Theorem 3. The Weyl function M(λ) is holomorphic in Π \ Λ. In the points λ = λk the
Weyl function M(λ) has simple poles, and

Res
λ=λk

M(λ) = −βk . (26)

For λ > 0, there exist the finite limits M±(λ) = lim M (λ± iz), z → 0, Re z > 0, and

V (λ) :=
1

2πi
(M+(λ)−M−(λ)) =

ρ

π|∆(ρ)|2
, ρ > 0 . (27)

For |λ| → ∞ ,
M(λ) = iρ+ ω(ρ) , ρ ∈ Π+ , (28)

V (λ) =
ρ

π
+ ω(ρ) , ρ > 0 . (29)

Proof. The domain Π in the λ-plane corresponds to Π+ in the ρ-plane. By virtue of (17),
M(λ) is holomorphic in Π \ Λ, continuous in Π \ Λ, and we have

Res
λ=λk

M(λ) = e′(0, ρk) ·

( d

dλ
δ(ρ)

)
/ ρ=ρk

−1

.

Together with (23) it gives (26).
Further, using (17) and (24), we calculate for ρ > 0:

M+(λ)−M−(λ) =
e′(0, ρ)

δ(ρ)
− e′(0,−ρ)

δ(−ρ)
=

2iρ

|δ(ρ)|2
=

2iρ

|∆(ρ)|2
,

i.e. (27) is valid.
According to (12) and (16) we get for |ρ| → ∞ , ρ ∈ Π+,

e(j) (x, ρ) = (iρ)j eiρx

(
1− 1

2iρ

∫ T

x
p(t)dt+

ω(x, ρ)

ρ

)
, 0 ≤ x ≤ T . (30)

Hence

e′(0, ρ) = (iρ)

(
1− a

iρ
+
ω(ρ)

ρ

)
. (31)

Substituting (20) and (31) into (17) we arrive at (28). At last (29) follows from (13) and
(27) . 2

Definition. The set S = (V (λ), {ρk, βk}) is called the spectral data.

4.2. Consider two wave resistances R(x) and R̃(x) from B−
0 . We agree that, if a certain

symbol α denotes an object related to R(x), then α̃ denotes the analogous object related to
R̃(x), and α̂ := α− α̃.

Theorem 4.

−M̂(λ) =
∫ ∞

0

V̂ (µ)

λ− µ
dµ+

m∑
k=1

βk

λ− λk

−
m̃∑

k=1

β̃k

λ− λ̃k

. (32)
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Proof. In view of (29), the integral in (32) converges absolutely and uniformly on compacts
in Π. In the λ-plane we consider the contour γ = γ′ ∪ γ′′ (with counterclockwise circuit),
where γ′ is a bounded closed contour encircling the set Λ ∪Λ̃ ∪{0} (i.e. Λ ∪Λ̃∪{0} ⊂ int γ′),
and γ′′ is the two-sided cut along the arc {λ : λ > 0, λ /∈ int γ0}.

Consider the function

Ir (z) :=
1

2πi

∮
|λ|=r

M̂(λ)dλ

z − λ
.

It follows from (28) that
lim
r→∞

Ir (z) = 0 (33)

uniformly on compacts in Π \Λ. On the other hand, moving the contour |λ| = r to the real
axis and using the residue theorem and Theorem 3, we get

Ir(z) = −M̂(z)−
∫ r

0

V̂ (λ)

z − λ
dλ−

m∑
k=1

βk

z − λk

+
m̃∑

k=1

β̃k

z − λ̃k

.

Together with (33) it yields (32) . 2

Corollary 1.

−M(λ) = −iρ+
∫ ∞

0
(V (µ)−

√
µ

π
)

dµ

λ− µ
+

m∑
k=1

βk

λ− λk

. (34)

Indeed, take R̃(x) ≡ 1. Then M̃(λ) = iρ, Ṽ (λ) =
ρ

π
, m̃ = 0, and (34) follows from (32).

Corollary 2.

(i) The specification of the spectral data S uniquely determines the Weyl function M(λ).

(ii) The specification of the characteristic function ∆(ρ) uniquely determines the Weyl
function M(λ).

Denote

D̃(x, λ, µ) :=
〈S̃(x, λ), S̃(x, µ)〉

λ− µ
=
∫ x

0
S̃ (t, λ) S̃ (t, µ)dt . (35)

The following theorem gives us a tool for the solution of the inverse problem of recovering
R(x) from the characteristic function ∆(ρ).

Theorem 5. Let R(x), R̃(x) ∈ B−
0 . Then

S̃(x, λ) = S(x, λ) +
∫ ∞

0
D̃(x, λ, µ) V̂ (µ)S(x, µ) dµ+

m∑
k=1

D̃(x, λ, λk) βk S(x, λk)−
m̃∑

k=1

D̃ (x, λ, λ̃k) β̃k S(x, λ̃k) ,
(36)
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p(x) = p̃(x)− 2ε′(x) , (37)

where

ε(x) =
∫ ∞

0
S(x, λ) S̃(x, λ) V̂ (λ) dλ+

m∑
k=1

S(x, λk) S̃(x, λk) βk−

−
m̃∑

k=1

S(x, λ̃k) S̃(x, λ̃k) β̃k .

(38)

Proof. 1) According to (24), the functions {e(x, ρ), e(x,−ρ)} form a fundamental system of
solutions for (14). Using the initial conditions on S(x, λ) we calculate

S(x, λ) =
1

2iρ
(δ(−ρ) e(x, ρ)− δ(ρ) e(x,−ρ)) . (39)

By virtue of (15), (20), (30) and (39) one can obtain the following asymptotics for |ρ| →
∞, ρ ∈ Π+, j = 0, 1, uniformly in x ∈ [0, T ] :

Φ(j) (x, λ) = (iρ)j eiρx (1 +O(
1

ρ
)) ,

S(j) (x, λ) =
1

2
(iρ)j−1 (eiρx − (−1)j e−iρx) +O(ρj−2 e−iρx) .

 (40)

It follows from (35) and (40) that

|D̃(x, λ, µ)| ≤ C

(ρ+ 1)(θ + 1)(|ρ− θ| + 1)
, λ = ρ2 , µ = θ2 , ρ > 0 , θ > 0 . (41)

According to (29), (40) and (41), the integrals in (36) and (38) converge absolutely and
uniformly in x ∈ [0, T ], µ > 0. The function ε(x) is absolutely continuous and ε′(x) ∈
L2(0, T ).

2) Let us introduce the functions A1(x, λ) and A2(x, λ) by the formulas

A1(x, λ) = Φ(x, λ) S̃ ′(x, λ)− S(x, λ) Φ̃′(x, λ), A2(x, λ) = S(x, λ) Φ̃(x, λ)− Φ(x, λ) S̃(x, λ) .
(42)

Using (19) one has

A1(x, λ) = 1 + (Φ(x, λ)− Φ̃(x, λ)) S̃ ′(x, λ)− (S(x, λ)− S̃(x, λ)) Φ̃′(x, λ) .

In view of (40), this yields

A1(x, λ)− 1 = O(
1

ρ
) , A2(x, λ) = O(

1

ρ
) , |ρ| → ∞ , ρ ∈ Π+ . (43)

Let γr = γ ∩ {λ : |λ| ≤ r} , γ0
r = γr ∪ {λ : |λ| = r} , Jγ = {λ : λ /∈ γ ∩ int γ

′} , where γ
was defined above. By Cauchy’s theorem

Ak(x, λ)− δ1k =
1

2πi

∫
γ0

r

Ak(x, µ)− δ1k

λ− µ
dµ,
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where δ1k is the Kronecker delta, and λ ∈ int γ0
r . It follows from (43) that

lim
r→∞

1

2πi

∫
|µ|=r

Ak(x, µ)− δ1k

λ− µ
dµ = 0 ,

and consequently

Ak(x, λ)− δ1k =
1

2πi

∫
γ

Ak(x, µ) dµ

λ− µ
, λ ∈ Jγ , (44)

where
∫

γ
:= lim

r

∫
γr

. By virtue of (42) and (19),

S(x, λ) = A1(x, λ) S̃(x, λ)+A2(x, λ) S̃ ′(x, λ), Φ(x, λ) = A1(x, λ) Φ̃(x, λ)+A2(x, λ) Φ̃′(x, λ) .
(45)

Substituting (44) into (45) we get

S(x, λ) = S̃(x, λ) +
1

2πi

∫
γ
(A1(x, µ) S̃(x, µ) + A2(x, µ) S̃ ′(x, λ))

dµ

λ− µ
.

From this and (42) it follows that

S(x, λ) = S̃(x, λ) +
1

2πi

∫
γ

(
(Φ(x, µ) S̃ ′(x, µ)− S(x, µ) Φ̃′(x, µ)) S̃(x, λ)+

(S(x, µ) Φ̃(x, µ)− Φ(x, µ) S̃(x, µ)) S̃ ′(x, λ)
) dµ

λ− µ
.

We replace here Φ(x, µ) and Φ̃(x, µ) by (18). The terms with C(x, µ) and C̃(x, µ) are equal
to zero, and we deduce that

S̃(x, λ) = S(x, λ)− 1

2πi

∫
γ
D̃(x, λ, µ) M̂(µ) S(x, µ) dµ , λ ∈ Jγ . (46)

From (46) with the help of Theorem 3 we arrive at (36).
We note that similar arguments lead to the formulas

Φ̃(x, λ) = Φ(x, λ)− 1

2πi

∫
γ

〈Φ̃(x, λ), S̃(x, µ)〉
λ− µ

M̂(µ)S(x, µ) dµ, λ ∈ Jγ ,

Φ̃(x, λ) = Φ(x, λ) +
∫ ∞

0

〈Φ̃(x, λ), S̃(x, µ)〉
λ− µ

V̂ (µ) S(x, µ) dµ+

m∑
k=1

〈Φ̃((x, λ), S̃(x, λk)〉
λ− λk

βk S(x, λk)−
m̃∑

k=1

〈Φ̃(x, λ), S̃(x, λ̃k)〉
λ− λ̃k

β̃k S(x, λ̃k) .


(47)

3) Differentiating (46) twice with respect to x and using (14) and the relation

d

dx
D̃(x, λ, µ) = S̃(x, λ) S̃(x, µ) ,

10



we obtain

(p̃(x)− λ) S̃(x, λ) = (p(x)− λ) S(x, λ)− 1

2πi

∫
γ
D̃(x, λ, µ) M̂(µ) (p(x)− µ) S (x, µ) dµ

−2S̃(x, λ) · 1

2πi

∫
γ
S̃(x, µ) S

′
(x, µ) M̂(µ)dµ− 1

2πi

∫
γ

d

dx

(
S̃(x, λ) S̃(x, µ)

)
M̂(µ) S(x, µ) dµ .

We replace here S(x, λ) by (46). Then

p̃(x) S̃(x, λ) = p(x) S̃(x, λ)− 1

2πi

∫
γ
〈S̃(x, λ), S̃(x, µ)〉 M̂(µ) S(x, µ) dµ−

2 S̃(x, λ) · 1

2πi

∫
γ
S̃(x, µ) S ′(x, µ) M̂(µ) dµ− 1

2πi

∫
γ

(
S̃ ′(x, λ) S̃(x, µ)+

S̃(x, λ) S̃ ′(x, µ)
)
M̂(µ) S(x, µ) dµ .

After cancellation of the terms with S̃ ′(x, λ) we get

p(x)− p̃(x) =
1

πi

d

dx

∫
γ
S(x, λ) S̃(x, λ) M̂(λ) dλ .

By virtue of Theorem 3, it gives (37) . 2

Denote λk0 = λk, λk1 = λ̃k, βk0 = βk, βk1 = β̃k, Skj(x) = S(x, λkj), S̃kj(x) = S̃(x, λkj).
Then (36) yields

S̃(x, λ) = S(x, λ) +
∫ ∞

0
D̃(x, λ, µ) V̂ (µ) S(x, µ) dµ+

m∑
k=1

D̃(x, λ, λk0) βk0 Sk0(x)−
m̃∑

k=1

D̃(x, λ, λk1) βk1 Sk1/x) , λ > 0 ,

S̃ni(x) = Sni(x) +
∫ ∞

0
D̃(x, λni, µ) V̂ (µ) S(x, µ) dµ+

m∑
k=1

D̃(x, λni, λk0) βk0 Sk0(x)−
m̃∑

k=1

D̃(x, λni, λk1) βk1 Sk1(x) .



(48)

For each fixed x, (49) are linear equations with respect to S(x, λ), λ > 0 and Sni(x).
Denote

N = m+ m̃; Ω(λ) = min(1,
1

ρ
), ρ > 0; ψλ(x) = (Ω(λ))−1 S(x, λ);

ψ(x) = [ψk(x)]k=1,N ; ψk(x) = Sk0(x), k = 1,m; ψk+m(x) = Sk1(x), k = 1, m̃ .

Analogously we define ψ̃λ(x), ψ̃(x). Clearly,

|ψλ(x)| ≤ C, |ψ̃λ(x)| ≤ C, λ ≥ 0, x ∈ [0, T ] . (49)

11



Let IC = IC[0,∞) be the Banach space of continuous bounded functions f = fλ on the
half-line λ ≥ 0 with the norm ||f || IC = sup

λ≥0
|fλ|. It follows from (49) that for each fixed

x ∈ [0, T ], ψλ(x), ψ̃λ(x) ∈ IC. Consider the Banach space B of vectors

F =

[
f

α

]

where f = fλ ∈ IC, α = [αk]k=1,N ∈ RN , with the norm ||F ||B = max(||f || IC , ||α||RN ).
Denote

Ψ(x) =

[
ψλ

ψ

]
, Ψ̃(x) =

[
ψ̃λ

ψ̃

]
.

Obviously, Ψ(x), Ψ̃(x) ∈ B for each fixed x ∈ [0, T ]. Let

H̃λ,µ(x) = (Ω(λ))−1 D̃(x, λ, µ) V̂ (µ) Ω(µ),

H̃λ,k(x) = (Ω(λ))−1 D̃(x, λ, λk0) βk0, k = 1,m,

H̃λ,k+m(x) = −(Ω(λ))−1 D̃(x, λ, λk1) βk1, k = 1, m̃,

H̃n,µ(x) = D̃(x, λn0, µ) V̂ (µ) Ω(µ), n = 1,m,

H̃n+m,µ(x) = D̃(x, λn1, µ) V̂ (µ) Ω(µ), n = 1, m̃,

H̃nk(x) = D̃(x, λn0, λk0) βk0, n, k = 1,m,

H̃n+m,k(x) = D̃(x, λn1, λk0) βk0 , n = 1, m̃, k = 1,m,

H̃n,k+m(x) = −D̃(x, λn0, λk1) βk1, n = 1,m, k = 1, m̃,

H̃n+m,k+m(x) = −D̃(x, λn1, λk1) βk1, n, k = 1, m̃.

By virtue of (29) and (41) we get

|H̃λ,µ(x)| ≤ ω(θ)

(|ρ− θ| + 1)(θ + 1)2
, |H̃n,µ(x)| ≤ ω(θ)

(θ + 1)3
, θ > 0, ρ > 0 . (50)

Let Q̃ : B → B be the operator acting from B to B by the formulas

F ∗ = Q̃F, F =

[
f

α

]
∈ B, F ∗ =

[
f ∗

α∗

]
∈ B ,

f ∗λ =
∫ ∞

0
H̃λ,µ fµ dµ+

N∑
k=1

H̃λ,k αk ,

α∗n =
∫ ∞

0
H̃n,µ fµ dµ+

N∑
k=1

H̃nk αk .


It follows from (50) that for each fixed x ∈ [0, T ], the operator E + Q̃(x) (here E is the
identity operator), acting from B to B, are a linear bounded operator.

Taking into account our notations we can rewrite (49) to the form

Ψ̃(x) = (E + Q̃(x)) Ψ(x) . (51)
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Thus, we proved the following assertion.

Theorem 6. For each fixed x ∈ [0, T ], the vector Ψ(x) ∈ B is a solution of equation (51).
Equation (51) is called the main eqution of the inverse problem.

4.3. In this subsection we present a theorem on the solvability of the main equation. We also
provide necessary and sufficient conditions on ∆(ρ) along with algorithms for the solution
of the inverse problem of recovering R(x) from the characteristic function ∆(ρ).

Denote by Ω0 the set of entire functions ∆(ρ) of exponential type T such that

(i) (9) and (13) are valid;

(ii) In Π+, ∆(ρ) has at most a finite number of simple zeros ρk = iτk, τk > 0, k =
1,m, m ≥ 0, (in general, the set {ρk} is different for each ∆(ρ));

(iii) βk > 0, where βk are defined via (22).

Clearly, if ∆(ρ) is the characteristic function for R(x) ∈ B−
0 , then ∆(ρ) ∈ Ω0.

Theorem 7. Let ∆(ρ) ∈ Ω0, R̃(x) ∈ B−
0 . Then, for each fixed x ∈ [0, T ], equation (51) has

a unique solution in B.

Proof. It is sufficient to show that the homogeneous equation

(E + Q̃(x)) G(x) = 0, G(x) =

[
gλ(x)

g(x)

]
∈ B, g(x) = [gk(x)]k=1,N (52)

has only the zero solution.
Let G(x) be a solution of (52). Then (52) implies

gλ +
∫ ∞

0
H̃λ,µ gµ dµ+

N∑
k=1

H̃λ,k gk = 0, λ > 0 ,

gn +
∫ ∞

0
H̃n,µ gµ dµ+

N∑
k=1

H̃n,k gk = 0, n = 1, N.


(53)

Denote s(x, λ) = Ω(λ) gλ(x); sk0(x) = gk(x), k = 1,m , sk1(x) = gk+m(x), k = 1, m̃. Then
(53) takes the form

s(x, λ) +
∫ ∞

0
D̃(x, λ, µ) V̂ (µ) s(x, µ) dµ+

m∑
k=1

D̃(x, λ, λk0) βk0 sk0(x)−
m̃∑

k=1

D̃(x, λ, λk1) βk1 sk1(x) = 0, λ > 0 ,

sni(x) +
∫ ∞

0
D̃(x, λni, µ) V̂ (µ) s(x, µ) dµ+

m∑
k=1

D̃(x, λni, λk0) βk0 sk0(x)−
m̃∑

k=1

D̃(x, λni, λk1) βk1 sk1(x) = 0 .



(54)
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Further, we construct the functions γ(x, λ) and Γ(x, λ) by the formulas

−γ(x, λ) =
∫ ∞

0
D̃(x, λ, µ) V̂ (µ) s(x, µ) dµ+

m∑
k=1

D̃(x, λ, λk0) βk0 sk0(x)

−
m̃∑

k=1

D̃(x, λ, λk1) βk1 sk1(x) ,

−Γ(x, λ) =
∫ ∞

0

〈Φ̃(x, λ), S̃(x, µ)〉
λ− µ

V̂ (µ) s(x, µ) dµ

+
m∑

k=1

〈Φ̃(x, λ), S̃(x, λk0)〉
λ− λk0

βk0 sk0(x)−
m̃∑

k=1

〈Φ̃(x, λ), S̃(x, λk1)〉
λ− λk1

βk1 sk1(x) .



(55)

The function γ(x, λ) is entire in λ, γ(x, λ) = γ(x, λ), and by virtue of (54), γ(x, λkj) =
skj(x), γ(x, λ) = s(x, λ), λ > 0. The function Γ(x, λ) is holomorphic in Π \ (Λ ∪ Λ̃) and
continuous in Π \ (Λ ∪ Λ̃). Denote

d(x, λ) =
1

2πi
(Γ−(x, λ)− Γ+(x, λ)), λ > 0;

Γ±(x, λ) := lim Γ(x, λ± iz), z → 0, Re z > 0.

Since Φ̃(x, λ) = C̃(x, λ) + M̃(λ) S̃(x, λ), we obtain from (55)

−Γ(x, λ) = −M̃(λ) γ(x, λ) +
∫ ∞

0

〈C̃(x, λ), S̃(x, µ)〉
λ− µ

V̂ (µ) s(x, µ) dµ+

+
m∑

k=1

〈C̃(x, λ), S̃(x, λk0)〉
λ− λk0

βk0 sk0(x)−
m̃∑

k−1

〈C̃(x, λ), S̃(x, λk1)〉
λ− λk1

βk1 sk1(x) .

From the relation
d

dx
〈C̃(x, λ), S̃(x, µ)〉 = (λ− µ) C̃(x, λ) S̃(x, µ)

it follows that
〈C̃(x, λ), S̃(x, µ)〉

λ− µ
=

1

λ− µ
+
∫ x

0
C̃(t, λ) S̃(t, µ) dt .

It yields

−Γ(x, λ) = −M̃(λ) γ(x, λ) +
∫ ∞

0

V̂ (µ) s(x, µ)

λ− µ
dµ

+
m∑

k=1

βk0 sk0(x)

λ− λk0

−
m̃∑

k=1

βk1 sk1(x)

λ− λk1

+ ε0(x, λ),

(56)

where ε0(x, λ) is entire in λ. Using (56) and Theorem 3 we calculate

Res
λ=λk0

Γ(x, λ) = −βk0 sk0(x), Res
λ=λk1

Γ(x, λ) = 0 ,

d(x, λ) = V (λ) s(x, λ) .
(57)

Now we introduce the function

A(x, λ) = γ(x, λ) Γ(x, λ) . (58)

14



By Cauchy’s theorem,
1

2πi

∫
γ0

r

A(x, λ) dλ = 0 .

Using (55) and (58) one can show that

lim
r→∞

1

2πi

∫
|λ|=r

A(x, λ) dλ = 0 ,

and consequently
1

2πi

∫
γ
A(x, λ) dλ = 0 .

Taking (57) into account, we calculate

∫ ∞

0
|s(x, λ)|2 V (λ) dλ+

m∑
k=1

βk |sk0(x)|2 = 0 .

Since βk > 0, V (λ) > 0 we deduce sk0(x) = 0, s(x, λ) = 0 . Hence γ(x, λ) ≡ 0, λ > 0. The
function γ(x, λ) is entire in λ, and consequently γ(x, λ) ≡ 0 for all λ and x. From this it
follows that sk1(x) = γ(x, λk1) = 0. 2

Theorem 8. For a function ∆(ρ) to be the characteristic function for R(x) ∈ B−
0 it is

necessary and sufficient that ∆(ρ) ∈ Ω0. The specification of the characteristic function
∆(ρ) uniquely determines R(x). The function R(x) can be constructed by the following
algorithm.

Algorithm 1. Given ∆(ρ). Then

(1) Calculate λk, βk, V (λ), λ > 0 by (22), (27).

(2) Choose R̃(x) ∈ B−
0 .

(3) Construct p̃(x), S̃(x, λ), Ṽ (λ) and D̃(x, λ, µ).

(4) Find S(x, λ), λ > 0 and Ski(x) by solving equation (48) which is equivalent to (51).

(5) Calculate

ε(x) =
∫ ∞

0
S(x, λ) S̃(x, λ)V̂ (λ) dλ+

m∑
k=1

Sk0(x)S̃k0(x)βk0−
m̃∑

k=1

Sk1(x) S̃k1(x) βk1. (59)

(6) Construct

R(x) :=
1

y2(T − x)

where y(x) is the solution of the Cauchy problem

y′′ = p(x)y, y(T ) = 1, y′(T ) = 0, p(x) = p̃(x)− 2ε′(x).
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Remark 2. We also can construct R(x) using (2), (6), namely:

R(x) = exp(2
∫ x

0
h(t)dt), (60)

where h(x) is the solution of the equation

h(x) =
∫ x

0
h2(t)dt−

∫ x

0
p̃(T − t)dt− 2(ε(T − x)− ε(T )). (61)

In this case it is not necessary to calculate the derivative ε′(x).

Proof of Theorem 8. Necessity is obvious, so we will prove sufficiency. Let

Ψ(x) =

 ψλ(x)

[ψk(x)]k=1,N

 ∈ B
be the solution of equation (51). Denote

S(x, λ) = Ω(λ)ψλ(x) , Sn0(x) = ψn(x), n = 1,m; Sn1(x) = ψn+m(x), n = 1, m̃.

Then the functions S(x, λ), Sni(x) satisfy (48). We construct the entire function S(x, λ) by
(48) for all λ. Then S(x, λni) = Sni(x). Further, we introduce the function Φ(x, λ) via (47)
and p(x), R(x) according to Algorithm 1. Clearly, p(x) ∈ L2(0, T ), R(x) ∈ B−

0 . Following
the method described in [16] one can show that S(x, λ),Φ(x, λ) are solutions of (14) under
the conditions S(0, λ) = 0, S ′(0, λ) = Φ(0, λ) = 1 , Φ(x, λ) = O(eiρx), x → ∞, and ∆(ρ) is
the characteristic function for R(x). Uniqueness is obvious. 2

Now let us consider the particular case when R(x) ∈ B0. In this case the inverse problem
becomes simpler.

If R(x) ∈ B0, then, according to Theorem 2, ∆(ρ) has no zeros in Π+, i.e. m = 0. Take
R̃(x) ∈ B0. Then the main equation (48) takes the form

S̃(x, λ) = S(x, λ) +
∫ ∞

0
D̃(x, λ, µ) V̂ (µ) S(x, µ) dµ, λ > 0 . (62)

The function p(x) can be constructed by the formulas

p(x) = p̃(x)− 2ε′(x) , (63)

ε(x) =
∫ ∞

0
S(x, λ) S̃(x, λ) V̂ (λ)dλ . (64)

If we choose R̃(x) ≡ 1, then

p̃(x) ≡ 0, Ṽ (λ) =
ρ

π
, S̃(x, λ) =

sin ρ x

ρ
,

D̃(x, λ, µ) =
∫ x

0

sin ρ t

ρ
· sin θ t

θ
dt, λ = ρ2, µ = θ2, ρ > 0, θ > 0 .

 (65)
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Thus we obtain the following algorithm for the case R(x) ∈ B0.

Algorithm 2. Given α(σ) := |∆(σ)| , σ > 0. Then

(1) Calculate V (λ) =
σ

πα2(σ)
, λ = σ2 , σ > 0 .

(2) Choose R̃(x) ∈ B0 (for example, R̃(x) ≡ 1).

(3) Calculate p̃(x), S̃(x, λ), Ṽ (λ), D̃(x, λ, µ), λ, µ > 0 (if R̃(x) ≡ 1 use (65)).

(4) Find S(x, λ), λ > 0 by solving the main equation (62).

(5) Construct ε(x) by (64).

(6) Construct R(x) by the same was as in Algorithm 1 or by (60), (61).

5. Algorithm for the solution of Inverse Problem 1.

It follows from (3) that
∆(ρ) = f1(ρ) + f2(ρ) . (66)

Therefore in order to solve Inverse Problem 1 we need to reconstruct the transmission co-
efficients from their moduli and then reduce Inverse Problem 1 to the inverse problem of
recovering R(x) from the characteristic function described in Section 4.

By virtue of (1), (2),
u′(x, ρ) + h(x)u(x, ρ) = iρv(x, ρ) .

Substituting into (3), we get

f1(ρ) =
1

2
u(T, ρ)− 1

2iρ
(u′(T, ρ) + hu(T, ρ)) ,

f2(ρ) =
1

2
u(T, ρ) +

1

2iρ
(u′(T, ρ) + hu(T, ρ)) ,

 (67)

where h := h(T ).
The functions fj(ρ) are entire in ρ of exponential type T . It follows from (10) and (67)

that
f1(ρ)f1(−ρ)− f2(ρ)f2(−ρ) ≡ 1 . (68)

Since fj(ρ) = fj(−ρ), we have from (68) that

α2
1(σ)− α2

2(σ) ≡ 1 (69)

where αj(σ) = |fj(σ)| as above.

Using (12) and (67), we obtain that for |ρ| → ∞, ρ ∈ Π+,

f1(ρ) = e−iρT

(
1 +

b

iρ
+
ω(ρ)

ρ

)
, f2(ρ) = e−iρT

(
h

2iρ
+
ω(ρ)

ρ

)
, (70)

where

b = −1

2

∫ T

0
h2(t)dt, h = h(T ) .
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It follows from (69) and (70) that for real ρ = σ, |σ| → ∞,

α2
1(σ) = 1 +

h2

4σ2
+
ω(σ)

σ2
, α2

2(σ) =
h2

4σ2
+
ω(σ)

σ2
. (71)

In view of (69), the function f1(ρ) has no zeros for real ρ. Using similar arguments as in
Section 3, one can show that zeros of f1(ρ) in Π+ are simple and pure imaginary: ρ∗k =
iτ ∗k , τ

∗
k > 0, k = 1,m∗. If R(x) ∈ B0, then f1(ρ) has no zeros in Π+, i.e. m∗ = 0.

Lemma 3. Suppose that a function γ(ρ) is regular in Π+, has no zeros in Π+ and for

|ρ| → ∞, ρ ∈ Π+, γ(ρ) = 1 +O(
1

ρ
). Let γ(σ) = |γ(σ)|e−iβ(σ), σ = Re ρ. Then

β(σ) =
1

π

∫ ∞

−∞

ln |γ(ξ)|
ξ − σ

dξ . (72)

In (72) (and everywhere below, where necessary) the integral is understood in the principal
value sense.

Proof. First we suppose that γ(σ) 6= 0 for real σ. By Cauchy’s theorem, taking into account
the hypothesis of the lemma, we obtain

1

2πi

∫
Cr,ε

ln γ(ξ)

ξ − σ
dξ = 0 , (73)

where Cr,ε is the closed contour (with counterclockwise circuit) consisting of the semicircles
Cr = {ξ : ξ = reiϕ , ϕ ∈ [0, π]}, Γε = {ξ : ξ − σ = εeiϕ, ϕ ∈ [0, π]} and the intervals
ξ ∈ [−r, r] \ [σ − ε, σ + ε] of the real axis. Since

lim
ε→0

1

2πi

∫
Γε

ln γ(ξ)

ξ − σ
dξ = −1

2
ln γ(σ) ,

lim
r→∞

1

2πi

∫
Cr

ln γ(ξ)

ξ − σ
dξ = 0 ,

we get from (73) that

ln γ(σ) =
1

πi

∫ ∞

−∞

ln γ(ξ)

ξ − σ
dξ .

Separating here real and imaginary parts, we arrive at (72).
Suppose now that for real ρ, the function γ(ρ) has one zero ρ0 = 0 of multiplicity s (the

general case is treated in the same way). Denote

γ̃(ρ) = γ(ρ)

(
ρ+ iε

ρ

)s

, ε > 0 ; γ̃(σ) = |γ̃(σ)| · e−iβ̃(σ) .

Then
β(σ) = β̃(σ) + s arctg

ε

σ
. (74)
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For the function γ̃(ρ), (72) has been proved. Hence, (74) takes the form

β(σ) =
1

π

∫ ∞

−∞

ln γ(ξ)

ξ − σ
dξ +

s

2π

∫ ∞

−∞

ln (1 + ε2

ξ2 )

ξ − σ
dξ + s arctg

ε

σ
.

As ε→ 0, it gives us (72). 2

Lemma 4. Suppose that a function γ(ρ) is regular in Π+, γ(−ρ) = γ(ρ), and for |ρ| →
∞, ρ ∈ Π+, γ(ρ) = 1+O(

1

ρ
) . Let γ(σ) = |γ(σ)|e−iβ(σ), σ = Re ρ, and let ρk = σk+iτk, τk >

0, k = 1, s be zeros of γ(ρ) in Π+. Then

β(σ) =
1

π

∫ ∞

−∞

ln |γ(ξ)|
ξ − σ

dξ + 2
s∑

k=1

arctg
τk

σ − σk

. (75)

Proof. Since γ(−ρ) = γ(ρ), the zeros of γ(ρ) in Π+ are symmetrical with respect to the
imaginary axis.

If ρk = iτk, τk > 0, then

arg
σ + ρk

σ − ρk

= 2arctg
τk
σ
. (76)

If ρk = σk + iτk, σk > 0, τk > 0, then

arg
(σ + ρk)(σ − ρk)

(σ − ρk)(σ + ρk)
= 2 arctg

τk
σ − σk

+ 2 arctg
τk

σ + σk

. (77)

Denote

γ̃(ρ) = γ(ρ)
s∏

k=1

ρ+ ρk

ρ− ρk

.

The function γ̃(ρ) satisfies the hypothesis of Lemma 3. Then using (72), (76) and (77) we
arrive at (75). 2

Using Lemma 4 one can construct the transmission coefficients from their moduli and
information about their zeros in Π+. For definiteness we confine ourselves to the case h 6= 0.

Theorem 9. Let
f1(σ) = α1(σ) e−iδ1(σ) , (78)

and let ρ∗k = iτ ∗k , τ
∗
k > 0, k = 1,m∗ be the zeros of f1(ρ) in Π+.

Then

δ1(σ) = σT +
1

π

∫ ∞

−∞

ln α1(ξ)

ξ − σ
dξ + 2

m∗∑
k=1

arctg
τ ∗k
σ
. (79)

In particular, if R(x) ∈ B0, then

δ1(σ) = σT +
1

π

∫ ∞

−∞

ln α1(ξ)

ξ − σ
dξ . (80)
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Proof. Denote γ(ρ) = eiρT f1(ρ). It follows from (70) that the function γ(ρ) satisfies the
hypothesis of Lemma 4. Using (75) and the relations |γ(σ)| = α1(σ), δ1(σ) = σT + β(σ),
we arrive at (79). 2

Similarly one can prove the following theorem.

Theorem 10. Let
f2(σ) = α2(σ) e−iδ2(σ) , (81)

and let ρ0
k = σ0

k + iτ 0
k , τ

0
k > 0, k = 1,m0 be the zeros of f2(ρ) in Π+. Then

δ2(σ) =
π

2
sign

(
σ

h

)
+ σT +

1

π

∫ ∞

−∞

ln |2ξ
h
α2(ξ)|

ξ − σ
dξ + 2

m0∑
k=0

arctg
τ 0
k

σ − σ0
k

. (82)

In particular, if f2(ρ) has no zeros in Π+, then

δ2(σ) =
π

2
sign

(
σ

h

)
+ σT +

1

π

∫ ∞

−∞

ln |2ξ
h
α2(ξ)|

ξ − σ
dξ . (83)

Thus, the specification of αj(σ) uniquely determines the transmission coefficients only when
they have no zeros in Π+.

Using (66), (78) and (81) we calculate α(σ) := |4(σ)|:

α2(σ) = α2
1(σ) + α2

2(σ) + 2α1(σ) α2(σ) cos(δ1(σ)− δ2(σ)) . (84)

From the obtained results one can construct various algorithms for synthesizing R(x)
from spectral characteristics. As example, we provide one of the possible algorithms. For
definiteness we confine ourselves to the case h 6= 0, R̃(x) ≡ 1, R(x) ∈ B0.

Algorithm 3. Given α1(σ)(
|α1(σ)| ≥ 1, α1(−σ) = α1(σ), α2

1(σ) = 1 +
h2

4σ2
+
ω(σ)

σ2

)
.

Then

(1) Calculate δ1(σ) by (80).

(2) Construct δ2(σ) by (83) where α2(σ) is defined by (69).

(3) Find α(σ) by (84).

(4) Calculate

V (λ) =
σ

π α2(σ)
, λ = σ2 > 0 .

(5) Construct Ṽ (λ), S̃(x, λ), D̃(x, λ, µ) by (65).

(6) Find S(x, λ), λ > 0 from equation (62).

20



(7) Calculate ε(x) by (64).

(8) Construct R(x) by

R(x) = exp (2
∫ x

0
h(t) dt)

where h(x) is the solution of the integral equation

h(x) =
∫ x

0
h2(t) dt− 2(ε(T − x)− ε(T ))

or by

R(x) =
1

y2(T − x)
,

where y(x) is the solution of the Cauchy’s problem

y′′ = p(x)y, y(T ) = 1, y′(T ) = 0, p(x) = −2 ε′(x) .
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