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Abstract: We present several methods to obtain global existence results for solutions of non-
symmetric Riccati matrix differential equations and for generalized or perturbed symmetric Riccati
differential equations. One approach is to derive sufficient conditions ensuring that the spectral
norm of the solutions remain uniformly bounded in an interval (−∞, t0] or, weaker, that the min-
imal an the maximal eigenvalue of a hermitian solution remains bounded in (−∞, t0]. If however,
there exists a linearizing transformation, as in the case of a non-symmetric Riccati differential equa-
tion, then with the aid of an appropriate Lyapunov-type function we obtain sufficient conditions
guaranteeing that no escape finite time can occur. This method also applies to non-symmetric
matrix Riccati difference equations.
These results, among others, can then be applied to control problems like H∞-control, Markovian
Jump Linear Quadratic control, Minimal Cost Variance control and to open loop and memoryless
feedback Nash games as well.

1. Introduction.
We consider non-symmetric non-autonomous matrix Riccati differential equations of the
form

Ẇ = B21(t) + B22(t)W −WB11(t)−WB12(t)W, W (t0) = W0 (RDE),

where the coefficients B11, B12, B21, B22 are piecewise continuous, locally integrable matrix
functions of dimensions n × n, n × m, m × n and m × m, defined for t ∈ R (or on some
subinterval I ⊂ R).
Motivations for studying this class of differential equations come from various branches of
applied mathematics such as differential games theory [1], [2], [6], optimal control [43], spec-
tral factorization [7] and invariant embedding and scattering processes [26], [22].

∗The research described in this paper was supported by CRUP and DAAD by the program Acção In-
tegrada Luso-Alemã N. A-2/96
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The main problem arising in connection with (RDE) is the finite escape time phenomenon
which is typical for Riccati equations - this means that the solution of (RDE) may not exist
on the whole interval [t0,∞) (or (−∞, t0]). This phenomenon has been shown to be inti-
mately related to the properties of the solutions of the problems we have just mentioned

For symmetric or hermitian matrix Riccati differential equations

K̇ = −A∗(t)K −KA(t)−Q(t) + KS(t)K, K(t0) = K0, (SRDE)

with
Q(t) = Q∗(t), S(t) = S∗(t) and K0 = K∗

0 ,

there exist many results ensuring the existence of the solution K(t) for all t ≥ t0 (or t ≤ t0),
see e.g. [36], [38], [13]; these results are mainly based on controllability/observability as-
sumptions or on geometric properties of symmetric Riccati equations.

In contrast to this rather exceptionally nice behavior of the solutions to (SRDE) there exist
only few results concerning the behavior of solutions of non-symmetric Riccati equations. In
Section 2 we summarize for convenience of the reader some of the most important results
concerning non blow up conditions for the solutions of (RDE). Further information concern-
ing structural and geometric properties of non-symmetric Riccati equations can be found in
[39], [13], [9] [29], [28], [9] and [41].
The main results of this paper are presented in Sections 2, 3 and 4. In Sections 2 and 3 we
use a Lyapunov-type approach for the proof of the global existence of the solution of (RDE)
and also for the global existence of the solutions to the non-symmetric Riccati difference
equation

W (k + 1) = −B21(k) + B22(k)W (k)(I −B12(k)W (k))−1W (k)B11(k)

(= −B21(k) + B22(k)(I −W (k)B12(k))−1W (k)B11(k)).

Here B11(k), B12(k) and B22(k) are matrices of dimensions n× n, n×m, m× n and m×m
respectively. For a general treatment of difference equations see for instance [5], [27]

In Section 4 we derive non-blow up conditions for two classes of perturbed Riccati equations
appearing in stochastic control theory [10] and in closed loop Nash differential games [1],
these results complement the existence results proved in [3] and [10].
In the second part of Section 2 and in Section 5 we indicate how our theoretical existence
results can be applied in applications to control theory and differential games.
For convenience of the reader we include a detailed list of references to papers dealing with
existence results for non-symmetric Riccati differential equations.

2. Existence results for (RDE).
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If Y is the solution of the initial value problem

Ẏ = B(t)Y, Y (t0) =
(

In

W0

)
, (2.1)

with

B(t) =

(
B11(t)B12(t)
B21(t)B22(t)

)
, Y (t) =

(
Y1(t)
Y2(t)

)
,

then (see [36], p. 11) W (t) := Y2(t)Y1(t)
−1 is a solution of (2.1) as long as Y1(t) is invertible.

Using this fact it can be shown that in the time-invariant case B(t) ≡ B there exists at most
one anti-stable (and also at most one stable) equilibrium of (RDE) which is called dichotomic
(anti-dichotomic) solution of (RDE). It is known from [28], [13] that the dichotomic (anti-
dichotomic) solution of (RDE) - if it exists - is the only equilibrium solution of time-invariant
(RDE) having a neighborhood being negative (positive) invariant under (RDE).
First results on the global existence for the solutions of non-symmetric (RDE) for t ≥ t0
(or t ≤ t0) were obtained by Redheffer [30], [31] and Reid [35]. Redheffer and Volkmann
[32], [33] obtained - as far as we know for the first time - conditions for the existence of an
invariant ball for operator differential equations, which include (RDE) as a special case (see
also [34]). Kuiper [26] gave another proof for the existence of an invariant ball for (RDE),
which has been slightly extended in [15], where the following version of the invariance result
was presented:

2.1 Theorem. If for some constants a, γ > 0, a positive definite matrix C ∈ Cm×m and
every t ≤ t0 there holds

η∗

 −a(B11(t) + B∗
11(t)) B∗

21(t)C − aB12(t)

CB21(t)− aB∗
12(t) CB22(t) + B∗

22(t)C

 η ≥ γ‖η‖2

for all η ∈ Cn+m, then the set {W ∈ Cm×n| spectral radius of W ∗CW <
√

a} is negative
invariant under (RDE).

In [14] it has been discussed how this theorem should be applied - in particular it has been
proposed to apply Theorem 2.1 in the autonomous case after a transformation W → W−Wd

if the dichotomic solution Wd of (RDE) exists. Notice that a, γ, and C can be used here as
parameters in order to achieve a maximal negative invariant ellipsoid; moreover, in the same
way we can check the existence of a positive invariant ellipsoid.

In the special case of square matrices W (i.e. n = m) Knobloch and Pohl [25] have derived
recently the following existence result which is based on a special maximum principle for
second order linear differential equations ( [23]).
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2.2 Theorem. Given the RDE

Ẋ + XR(t)X = −AT (t)X −XA(t)−Q(t), (2.2)

where all (matrix-) coefficients A, R, Q are continuous and locally integrable functions of t
and R(t) = RT (t) is positive definite. Let A1 = AT

1 =
√

R,

B = Ȧ1(A
−1)T − A1A

T A−1
1

and assume that

[−
√

R Q
√

R− 1

2
(B + BT ) +

1

4
(B −BT )2 + BBT ](t) ≥ 0 for t ≥ 0

and that there exists some initial value X = X(0) such that the inequality

[−1

2
(B + BT ) +

√
R X

√
R](t) ≥ 0 (2.3)

holds for t = 0.
Then the solution X(t) of (2.2) with this initial value exists and is bounded for t ≥ 0 and
satisfies (2.3) for t ≥ 0.

Notice that the coefficient Q in (2.2) may be non-symmetric. The inequality (2.3) provides a
lower bound for X(t) and the term XR(t)X is essential for obtaining an upper bound for t ≥ 0.

It is worthwhile to mention that Reid used in §9 of his book [36] an elementwise comparison
method in order to prove an existence theorem for non-symmetric Riccati differential equa-
tions. This method has been modified and extended by Gewert [17] and also by Jonq [21],
[22].
Moreover, rough bounds for the interval of existence of the solution of (RDE) have been
derived in [19] (see also [20]).

In what follows we suggest to use a Lyapunov-type function V , which is applied to (2.1),
in order to prove global existence for the solution of (RDE) for a big class of initial values.
Notice that here V is not a Lyapunov function of (RDE).

2.3 Theorem. Let B11, B12, B21, B22 be piecewise continuous and locally integrable on
(−∞, T ]. If for some matrices C ∈ Cn×n, with C∗ = C, D ∈ Cn×m, with

L =
(

CB11 + DB21 CB12 + B∗
11D + DB22

0 B∗
12D

)
(2.4)

the condition
L(t) + L∗(t) ≤ 0, (2.5)
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holds for all t ≤ t0(≤ T ) and if

C + DW0 + W ∗
0 D∗ > 0, (2.6)

for some W0 ∈ Cm×n, then the solution W (t,W0) of (RDE) with W (t0, W0) = W0 exists for
all t ≤ t0.

Proof. Here we make use of the reduction of Riccati differential equations to a linear system
as described at the beginning of this section in (2.1). From the remarks made there it is
clear that a blow up of the solution W = W (·, W0) of the Riccati differential equation occurs
at the moments where det Y1(t) vanishes.
To formulate non-blow-up conditions we introduce the quadratic Lyapunov-type function

V (t) := x∗(Y ∗
1 (t)CY1(t) + Y ∗

1 (t)DY2(t) + Y ∗
2 (t)D∗Y1(t))x. (2.7)

Here 0 6= x ∈ bfCn, C ∈ Cn×n, C∗ = C, D ∈ Cn×m are some parameters. Evidently

V0 := V (t0) = x∗(C + DW0 + W ∗
0 D∗)x. (2.8)

Calculating the derivative of V (t) in (2.7), along a solution of (2.1), we get (suppressing t)

V̇ = 2x∗[Y ∗
1 C(B11Y1 + B12Y2) +

+ (Y ∗
1 B∗

11 + Y ∗
2 B∗

12)DY2 + Y ∗
1 D(B21Y1 + B22Y2)]x

and therefore

V̇ = 2xT Y T
1 (CB11 + DB21)Y1x +

+ 2xT Y T
1 (CB12 + BT

11D + DB22))Y2x + +2xT Y T
2 BT

12DY2x.

This can be represented as

1

2
V̇ = (x∗Y ∗

1 , x∗Y ∗
2 )×

×
(

CB11 + DB21 CB12 + B∗
11D + DB22

0 B∗
12D

)(
Y1x
Y2x

)
= (x∗Y ∗

1 , x∗Y ∗
2 )L

(
Y1x
Y2x

)
or after a symmetrization

V̇ = (x∗Y ∗
1 , x∗Y ∗

2 )(L + L∗)
(

Y1x
Y2x

)
(2.9)

where L was defined in (2.4). ¿From (2.1), (2.7), (2.9), (2.4) and (2.5) we conclude that V̇ (t)
is piecewise continuous and V̇ (t) ≤ 0 in (−∞, t0]. Hence, V (t) is monotonically decreasing
in (−∞, t0].
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Assume now that C + DW0 + W ∗
0 D∗ > 0 holds; then from (2.1), (2.7), (2.9) and (2.6) we

infer

V (t0) = x∗(C + DW0 + W ∗
0 D∗)x > 0,

which together with the monotonicity of V (t) implies that V (t) > 0 for all t ≤ t0. Hence,
Y1(t) must be regular in (−∞, t0] which implies the existence of W (t) in (−∞, t0]. 2

The condition (2.6) is rather restrictive, even in particular applications as for example in the
standard control theoretic case. Further we suggest a refined approach.

2.4 Corollary. If with the notations of Theorem 2.3 condition (2.5) holds and if instead of
(2.6) it also holds

C + DW0 + W ∗
0 D∗ ≥ 0 (2.10)

and

rank

 C + DW0 + W ∗
0 D∗

( I W ∗
0 ) (L(t0) + L∗(t0))

(
I

W0

) = n (2.11)

then the solution W (t,W0) of (RDE) with W (t0, W0) = W0 exists for all t ≤ t0.

Proof. Integrating the equation (2.9) from t ≤ t0 to t and observing that V (t0) = x∗(C +
DW0 + W ∗

0 D∗)x, we obtain
V (t) = V (t, x) =

x∗(C + DW0 + W ∗
0 D∗)x− x∗(

∫ t0

t
( Y ∗

1 (s) Y ∗
2 (s) ) (L(s) + L∗(s))

(
Y1(s)
Y2(s)

)
ds)x. (2.12)

¿From the assumptions (2.5) and (2.10) it follows

x∗(C + DW0 + W ∗
0 D∗)x ≥ 0

and

−x∗(
∫ t0

t
( Y ∗

1 (s) Y ∗
2 (s) ) (L(s) + L∗(s))

(
Y1(s)
Y2(s)

)
ds)x ≥ 0.

If 0 6= x /∈ ker(C + DW0 + W ∗
0 D∗) then from (2.12) it follows

V (t, x) > 0 for all t ∈ (−∞, t0] (2.13)

If 0 6= x ∈ ker(C + DW0 + W ∗
0 D∗) then for 0 < δ < t0 − t we get from (2.12)

V (t, x) = −x∗(
∫ t0

t
( Y ∗

1 (s) Y ∗
2 (s) ) (L(s) + L∗(s))

(
Y1(s)
Y2(s)

)
ds)x ≥

−x∗(
∫ t0

t0−δ
( Y ∗

1 (s) Y ∗
2 (s) ) (L(s) + L∗(s))

(
Y1(s)
Y2(s)

)
ds)x (2.14)

Since Y1(t0) = I, by continuity Y1(t)
−1 exists in (t0 − δ, t0] for sufficiently small δ, hence,

together with (2.1), i.e. with W (t) = Y2(t)Y1(t)
−1, we infer from (2.14)

V (t, x) ≥ −δx∗Y ∗
1 (s0) ( I W ∗(s0) ) (L(s0) + L∗(s0))

(
I

W (s0)

)
Y1(s0)x (2.15)
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for some intermediate s0 ∈ (t0 − δ, t0]. With W (t0) = W0 and the rank condition (2.11) we
infer

−δx∗ ( I W ∗
0 ) (L(t0) + L∗(t0))

(
I

W0

)
x > 0.

Again by continuity and for sufficiently small δ we infer from (2.15)

V (t, x) > 0 for all t ∈ (−∞, t0]

This, together with (2.13) completes the proof since we now conclude as in the proof of the
previous theorem that det Y1(t) 6= 0 for all t ∈ (−∞, t0]. 2

In [15] global existence has been concluded under the weaker assumption C+DW0+W ∗
0 D∗ ≥

0 using an argument from [11] but it seems that there is some gap in that argumentation.
However, from the proof to Corollary 2.4 it also becomes clear that the sufficient conditions
for global existence in (2.10) and (2.11) are not the weakest possible.
On the other hand, by choosing C = 0 and D = 0 in (2.4) and (2.10), respectively, conditions
(2.5) and (2.10) are fulfilled for any Riccati differential equation. The rank condition (2.11)
is not fulfilled and, indeed, for instance the real solutions of the scalar Riccati differential
equation ẋ = 1 +x2 all have a finite escape time, since they are of the type x(t) = tan(t+ c)
for some real constant c depending on the initial value. This shows that (2.4) and (2.10)
cannot be sufficient without any further assumption.

We finish this section presenting possible applications of these results to optimal control and
game theoretic problems. Since applicability of Theorem 2.1 to such problems was already
discussed in [14], [15] we emphasize here the application of Theorem 2.3 and Corollary 2.4.
The most important examples are symmetric (or hermitian) matrix Riccati differential equa-
tions and their generalizations. We consider here Riccati matrix differential equations

K̇ = −A∗(t)K −KA(t)−Q(t) + KS(t)K, K(t0) = K0. (2.16)

This equation is denoted (SRDE), i.e. symmetric Riccati differential equation, if Q(t) =
Q∗(t), S(t) = S∗(t) and K0 = K∗

0 . In classical Optimal Control Theory there holds moreover
Q(t), S(t) ≥ 0. In [25] one dealt with the case where S(t) ≤ 0 and Q may be non-symmetric,
while in H∞-control problems S(t) is in general indefinite and Q(t) ≥ 0. Another generaliza-
tion is investigated in [43] where in general Q∗(t) 6= Q(t) and therefore the solutions under
consideration are usually non-symmetric.
Complex valued matrix solutions have been considered in [44]. In order to apply Theorem
2.3 we can choose the parameters C and D in an adequate way; let us choose for instance
C = 0n and D = In. Then the matrix L in (2.4) has a simple form and we obtain

L + L∗ =
(−(Q + Q∗) 0n

0n −(S + S∗)

)
. (2.17)

¿From (2.5) and (2.6) we then infer global existence of solutions for t ≤ t0 if Q(t)+Q∗(t) ≥ 0
and S(t) + S∗(t) ≥ 0 for t ≤ t0 and if the terminal value fulfills

K0 + K∗
0 > 0.
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Applying Corollary 2.4, this latter condition could be weakened to

K0 + K∗
0 ≥ 0

and

rank
(

K0 + K∗
0

−(Q(t0) + Q∗(t0))−K∗
0(S(t0) + S∗(t0))K0

)
= n.

This yields appropriate global existence results in all cases mentioned above. Choosing other
parameter matrices C, D one would obtain different conditions for global solvability.
Non-symmetric matrix Riccati differential equations appear for instance in the theory of
differential games. We shall discuss here two relevant examples, namely, open loop Nash
and open loop Stackelberg differential games.
In order to obtain an open loop Nash equilibrium in feedback synthesis, in the two player
case, one has to solve the coupled system of Riccati matrix differential equations which can
be written as a single non-symmetric Riccati matrix differential equation (see for instance
[1]):

(
K̇1

K̇2

)
= −

(
AT 0
0 AT

)(
K1

K2

)
−
(

K1

K2

)
A−

(
Q1

Q2

)
+
(

K1

K2

)
(S1S2)

(
K1

K2

)
, (2.18)

A, Ki, Qi, Si ∈ Rn×n, Qi = QT
i , Si = ST

i , i = 1, 2,

where all coefficient matrices are supposed to be constant.
In this case, using again C = 0n and D = (In, In), the matrix L in Theorem 2.3 becomes

L =

−(Q1 + Q2) 0n 0n

0n −S∗
1 −S∗

1

0n −S∗
2 −S∗

2

 .

¿From Theorem 2.3 we then infer that (2.18) admits a solution for t ≤ t0 if L + L∗ ≤ 0, i.e.
if

Q1 + Q2 + Q∗
1 + Q∗

2 ≥ 0

and (
S1 + S∗

1 S∗
1 + S2

S1 + S∗
2 S2 + S∗

2

)
≥ 0,

and if moreover for the terminal values K1(t0) = K10, K2(t0) = K20 (2.6) is fulfilled, i.e.

K10 + K20 + K∗
10 + K∗

20 > 0

or, in the weaker form of Corollary 2.4,

K10 + K20 + K∗
10 + K∗

20 ≥ 0

and

rank
(

K10 + K20 + K∗
10 + K∗

20

K̃

)
= n,
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where

K̃ = −(Q1 + Q2)− (Q∗
1 + Q∗

2)−K∗
10(S1 + S∗

1)K10 −K∗
20(S1 + S∗

2)K10 −K∗
10(S

∗
1 + S2)K20

−K∗
20(S2 + S∗

2)K20.

Choosing other parameter matrices C, D, this again would lead to different types of global
existence theorems.
In the case of an open loop Stackelberg game for two players it is also of great importance to
assure global solvability of a coupled system of Riccati matrix differential equations (see [2]).
In order to calculate an equilibrium control in feedback representation one has to solve the
following system ( here already written as a single non-symmetric Riccati matrix differential
equation)

d

dt

K1

K2

P

 = −

Q1

Q2

0

−
AT 0 0

0 AT −Q1

S21 −S1 −A


K1

K2

P

−
K1

K2

P

A+

K1

K2

P

 (S1, S2, 0)

K1

K2

P

 ,

K1

K2

P

 (t0) =

K10

K20

0

 .

A , P, Ki, Ki0, Qi, Si ∈ Rn×n, Qi = QT
i , Si = ST

i , Ki0 = KT
i0, i = 1, 2,

Choosing appropriate parameter matrices C, D as before one also can obtain global existence
of solutions to this type of equations. We omit details.

3. Existence results for matrix Riccati difference equations.

In this section we consider non-symmetric matrix Riccati difference equations of the form

W (k + 1) = −B21 + B22W (k)(I −B12W (k))−1B11, W (0) = W0. (3.1)

Here
B11 ∈ Cn×n, B12 ∈ Cn×m, B21 ∈ Cm×n, B22 ∈ Cm×m, W ∈ Cm×n.

In the sequel we use the operator norms in the spaces of rectangular matrices, i.e. for
C ∈ Cm×n:

‖C‖ = max{‖Cx‖Cm : ‖x‖Cn = 1}.

Moreover we shall assume that at least one of the matrices B11 or B22 is invertible. These
two cases are treated similarly; therefore we assume for definiteness that det B11 6= 0.

In order to analyze the equation (3.1) we shall introduce the following (see [12]) linear
difference equation

Z(k + 1) = TZ(k), k ≥ 0, Z(0) =
(

In

W0

)
, (3.2)
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where

T = T (B) =

(
T11 T12

T21 T22

)

=

(
In 0
−B21 Im

)(
B−1

11 0
0 B22

)(
In −B12

0 Im

)

The following lemma is proved in [12, Lemma 2.2])

3.1 Lemma. i) If (Z(k))0≤k≤ν is a trajectory of the linear difference equation (3.2), Zk =(
Xk

Yk

)
and det Xk 6= 0 for 0 ≤ k ≤ ν, then (W (k))0≤k≤ν with W (k) = Y (k)X−1(k) is a

trajectory of the difference Riccati equation (3.1);

ii) If W (k) = Y (k)X−1(k) is a trajectory of the difference Riccati equation, (3.1) then the

sequence Zk =
(

Xk

Yk

)
0≤k≤ν

, defined according to the equations

X(k + 1) = B−1
11 X(k)−B−1

11 B12W (K)X(k), X(0) = In, 0 ≤ k ≤ ν − 1,

Y (k) = W (k)X(k), 0 ≤ k ≤ ν,

is a trajectory of (3.2).

Our goal is to establish whether the trajectory of the Riccati difference equation exists for
k = 0, . . . , ν. According to the Lemma this is the case if det Xk 6= 0 along the corresponding
solution of the linear difference equation (3.2). We shall apply a modification of the Lyapunov
function method of the previous Section to the linear difference equation in order to derive
a sufficient condition for existence of a solution of the Riccati difference equation.

Evidently, if det X = 0, then Xx̄ = 0 for some nonzero x̄ ∈ Cn. We will derive now a
sufficient condition for the implication

det X(k) 6= 0 ⇒ det X(k + 1) 6= 0, k ≥ 0,

to hold for the trajectory Z(k) =
(

X(k)
Y (k)

)
of the linear difference equation (3.2).

To derive this condition let us choose matrices C ∈ Cn×n, C∗ = C, D ∈ Cn×m and for any
Z =

(
X
Y

)
∈ C(n+m)×n introduce a quadratic form in Cn:

VX,Y (x) = x∗(X∗CX + X∗DY + Y ∗D∗X)x; (3.3)

here x ∈ Cn.

Let us denote for the sake of brevity the components X(k), Y (k) of Z(k) by X, Y and
assuming det X 6= 0 define X(k + 1), Y (k + 1) ( the components of Z(k + 1)) according to
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equation (3.2). Computing the function VX(k+1),Y (k+1)(x) we obtain

VX(k+1),Y (k+1)(x) = x∗(T11X + T12Y )∗C(T11X + T12Y )x +

x∗(T11X + T12Y )∗D(T21X + T22Y )x + x∗(T21X + T22Y )∗D∗(T11X + T12Y )x =

x∗X∗(T ∗
11CT11 + T ∗

11DT21 + T ∗
21D

∗T11)Xx +

x∗X∗(T ∗
11CT12 + T ∗

11DT22 + T ∗
21D

∗T12 + T ∗
12CT11 + T ∗

22D
∗T11 + T ∗

12DT21)Y x +

x∗Y ∗(T ∗
12CT12 + T ∗

12DT22 + T ∗
22D

∗T12)Y x.

With the abbreviations ξ = Xx ∈ Cn, η = Y x ∈ Cm. we can write the latter quadratic
form as ξ∗Mξ + ξ∗Nη + η∗Nξ + η∗Pη where

M = T ∗
11CT11 + T ∗

11DT21 + T ∗
21D

∗T11,

N = T ∗
11CT12 + T ∗

11DT22 + T ∗
21D

∗T12, (3.4)

P = T ∗
12CT12 + T ∗

12DT22 + T ∗
22P

∗T12.

Let us consider now this quadratic form for arbitrary values ξ ∈ Cn, η ∈ Cm. Assume the
quadratic form S(ξ, η) = ξ∗Mξ + ξ∗Nη + η∗N∗ξ + η∗Pη to be positive definite in Cn ×Cm.
Then for any non-vanishing x̄ ∈ Cn : Xx̄ 6= 0 and hence VX(k+1),Y (k+1)(x̄) = S(Xx̄, Y x̄) 6= 0.
Using (3.3), this in its turn implies X(k + 1)x̄ 6= 0.
Summarizing we obtain the following result:

3.2 Theorem. If there exist matrices C ∈ Cn×n, C∗ = C, D ∈ Cn×m such that the
quadratic form S(ξ, η) = ξ∗Mξ + ξ∗Nη + η∗Nξ + η∗Pη (where M, N, P are defined by the

equalities (3.4)), is positive definite, then det X(k) 6= 0 along the trajectory Zk =
(

Xk

Yk

)
k≥0

of the linear difference equation (3.2) and therefore the solution Wk of the Riccati difference
equation is defined for k ≥ 0.
Next we define X(k), Y (k), Z(k), C, D, M, N, P and VX,Y (x) as above; moreover we put

M̃ = T ∗
11CT11 + T ∗

11DT21 + T ∗
21D

∗T11 − C,

Ñ = T ∗
11CT12 + T ∗

11DT22 + T ∗
21D

∗T22 −D, (3.5)

P̃ = T ∗
12CT12 + T ∗

12DT22 + T ∗
22P

∗T12.

and consider the quadratic form S̃(ξ, η) = ξ∗M̃ξ + ξ∗Ñη + η∗Ñξ + η∗P̃ η in Cn ×Cm.
Using these notations we get

3.3 Theorem. If there exist matrices C ∈ Cn×n, C∗ = C, D ∈ Cn×m such that the
quadratic form S̃(ξ, η) is positive semidefinite in Cn×Cm, and if the initial value W0 = W (0)
of the Riccati difference equation (3.1) satisfies

C + DW0 + W ∗
0 D∗ > 0, (3.6)
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then the solution W (k) of (3.1) exists for k ≥ 0.
Proof. Analogously to the proof of Theorem 3.3 we get by induction that the components
of Z(k) =

(
X(k)
Y (k)

)
, k ≥ 0 satisfy

VX(k+1),Y (k+1) − VX(k),Y (k) ≥ 0 for k ≥ 0. Therefore (3.6) yields VX(k),Y (k) > 0 for k ≥ 0, and
this implies det X(k) 6= 0 for k ≥ 0. 2

Theorem 3.3 is the discrete version of Theorem 2.3, and one could also formulate a discrete
version of Corollary 2.4 as well as applications of these theorems which are similar to those
presented at the end of Section 2; we omit details.

4. Existence results for perturbed symmetric Riccati differential equations.

In this section we apply modifications of the methods presented in [15] to a class of Riccati
differential equations and perturbed Riccati differential equations admitting hermitian or
symmetric solutions. In particular we deal with initial value problems of the form

K̇ = −A∗K −KA−Q + KSK + g(K), K(tf ) = Kf , (4.1)

where the coefficient matrices A = A(t), Q = Q(t), S = S(t) are piecewise continuous and
locally integrable in (−∞, tf ], Kf ∈ Cn×n, with Q∗ = Q, S∗ = S, K∗

f = Kf . If furthermore
t 7→ g(t,K) is piecewise continuous and locally integrable on (−∞, tf ], g(t, ·) is a Lipschitz
continuous map of Cn×n into itself and

(g(t,K∗))∗ = g(t,K), t ∈ (−∞, tf ], (4.2)

then (4.1) admits a hermitian solution

K(t) = K∗(t)

in a neighborhood of tf .

In the sequel we present conditions for these solutions to exist in (−∞, tf ]. Since we are
interested in specific applications, we restrict our considerations to the perturbation terms
g(K) which arise from these applications.

The following result holds for hermitian (or real symmetric) solutions of (4.1).

4.1 Theorem. Assume that in equation (4.1)

g(K) = −g1(K) + Kg2(K) + g3(K)K, (4.3)

where g∗1(K
∗) = g1(K) and g∗2(K

∗) = g3(K).
If for some positive α and for all x ∈ Cn

x∗(g1(t,K) + Q(t))x ≥ α|x|2 (4.4)
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for t ∈ (−∞, tf ] and K ≥ 0 then any solution of (4.1) with positive definite terminal data
Kf > 0 stays positive definite for t ≤ tf .

Proof. as it is K(t, tω) Let K(t) be a hermitian solution of the equation which is piecewise
continuously differentiable on a finite interval [t0, tf ]. This will mean that K(t) is continuous
on [t0, tf ] and there exists a subdivision of [t0, tf ] into a finite number of intervals such that
on each interval the function K(t) is continuously differentiable possessing one-sided finite
derivatives at the end-points of these intervals.

The present proof as well as the proof of the next theorem makes use of the following tech-
nical result

4.2 Proposition. If K is piecewise continuously differentiable and hermitian on a finite
interval then its minimal eigenvalue λ is an absolutely continuous (in fact a Lipschitzian)
function of t. At any point where it is differentiable (therefore almost everywhere on the
interval) there holds

λ̇(t) = x∗(t)K̇(t)x(t), (4.5)

where x(t) is a unit eigenvector of K(t) corresponding to this minimal eigenvalue. The same
also holds true for the maximal eigenvalue of K.

We postpone proving this lemma till the end of this section 1 and now complete the proof
of Theorem 4.1.

Let λ(t) denote the minimal eigenvalue of K(t, tf ) = K(t) with x(t) being a corresponding
unit eigenvector. Then (suppressing the variable t and involving (4.3)) we conclude

dλ

dt
= x∗K̇x = −2x∗KAx− x∗Qx + x∗KSKx + x∗g(K)x =

−2λx∗Ax + λ2x∗Sx− x∗(g1(K) + Q)x + 2λx∗(g2(K))x. (4.6)

¿From (4.6) and (4.4) we now obtain

dλ

dt
≤ −λ(2x∗Ax− 2x∗g2(K)x− λx∗Sx)− α|x|2

a.e. in (−∞, tf ], whenever K ≥ 0.
It is now evident that for sufficiently small λ(t) > 0 we have dλ

dt
< 0. ¿From this monotonicity

property and the continuity of λ(t) we conclude λ(t) > 0 for all t < tf , whenever λf =

1Were the function x(t) always differentiable with respect to t, the formula (4.5) could be obtained by
a direct computation. Difficulties arise when multiple eigenvalues occur and one can not always choose an
eigenvector x(t) depending continuously on t. To overcome this difficulty we use below a technical trick
similar to the one utilized (in quite different context) in [16, Ch.1]
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λ(tf ) > 0, where λf denotes the minimal eigenvalue of the terminal matrix Kf > 0. Hence,
the solution of (4.1) remains positive for t ∈ (−∞, tf ]. 2

In the next theorem we describe another type of invariant domains for the equation (4.1).

4.3 Theorem. Let P : R+ → R+ be any function. If for some ε > 0, α, β ∈ R, α < β and
for all t ≤ tf and y ∈ Cn, with ‖y‖ = 1 the following inequalities hold

y∗(−2αA(t) + α2S(t)−Q(t))y ≤ −P (|α|)− ε,
y∗(−2βA(t) + β2S(t)−Q(t))y ≥ P (|β|) + ε,

(4.7)

where for g1, g2, g3 as in (4.3) there holds

||g1(K)−Kg2(K)− g3(K)K|| ≤ P (||K||) (4.8)

for all hermitian matrices K ∈ Cn×n and all t ∈ (−∞, tf ], then the set

I(α, β) = {K = K∗ ∈ Cn×n| αIn ≤ K ≤ βIn}

is negative invariant.

Proof. As in the proof of Theorem 4.1 let us denote by λ(t) either the minimal or maximal
eigenvalue of the hermitian solution K(t) to (4.1), respectively, and let y(t) denote a corre-
sponding eigenvector with |y(t)| = 1.
As in the previous proof we derive from (4.8)

dλ

dt
= y∗K̇y = −2y∗KAy − y∗Qy + y∗KSKy + y∗g(K)y =

−2λy∗Ay + λ2y∗Sy − y∗Qy − y∗(g1(K)−Kg2(K)− g3(K)K)y

≤ y∗(−2λA + λ2S −Q)y + P (||K||). (4.9)

This together with (4.7) yields
dλ

dt
< 0 (4.10)

as λ (here considered to be the minimal eigenvalue) approaches the value α from above.
Analogously from the inequality

dλ

dt
≥ y∗(−2λA + λ2S −Q)y − P (||K||)

we obtain together with (4.7)
dλ

dt
> 0 (4.11)

as λ (here considered to be the maximal eigenvalue) approaches the value β from below.
¿From inequalities (4.10), (4.11) we conclude similarly as in the proof to Theorem 4.1 that
I(α, β) is a negative invariant set for equation (4.1). 2
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As it has already been mentioned in Section 2, a similar method was used in [15] to obtain
results on the invariant sets for non-symmetric Riccati matrix differential equations (see
Theorem 2.1).

Proof of Proposition 4.2. Since the proof for the maximal eigenvalue follows by a completely
analogous argumentation, we restrict ourselves to the case of the minimal eigenvalue. With-
out loss of generality we may reduce our consideration to a (closed finite) interval on which
K(.) is continuously differentiable. Let λ(t) be the minimal eigenvalue of K(t) and x(t) be
a unit eigenvector of K(t) corresponding to this minimal eigenvalue.

Let us introduce a function Λ(s, t) = x∗(t)K(s)x(t). Evidently for each t the function
s 7→ Λ(s, t) is continuously differentiable and λ(t) = Λ(t, t). As the minimal eigenvalue also
is defined by

λ(s) = min
|x|=1

x∗K(s)x,

we infer that Λ(s, t) ≥ λ(s) = Λ(s, s), for all s, t.

Then we may conclude for any t′, t′′:

Λ(t′′, t′′)− Λ(t′, t′′) = λ(t′′)− Λ(t′, t′′) ≤ λ(t′′)− λ(t′) ≤ Λ(t′′, t′)− λ(t′) = Λ(t′′, t′)− Λ(t′, t′),

deriving from it ∫ t′′

t′

∂Λ

∂s
(σ, t′′)dσ ≤ λ(t′′)− λ(t′) ≤

∫ t′′

t′

∂Λ

∂s
(σ, t′)dσ (4.12).

As far as ∂Λ
∂s

(σ, t) is continuous with respect to the first argument, then it is bounded on any
finite closed interval and we conclude that λ(t) is Lipschitzian (and absolutely continuous)
on this interval.

To derive equality (4.5) at any point t0 of differentiability of λ(t) let us choose h > 0 and
first estimate the difference

λ(t0 + h)− λ(t0)− x∗(t0)K̇(t0)x(t0)h = λ(t0 + h)− λ(t0)−
∂Λ

∂s
(t0, t0)h.

Choosing t′ = t0, t
′′ = t0 + h and utilizing the upper estimate of (4.12) we obtain

λ(t0 + h)− λ(t0)−
∂Λ

∂s
(t0, t0)h ≤

∫ t0+h

t0
(
∂Λ

∂s
(σ, t0))−

∂Λ

∂s
(t0, t0))dσ.

As long as σ 7→ ∂Λ
∂s

(σ, t0) is continuous, then the latter integral is o(h), as h → +0 and we
conclude dλ

dt
(t0) ≤ ∂Λ

∂s
(t0, t0).

Let us now consider the difference λ(t0)−λ(t0−h)− ∂Λ
∂s

(t0, t0)h. Choosing t′ = t0−h, t′′ = t0
and utilizing the lower estimate of (4.12) we conclude∫ t0

t0−h
(
∂Λ

∂s
(σ, t0)−

∂Λ

∂s
(t0, t0))dσ ≤ λ(t0)− λ(t0 − h)− ∂Λ

∂s
(t0, t0)h.

¿From this estimate we derive dλ
dt

(t0) ≥ ∂Λ
∂s

(t0, t0) arriving to the equality (4.5). 2
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5. Applications.

Now we describe some possible applications of the Theorems 4.1 and 4.2.
First we recall the Riccati matrix differential equation from classical theory of optimal control
(see for instance [24])

K̇ = −A∗K −KA−Q + KSK, K(tf ) = Kf .

Here we clearly have g1 = g2 = g3 = 0. From Theorem 4.1 we infer that if K0 > 0 and if
x∗Q(t)x ≥ α|x|2 then the solution K(t) stays positive for t ≤ tf , hence a blow up of the
solution only can occur if one of the eigenvalues of K(t) tends to +∞ in finite time. If
now also the second condition in (4.7) is fulfilled for some β with P = 0 then we obtain
boundedness, i.e K(t) ≤ βI if K(tf ) ≤ βI.

As our next example we discuss coupled Riccati type differential equations as they appear in
the theory of Nash games with memoryless feedback (or closed loop) information structure
(see [42]) in the two player case:

K̇1 = −AT K1 −K1A−Q1 + K1S1K1 + K1S2K2 + K2S2K1 −K2S12K2, K1(tf ) = K1f ,

K̇2 = −AT K2 −K2A−Q2 + K2S2K2 + K2S1K1 + K1S1K2 −K1S21K1, K2(tf ) = K2f .

With the following notation

Ã =
(

A 0
0 A

)
, Q̃ =

(
Q1 0
0 Q2

)
, S̃ =

(
S1 0
0 S2

)
,

S0 =
(

S12 0
0 S21

)
, K =

(
K1 0
0 K2

)
, Kf =

(
K1f 0
0 K2f

)
, J =

(
0 In

In 0

)
,

where A ∈ Rn×n and Q, S, S0 ∈ Rn×n are symmetric, the coupled system then can be written
as a single equation

K̇ = −ÃT K −KÃ− Q̃ + KS̃K + JKS̃JK + KJS̃KJ − JKJS0JKJ,

with terminal values K(tf ) = Kf , KT
f = Kf .

Here we can apply Theorems 4.1,4.2 with

g1(K) = JKJS0JKJ,

where gT
1 (K) = JKT JS0JKT J = g1(K

T ), and

g2(K) = JS̃KJ,

g3(K) = JKS̃J,

where gT
3 (K) = JS̃KT J = g2(K

T ). Notice that this equation also has been studied in [4]
[18] [40].

In Minimal Cost Variance Control problems there appears a coupled system of Riccati type
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differential equations quite similar to that one from memoryless feedback Nash games. We
consider the following system (see [37]):

Ṁ = −AT M −MA−Q + MBR−1BT M − γ2V BR−1BT V,

V̇ = −AT V − V A + 2γV BR−1BT V + MBR−1BT V + V BR−1BT M − 4MEW̃ET M,

with M(tf ) = Qf , V (tf ) = 0.
Introducing S1 = BR−1BT , S12 = γ2BR−1BT , S2 = 2γBR−1BT , S21 = 4EW̃ET and

K :=
(

M 0
0 V

)
, Kf =

(
Qf 0
0 0

)
,

we represent this system as a single generalized Riccati differential equation

K̇ = −ÃT K−KÃ− Q̂+KS̃K +JKS̃JK +KJS̃KJ −JKJS0JKJ −KŜJKJ −JKJŜK,

with terminal values K(tf ) = Kf , K
T
f = Kf . Here we used the same notation as above for

Ã, S̃, S0 and, additionally,

Q̂ =
(

Q 0
0 0

)
, Ŝ =

(
S2 0
0 0

)
.

In this situation we can apply the Theorems 4.1, 4.2 with

g1(K) = JKJS0JKJ −KŜJKJ − JKJŜK, g2(K) = JS̃KJ, g3(K) = JKS̃J,

where gT
1 (K) = JKT JS0JKT J − JKT JŜKT −KT ŜJKT J = g1(K

T ),
and gT

3 (K) = JS̃KT J = g2(K
T ).

Finally we show the applicability of these Theorems 4.1, 4.2 to coupled generalized Riccati
differential equations occurring in Markovian Jump Linear Quadratic Control problems.
In [3] we investigated the following equation

K̇ = −AT K −KA−Q + KSK −
N−1∑
i=1

CT
i KCi, K(tf ) = 0,

where Q,S are symmetric matrices. In order to apply Theorems 4.1, 4.2 we set here

g1(K) =
N−1∑
i=1

CT
i KCi, gT

1 (K) = g1(K
T ),

and g2 = g3 = 0.
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