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Abstract. The present paper is devoted to the derivation of sampling expan-
sions for entire functions which are represented as integral transforms where
a differential operator is acting on the kernels. The situation generalizes the
results obtained in sampling theory associated with boundary value prob-
lems to the case when the differential equation has the formN(y) = λP (y),
whereN andP are two differential expressions of ordersn andp respec-
tively, n > p andλ is the eigenvalue parameter. Both self adjoint and non
self adjoint cases will be considered with examples in which the boundary
conditions are strongly regular.
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1. Introduction

In his note, Weiss [55], was looking for a class of functions which can be
sampled (recovered) from their values at a discrete sequence of points. He
showed that one of the possibilities is to take a set of integral transforms
whose kernels are certain solutions of some Sturm-Liouville eigenvalue
problems. In fact let us consider the boundary-value problem (BVP)

(1.1) −y′′(x) + q(x)y(x) = λy(x), −∞ < a ≤ x ≤ b < ∞,
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(1.2) y(a) cosα+ y′(a) sinα = 0,

(1.3) y(b) cosβ + y′(b) sinβ = 0,

whereq(·) is continuous and real valued on[a, b] andα, β ∈ [0, π). Let
u(·, λ) be the solution of (1.1) determined by the initial conditions

(1.4) u(a, λ) = sinα, u′(a, λ) = − cosα, for all λ ∈ C.

Hence the set of all integral transforms

(1.5) f(λ) =
∫ b

a
g(x)u(x, λ) dx, λ ∈ C, g(·) ∈ L2(a, b)

can be recovered via the sampling expansion

(1.6) f(λ) =
∞∑
k=0

f (λk)

∫ b
a u(x, λ)u(x, λk) dx∫ b
a |u(x, λk)|2 dx

,

where{λk}∞
k=0 is the (real) sequence of the simple eigenvalues, cf. [52]. The

series (1.6) converges absolutely onC and uniformly on compact subsets of
C.Two years after Weiss’ note, Kramer [33] obtained the following sampling
theorem for a more general family of integral transforms.

1.1. Theorem. Let {λk}∞
k=−∞ be a sequence of real numbers. LetI ⊆ R

be an interval andK(·, λ) : I × C −→ C be a function such thatK(·, λ) ∈
L2(I) for all λ ∈ C and the sequence{K(·, λk)}∞

k=−∞ forms a complete
orthogonal set inL2(I). Then the integral transform

(1.7) f(λ) =
∫
I
g(x)K(x, λ) dx, g(·) ∈ L2(I),

admits the sampling expansions

(1.8) f(λ) =
∞∑

k=−∞
f (λk)

∫
I K(x, λ)K(x, λk) dx∫

I |K(x, λk)|2 dx .

Series (1.8) converges uniformly wherever‖K(·, λ)‖ is bounded.

See [8, 11, 23-25]. A natural question which is motivated by Kramer’s
theorem is about the prototype situation for which we can find both the kernel
K(·, λ) and the (sampling) points{λk}∞

k=−∞ . As we have seen in Weiss’
note, this situation could be the Sturm-Liouville systems. Also Kramer [33]
gave an illustration indicating that Weiss’ note may be generalized tonth−
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order self adjoint BVPs. In other words, consider a self adjoint BVP of the
form

(1.9)
`(y)(x) :=

n∑
k=0

pk(x)y(n−k)(x)

= λy(x), −∞ < a ≤ x ≤ b < ∞, λ ∈ C,

(1.10)

Uµ(y) :=
n∑
j=1

αjµy
(j−1)(a) + βjµy

(j−1)(b) = 0, µ = 1, 2, . . . , n,

wherepk(·) are sufficiently smooth functions [41, p. 6] on[a, b]; p0(x) 6=
0 for all x ∈ [a, b], and {Uµ}nµ=1 are n linearly independent forms of

y(j−1)(a), y(j−1)(b) with the complex numbersαjν , βjν , 1 ≤ j, ν ≤ n.
Kramer showed that his theorem holds if the kernelK(·, λ) is taken to be
a solution of (1.9) for which the zeros of the entire functionsUν (K(·, λ))
are the same,ν = 1, 2, . . . , n. In fact one can prove that his illustration is
not true when the eigenvalues are not simple, cf. [2].

As an example of the previous discussion, consider the BVP

(1.11) −iy′(x) = λy(x), −π ≤ x ≤ π,

(1.12) y(−π) = y(π).

This problem is self adjoint with simple eigenvalues{λk = k}∞
k=−∞ . The

corresponding sequence of eigenfunctions is
{
eikx

}∞
k=−∞ .Hence, applying

Kramer’s theorem, the integral transform

(1.13) f(λ) =
∫ π

−π
g(x)eiλx dx, g ∈ L2(−π, π)

has the sampling expansion

(1.14) f(λ) =
∞∑

k=−∞
f(k)

sinπ(λ− k)
π(λ− k)

.

Series (1.14) converges absolutely onC and uniformly on bothR and com-
pact subsets ofC, [35, p. 261].

The last result is known as Whittaker-Shannon-Kotel’nikov (WSK) sam-
pling theorem [9, 47, 56] and has many applications in signal processing.
One may notice from (1.13) that the sampled functionf(λ) has a compact
spectrum, i.e., its Fourier transformg(·) has a compact support. This space is
the Paley-Wiener spaceB2

π(R),which may be defined, in an equivalent way,
to be the space of all entire functions of exponential type at mostπ which
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belong toL2(R) when restricted toR, see [7, 42]. AlsoB2
π(R) is called, in

the language of signal processing, the space of bandlimited functions. The
WSK sampling theorem, which is a special case of Kramer’s one, is also
extended in another direction, where the sampling points are not necessarily
equidistant. More precisely:

1.2. Theorem. Let{λk}∞
k=−∞ be a sequence of real numbers such that

(1.15) N := sup
k∈Z

|λk − k| < 1
4
.

Define the entire function

(1.16) G(λ) = (λ− λ0)
∞∏
k=1

(
1 − λ

λk

)(
1 − λ

λ−k

)
.

Letf(λ) ∈ B2
π(R). Then

(1.17) f(λ) =
∞∑

k=−∞
f (λk)

G(λ)
(λ− λk)G′(λk)

, λ ∈ R.

The series converges uniformly on compact subsets ofR.

If we let, in Theorem 1.2,λk = k,we obtain the WSK sampling theorem.
Expansions of the form (1.17) will be called Lagrange-type interpolation
expansions. Theorem 1.2 was obtained first by Paley and Wiener [42] who
proved the theorem withN < 1

π2 . Then this constant was improved by
Levinson [37] and Kadec [26] who gave the exact constant,1/4, which
cannot be improved. See also [9, 23, 58]. The proof of this theorem was
based on the fact that under condition (1.15) the set of the corresponding
exponentials, i.e.,{eiλkx}k∈Z, is a Riesz basis inL2(−π, π). In [4] another
approach is derived using second order operator pencils.

The question now is about the relationship between the two extensions
of WSK’s theorem, i.e., Kramer’s theorem and Theorem 1.2. In much recent
literature, see for example [1-4, 10, 19-20, 23, 58-60], Kramer’s expansions
were written in Lagrange-type interpolation forms when the kernel arose
from differential/integral operators. This paper is devoted to answering the
following questions. Is it possible to define a set of functions (transforms)
associated with the BVP

(1.18) N(y) = λP (y),

(1.19) Uj(y) = 0,
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for which sampling theorems hold? Here bothN andP are differential oper-
ators such that orderN is greater than orderP andUj are two-point boundary
conditions, see Sect. 2 below for definitions. When the answer of the above
question is yes, what is the type of the obtained sampling expansions? We
use the results of [48-49] to define a set of (integrodifferential) transforms
associated with problem (1.18)–(1.19) which can be sampled via Lagrange
interpolation expansions; we restrict here to that class of BVP (1.18), (1.19)
for which the adjoint problem has again boundary conditions which do not
depend onλ.

In the rest of this section we give some historical notes on BVPs of the
type (1.18)–(1.19). These problems, which are sometimes called Kamke
problems, have been studied by many authors. A first systematic treatment
for a special self adjoint class has been performed in the40ies by Kamke
[27–31]. This work has been continued and generalized in the60ies by
Scḧafke and Schneider [43-46], who introduced the class of S-hermitian
problems, and later on by Dijksma, Langer and de Snoo [13-14]. A detailed
investigation of non self adjoint BVPs of the form (1.18)–(1.19) was initiated
by Eberhard and Freiling in the70ies, [15-18], [21], who proved asymptotic
estimates for fundamental systems of solutions of (1.18) when|λ| −→ ∞.
These estimates are obtained using the contour integration (Cauchy) method,
which generalizes the methods used by Birkhoff [5-6], Stone [50], Tamarkin
[51] and many others in the caseP (y) = y. This work was continued and
extended in the80ies by Minkler [40], Heisecke [22], Mennicken-M̈oller
[38] and Kaufmann [32] who all obtained results on the expandability of
given functions in series of eigen and associated functions of (1.18)–(1.19).
The main contribution which was obtained recently is due to Shkalikov and
Tretter [48-49]; Tretter [54] who constructed subspacesWm

U of L2(0, 1) in
which the system of eigen and associated functions of problem (1.18)–(1.19)
is complete, minimal and/or a Riesz basis (in parentheses).

2. Preliminary results and notations

In this section we introduce the notations and summarize the results which
we need for the formulation of the sampling theorems. For convenience of
the reader we closely follow the notations of [48-49].

We assume that the differential operatorsN andP of (1.18) have the
forms

(2.1) N(y) = y(n) +
n∑
µ=1

fµy
(n−µ),
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(2.2) P (y) = y(p) +
p∑

µ=1

gµy
(p−µ),

wheren > p ≥ 0 andfµ, gµ ∈ Wn−µ+max{n−1,2(p−1)}. HereW k denotes
the Sobolev spaceW k = W k

2 [0, 1] = {f ∈ L2[0, 1] |f (j) ∈ L2[0, 1], 0 ≤
j ≤ k}.The linear formsUj in (1.19) are assumed to be given in a normalized
form

(2.3) Uj(y) =
lj∑
µ=0

α0
jµy

(µ)(0) + α1
jµy

(µ)(1), 1 ≤ j ≤ n,

where0 ≤ l1 ≤ l2 ≤ . . . ≤ ln ≤ n− 1 andα0
jµ, α

1
jµ are complex numbers

for which

(2.4)
∣∣α0
jµ

∣∣+ ∣∣α1
jµ

∣∣ > 0.

The numberlj is called the order of the boundary conditionUj(y) = 0, or
simply ofUj and the normalization means thatl̃j ≥ lj , 1 ≤ j ≤ n, for any

equivalent system
{
Ũj

}n
j=1

of linear forms of orders̃l1 ≤ l̃2 ≤ . . . ≤ l̃n.

Set

(2.5) W k
U =

{
y ∈ W k : Uj(y) = 0 for all j with lj ≤ k − 1

}
,

0 ≤ k ≤ n.We define the differential operatorsN andP in L2(0, 1) by the
differential expressions (2.1), (2.2) on the domainD(N) = D(P ) = Wn

U ;
for convenience we assume thatN is invertible, i.e., zero is not an eigenvalue
of the pencilN − λP. It is proved in [48, Lemma 4.1] thatP is closeable
and its closureP has the domainW p

U . Moreover, ifr is the number of the
boundary conditions of order≤ p − 1, then there exists a system of linear

forms
{
U∗
j

}2p−r
j=1

adjoint to{Uj}rj=1 with respect to the Lagrange identity

for P (y) such that the adjoint operatorP ∗ is defined by the formally adjoint
differential expressionP ∗(y) on the domain

(2.6) D(P ∗) =
{
y ∈ W p : U∗

j (y) = 0, 1 ≤ j ≤ 2p− r
}
.

Let{φj}lj=1 be a basis ofker P ∗ and define the boundary conditions? Ũj(y),
1 ≤ j ≤ l, by

(2.7) Ũj(y) := 〈N(y), φj〉 = Ûj(y) +
∫ 1

0
y(x)(N∗(φj))(x) dx = 0,

? The importance of̃Uj(y), which were discovered by Shkalikov and Tretter [48-49],
is that the eigenfunctions of the problem in questionmust satisfy these new conditions
in addition to the boundary conditions. Thus, these new conditions were hidden. This fact
indicates how complicated Kamke problems are.
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where the linear formŝUj(y) are obtained by integration by parts. Here〈·, ·〉
denotes the inner product ofL2(0, 1). The order ofŨj(y) is defined by:

ord Ũj(y) :=

{
ord Ûj(y), if Ûj(y) is not identically zero,

−1, otherwise.

Normalizing the extended system{Uj(y)}nj=1 ∪
{
Ũj(y)

}l
j=1

we obtain an

equivalent system{Uj(y)}µj=1 of linear forms withn ≤ µ ≤ n + l. Now
we introduce the subspaces

W k
U :=

{
y ∈ W k : Uj(y) = 0 for all j with ordUj(y) ≤ k − 1

}
.

Substituteλ = −ρn−p and denote byω1, . . . , ωn−p to the(n− p)−th roots
of −1 enumerated such that (for a fixedν)

<(ρω1) ≤ <(ρω2) ≤ . . . ≤ <(ρωn−p), ρ ∈ Sν ,

whereSν is the sector in the complex plane determined by

Sν =
{
ρ ∈ C :

νπ

2(n− p)
≤ arg ρ ≤ (ν + 1)π

2(n− p)

}
,

if 0 ≤ ν ≤ 4(n− p) − 1, n− p = 2k − 1 and

Sν =
{
ρ ∈ C :

νπ

(n− p)
≤ arg ρ ≤ (ν + 1)π

(n− p)

}
,

when0 ≤ ν ≤ 2(n−p)−1, n−p = 2k. The following theorem and some
of its generalizations have been proved in [18], [32], [38], [53-54].

2.1. Theorem. For each sectorSν there exists a fundamental system

{y1(·, λ), y2(·, λ), . . . , yn(·, λ)}

of solutions of the differential equationN(y) = λP (y) with

(2.8) y(j)
α (x,−ρn−p) = h(j)

α (x) +O

(
1
λ

)
, 1 ≤ α ≤ p,

(2.9)
y(j)
α (x,−ρn−p) = (ρωα−p)j eρωα−px

{
y0(x) +O

(
1
ρ

)}
,

p+ 1 ≤ α ≤ n,
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for 0 ≤ j ≤ n − 1, x ∈ [0, 1], ρ ∈ Sν . Moreover,y0(x) 6= 0 for all x ∈
[0, 1] and the set{h1, . . . , hp} is the fundamental system of solutions of
P (y) = 0 defined by the initial conditions

h(j)
α (0) = δα,j−1, 1 ≤ α, j − 1 ≤ p.

From Theorem 2.1 it follows that, see [18] or [54, Sect. 1.2], forρ ∈ Sν
andλ = −ρn, the characteristic determinant

(2.10) ∆(λ) := det (Ui(yj))1≤i, j≤n =

∣∣∣∣∣∣∣∣∣
U1(y1) U1(y2) . . . U1(yn)
U2(y1) U2(y2) . . . U2(yn)

...
...

...
Un(y1) Un(y2) . . . Un(yn)

∣∣∣∣∣∣∣∣∣
has the asymptotic representation

∆(−ρn) = ρXpeρΩ

{
[θ0] + eρωk [θ1], if n− p = 2k − 1,
[θ0] + eρωk [θ1] + e2ρωk [θ2], if n− p = 2k,

whereXp := lp+1 + . . . + ln, Ω := ωk+2 + . . . + ωn−p and where here

and in the sequel[θ] := θ +O
(

1
ρ

)
.

2.2. Definition. A problem of the type (1.18)–(1.19) is called strongly
regular if2p− n− lp+1 ≤ 0 and either

(i) n− p = 2k − 1 andθ0θ1 6= 0, or
(ii) n − p = 2k, θ0 6= 0 and the quadratic equationθ0 + θ1ρ + θ2ρ

2 = 0
has two different rootsρ1, ρ2.

2.3. Theorem. Each strongly regular problem of the form (1.18)–(1.19)
has a sequence{λν}ν∈N

of eigenvalues, almost all eigenvalues are simple,
moreover, the following asymptotic estimates are fulfilled:

(a) For n− p = 2k − 1 andν ∈ N

(2.11) λ2ν−1 = (2iπν)n−p
{

1 +
α1

ν
+O

(
1
ν2

)}
and

(2.12) λ2ν = (−2iπν)n−p
{

1 +
α2

ν
+O

(
1
ν2

)}
,

with constantsα1, α2.
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(b) For n− p = 2k andν ∈ N

(2.13) λ2ν−1 = (2iπν)n−p
{

1 +
α3

ν
+O

(
1
ν2

)}
and

(2.14) λ2ν = (2iπν)n−p
{

1 +
α4

ν
+O

(
1
ν2

)}
,

with constantsα3 6= α4.

See [18, 49]. From now on we assume that problem (1.18)–(1.19) and its
adjoint, which will be defined below, are strongly regular. Since under the
condition of strong regularity almost all eigenvalues of (1.18)–(1.19) and
its adjoint are simple, we assume in the sequel, without any loss of general-
ity, that all eigenvalues are simple. Letφν be the normalized eigenfunction
corresponding to the eigenvalueλν . Consequently, [49], the adjoint pencil
(N −λP )∗ has also a simple eigenvalue atλν with a normalized eigenfunc-
tionψν such that the following biorthogonality relation is fulfilled

(2.15) 〈Pφν , ψj〉 = −δνj , ν, j ∈ N.

See [49, Lemma 5.1 and Remark 5.3]. Thus we have to investigate the adjoint
problem. The problem adjoint to (1.18)–(1.19) differs from the problems
adjoint to the classical problems discussed in [12, 41], see Sect. 3 below.
The adjoint boundary conditions may containλ−linear-dependent boundary
conditions. More precisely, the problem adjoint to (1.18)–(1.19), [49, p. 290]
is given by:

2.4. Definition. The adjoint problem of (1.18)–(1.19) is given by

(2.16) (N − λP )∗v = N∗(v) − λP ∗(v),

(2.17) Vj(λ)(v) = 0, j = 1, 2, . . . , n,

whereN∗ andP ∗ are the formal adjoints ofN andP respectively; the do-
main of definition of the linear pencil (2.16) is

D((N − λP )∗) = {y ∈ Wn, Vj(λ)(v) = 0, j = 1, 2, . . . , n}.
Moreover the formsVj(λ) will be determined as follows. Letr be the number
of boundary conditions of (1.19) which have orders less than or equal top−1.
Then

(2.18) Vj(λ)(v) =

{
V̂ N
j (v) − λV̂ P

j (v), if j = 1, 2, . . . , 2p− r,

V̂ N
j (v), if j = 2p− r + 1, . . . , n.
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The formsV̂ N
j (v), V̂ P

i (v), 1 ≤ j ≤ n, 1 ≤ i ≤ 2p − r are determined
by Lagrange’s identities

(2.19) 〈N(y), v〉 =
n∑
j=1

Uj(y)V N
j (v) +

n∑
j=1

Ûj(y)V̂ N
j (v) + 〈y,N∗(v)〉 ,

(2.20) 〈P (y), v〉 =
r∑
j=1

Uj(y)V P
j (v) +

2p−r∑
j=1

Ûj(y)V̂ P
j (v) + 〈y, P ∗(v)〉 .

Here{Ûj(y)}nj=1 aren forms such that{Uj(y)}nj=1 ∪ {Ûj(y)}nj=1 are lin-
early independent.

As stated above, the main progress achieved in the last decade for Kamke
problems was the description of subspaces ofW k

2 (0, 1) where the system
{φν}ν∈N

is a Riesz basis, see [48-49]. For definitions and properties of Riesz
bases see e.g. [57].

According to [49, Sect. 6] there is an integerκ ∈ [−1, p−1], depending
on (1.18)–(1.19) such that the following theorem holds.

2.5. Theorem. {φν}ν∈N
is a Riesz basis inWm

U if either

(a) max {lp, κ} ≤ m ≤ n, or
(b) p ≤ m ≤ n, m − p − n − lp+1 ≤ 0 andP : Wm

U −→ Wm−p has a
non trivial kernel.

For each fixed sectorSν we denote byW (·, λ) the Wronskian of the
fundamental system{y1(·, λ), y2(·, λ), . . . , yn(·, λ)} considered in Theo-

rem 2.2 above and byWj(·, λ) the algebraic complement ofy(n−1)
j (·, λ) in

W (·, λ). Let g(·, ξ, λ) be the function

(2.21) g(x, ξ, λ) :=
1
2

sign(x−ξ)
n∑
j=1

yj(x, λ)
Wj(ξ, λ)
W (ξ, λ)

, x, ξ ∈ [0, 1].

Green’s function of problem (1.18)–(1.19) can be represented in the form

(2.22) G(x, ξ, λ) :=
(−1)n

∆(λ)

∣∣∣∣∣∣∣∣∣
y1(x, λ) y2(x, λ) . . . yn(x, λ) g(x, ξ, λ)
U1(y1) U1(y2) . . . U1(yn) U1(g)

...
...

...
...

Un(y1) Un(y2) . . . Un(yn) Un(g)

∣∣∣∣∣∣∣∣∣ ,
wherex, ξ ∈ [0, 1] andλ ∈ Sν . From the asymptotic estimates derived
in [18], [21] and [48-49], it follows under the above assumptions that for
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λ 6= λν

(2.23) G(x, ξ, λ) =
∞∑
ν=1

φν(x)ψν(ξ)
λν − λ

, x, ξ ∈ [0, 1].

This series (combining [21, Satz 3] and [49, Lemma 5.1]) converges uni-
formly for each fixedλ 6= λν .

3. A sampling theorem

In this section we derive interpolation (sampling) expansions associated with
problem (1.18)–(1.19) which is not necessarily self adjoint but it is assumed
to be strongly regular and all eigenvalues are simple. Here the sampled
functions will be integrodifferential transforms whose kernels are solutions
of problem (1.18)–(1.19) while in the following section the kernels will be
expressed in terms of Green’s functions.

The first problem is how to define the set of transforms which we want to
sample. To achieve this aim we need to find two functions (kernels) which
generate the complete sets of eigenfunctions of problem (1.18)–(1.19) and
its adjoint. We discuss the case of problem (1.18)–(1.19) and the case of its
adjoint is similar. Letλ be an eigenvalue. Since it is simple, then there is an
(n−1)th−order minor of∆(λ) which does not vanish. We assume, without
any loss of generality, that for any eigenvalueλν the same(n− 1)th−order
minor, say the first, does not vanish, cf. Remark 3.5 below.

3.1. Lemma. There are two functionsφ(·, λ) andψ(·, λ), unique up to a
multiplicative constant (entire functions ofλ), such that:

(i) φ(·, λ) is a solution of (1.18) andψ(·, λ) is a solution of (2.16).
(ii) Uj(φ(·, λ)) = 0, j = 1, . . . , n− 1, Vj(ψ(·, λ)) = 0, j = 1, . . . , n−

1, ∀λ ∈ C.
(iii) Un(φ(·, λ)) = 0 only whenλ = λν , Vn(ψ(·, λ)) = 0 only when

λ = λν .
(iv) {φ(·, λν)}∞

ν=1 is a set of eigenfunctions of (1.18)–(1.19) and{ψ(·,
λν)}∞

ν=1 is a set of eigenfunctions of (2.16)–(2.17).

Proof. We can see that the functions

(3.1) φ(x, λ) := (−1)n−1

∣∣∣∣∣∣∣∣∣
y1(x) y2(x) . . . yn(x)
U1(y1) U1(y2) . . . U1(yn)

...
...

...
Un−1(y1) Un−1(y2) . . . Un−1(yn)

∣∣∣∣∣∣∣∣∣
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and

(3.2) ψ(x, λ) := (−1)n−1

∣∣∣∣∣∣∣∣∣
z1(x) z2(x) . . . zn(x)
V1(z1) V1(z2) . . . V1(zn)

...
...

...
Vn−1(z1) Vn−1(z2) . . . Vn−1(zn)

∣∣∣∣∣∣∣∣∣
satisfy the lemma, wherey1, . . . , yn andz1, . . . , zn are fundamental solu-
tions of (1.18) and (2.16) respectively.ut

From now on we assume that

2p− r ≤ 0.

From Sect. 2 above,{φ(·, λν)}∞
ν=1, {ψ(·, λν)}∞

ν=1 are Riesz bases inWm
U ,

for somem. Thus, using the biorthogonality relation (2.15), for anyg ∈
Wm

U , we have

(3.3) g(x) =
∞∑
ν=1

〈
g(·), P ∗(ψ(·, λν))

〉〈
φ(·, λν), P ∗(ψ(·, λν))

〉φ(x, λν),

or

(3.4) g(x) =
∞∑
ν=1

〈P (φ(·, λν)), g(·)〉〈
P (φ(·, λν)), ψ(·, λν)

〉ψ(x, λν),

where the convergence is in the norm ofWm
U . This result, the expansion

theorem, as well as the corresponding Bessel’s inequality and Parseval’s
equality were obtained also by Kamke [29, p. 269] for a more restrictive class
of functions when problem (1.18)–(1.19) is self adjoint. In fact he assumed
that the functiong(·) which may be expanded is aC(n)(0, 1)−function
which satisfies the boundary conditions (1.19), provided that the problem is
self adjoint. Now we state and prove the first sampling result of this paper.
We recall thatn, p andr are, respectively, the order ofN, the order ofP
and the number of boundary conditions of order less than or equal top− 1.

3.2. Theorem. Let g(·) ∈ Wm
U . Assume that the functionφ(·, λ) defined

above belongs toWm
U , for all λ ∈ C. Let f(λ) be the integrodifferential

transform

(3.5) f(λ) =
∫ 1

0
g(x)P (φ(x, λ)) dx.

Then, we have the following:
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(i) f(λ) admits the pointwise convergent sampling expansions

(3.6) f(λ) =

{∑∞
ν=0 f(λν)

mν(λ)
mν(λν)

∆(λ)
(λ−λν)∆′(λν) , if r = n,∑∞

ν=0 f(λν)
∆(λ)

(λ−λν)∆′(λν) , if r < n,

wheremν(λ) = V N
n (ψν) − λV P

n (ψν).
(ii) The series (3.6) converges absolutely onC and uniformly on compact

subsets ofC.
(iii) f(λ) is an entire function of order not exceeding1n−p and type not

exceeding one.

Proof.
(i) Since2p − r ≤ 0, we have noλ−dependent boundary conditions. Let
λ, λ′ ∈ C. For simplicity when we writeφ, ψ, φν andψν we mean

φ(·, λ), ψ(·, λ′), φ(·, λν), andψ(·, λν), λ, λ′ ∈ C,

respectively. Sinceg(·), φ ∈ Wm
U , then they have expansions of the forms

(3.3) or (3.4). We prove that

(3.7) 〈φν , P ∗(ψν)〉 = 〈P (φν), ψν〉 for ν = 1, 2, . . .

Indeed, we have from (2.20)

(3.8) 〈P (φ), ψ〉 =
r∑
j=1

Uj(φ)V P
j (ψ) + 〈φ, P ∗(ψ)〉 .

Sincer ≤ n, then, by the properties ofφ, ψ, cf. Lemma 3.1 above, we have

(3.9) 〈P (φ), ψ〉 =

{
Un(φ)V P

n (ψ) + 〈φ, P ∗(ψ)〉 , if r = n,

〈φ, P ∗(ψ)〉 , if r < n.

Thus〈P (φ), ψ〉 = 〈φ, P ∗(ψ)〉 for all λ, λ′ ∈ C whenr < n. Whenr = n,
letλ = λν in (3.9), we get〈P (φν), ψ〉 = 〈φν , P ∗(ψ)〉 for all λ′ ∈ C.Hence
(3.7) is proved. Using (3.7), the (Fourier) expansions ofg, φ take the forms

(3.10) g(x) =
∞∑
ν=0

ĝ(ν)ψν(x)

and

(3.11) φ(x, λ) =
∞∑
ν=0

φ̂(ν)φν(x),
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where

(3.12) ĝ(ν) =
〈P (φν), g〉

〈φν , P ∗(ψν)〉 and φ̂(ν) =
〈φ, P ∗(ψν)〉
〈φν , P ∗(ψν)〉 .

Hence Parseval’s identity implies

(3.13) f(λ) =
∞∑
ν=0

〈P (φν), g〉 〈φ, P ∗(ψν)〉
〈φν , P ∗(ψν)〉 .

By the definition off(λ) we obtain

(3.14) f(λ) =
∞∑
ν=0

f(λν)
〈φ, P ∗(ψν)〉
〈φν , P ∗(ψν)〉 .

From Lagrange’s identity (2.19) and Lemma 3.1, we have

(3.15) λ 〈P (φ), ψ〉 = ∆(λ)V N
n (ψ) + Ûn(φ)∆̃(λ′) + λ′ 〈φ, P ∗(ψ)〉 ,

where∆̃(λ) is the characteristic determinant of problem (2.16)–(2.17) cal-
culated with respect to the systemz1, . . . , zn. Combining (3.9) and (3.15)
we obtain

(3.16)

∆(λ)V N
n (ψ) + Ûn(φ)∆̃(λ′) + λ′ 〈φ, P ∗(ψ)〉

= λ

{
Un(φ)V P

n (ψ) + 〈φ, P ∗(ψ)〉 , if r = n,

〈φ, P ∗(ψ)〉 , if r < n.

Lettingλ′ −→ λν in (3.16), and noting thatλν is an eigenvalue of the adjoint
problem with the eigenfunctionψ(x, λν) = ψν ,

(3.17) (λ− λν) 〈φ, P ∗(ψν)〉 =

{
∆(λ)mν(λ), if r = n,

∆(λ)V N
n (ψν), if r < n,

where

(3.18) mν(λ) = V N
n (ψν) − λV P

n (ψν).

Thus, the relation

(3.19) 〈φν , P ∗(ψν)〉 =

{
∆′(λ)mν(λν), if r = n,

∆′(λν)V N
n (ψν), if r < n

holds by taking the limit in (3.17) whenλ −→ λν . Substituting (3.17) and
(3.19) in (3.14) we obtain (3.6) where the convergence is pointwise onC.



Kamke problems 177

(ii) We prove the absolute and uniform convergence. First we prove the
absolute convergence onC. Let λ ∈ C. Since (3.6) is nothing but (3.13),
then using the Cauchy-Schwarz inequality

|f(λ)| ≤
( ∞∑
ν=0

|〈P (φν), g〉|2
|〈φν , P ∗(ψν)〉|

)1/2 ( ∞∑
ν=0

|〈φ, P ∗(ψν)〉|2
|〈φν , P ∗(ψν)〉|

)1/2

< ∞,

(3.20)

since 〈P (φν),g〉
〈φν ,P ∗(ψν)〉 and 〈φ,P ∗(ψν)〉

〈φν ,P ∗(ψν)〉 are the Fourier coefficients ofg andφ
respectively. Hence (3.6) converges absolutely onC. To prove the uniform
convergence it is sufficient to show that for every compact subsetM ⊂ C

and any natural numberN > 0, limN→∞ SN (λ) −→ 0 asN −→ ∞ not
depending onλ ∈ M, where

(3.21) SN (λ) :=

∣∣∣∣∣f(λ) −
N−1∑
ν=0

〈P (φν), g〉 〈φ, P ∗(ψν)〉
〈φν , P ∗(ψν)〉

∣∣∣∣∣ .
Indeed, forλ ∈ M, using the Cauchy-Schwarz inequality

SN (λ) ≤
( ∞∑
ν=N

|〈P (φν), g〉|2
|〈φν , P ∗(ψν)〉|

)1/2 ( ∞∑
ν=N

|〈φ, P ∗(ψν)〉|2
|〈φν , P ∗(ψν)〉|

)1/2

.

(3.22)

But the first series on the right hand side of (3.22) approaches zero when
N −→ ∞ not depending onλ. Hence to achieve our aim we need to prove
that the second series in (3.22) is (uniformly) bounded onM. Again we use
Parseval’s identity

(3.23)
∫ 1

0
φ(x, λ)P (φ(x, λ)) dx =

∞∑
ν=0

|〈φ, P ∗(ψν)〉|2
|〈φν , P ∗(ψν)〉| .

Sinceφ(·, λ), P (φ(·, λ)) are entire functions ofλ for eachx and continuous
in x for eachλ, the integral of (3.23) is bounded by

(3.24) CM = max
0≤x≤1, λ∈M

|φ(x, λ)P (φ(x, λ))| .

Hence

SN (λ) ≤ CM

( ∞∑
ν=N

|〈P (φν), g〉|2
|〈φν , P ∗(ψν)〉|

)
, ∀λ ∈ M,
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which proves the uniform convergence onM.

(iii) Since (3.6) converges uniformly on compact subsets ofC, thenf(λ) is
analytic on every compact subset ofC, i.e., f is entire. The fact thatf(λ)
has order less than or equal to1n−p and type not exceeding one arises from
Theorem 2.1 above.ut

3.3. Remark.When2p − r > 0 a more complicated sampling expansion
may be obtained. In this case we have(2p − r)λ−dependent boundary
conditions in the adjoint problem which is not the case of the problem in
question, since the boundary conditions (1.19) are independent ofλ. So we
have lost something of the symmetry of the situation. In fact in this case,
in general, we do not have the useful relation (3.7) and hence Parseval’s
identity will be more complicated. The reason is that theλ−dependent
boundary conditions are obtained from two different Lagrange’s identities.
Calculations similar to those of the above theorem lead to

(λ− λν) 〈φ, P ∗(ψ)〉 =

{
∆(λ)mν(λ) +

∑2p−r
j=1 Ûj(φ)βj,ν(λ), if r < n,

∆(λ)V N
n (ψν) +

∑2p−r
j=1 Ûj(φ)βj,ν(λ), if r = n,

(3.25)

where

βj,ν(λ) =
[
V̂ N
j (ψν) − λV P

j (ψν)
]

and

〈φν , P ∗(ψν)〉 =

{
∆′(λν)mν(λν) −∑2p−r

j=1 Ûj(φν)V P
j (ψν), if r < n,

∆′(λν)V N
n (ψν) −∑2p−r

j=1 Ûj(φ)V P
j (ψν), if r = n,

(3.26)

while

(3.27) (λ− λν) 〈P (φ), ψν〉 =

{
∆(λ)mν(λ), if r < n,

∆(λ)V N
n (ψν), if r = n,

and

(3.28) 〈φν , P ∗(ψ)〉 =

{
∆′(λν)mν(λν), if r < n,

∆′(λν)V N
n (ψν), if r = n.
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3.4. Remark.If the (n− 1)th− minors which do not vanish in∆(λ) when
λ = λν depend onλν , i.e., they are not the same for allν,we redefineφ(·, λ)
to beφ̃(·, λ), where

(3.29) φ̃(x, λ) :=
n∑
k=1

(−1)k−1αk∆k(x, λ),

where∆k(·, λ) is the algebraic complement ofy1, . . . , yn in ∆(λ) andαk
are constants chosen such thatφ̃(·, λν) is not identically zero for allν.
Obviouslyφ̃(·, λ) has the following properties:

(i) φ̃(·, λ) is a solution of (1.19).
(ii) For all λ we have

Uj(φ̃) =
n∑
k=1

(−1)kαkUj(∆k(x, λ)) = αj∆(λ).

HenceUj(φ̃) = 0 if and only if λ = λν .

(iii) From (i), (ii), φ̃(·, λν), ν = 0, 1, . . . are eigenfunctions of problem
(1.18)–(1.19).

Similarly we defineψ̃(·, λ) and derive a theorem similar to Theorem 3.2
above.

In the following we give an example illustrating the above theorem.
Since the situation here is more complicated than that whenP of (1.18) is
the identity operator, examples cannot be easily derived. For instance we
can see that, [12, 41, 52], the problem

(3.30) −y′′ = λy, 0 ≤ x ≤ 1,

(3.31) U1(y) = y′(0) = 0, U2(y) = y′(1) = 0

is self adjoint and the boundary conditions (3.31) are strongly regular. If we
change equation (3.30) into

(3.32) −y′′ = −iλy′, 0 ≤ x ≤ 1,

everything becomes worse from many aspects. First the boundary condi-
tions, with respect to (3.32), will not be even regular since the solution
y(x, λ) = 1, λ ∈ C satisfies (3.32) and (3.31). After some calculations
with the aid of Lagrange’s identities (2.19)–(2.20), the adjoint problem to
(3.32)–(3.31) is

(3.33) −y′′ = −iλy′, 0 ≤ x ≤ 1,
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(3.34) V1(y) = y′(0) − λy(0) = 0,

(3.35) V2(y) = y′(1) − λy(1) = 0.

Thus the problem is not self adjoint. Moreoverλ0 = 0 is the only eigenvalue
with the eigenfunctionφ0(x) = const6= 0.

3.5. Example.LetD := d/dx. Consider the boundary value problem, [49,
pp. 279–281]

(3.36) (D2 − α2)2y − iαR(u(D2 − α2)y −D2uy) = −λ(D2 − α2)y,

(3.37) y(0) = 0, y(1) = 0, y′(0) = 0, y′(1) = 0,

whereα, R are constants andu ∈ C(2)[0, 1].The above problem arises from
hydrodynamics and equation (3.36) is known as Orr-Sommerfeld equation,
cf. [48-49]. Problem (3.36)–(3.37) is not self adjoint and its adjoint, which
is given precisely in [49, p. 280], takes the form

(3.38) (D2 −α2)2y+ iαR((D2 −α2)(uy) −D2uy) = −λ(D2 −α2)y,

(3.39) y(0) = 0, y(1) = 0, y′(0) = 0, y′(1) = 0.

Problem (3.36)–(3.37) and its adjoint are strongly regular [49, p. 281]. In the
notations of the previous section,n = 4, p = 2, r = 4, 2p− r = 0 ≤ 0.
The extended boundary conditions will include, in addition to the (3.37),
the following two integral-boundary conditions

(3.40)
U1(y) = y′′′(0) + α cothαy′′(0) − α

sinhα
y′′(1)

− 2iα2R

sinhα

∫ 1

0
y(x)u′(x) cosh(α(x− 1)) dx,

and

(3.41)
U2(y) = y′′′(1) + α cothαy′′(1) − α

sinhα
y′′(0)

− 2iα2R

sinhα

∫ 1

0
y(x)u′(x) cosh(αx) dx.

Now we have the following theorem taken from [49].

3.6. Theorem. Let W k
U denote the subspaces mentioned above. Let the

eigenvalues of problem (3.36)–(3.37) be simple with the system of eigen-
functions{φν}∞

ν=1. Then:

(i) {φν}∞
ν=1 is complete and minimal inW k

U whenk = 0, 1, 2, 3, 4, W 0
U =

L2(0, 1).
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(ii) {φν}∞
ν=1 is a Riesz basis inWm

U whenm = 1, 2, 3, 4, but not in
W 0

U = L2(0, 1).

(If finitely many eigenvalues are not simple, then the system ofeigen- and
associated functionsof problem (3.36)–(3.37) has the same basis properties).

Let y1(·, λ), . . . , y4(·, λ) andz1(·, λ), . . . , z4(·, λ) be fundamental sets
of solutions of (3.36) and (3.38) respectively. Define the functionsφ(·, λ)
andψ(·, λ) as in Lemma 3.1 above. Then,φ(·, λ) ∈ W 1

U for all λ ∈ C and
the transform

(3.42) f(λ) =
∫ 1

0
g(x)(φ′′(x, λ) − α2φ(x, λ)) dx, g ∈ W 1

U

has the expansion

(3.43) f(λ) =
∞∑
ν=1

f(λν)
mν(λ)∆(λ)

mν(λν)(λ− λν)∆′(λν)
,

where{λν}∞
ν=1 are the eigenvalues of (3.36)–(3.37),∆(λ) is the character-

istic determinant calculated with respect toy1(·, λ), . . . , y4(·, λ) andmν(λ)
can be derived as in Theorem 3.2.

A concrete case.The sampling expansion of the above example is not given
explicitly since the fundamental systemy1(·, λ), . . . , y4(·, λ) cannot be de-
rived in the general case. So it may be useful to calculate a concrete case
of the above example. Indeed, letα = 0. Then we have the self adjoint
problem

(3.44) y′′′′ = −λy′′,

(3.45) y(0) = 0, y(1) = 0, y′(0) = 0, y′(1) = 0.

In this case the fundamental set of solutions is

(3.46)
y1(x, λ) = 1, y2(x, λ) = x, y3(x, λ) = cos

√
λx,

y4(x, λ) = sin
√
λx√
λ

.

Since the problem is self adjoint, then

φ(x, λ) = ψ(x, λ) = −

∣∣∣∣∣∣∣∣∣
1 x cos

√
λx sin

√
λx√
λ

1 0 1 0
1 1 cos

√
λ sin

√
λ√

λ
0 1 0 1

∣∣∣∣∣∣∣∣∣ .
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Thus

(3.47)
φ(x, λ) = ψ(x, λ) =

(
sin

√
λ√

λ
− 1
)(

cos
√
λx− 1

)
+
(
cos

√
λ− 1

)(
x− sin

√
λx√
λ

)
.

Hence

φ′′(x, λ) = −λ
(

1 − sin
√
λ√

λ

)
cos

√
λx

−
√
λ
(
cos

√
λ− 1

) sin
√
λx√
λ

.(3.48)

The characteristic determinant has the form

(3.49)

∆(λ) = −U4(φ(x, λ)) = φ′(1, λ)

= −
√
λ

(
sin

√
λ√

λ
− 1
)

sin
√
λ−

(
cos

√
λ− 1

)2

=
√
λ sin

√
λ− 2(1 − cos

√
λ).

The eigenvalues, the sampling points, are the zeros of∆(λ) andλ = 0 is not
an eigenvalue. Hence the eigenvalues areλν = t2ν , wheretν are the positive
solutions of the equation

(3.50) t sin t = 2(1 − cos t).

These zeros form two sequences of pointsλν , λ
′
ν ∈ R, where

λν = 2πν, lim
ν→∞

∣∣λν − λ′
ν

∣∣ = 0.

Reordering the two sequencesλν , λ′
ν ∈ R in one sequence{λν}∞

ν=1 we
have the following lemma:

3.7. Lemma. Letg(·) ∈ W 1
U = {y ∈ W 1, y(0) = 0, y(1) = 0}. Let

(3.51) f(λ) =
∫ 1

0
g(x)φ′′(x, λ) dx,

whereφ′′(·, λ) is given in (3.48). Then

(3.52) f(λ) =
∞∑
ν=1

f(λν)

√
λ sin

√
λ− 2(1 − cos

√
λ)

(λ− λν)(λν cos
√
λν − (λν − 1

2) sin
√
λν√

λν
)
.
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Proof. It is sufficient to apply Theorem 3.1 above and to show thatmν(λ) =
V N

4 (φ(·, λν)), i.e.,V P
4 (φ(·, λν)) = 0 for all ν. Indeed, using integration by

parts and thatP ∗ = P, then forv, w ∈ C(2)[0, 1], we have

(3.53) 〈P (v), w〉 =
[
v′w − vw′]1

0 + 〈v, P (w)〉 .

HenceV P
4 (w) = w(1). From the definition ofφ(·, λ), we haveφ(1, λ) =

0 for all λ and the lemma is proved.ut

4. Sampling using Green’s function

In the following we state and prove another sampling theorem using Green’s
function of problem (1.18)–(1.19). That is instead ofφ(·, λ) in (3.5) we
define another kernel for which interpolation expansions can be derived.
To indicate the reason of such considerations we start with the following
example.

4.1. Example.Consider the problem

(4.1) −y′′ = −iλy′, 0 ≤ x ≤ 1,

(4.2) U1(y) = y(0) = 0, U2(y) = y(1) = 0.

In this case equation (4.1) has the fundamental system

(4.3) y1(x, λ) = 1, y2(x, λ) = e−iλx.

Thus∆(λ) = e−iλ − 1. Henceθ0 = 1, θ1 = 1, i.e., θ0θ1 6= 0, n − p =
2k − 1 = 1. Moreover2p − n − lp+1 = 2 − 2 − 0 ≤ 0. Then problem
(4.1)–(4.2) is strongly regular. Ifr is the number of boundary conditions of
order less than or equallp−1 thenr = 2. Hence the boundary conditions
determined byP = i ddx is 2p− r = 2− 2 = 0. Hence the adjoint ofP, P ∗,
is defined by

P ∗ : D(P ∗) −→ L2(0, 1) : P ∗(y) = P (y), D(P ∗) = W 1.

Since kerP ∗ = 〈{φ1(x) = 1}〉 , where〈{·}〉 denotes the linear span of
the set{·}, then the following (hidden) condition must be satisfied by the
eigenfunctions

(4.4) Ũ1(y) := 〈Ny, φ1〉 = −
∫ 1

0
y′′ dx = y′(0) − y′(1) = Û1(y).
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Notice thatN∗(φ1) = 0. Thus ordŨ1 = 1, cf. (2.7). Hence we have the
extended (normalized) system of boundary conditions

(4.5) U1(y) = y(0), U2(y) = y(1),

(4.6) U3(y) = y′(0) − y′(1).

According to [49, pp. 291–294] the numberκmentioned above is−1.Hence
the eigenfunctions of problem (4.1)–(4.2) form a Riesz basis inWm

U where
0 < m ≤ 2. That is, the eigenfunctions of the above problem form a Riesz
basis inW 1

U , W
2
U , where

W 1
U =

{
y : y ∈ W 1

2 , Ui(y) = 0, i = 1, 2
}

and
W 2

U =
{
y : y ∈ W 2

2 , Ui(y) = 0, i = 1, 2, 3
}
.

One can also calculate the adjoint problem of problem (4.1)–(4.2) and find
that the problem in question is self adjoint, i.e., its adjoint has the form
(4.1)–(4.2). Following Lemma 3.1, we obtain

(4.7) φ(x, λ) = ψ(x, λ) = 1 − e−iλx.

We notice that although problem (4.1)–(4.2) is self adjoint, strongly regular
and the condition2p − r ≤ 0 is satisfied, we cannot apply Theorem 3.2.
The reason is thatφ(·, λ) does not belong to any ofWm

U , m = 1, 2, for all
λ. So we have to look for another kernel.

As in the previous section, we need to construct a kernel where sampled
integrodifferential transforms can be defined. This kernel will be expressed
in terms of Green’s function. So, first we have to remove the (simple) sin-
gularities of Green’s function at the eigenvalues to obtain an entire kernel.
Indeed, as a consequence of Theorem 2.3 the Weierstrass product

(4.8) ω(λ) :=
∞∏
ν=1

(
1 − λ

λν

)
eδ1,n−p

λ
λν

converges and defines an entire function of order1
n−p which has simple

zeros only at the eigenvalues, cf. [36]. Now define the functionΦ(x, λ) to
be

(4.9) Φ(x, λ) := ω(λ)G(x, ξ0, λ) =
∞∑
ν=0

(
ω(λ)
λν − λ

ψν(ξ0)
)
φν(x),

whereφν(x), ψν(x), ν = 1, 2, . . . , are biorthonormal sets of eigenfunc-
tions of problem (1.18)–(1.19) and its adjoint respectively. The parameter
ξ0 is an element of[0, 1], such thatψν(ξ0) 6= 0 for all ν.
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4.2. Theorem.Let g(·) ∈ Wm
U . LetΦ(·, λ) ∈ Wm

U . Definef(λ) to be the
transform

(4.10) f(λ) =
∫ 1

0
g(x)P (Φ(x, λ)) dx.

Thenf(λ) has the interpolation representation

(4.11) f(λ) =
∞∑
ν=0

f(λν)
ω(λ)

(λ− λν)ω′(λν)
.

Moreover (4.11) converges absolutely and uniformly on compact subsets of
C andf(λ) is an entire function ofλ of order less than or equal to1

n−p and
type not exceeding one.

Proof. Sinceφν , ψν satisfy the biorthonormality relation

〈P (φν), ψj〉 = 〈φν , P ∗(ψj)〉 = −δνj for all ν, j,

applying Parseval’s identity to (4.10), we obtain

(4.12) f(λ) =
∞∑
ν=0

〈P (φν), g〉 〈Φ,P ∗(ψν)〉 .

Using the definition ofΦ(·, λ) we have

(4.13) f(λ) =
∞∑
ν=0

〈P (φν), g〉 ω(λ)
λ− λν

ψν(ξ0).

Lettingλ −→ λν in (4.10) and using (2.23) one can see that

(4.14) f(λν) = −ω′(λν)ψν(ξ0)
∫ 1

0
g(x)P (φν(x)) dx,

where we have used

lim
λ→λν

P (Φ(x, λ)) = P

(
lim
λ→λν

Φ(x, λ)
)

= −ω′(λ)ψν(ξ0)P (φν(x)).

Relation (4.11) results by combining (4.13) and (4.14) where the conver-
gence is pointwise. The rest of the proof can be established as in Theorem
3.2 above. ut

Now we return to Example 4.1 above to establish a sampling represen-
tation associated with problem (4.1)–(4.2).

4.3. Example. Consider the boundary value problem (4.1)–(4.2) above.
Since the choice ofξ0 depends on the eigenfunctions of the problem, we
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calculate the eigenvalues and the eigenfunctions. The characteristic deter-
minant of the problem is∆(λ) = e−iλ − 1. Hence noting that zero is not
an eigenvalue, the eigenvalues of the above problem are the zeros of∆(λ),
i.e., λν = 2πν, ν ∈ Z − {0}. The eigenvalues are all simple and the
corresponding eigenfunctions are

φν(x) := φν(x, 2νπ) = e−i2πνx − 1, ν ∈ Z − {0}.
Now, in the view of (2.21) and (2.22), we calculate Green’s function of the
problem. According to the fundamental set (4.3) we have

(4.15) ∆(λ) = e−iλ − 1;

the WronskianW (ξ) := W (y1, y2)(ξ) is

(4.16) W (ξ) = −iλe−iλξ.
Hence the functiong(·, ξ, λ) takes the form

(4.17) g(x, ξ, λ) =
1

2iλ

{
1 − e−iλ(x−ξ), x ≥ ξ,

−(1 − e−iλ(x−ξ)), x ≤ ξ.

Then Green’s function will be

G(x, ξ, λ) =
1

iλ(1 − e−iλ)

{
(e−iλx − 1)(e−iλ(1−ξ) − 1), for x ≥ ξ,

(e−iλξ − 1)(e−iλ(1−x) − 1), for x ≤ ξ.(4.18)

We also have [36, p. 27]

(4.19) ω(λ) =
∞∏
ν=1

(
1 − λ2

(2πν)2

)
=

2
π

sin λ
2

λ
.

Hence for aξ0 chosen as indicated above we have

Φ(x, λ) =
2
π

sin λ
2

iλ2(1 − e−iλ)

{
(e−iλx − 1)(e−iλ(1−ξ0) − 1), for x ≥ ξ0,

(e−iλξ0 − 1)(e−iλ(1−x) − 1), for x ≤ ξ0.(4.20)

SinceΦ(0, λ) = Φ(1, λ) = 0, for all λ ∈ C, thenΦ(·, λ) ∈ W 1
U . If g(·) ∈

W 1
U and

(4.21) f(λ) =
∫ 1

0
g(x)P (Φ(x, λ)) dx,

then

(4.22) f(λ) = 8π
∞∑

ν=−∞, ν 6=0

(−1)νf(2νπ)
ν sin λ

2
λ(λ− 2πν)

,
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which may be written equivalently as

(4.23) f(λ) = 8π
∞∑

ν=−∞, ν 6=0

f(2νπ)
ν sin 1

2(λ− 2πν)
λ(λ− 2πν)

.

4.4. Remark.The conditionψν(ξ0) 6= 0 which we assumed on the parameter
ξ0 to defineΦ(·, λ) is not necessary. In fact we can defineΦ(·, λ) := Φξ0(·, λ)
according to anyξ0 ∈ [0, 1]. That is we can chooseξ0 such thatψν(ξ0) = 0
for someν or even for allν. For example in Example 4.3 we takeξ0 = 0,
thenψν(ξ0) = φν(ξ0) = 0 for all ν. In this case we will obtain the trivial
case, i.e.,f(λ) ≡ 0 on C. If we chooseξ0 such thatψµ(ξ0) = 0 for someµ
then we will obtain the same results withf(λµ) = 0.
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lung nach Eigenfunktionen N-regulärer Eigenwertprobleme, Math. Zeit.136 (1974),
13–30.

18. W. Eberhard and G. Freiling, Stone-reguläre Eigenwertprobleme, Math. Zeit.160
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Differentialgleichungen III, Math. Zeit.46 (1940), 251–286.

30. E. Kamke,̈Uber die definiten selbstadjungierten Eigenwertaufgaben bei gewöhnlichen
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43. F. W. Scḧafke and A. Schneider, S-hermitesche Rand-Eigenwertprobleme I, Math. Ann.

162(1965), 9–26.
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