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Abstract. The present paper is devoted to the derivation of sampling expan-
sions for entire functions which are represented as integral transforms where
a differential operator is acting on the kernels. The situation generalizes the
results obtained in sampling theory associated with boundary value prob-
lems to the case when the differential equation has the fé(g) = AP(y),
where N and P are two differential expressions of ordersandp respec-
tively, n > p and \ is the eigenvalue parameter. Both self adjoint and non
self adjoint cases will be considered with examples in which the boundary
conditions are strongly regular.
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1. Introduction

In his note, Weiss [55], was looking for a class of functions which can be
sampled (recovered) from their values at a discrete sequence of points. He
showed that one of the possibilities is to take a set of integral transforms
whose kernels are certain solutions of some Sturm-Liouville eigenvalue
problems. In fact let us consider the boundary-value problem (BVP)

(1.1) —y"(z) + q(x)y(z) = M\y(z), —c0<a<z<b< oo,

* M.H. Annaby wishes to thank Alexander von Humboldt foundation for the grant IV-
1039259. He also thanks the staff of Lehrstuhl ik Mathematik, RWTH-Aachen, for
cooperation during his stay there.
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(1.2) y(a) cosa + 3y (a) sina = 0,

(1.3) y(b) cos B+ y'(b) sin 3 = 0,

whereg(+) is continuous and real valued dém b] anda, 5 € [0, 7). Let
u(-, \) be the solution of (1.1) determined by the initial conditions

(1.4) u(a,\) =sina, u'(a,\) = —cosa, forall\ e C.
Hence the set of all integral transforms

b
(15) I = [ g e AeC. () € L)

can be recovered via the sampling expansion

> [P u(z, Nulz, M) da
1.6 A) = A) =4
(1.6) ey ,;of( e AR

where{)\; } ;2 , isthe (real) sequence of the simple eigenvalues, cf. [52]. The
series (1.6) converges absolutely©@and uniformly on compact subsets of
C. Twoyears after Weiss’ note, Kramer [33] obtained the following sampling
theorem for a more general family of integral transforms.

1.1. Theorem. Let {\;};2 ___ be a sequence of real numbers. et R
be aninterval and< (-, \) : I x C — C be a function such thak(-, ) €
L*(I) forall A € C and the sequencek (-, ) }re._ ., forms a complete
orthogonal set in.2(I). Then the integral transform

(1.7) f@%jﬁﬂ@K@AM% o() € IA(D),

admits the sampling expansions

K(x,\)K(z,\;) dx
I 1K (2, A)|? dz

a8 =Y sowl

k=—o0
Series (1.8) converges uniformly wherejéf (-, \)|| is bounded.

See [8, 11, 23-25]. A natural question which is motivated by Kramer’s
theorem is about the prototype situation for which we can find both the kernel
K (-, ) and the (sampling) point§\;};- . As we have seen in Weiss’
note, this situation could be the Sturm-Liouville systems. Also Kramer [33]
gave an illustration indicating that Weiss’ note may be generalizedte
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order self adjoint BVPs. In other words, consider a self adjoint BVP of the
form

Ly)(z) = Y 2)y "R (2
ey 0@ = Enen @

=\y(z), —xo<a<z<b<oo, AeC,

(1.10)

Zajuy -1 +ﬁuy3 1)(5)20, p=12...,n,

wherepy(+) are sufficiently smooth functions [41, p. 6] ¢m b]; po(x) #
0 for all z € [a,b], and {U,}},_; aren linearly independent forms of
yU=1(a), y¥=1(b) with the complex numbers;,, B;,, 1 < j,v < n.
Kramer showed that his theorem holds if the kerR€l, \) is taken to be
a solution of (1.9) for which the zeros of the entire functiéfs( K (-, \))
are the same; = 1,2,...,n. In fact one can prove that his illustration is
not true when the eigenvalues are not simple, cf. [2].

As an example of the previous discussion, consider the BVP

(1.11) —iy'(z) = M\y(z), —n<az<m,
(1.12) y(—m) = y(m).
This problem is self adjoint with simple eigenvalugs, = k},-___ . The

corresponding sequence of eigenfunctio{g§” }k:_oo .Hence, applying
Kramer’s theorem, the integral transform

1) = [ g ds geri-mm)
has the sampling expansion

smﬂ)\ sinT(A — k)
(1.14) Z f(k R

Series (1.14) converges absolutely©@and uniformly on botiR and com-
pact subsets df, [35, p. 261].

The last resultis known as Whittaker-Shannon-Kotel'nikov (WSK) sam-
pling theorem [9, 47, 56] and has many applications in signal processing.
One may notice from (1.13) that the sampled functféh) has a compact
spectrum, i.e., its Fourier transfoift) has a compact support. This space is
the Paley-Wiener spade? (R), which may be defined, in an equivalent way,
to be the space of all entire functions of exponential type at maghich
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belong toL?(R) when restricted t®, see [7, 42]. AlsaB2(R) is called, in

the language of signal processing, the space of bandlimited functions. The
WSK sampling theorem, which is a special case of Kramer’s one, is also
extended in another direction, where the sampling points are not necessarily
equidistant. More precisely:

1.2. Theorem. Let {\;},~__ be a sequence of real numbers such that

—00

1
(1.15) N :=sup |\ — k| < -.
keZ 4

Define the entire function

ww -l (- 2) (- 2)

Let f(A\) € B2(R). Then

G(A
(1.17) Z F (A A_A:)();/(Ak) AeR.

k=—oc0
The series converges uniformly on compact subseks of

Ifwe let,in Theorem 1.2\, = k, we obtain the WSK sampling theorem.
Expansions of the form (1.17) will be called Lagrange-type interpolation
expansions. Theorem 1.2 was obtained first by Paley and Wiener [42] who
proved the theorem witlv < % Then this constant was improved by
Levinson [37] and Kadec [26] who gave the exact constaf, which
cannot be improved. See also [9, 23, 58]. The proof of this theorem was
based on the fact that under condition (1.15) the set of the corresponding
exponentials, i.e{e**+*} <y, is a Riesz basis ifi?(—, 7). In [4] another
approach is derived using second order operator pencils.

The question now is about the relationship between the two extensions
of WSK'’s theorem, i.e., Kramer’s theorem and Theorem 1.2. In much recent
literature, see for example [1-4, 10, 19-20, 23, 58-60], Kramer's expansions
were written in Lagrange-type interpolation forms when the kernel arose
from differential/integral operators. This paper is devoted to answering the
following questions. Is it possible to define a set of functions (transforms)
associated with the BVP

(1.18) N(y) = AP(y),

(1.19) Us(y) = 0,
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for which sampling theorems hold? Here bétrand P are differential oper-
ators suchthatordey is greater than orddt andU; are two-point boundary
conditions, see Sect. 2 below for definitions. When the answer of the above
question is yes, what is the type of the obtained sampling expansions? We
use the results of [48-49] to define a set of (integrodifferential) transforms
associated with problem (1.18)—(1.19) which can be sampled via Lagrange
interpolation expansions; we restrict here to that class of BVP (1.18), (1.19)
for which the adjoint problem has again boundary conditions which do not
depend on\.

In the rest of this section we give some historical notes on BVPs of the
type (1.18)—(1.19). These problems, which are sometimes called Kamke
problems, have been studied by many authors. A first systematic treatment
for a special self adjoint class has been performed intf& by Kamke
[27-31]. This work has been continued and generalized in6the by
Schafke and Schneider [43-46], who introduced the class of S-hermitian
problems, and later on by Dijksma, Langer and de Snoo [13-14]. A detailed
investigation of non self adjoint BVPs of the form (1.18)—(1.19) was initiated
by Eberhard and Freiling in thg9?** [15-18], [21], who proved asymptotic
estimates for fundamental systems of solutions of (1.18) wher— oo.
These estimates are obtained using the contour integration (Cauchy) method,
which generalizes the methods used by Birkhoff [5-6], Stone [50], Tamarkin
[51] and many others in the cag¥y) = y. This work was continued and
extended in the&0’* by Minkler [40], Heisecke [22], Mennicken-#ler
[38] and Kaufmann [32] who all obtained results on the expandability of
given functions in series of eigen and associated functions of (1.18)—(1.19).
The main contribution which was obtained recently is due to Shkalikov and
Tretter [48-49]; Tretter [54] who constructed subspaidgs of L2(0,1) in
which the system of eigen and associated functions of problem (1.18)—(1.19)
is complete, minimal and/or a Riesz basis (in parentheses).

2. Preliminary results and notations

In this section we introduce the notations and summarize the results which
we need for the formulation of the sampling theorems. For convenience of
the reader we closely follow the notations of [48-49].

We assume that the differential operatdéfsand P of (1.18) have the
forms

(2.1) N@y) =™ + > fuy" ",
pn=1
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p
(2:2) P(y) =y +> " guy® ",
pn=1

wheren > p > 0 andf,, g, € Wr—rimax{n=12-1)} HereW* denotes
the Sobolev spacl’* = W¥[0,1] = {f € Ls[0,1] |fY) € L5[0,1], 0 <

j < k}.Thelinearformd/;in (1.19) are assumed to be giveninanormalized
form

lj
(23)  Ui(y) =>_ a0y (0) + af,y™ (1), 1<j<n,
pn=0

whered < [; <y <...<l, <n-—1anda?

1
( i v, are complex numbers
for which

(2.4) ‘oz?#’ + }a}#‘ > 0.
The numbet; is called the order of the boundary condition(y) = 0, or
simply of U; and the normalization means thiat> [;, 1 < j < n, for any

equivalent systen{ﬁj}é of linear forms of order$, < I < ... < I,.

j=1
Set

(2.5) W(’j:{yeWk: U;(y) = 0 for all j with ljgk—1},

0 < k < n. We define the differential operatods and P in L2(0, 1) by the
differential expressions (2.1), (2.2) on the domai(V) = D(P) = W};
for convenience we assume thais invertible, i.e., zero is not an eigenvalue
of the pencilN — AP. Itis proved in [48, Lemma 4.1] tha? is closeable
and its closure” has the domaif¥’/;. Moreover, ifr is the number of the
boundary conditions of ordet p — 1, then there exists a system of linear
forms {U;}z_p ' adjoint to{Uj};T:1 with respect to the Lagrange identity
7j=1
for P(y) such that the adjoint operat#Y is defined by the formally adjoint
differential expressio®*(y) on the domain

(2.6) DP*)={yeWP:Ui(y)=0,1<j<2p—r}.

Let{¢;},_, beabasisdter P*and define the boundary conditioris; (y),
1<j <l by

—~ o~ 1 -
@7 Ti(y) = (N(), 5) = O;() + /0 y(2) V() () dax = 0,

* The importance oﬁj (y), which were discovered by Shkalikov and Tretter [48-49],
is that the eigenfunctions of the problem in questinost satisfy these new conditions
in addition to the boundary conditions. Thus, these new conditions were hidden. This fact
indicates how complicated Kamke problems are.



Kamke problems 169

where the linear formﬁj(y) are obtained by integration by parts. Hére)
denotes the inner product &f(0, 1). The order ofU;(y) is defined by:

ord T (y) = { ordUj(y), if Uj(y). is not identically zero,
-1, otherwise

- l

Normalizing the extended syste{ﬁfj(y)}?:1 U {Uj(y)} 4

equivalent systemﬁl/{j(y)}z.‘:1 of linear forms withn < 1 < n + 1. Now
we introduce the subspaces

we obtain an
1

Wk = {y € W*: U;(y) = 0for all j with ord4; (y) < k — 1}.

Substitute\ = —p"~? and denote by, . .. ,w,—, to the(n — p)—th roots
of —1 enumerated such that (for a fixedl

R(pw1) < R(pw2) < ... < R(pwn—p), p € Sy,

whereS,, is the sector in the complex plane determined by

S,,:{pE(C: il gargpng},

2(n —p) (n—p)
if0<v<4n—p) —1, n—p=2k—1and
1
Sl/:{pEC v Sargpg(y—'—)ﬂ—}’
(n—p) (n —p)

when0 < v < 2(n—p)—1, n—p = 2k. The following theorem and some
of its generalizations have been proved in [18], [32], [38], [53-54].

2.1. Theorem. For each sectolS, there exists a fundamental system
{yl('a )‘)7 yQ('7 )‘)a C) yn(; )‘)}
of solutions of the differential equatia¥(y) = AP (y) with

1

289 e =1 +0

>, I1<a<p,

V9o =) = -y o {unfo) +.0 (S ],

p+1<a<n,

(2.9)
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for0 <j<n-—1, z€l0,1], p€S,. Moreover,yy(z) # 0forall x €
[0,1] and the sefhq,...,h,} is the fundamental system of solutions of
P(y) = 0 defined by the initial conditions

R (0) = 6aj1, 1<a,j—1<p.

[0

From Theorem 2.1 it follows that, see [18] or [54, Sect. 1.2] Jfar S,
and)\ = —p”, the characteristic determinant

(2.10)  AN) = det (Ui(y))1<i jen =

has the asymptotic representation

[6o] + eP“k[01], ifn—p=2k—1,

A(—o") = Xp pS2
e {[eoweﬂw[eﬂ+e2M[921, it p =2k

whereX), := l,11 + ...+ lp, 2 := wii2+ ... + wy—p and where here
and in the sequéb] := 6 + O (%) .

2.2. Definition. A problem of the type (1.18)—(1.19) is called strongly
regular if2p —n —I,41 < 0 and either

(i) n—p=2k—1andfy6; # 0, or
(i) n—p =2k, 6y # 0and the quadratic equatidg + 61p + H2p> = 0
has two different rootg;, ps.

2.3. Theorem. Each strongly regular problem of the form (1.18)—(1.19)
has a sequencg\, }, .y of eigenvalues, almost all eigenvalues are simple,
moreover, the following asymptotic estimates are fulfilled:

(@ Forn—p=2k—1andv e N

@211) Ayt = (2imw)" {1 Y0 () }

and
. \n— 1
(2.12) Aoy, = (—2imv)" P {1 + ~ +0 <1/2> } ,

with constantsy;, «s.
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(b) Forn —p=2kandv € N

(2.13) )\21,71 = (2i7TV)n_p {1 + % + 0O <>}
and

. n— QY 1
(2.14) Aoy = (2imw)" P {1 +—+0 (]/2> } ,
with constantsys # ay.

See[18, 49]. From now on we assume that problem (1.18)—(1.19) and its
adjoint, which will be defined below, are strongly regular. Since under the
condition of strong regularity almost all eigenvalues of (1.18)—(1.19) and
its adjoint are simple, we assume in the sequel, without any loss of general-
ity, that all eigenvalues are simple. Lt be the normalized eigenfunction
corresponding to the eigenvalug. Consequently, [49], the adjoint pencil
(N — XP)* has also a simple eigenvalue\gtwith a normalized eigenfunc-
tion v, such that the following biorthogonality relation is fulfilled

(2.15) (P ;) = —8,;, v, j€EN.

See[49,Lemmab5.1 and Remark 5.3]. Thus we have to investigate the adjoint
problem. The problem adjoint to (1.18)—(1.19) differs from the problems
adjoint to the classical problems discussed in [12, 41], see Sect. 3 below.
The adjoint boundary conditions may containlinear-dependent boundary
conditions. More precisely, the problem adjoint to (1.18)—(1.19), [49, p. 290]
is given by:

2.4. Definition. The adjoint problem of (1.18)—(1.19) is given by

(2.16) (N — XP)*v = N*(v) — AP*(v),

(2.17) Vi) =0, j=1,2...,n,

whereN* and P* are the formal adjoints av and P respectively; the do-
main of definition of the linear pencil (2.16) is

D((N = AP)" ) ={ye W", V;(A)(v) =0, j=1,2,...,n}

Moreover the form#; (\) will be determined as follows. Letbe the number
of boundary conditions of (1.19) which have orders less than or equalto
Then

N P if
Vi (v)—)\Vj (v), fj=1,2,....2p—r,

(2.18)  Vi(N)(v) = {XA/N(U) ifj=2p—r+1,...,n.
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The formsXA/jN(v), XA/iP(v), 1<j<mn,1<i<2p—raredetermined
by Lagrange’s identities

(2.19) (N(y),v) =Y _ U(y)V}¥ +ZU +(y, N*(v)),
j=1
r 2p—r

(2:20) (P(y),v) = > UiV () + Y UiV (v) + (y, P*(v)).
j=1 =1

Here{ﬁj(y)}?:1 aren forms such tha{U; (y)}7_; U {Uj (y)}}-, are lin-
early independent.

As stated above, the main progress achieved in the last decade for Kamke
problems was the description of subspacedlgf(0, 1) where the system
{ov},cn is aRiesz basis, see [48-49]. For definitions and properties of Riesz
bases see e.g. [57].

According to [49, Sect. 6] there is an integee [—1, p — 1], depending
on (1.18)—(1.19) such that the following theorem holds.

2.5. Theorem. {¢, }, .y is a Riesz basis ifl;} if either
(@) max {l,,k} <m <mn,or

)yp<m<n, m—p—n—Ilpp1 <0andP : W) — W™ Phasa
non trivial kernel.

For each fixed sectaf, we denote byiV (-, \) the Wronskian of the
fundamental systenfiy; (-, A), y2(-, A), ..., yn(-,A)} considered in Theo-
rem 2.2 above and biy/; (-, A) the algebraic complement gj"_l)(-, A)in
W (-, A). Letg(-,&, \) be the function

(2.21) g(x,&,N) == = S|gn Zy] x, )\ ;)) z, €€ [0,1].

Green'’s function of problem (1.18)—(1.19) can be represented in the form

y1(z, A) ya(z, A) o ooyn (2, ) g(x,€, M)
(—1)" | Ui(yr) Ui(y2) - Uilyn)  Uilg)
A(N) : ; : : ’

wherez, ¢ € [0,1] and\ € S,. From the asymptotic estimates derived
in [18], [21] and [48-49], it follows under the above assumptions that for

(2.22) G(z,& M) =
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A# N

[e.e]

(2.23) Gz, \) Z ¢”§x _”A . @, 0,1,

This series (combining [21, Satz 3] and [49, Lemma 5.1]) converges uni-
formly for each fixed\ # A, .

3. A sampling theorem

Inthis section we derive interpolation (sampling) expansions associated with
problem (1.18)—(1.19) which is not necessarily self adjoint but it is assumed
to be strongly regular and all eigenvalues are simple. Here the sampled
functions will be integrodifferential transforms whose kernels are solutions
of problem (1.18)—(1.19) while in the following section the kernels will be
expressed in terms of Green’s functions.

The first problem is how to define the set of transforms which we want to
sample. To achieve this aim we need to find two functions (kernels) which
generate the complete sets of eigenfunctions of problem (1.18)—(1.19) and
its adjoint. We discuss the case of problem (1.18)—(1.19) and the case of its
adjoint is similar. Let\ be an eigenvalue. Since itis simple, then there is an
(n—1)*"—order minor ofA()\) which does not vanish. We assume, without
any loss of generality, that for any eigenvalyethe samén — 1)"*—order
minor, say the first, does not vanish, cf. Remark 3.5 below.

3.1. Lemma. There are two functiong(-, \) and (-, \), unique up to a
multiplicative constant (entire functions &j, such that:

(i) #(-,\) is asolution of (1.18) anab(-, \) is a solution of (2.16).
1, VA eC.
(iii) U (¢(-,A)) = 0 only when\ = X, V,,(¢(-,\)) = 0 only when
=\
(iv) {o(-,A)}52, is a set of eigenfunctions of (1.18)—(1.19) af(-,
A)ee is aset of eigenfunctions of (2.16)—(2.17).

>

Proof. We can see that the functions

Unfi(yl) Unfl(y2) cee Unfl(yn)
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z1(x)  zo(x) ... zp(x)
Vi(z1)  Vi(ze) ... Vi(zn)
Vio1(21) Voot (22) - Vioa (20)

satisfy the lemma, wherg,,...,y, andzy,..., z, are fundamental solu-
tions of (1.18) and (2.16) respectivelyd

From now on we assume that
2p —r <0.

From Sect. 2 abovep(-, A,) 152, {¥(-,A\)}52, are Riesz bases i}}',
for somem. Thus, using the biorthogonality relation (2.15), for any
W', we have

3 el =Y AT ),

or

> ¢<$7Xu>a

2 (PO, M), 9()
(3.4 T) = A
N S e wiRTE )

where the convergence is in the norm1®f;’. This result, the expansion
theorem, as well as the corresponding Bessel's inequality and Parseval’s
equality were obtained also by Kamke [29, p. 269] for a more restrictive class
of functions when problem (1.18)—(1.19) is self adjoint. In fact he assumed
that the functiong(-) which may be expanded is @™ (0, 1)—function
which satisfies the boundary conditions (1.19), provided that the problem is
self adjoint. Now we state and prove the first sampling result of this paper.
We recall that, p andr are, respectively, the order of, the order ofP

and the number of boundary conditions of order less than or eqpal tb

3.2. Theorem. Letg(-) € W}'. Assume that the functiop(-, A) defined
above belongs td1;}, forall A € C. Let f(\) be the integrodifferential
transform

1
(3.5) f) = /0 o(2)P(d(x, V) d.

Then, we have the following:
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(i) f(X\) admits the pointwise convergent sampling expansions

o0 my(A) A(N) e
(3.6) f()\) _ Zu:() f()\”)mu(AAu%;)A—Au)A’(AV)’ ff r=n,
Zzozof()\u)m, |f7“<’rl,

wherem, (\) = V.V (4,) — AV.E(1,).

(ii) The series (3.6) converges absolutely@mnd uniformly on compact
subsets of".

(iii) f(\) is an entire function of order not exceedir;rléZ and type not
exceeding one.

Proof.
(i) Since2p — r < 0, we have na\—dependent boundary conditions. Let
A, X € C. For simplicity when we writes, 1, ¢, andy, we mean

qb(")\)) Qﬁ(,y), qb('a)‘l/)a andw(WXI/)a )‘) >‘, € (Cv

respectively. Sincg(-), ¢ € W}, then they have expansions of the forms
(3.3) or (3.4). We prove that

(3.7) (v, P*()) = (P(¢), ) forv=1,2,...

Indeed, we have from (2.20)
(3.8) (P(¢),0) =Y _Ui(@)V (¥) + (¢, P*(¥)) .
j=1

Sincer < n, then, by the properties @f, ¢, cf. Lemma 3.1 above, we have

(¢, P*(¢)), if r < n.

Thus(P(¢),v) = (¢, P*(¢)) forall A, X € C whenr < n. Whenr = n,
letA = X\, in(3.9), we get P(¢,),v) = (¢, P*(¢p)) forall ' € C. Hence
(3.7) is proved. Using (3.7), the (Fourier) expansiong,ab take the forms

(3.9) (P(¢),¢) = {

o0

(3.10) g(x) =Y Gw)u(x)

v=0

and

(3.11) oz, N) =D o(v)du(x),
v=0
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where

~ o <P(¢u)79> AI/ _ <¢ap*(¢]u)>
312) G =5 )y M ) = G )

Hence Parseval’s identity implies

— (P(¢v), 9) (¢, P* (1))
V;} (6v, P*())

By the definition off (\) we obtain

(3.13) ) =

R ()}

From Lagrange’s identity (2.19) and Lemma 3.1, we have

(3.15)  A(P(¢),9) = ANV (%) + Un(¢)AN) + N (o, P* (1)),

WhereZ(A) is the characteristic determinant of problem (2.16)—(2.17) cal-
culated with respect to the system ..., z,. Combining (3.9) and (3.15)
we obtain

ANV (@) + Un(6)AN) + X (d, P*())
(3.16) _ U@V @) + (6, Pr(w), i r=n,
(¢, P*(1)) , if r < n.

Letting\" — ), in (3.16), and noting that, is an eigenvalue of the adjoint
problem with the eigenfunction(x, \,) = ¢,

AN)my(N), ifr=n,

(3.17) (A=) (o, P () = {A()\)VN(IZJ ), ifr<mn

where
(3.18) my(X) = VY () = AV,E ().
Thus, the relation

A (N)my,(\), if r=mn,

(3.19) <¢V,P*(¢l/)> = {A/()\ )VN(i/) ) if r <n

holds by taking the limit in (3.17) whekh — \,,. Substituting (3.17) and
(3.19) in (3.14) we obtain (3.6) where the convergence is pointwige.on
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(i) We prove the absolute and uniform convergence. First we prove the
absolute convergence dh Let A € C. Since (3.6) is nothing but (3.13),
then using the Cauchy-Schwarz inequality

g2\ 6, P )\
(Z\%,Pwym) (Zm, V>> =%

(3.20)

since (éig:()ﬁ)) and Eb P*(quf))>> are the Fourier coefficients af and ¢
respectively. Hence (3.6) converges absolutelyCoio prove the uniform
convergence it is sufficient to show that for every compact subket C
and any natural numbe¥ > 0, limy_,oo Sn(A) — 0asN — oo not

depending on\ € M, where

(P(6,).9) (6, P* (1))
(3.21) Sy(A) == |f(\) — .
N ‘ 2 (6, P* (1))

Indeed, for\ € M, using the Cauchy-Schwarz inequality

< (3 1.0l - S Lo, P @) v
&l Pwn) \ &l )

(3.22)

But the first series on the right hand side of (3.22) approaches zero when
N — oo not depending on. Hence to achieve our aim we need to prove
that the second series in (3.22) is (uniformly) boundedarAgain we use
Parseval's identity

| 2

(3.23) / d(x, N)P(d(z, N)) ZWW Ik

Sincep (-, A), P(¢(-, A)) are entire functions of for eachr and continuous
in x for each), the integral of (3.23) is bounded by

(3.24) Car = ,_max_ 0@ \/P(6(w,N)).

Hence

= |(P(6,), )
o) = Cu (;N |<¢,,,P*<wy>>|> e
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which proves the uniform convergence bh

(iii) Since (3.6) converges uniformly on compact subsets, dhenf(\) is
analytic on every compact subset©fi.e., f is entire. The fact thaf()\)
has order less than or equalieé and type not exceeding one arises from
Theorem 2.1 above.Ol

3.3. Remark.When2p — r» > 0 a more complicated sampling expansion
may be obtained. In this case we h&g2® — r) A—dependent boundary
conditions in the adjoint problem which is not the case of the problem in
guestion, since the boundary conditions (1.19) are independentaf we

have lost something of the symmetry of the situation. In fact in this case,
in general, we do not have the useful relation (3.7) and hence Parseval’s
identity will be more complicated. The reason is that thedependent
boundary conditions are obtained from two different Lagrange’s identities.
Calculations similar to those of the above theorem lead to

AN my(A) + S Ui (0)8j0(N), i r <n,

(>‘ - )‘I/) <¢7 P*(@Z)» = { ()\)VN(¢V) + Z2p T ﬁ' ( )ﬁj,lj()‘)7 if r= n,

(3.25)
where

Bin V) = [V () = 2V ()]
and

<¢l/7 P*(wu» =
(3.26)

A'(Ny)mu(Ay) — Zzpir ﬁ (%)VP(%) if r <mn,
ANV () — pr LU (qﬁ)va) if r =n,

while

AN)my(N), ifr<mn,

(3.27) ()\ - \) <P(¢>v¢v> = {A()\)VN(wy) if r =n

and

AN )my(Ay),  ifr<n,

(3.28) <¢V7P*(¢)> = {A,()\ )VN(@Z) ) if r=n.
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3.4. Remark.If the (n — 1) — minors which do not vanish id\(\) when
A = )\, dependon,,i.e., they are not the same for allwe redefines(-, A)

to beg(-, \), where

(3.29) Z OékAk JZ )\)
k=1
whereA(-, A) is the algebraic complement of, ..., y, in A()) anday,

are constants chosen such tht, \,) is not identically zero for alb.
Obviously¢(-, A) has the following properties:

(i) &(-,\) is a solution of (1.19).
(ii) For all A we have

Uj(9) = Y (—Dfarl;j(Ax(,N) = a; AN
k=1
Hencer(q?) =0ifandonly if A\ = \,.
(iii) From (i), (ii), 5(-,)\1,), v = 0,1,... are eigenfunctions of problem
(1.18)—(1.19).

Similarly we definezZ(-, A) and derive a theorem similar to Theorem 3.2
above.

In the following we give an example illustrating the above theorem.
Since the situation here is more complicated than that whei (1.18) is
the identity operator, examples cannot be easily derived. For instance we
can see that, [12, 41, 52], the problem

(3.30) —" =Ny, 0<az<1,

(3.31) Ui(y) =y'(0) =0, Ua(y) =y(1)=0

is self adjoint and the boundary conditions (3.31) are strongly regular. If we
change equation (3.30) into

(3.32) — = —iNy, 0<z<1,

everything becomes worse from many aspects. First the boundary condi-
tions, with respect to (3.32), will not be even regular since the solution
y(z,\) = 1, A € C satisfies (3.32) and (3.31). After some calculations
with the aid of Lagrange’s identities (2.19)—(2.20), the adjoint problem to
(3.32)—(3.31) is

(3.33) —y' =—i\y, 0<z <1,
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(3.34) Vi(y) = y'(0) — Ay(0) = 0,

(3.35) Va(y) = y/(1) — dy(1) = 0.
Thus the problem is not self adjoint. Moreover= 0 is the only eigenvalue
with the eigenfunctiory(x) = const# 0.

3.5. Example.Let D := d/dx. Consider the boundary value problem, [49,
pp. 279-281]

(3.36) (D? — o®)%y — iaR(u(D?* — a?)y — D*uy) = —\(D? — o?)y,

(3.37) y(0) =0, y(1) =0, y'(0) =0, y'(1) =0,

whereq, R are constants ande C(?)[0, 1]. The above problem arises from
hydrodynamics and equation (3.36) is known as Orr-Sommerfeld equation,
cf. [48-49]. Problem (3.36)—(3.37) is not self adjoint and its adjoint, which
is given precisely in [49, p. 280], takes the form

(3.38) (D2 — a2)2y + iaR((DQ — a2)(uy) — D2uy) = —)\(D2 — aQ)y,

(3.39) y(0) =0, y(1) =0, ¥'(0) =0, y'(1) = 0.

Problem (3.36)—(3.37) and its adjoint are strongly regular [49, p. 281]. Inthe
notations of the previous sectiom=4, p =2, r=4, 2p—r =0<0.

The extended boundary conditions will include, in addition to the (3.37),
the following two integral-boundary conditions

(07

— n th i - /! 1
a0 Ui (y) =y (0) + acothay”(0) oY (1)
) 2ia?R !
~ Snha J, y(z)u/(z) cosh(a(x — 1)) dx,
and
— n 1 h ! 1 _ « /!
Uz(y) =y (1) + acoth ay”(1) oY (0)
(3.41) _ 2ia’R (1

/
h .
sinha J y(z)u'(x) cosh(ax) dx

Now we have the following theorem taken from [49].

3.6. Theorem. Let W}% denote the subspaces mentioned above. Let the
eigenvalues of problem (3.36)—(3.37) be simple with the system of eigen-
functions{¢, }°2 ;. Then:

v=1"

0] {ng,, °° , iscomplete and minimal Wukwhenk =0,1,2, 3,4, WLO, =
L#(0,1).
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(i) {¢v}o2, is a Riesz basis il whenm = 1, 2, 3, 4, but not in
W) = L?(0,1).

(If finitely many eigenvalues are not simple, then the systesigef- and
associated functiortf problem (3.36)—(3.37) has the same basis properties).

Let y1(-, A), ..., ya(, A) @andzi (-, A), ..., z4(-, A) be fundamental sets
of solutions of (3.36) and (3.38) respectively. Define the functiofis))
andy (-, A) as in Lemma 3.1 above. Thep(:-, \) € W} forall A € C and
the transform

1
(3.42) fN) :/0 9(2)(¢"(x,N) — a2¢(w, N)) dz, g€ Wy

has the expansion

a0)
(3:49) Zf RPEPWETew)

where{\,}°2 ; are the eigenvalues of (3.36)—(3.32)) is the character-
istic determinant calculated with respecig-, ), ..., ya(-, \) andm,, (\)
can be derived as in Theorem 3.2.

A concrete caseThe sampling expansion of the above example is not given
explicitly since the fundamental system(-, ), ..., y4(-, A) cannot be de-

rived in the general case. So it may be useful to calculate a concrete case
of the above example. Indeed, let= 0. Then we have the self adjoint
problem

(344) y//// — _Ay//7

In this case the fundamental set of solutions is
yi1(z,A) =1, (2, ) =z, y3(z, A) = cos VAz,

i ) = fie

Since the problem is self adjoint, then

1z cosVAz Smfx
10 1 0

11 cosvA siny/A |
01 0

(3.46)

QZ)(J:))‘) = w(l")‘) -

=
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Thus
. d(x, \) = (x, \) = (S““\/‘XA _ 1) <cos Vaz — 1)

| b (eosVA1) (- S0,
Hence

¢(x,\) = —)\(1 - Sh:}f) cos vV
(3.48) VA (cos V- 1) Sin\/\?$.
The characteristic determinant has the form
AN) = —Ua(o(z, ) = ¢'(1, 1)

(3.49) - —ﬁ(sjlz/\? - 1> sin VA — (cos VA - 1)2

= VAsin VA — 2(1 — cos VA).

The eigenvalues, the sampling points, are the zerag af and\ = 0 is not
an eigenvalue. Hence the eigenvalues)are- t2, wheret,, are the positive
solutions of the equation

(3.50) tsint = 2(1 — cost).
These zeros form two sequences of pokis\,, € R, where
Ay =27v,  lim |\, — X, | =0.
V—r00

Reordering the two sequencgs )], € R in one sequencé\, }22 ; we
have the following lemma:

3.7. Lemma. Letg(-) € W} = {y € W', y(0) =0, y(1) = 0}. Let

1
(3.51) O = [ 9@ N da.
0
where¢” (-, \) is given in (3.48). Then

> Vsin vV —2(1 — cos V)
(352) f(A) =) f(\) : :
,,Zzl (A= X) (A cos VA, — (A, — %)s%%u)




Kamke problems 183

Proof. Itis sufficient to apply Theorem 3.1 above and to showthat\) =
VN (o(-, M), i.e., ViE(o(+, A\)) = 0 for all v. Indeed, using integration by
parts and thaP* = P, then forv, w € C?[0, 1], we have

(3.53) (P(v),w) = [v/@ — val]y + (v, P(w)).

HenceV} (w) = w(1). From the definition ofp(-, \), we haveg(1,\) =
0 for all A and the lemma is proved.OI

4. Sampling using Green'’s function

In the following we state and prove another sampling theorem using Green’s
function of problem (1.18)—(1.19). That is instead«f, \) in (3.5) we
define another kernel for which interpolation expansions can be derived.
To indicate the reason of such considerations we start with the following
example.

4.1. Example.Consider the problem

(4.1) — = —iNy, 0<z<1,

(4.2) Ui(y) = y(0) =0, Uz(y) =y(1) =0.
In this case equation (4.1) has the fundamental system
(4.3) yi(z,\) =1, oz, \) =e A,

ThusA()\) = e — 1. Hencely = 1, 6; = 1,i.e.,0p01 # 0, n —p =
2k — 1 = 1. Moreover2p —n — lp4+1 = 2 —2 — 0 < 0. Then problem
(4.1)—(4.2) is strongly regular. tfis the number of boundary conditions of
order less than or equg)_; thenr = 2. Hence the boundary conditions
determined byP = z‘% is2p —r = 2—2 = 0. Hence the adjoint aP, P*,

is defined by

P*:D(P*) — L*(0,1): P*(y) = P(y), D(P*) =W

Since kerP* = ({¢1(z) = 1}), where({-}) denotes the linear span of
the set{-}, then the following (hidden) condition must be satisfied by the
eigenfunctions

N 1
(4.4)  Ui(y) == (Ny,¢1) = —/0 y"dz =y'(0) — ' (1) = Ur(y).
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Notice thatN*(¢;) = 0. Thus ordl; = 1, cf. (2.7). Hence we have the
extended (normalized) system of boundary conditions

(4.5) Ur(y) = y(0), Usa(y) =y(1),

(4.6) Us(y) = y'(0) — ' (1).

According to[49, pp. 291-294] the numbementioned above is 1. Hence

the eigenfunctions of problem (4.1)—(4.2) form a Riesz basi§jiji where

0 < m < 2. That is, the eigenfunctions of the above problem form a Riesz
basis inW,}, W, where

W&:{y:yewgl, Ui(y) =0, i:1,2}

and
Wi={y:yeWi, Uly) =0 i=123}.

One can also calculate the adjoint problem of problem (4.1)—(4.2) and find
that the problem in question is self adjoint, i.e., its adjoint has the form
(4.1)—(4.2). Following Lemma 3.1, we obtain

(4.7) d(z,\) = p(z,\) =1 — e,

We notice that although problem (4.1)—(4.2) is self adjoint, strongly regular
and the conditior2p — » < 0 is satisfied, we cannot apply Theorem 3.2.
The reason is that(-, A\) does not belong to any ¥, m = 1, 2, for all

A. So we have to look for another kernel.

As in the previous section, we need to construct a kernel where sampled
integrodifferential transforms can be defined. This kernel will be expressed
in terms of Green’s function. So, first we have to remove the (simple) sin-
gularities of Green’s function at the eigenvalues to obtain an entire kernel.
Indeed, as a consequence of Theorem 2.3 the Weierstrass product

ad A 5 2
4. )\ = 11— — Lin—px,
(4.5) =11 (15,
converges and defines an entire function of or@@a}g which has simple
zeros only at the eigenvalues, cf. [36]. Now define the funcfién, \) to
be

> w(A) —
(49)  B(w)) = w(NG(, 60, N) =3 < . (_)A%(fo)) o),

v=0 v
whereo, (z), ¥, (x), v = 1,2,..., are biorthonormal sets of eigenfunc-
tions of problem (1.18)—(1.19) and its adjoint respectively. The parameter
&o is an element of0, 1], such that), () # 0 for all v.



Kamke problems 185

4.2. Theorem.Letg(-) € W} Let®(-,\) € W;}. Definef(\) to be the
transform

1
(4.10) ) = /0 9(2)P[@(z, N)) da.
Thenf(\) has the interpolation representation

& w(V)
(4.11) FO =3 fon) —2
2 IO G )

Moreover (4.11) converges absolutely and uniformly on compact subsets of
Candf()) is an entire function ok of order less than or equal tgi—p and
type not exceeding one.

Proof. Since¢,, 1, satisfy the biorthonormality relation

(P(¢0), ;) = (¢w, P*(¥))) = —6,; forallv, j,
applying Parseval’s identity to (4.10), we obtain

[e.e]

(4.12) FO) =Y (P(bn),9) (&, P* () .

v=0

Using the definition ofp(-, \) we have

(1.13) FO) = 3 TP g (o).
v=0 v

Letting A\ — )\, in (4.10) and using (2.23) one can see that

1
(419 FO) = ' (A)T() /O o(2) P(y (@) de,
where we have used

lim P(®(z,\)) = P( lim (D(x,A)) = ' (N, (&) Py ().
A=Ay A=Ay

Relation (4.11) results by combining (4.13) and (4.14) where the conver-

gence is pointwise. The rest of the proof can be established as in Theorem

3.2 above. O

Now we return to Example 4.1 above to establish a sampling represen-
tation associated with problem (4.1)—(4.2).

4.3. Example. Consider the boundary value problem (4.1)—(4.2) above.
Since the choice ofy depends on the eigenfunctions of the problem, we
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calculate the eigenvalues and the eigenfunctions. The characteristic deter-
minant of the problem ig\(\) = ¢~* — 1. Hence noting that zero is not

an eigenvalue, the eigenvalues of the above problem are the zefgs pf

ie., \, = 2nv, v € Z — {0}. The eigenvalues are all simple and the
corresponding eigenfunctions are

b, (x) := ¢ (x,2vum) = e 2™ 1, veZ-{0}.

Now, in the view of (2.21) and (2.22), we calculate Green’s function of the
problem. According to the fundamental set (4.3) we have

(4.15) AN) =e A —1;
the WronskianiV (§) := W (y1,y2)(§) is
(4.16) W () = —ide™ ™,

Hence the functiog(-, ¢, \) takes the form

1 {1 — e~ A@=E), x> &,
(

(4.17) (x 57 ) 21)\ - l_e*i)\(ﬂc*@% ng

Then Green’s function will be

1 (77 —1)(e”078) — 1), foru >,
G A= — . A
(4.1(;)75’ ) AL —e?) {(6‘“5 —1)(e==0) — 1), forz <¢.
We also have [36, p. 27]
Ol A2 2 sin%
o =TT (1 ) = 275

Hence for &g chosen as indicated above we have

D(x,\) =
(4.20)

Since®(0,\) = ®(1,\) = 0, forall A € C, thend(-,\) € WL.If g(-) €
W}, and

2 sing (e=A% — 1)(e~M1=%0) — 1), for z > &,
TiA2(1 —e=) | (e — 1) (e~ A1) — for x < ¢&.

\./

1
(4.21) ﬂMZAgQW@WMM%

then

A
(422)  f =87 3 (—1frm)
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which may be written equivalently as

vsin (A — 27v)

A —27v)

(4.23) fO)=8r > f(2wm)

v=—00,v#0

4.4. RemarkThe condition), (£y) # 0 which we assumed on the parameter
&otodefined(-, \) is notnecessary. Infactwe can defibie, \) := P, (-, A)
according to any, € [0, 1]. Thatis we can choos® such that), (§,) = 0

for somev or even for allv. For example in Example 4.3 we take = 0,
theni, (§0) = ¢, (&) = 0 for all v. In this case we will obtain the trivial
case, i.e.f(\) = 0 onC. If we chooset, such that), () = 0 for somey
then we will obtain the same results wiftiA,) = 0.
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