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Abstract. Using a Fréchet derivative based approach some monotonicity, convex-
ity /concavity and comparison results concerning strictly unmixed solutions of continuous
and discrete time algebraic Riccati equation are obtained; it turns out that these solu-
tions are isolated and smooth functions of the input data. Similarly, it is proved that the
solutions of initial value problems for both Riccati differential and difference equations
are smooth and monotonic functions of the input data and of the initial value. They are

also convex or concave functions with respect to certain matrix coefficients.
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1. Introduction

With each triple (4, S, Q) € (C"*")3 with S = S* and Q = Q* we associate

1. the hermitian matrix

Q A
E(=E(4,5Q)) = :

A =S

2. the continuous-time algebraic Riccati equation
R(X,E)=R(X;A,5Q) =A'X+XA+Q—-XSX =0, (ARE)

and

3. the discrete-time algebraic Riccati equation
G(X,E):=G(X;A,S5Q) = AX[I, + SX|'"A+Q - X =0, (DARE)

where I, € C"*" is the unit matrix.

Similarly, with each triple of piecewise continuous functions
AS,Q:D—Cv"

on some interval D C R (or, in the discrete case, D C Z) and ty € D, X, = X§ € C™*"
we assoclate

1. the matrix valued function



QR A
E= : D — H(2n),

A =S

where H(2n) is the set of all hermitian matrices from C?"*?"

2. the initial value problem

R(X,E) =R(X;A,SQ) :=

(RDE)
X4+ A 0X+XA+Q(t) — XSH)X =0,  X(t) = Xo,
for the Riccati differential equation,
3. the terminal value problem
G(X,E) =G(X;A,S8,Q) :=
(DRDE)

A (B)X (k+ D[, + S(k) X (k + 1)]7*A(k) + Q(k) — X (k), X (k,) = X,

for the Riccati difference equation.

It has been shown by Coppel [Coppel65] (under the assumption S(¢) > 0) that the unique
solution X = X(-, o, Xo, F) of RDE depends monotonically on Xy and on E. Further
it has been proved by Stokes [Stokes74] that the RDE is, for n > 1, the only hermitian
(matrix) differential equation X = ®(t, X), X(ty) = X, possessing the so-called order
preserving property, i.e. its solution X depends locally monotonic on Xj.

Under various assumptions the monotonic dependence of the solutions of RDE and DRDE
on Xy and E has been thoroughly investigated by many authors (see [BDK98|, [CuR090],
[FrJa96], [BGPKS85], [BiGe91], [WiPa92], [ErMy82]). Similar topics but with the accent

on the stabilizing solution of ARE and DARE on F where intensively studied as well (see



[Wimmer85],[LRR87], [RaVr88|, [CuR090], [Royden88], [vEHe90]).

Due to their practical relevance in various fields such as: disconjugacy of linear Hamil-
tonian systems, systems and control, differential geometry and elsewhere, some of these
monotonicity and comparison results have been proved or reproved independently several

times.

In the discrete- and continuous-time matrix Riccati equations appearing in H-control,
the matrix S depends on the attenuation level v, i.e. S = 5 — 7—1252 and, as has been
shown by Scherer [Scherer91], Hewer [Hewer93|, Li and Chang [LiCh93], Wredenhagen and
Belanger [WrBe93|, Gahinet [Gahinet94], Freiling, Jank, Lee and Abou-Kandil [FJLA96]
and Takaba and Katayama [TaKa96] and others, the stabilizing and /or the antistabilizing
solution to ARE and DARE exibit certain convexity/concavity properties with respect to
v, S and Q.

Recently the authors [Frlo99] have used a Fréchet derivative based approach and the
implicit function theorem in order to prove, in an elementary and transparent way, that

the solution of DRDE depends (also in the time-varying case) monotonically on E and Xj.

It is the main purpose of this note to show that the same Fréchet derivative based method
can be used to prove and partially generalize all above mentioned montonicity and convex-
ity /concavity results for algebraic Riccati equations and Riccati differential and difference

equations.

We point out that results for operator Riccati equations could be proved in the same way;



for convenience we confine here to the finite dimensional case; the infinite dimensional

versions of most of our results can be easily formulated by the reader.

2. Notations and Preliminaries.

In the sequel we assume that the spaces C° = C%(D,C" ") and C' = C'(D,C"*") of

continuous and continuously differentiable functions are equipped with the norms
_ 0
I Xlleo = mal X(0)] or X € €

and

| X |t = [|X||co +’)/||X||c0 for X € C',

for some 4 > 0 and the Euclidian norm || - || on C**" ~ C"’; then C° and C! are Banach
spaces and the map
' —-C"X—RX,E)
is continuous.
For X € C™*" we define the so-called (continuous and discrete) closed loop matrices by
Ag(X)=A - 85X,
AL(X)=[I+SX] A
and the (continuous and discrete) inertia vectors by
In(X) = (7(X),v(X),d(X)),
(X)) = (=%(X),v"(X), (X)),
where 7(X), v(X),§(X), 74(X), v4(X), §4(X) are (counting multiplicities) the number of
eigenvalues of X in the open right half-plane C~, the open left half-plane C<, the imagi-
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nary axis iR, C\ D, D and 0D, respectively. Here D stands for the unit disc.

For two matrices X1, Xy € C™*" we write
In(X;) < In(Xs) if 7(X;) < 7(X3) and v(X;) < v(Xs)
and, similary,
In%(Xy) < In(Xy) if 7%(X,) < 79(X,) and v4(X;) < v4(X),).

By o(X) we denote the spectrum of X.

A hermitian solution X of ARE is called stabilizing (antistabilizing) if o(A. (X)) C C<
(or C~, respectively).

A hermitian solution X of DARE is called stabilizing (antistabilizing) if o(A%(X)) C D
(or C \ D, respectively).

A solution X of ARE is called strictly unmized if
0 (Au(X)) No(—=Au(X)") = 0. (2.1)
A solution X of DARE is called strictly unmized if
A # 1 for any A € o(A%(X)), u € o(A%(X)"). (2.2)

Notice that the stabilizing and antistabilizing solution (if they exist) are strictly unmixed.
A solution of ARE (or DARE) is called unmized if (2.1) holds for all eigenvalues in C\ iR
(provided (2.2) holds for A\, u € C\ 0D, respectively).

As has been shown in [RaRo84b], [RaR092a] [RaR092b] if S = BB* and (A, B) is con-

trollable then



(i) all strictly unmixed solutions of ARE and DARE are isolated and Lipschitz stable;

(i) all isolated solutions of ARE and DARE are stable.

However let us point out that there may exist isolated (stable) solutions which are not
unmixed.

It is known from [Delchamps80] and [Rodman80] that the stabilizing solution of ARE
depends analytically on the data A, S, (. As a byproduct of our subsequent results we
shall get that any strictly unmixed solution of ARE or DARE is isolated and an analytic
function of E.

For convenience of the reader we recall here some consequences of results on algebraic

Lyapunov and Stein equations (see [LaTi85], Chapter 13 and [LaR095], Chapter 5).

2.1 Theorem

a) If X is strictly unmized, then
Ag(X)'Y + YALX)+W =0 (2.3)

has for any given W = W* € C"*" a unique hermitian solution Y ; if in addition

W >0 (or W >0) then

In(=Y) <In(Au(X)) (orIn(=Y)=1In(A.(X)), respectively ).

b) If X is strictly unmized, then

AL (X)YALX) - Y+ W =0

7



has for any given W = W* € C"*" a unique hermitian solution Y; if in addition

W >0 (or W >0) then

In*(Y) < In*(A%(X) (or In*(Y) = In(A%(X)), respectively ).

Subsequently we use the concept of the Fréchet derivative; for the definitions and nota-
tions used here as well as for the proof of basic properties of Fréchet derivatives we refer

the reader to [Zeidler95], Chapter 4.

3 Results for ARE

We write the function R, appearing in the definition of ARE, as

*

I, L,
R(X,E) = E
X X

According to the rules for Fréchet derivatives we get by elementary calculations for

AX = (AX)*

Rx(X;E)AX = AXAy(X) + Au(X)*AX = AX (A — SX) + (A — SX)*'AX, (3.1)

*

I, I,
Rp(X; E)AE = AFE = (AA)"X + XAA" + AQ — XASX, (3.2)
X X
with
AQ (AA)
AFE = = (AE)*
AA —-AS
Further
Rep(X,E) =0 (3.3)



and, for AX; = AX], AXy = AX3, one gets

RXX(X, E)AXlAXQ - AXlsAXQ + AXQSAXl (34)

Recall that the second Fréchet derivative Rxx (X, F) is a bilinear operator.

Moreover we get for AQ = (AQ)*
Ro(X, E)AQ := Ro(X; A, Q, )AQ = AQ (3.5)
and

Roo(X,Q) =0. (3.6)

Since each solution X (E) of ARE is given implicitly by an equation of the form

R(X(E),E) =0, (3.7)

and since R is a linear (and hence analytic) function of E = (e;;) it is natural to employ

the implicit function theorem for studying the dependence of X(E) on E = E*.

3.1 Theorem Assume that for some Ey there exists a strictly unmized solution Xy for
which (8.7) is fulfilled. Then there exists r(Egy) > 0 such that for E ranging ||E — Ep|| <
r(Ey), there exists a unique analytic function of E — X (E) such that X(E) is a strictly
unmized solution to ARE satisfying X (Fo) = Xo and its Fréchet derivative with respect
to E satisfies

In(—Xgp(E)AE) < In(Aq(X(E))); (3.8)

for AE > 0. If AE > 0 then the equality (3.8) is strict.



Proof. By differentiation of (3.7) in E = Ej one gets with (3.1) and (3.2)

(3.9)
= YAu(X(Ep))+ Ac(X(Ep))*Y + AE

where Y := Xg(Ey)AE.

Since X (Ep) is unmixed, it follows from Theorem 2.1 a) that the operator

Rx(X(Ey), Ey) : Y 5 Y Au(X(Ey)) + Au(X (Eo))'Y

is a bijection. Hence by employing the implicit function theorem and by invoking again

Theorem 2.1 a), the validity of all the assertions stated in the theorem follow. O

3.2 Remark As an immediate consequence of Theorem 3.1 and the Taylor formula
(see [Zeidler95], Theorem 4.C) it follows that the stabilizing (antistabilizing) solution
X*(E) (X%(F)) of RDE, if it exists, is locally an analytic function of E which is mono-
tonically increasing (decreasing) with respect to E, i.e. X*(E) & (X*(E) N\ if E &
because of

XS(E)AE >0  (X%(Eo)AE < 0) for AE > 0.

All other strictly unmixed solutions have on account of (3.8) at least one eigenvalue which
is increasing and at least one eigenvalue which is decreasing if F is strictly increasing.
The analytic dependence of X*(E) on E was already proved independently by Delchamps

[Delchamps80] and Rodman [Rodman80].

10



Next we fix A and S and consider X (@) as a function of ) only. Differentiating

R(X(Q); A, S,Q) = 0 we get, for AQ; = AQj, 1 < j < 2, as before
0=[Xo(Q)A]Au(X(Q)) + Au(X(Q))"[X(Q)AQ:] + AQH (3.10)

and, by one further differentiation,

0 = [Xo(Q)A]S[Xo(Q)AR:] + [Xo(Q)AQ:]S[Xo(Q)AQ] )
3.11

—[Xge(Q@)AQIAR:]A(X(Q)) — Au(X(Q))[Xge(Q)AQIAR:].

Notice that if AQ; > 0 and X(Q) is strictly unmixed then (3.10) reveals that

detXo(Q)AQ, # 0.

Notice that following the above procedure it is possible, in principle, to evaluate other

derivatives of higher order by solving appropriate Lyapunov equations.

Thus based on the above conclusions (see (3.11)) we get with Theorem 2.1a) as before

3.3. Theorem Let X(Qy) be a strictly unmized solution of ARE. If S > 0, AQ = AQ*

then

In(Xqo(Qo)AQAR) < In(Acw(X(Qo))
and, if S > 0,AQ > 0, then

In(Xqq(@0)AQAQ) = In(A.X (Q0).

In particular it follows that the stabilizing (antistabilizing) solution X*(Q)(X*(Q)) of ARE

is locally an analytic, monotonically increasing (decreasing) and concave (convezx) func-

tion of Q.
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In order to study the dependence of an unmixed solution X (S) of ARE on S (for fixed
A and @ > 0) we use the preceding results concerning X (Q) in connection with the dual

algebraic Riccati equation of ARE which is

—PA*— AP+ S — PQP =0. (DUAL)

It is quite transparent that P is an invertible solution of DUAL if and only if X = P!

is a solution of ARE.

If @Q > 0, then it is easy checkable that all hermitian solutions of ARE are invertible.

Hence, in this case, by invoking Theorem 3.3, it follows that P(S) of DUAL have, with
respect to S, the same convexity/concavity properties as the solutions X (@) of ARE have

with respect to Q. If Q > 0, with Ker @) # {0}, one procedes as follows.

Let X(S) be a hermitian solution of ARE with dim (Ker X(S;)) =n —k > 0 and let
U = (ui,...,u,) be a unitary matrix such that Im(uy1,...,u,) = Ker X(S) (which
is contained in the (@, A)- unobservable subspace and therefore independent on small

variations of S). Then we have

A 0 Qu 0
U*AU = , U*QU == )
St Sia X11(S) 0
U*SU = , U X(S)U = ,

12



where X11(5) is clearly an invertible solution of the reduced order algebraic Riccati equa-
tion

AL X + XA + Qu — XuSuXu = 0. (3.12)
Thus the situation has been reduced to the previous one, i.e. X' will be a solution to

the dual of (3.12). Since for an invertible and Fréchet-differentiable X (S) = P(S) ! one

gets for AS = AS*

Xs(S)AS = —P(S)7'[Ps(S)ASIP(S)™
(3.13)
= —X(S)[Ps(S)ASIX(S)
and
Xss(S)ASAS = —X(5)[Pss(S)ASAS|X(S)
(3.14)

+ 2X(9)[Ps(S)ASIX (5)[Ps(S)ASIX(S),

one concludes from (3.13), (3.14) that + X (S) > 0 and + Psg(S)ASAS < 0 imply that
+ Xg5(S)ASAS > 0.

By combining Theorem 3.3 with the preceding calculations one deduces

3.4 Theorem Assume that Q > 0. As long as the stabilizing (antistabilizing) solution
of ARE exists and is positive (negative) semidefinite it is an analytic, monotonically de-
creasing (increasing) and convex (concave, respectively) function of S and, in the case

S = BR'B*, a concave (convez) function of R.

3.5 Remark There are many quantitave results concerning the sensitivity analysis of

algebraic Riccati equations (see [Sun98|). As previously has been shown (see (3.10),
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(3.11)), the Fréchet derivatives, of any order, of an strictly unmixed solution X (E) of
ARE can be calculated successively by solving appropriate algebraic Lyapunov equations.
Hence, for any £ € N, it is possible to evaluate the Taylor polynomial T} (E) and the

remainder Ry (E) (for the notations see [Zeidler95], p. 243). Thus

X(B+ AB) = Ty(B) + Rens (B) = ¥ XO(B)ABY + R (B),  (3.19)

J=0

1(1 =)k
where Ry 1(F) :/0 %

Since all terms in (3.15) are known, (3.15) could also be used to derive error estimates for

X*D(E + 7AE)(AE)dr.

IX(E + AE) — X(B)|| or | X(E + AE) — To(E)| for &k > 1.

4. Results for DARE

The discrete versions of the results proved in Section 3 can be obtained analogously.

For AX = AX* AZ = AZ*,AF = AE* and AQ = AQ* we get after short calculations
Gx(X,F)AX = A% (X)*AX A4, (X) — AX,

Gxx (X, E)AXAZ = —A%(X)*[AXPAZ + AZPAX]A%(X),

*

1, 1,
GE(X, E)AE = AFE ,
X A(X) X AL(X)
Go(X, E)AQ := Go(X; A, S,Q)AQ = AQ,
GQQ(X’ E) =0,

where

P=S(I,+XS)™! =P~
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Hence by differentiation of G(X(E), E) = 0 in E; one gets
= AL(X(Eo)) Xg(Eo)AEAZ(X (Eo)) — Xg(Eo)AE

*

Iy Iy
+ AE

X (Eo)A%(X (Eo)) X (Eo) A%y(X (Eo))
Similarly, for fixed A and S, we infer from G(X(Q), E) = 0 that
0= AL(X(Q)" Xe(Q)AQ + (Xo(Q)AQ)AL(X(Q)) — Xo(Q)AQ + AQ,
and, after one further derivation,
0 = A4(X(Q)"[Xqo(Q)AQAQIA%L(X(Q) — Xo(Q)AQAQ

—2[(Xo(@)AQ)( + SX)T'A]*S(I + X(Q)5) " (Xe(Q)AQ)(I + SX)7HA].
Using these formulas and Theorem 2.1, b), we obtain analogously to Section 3 the follow-

ing results

4.1 Theorem For each strictly unmized solution X (Fy) of DARE the following state-

ments hold:

(i) There exist r > 0 and p > 0 such that for each
EcU={MeCY" | M= M* ||M— Ey| <r} there exists a unique unmized

solution X (FE) of the DARE G(X (F), E) = 0 with || X(F) — X (Ey)|| < p-
(11) X is analytic in U with respect to E, and
InY(Xg(Ey)AE) < (or =) In%(A%(X(Ey)) (for AE >0 for AE > 0, respectively ).
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Moreover, the assertions of Theorem 3.3 and Theorem 3.4 remain all valid if in their

statements the word ARE 1is replaced by DARE.

5 Results for RDE

By X (Xy, Ey) we denote the unique solution of the initial value problem
(R(X, Eo(t)) =)X + A"()X + XA(t) + Q(t) — XS(H)X =0, X(to) =Xo, (5.1)

which is defined in some maximal neighborhood U (¢, Xy, Ey) of .
Suppressing ¢, we get by differentiation of 0 = R(X (Xy, Ey), Eo) with respect to (X, E)
(here for an accurate evaluations of Fréchet derivatives the norms introduced in Section

2 have been tacitly used)

0 == Rx(X(X(),E()),EQ)Y+RE(X(X0,E0),E0)AE - (52)
. 1 1
== Y+YAcg(X(X0,E0)) +ACZ(X(X0,E0))*Y+ AE ;
X (Xo, Eo) X (Xo, Eo)

for AXO = AXS, AFE =AFE*and Y := X(X,E) (Xo, E())(AX(), AE())
and for the initial condition Y (t5) = AXj.

Therefore for AE > 0 (< 0) we have locally

Y < (>, respectively ) — Aeo(X (Xo, Eo))*Y — Y Au(X (Xo, Ep)).
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Hence, using [KnKw85]|, Hilfssatz 10.3, it follows for AE > 0 and AXy > 0 (or > 0) that
Y (t) = Xx,m)(Xo, Eo) (AXo, AEp)(t) > 0 (or > 0) for t <t
and, similarly, for AE' < 0 and AXy > 0 (or AXy > 0) that
Y(t) >0 (or > 0) for t > to,

as long as Y'(¢) is defined.

If A and S are fixed and if
R(X(Qo), Qo) = 0, X(Qo)(to) = Xo,
then analogously to (5.2) we get
0= Z+ ZA(X(Qo)) + Act(X (Q0))"Z + AQ

for Z := Xg(Qo)AQ and AQ = AQ*.

After one further derivation one obtains
0=WAu(X(Qo)) + Au(X(Qo))"W —2Z5Z.

for W .= XQQ(Q())AQAQ =W

Since the initial value problem
(Rx(Xo, Eo)Y :)Y + YACE(X(X(), E())) + Acg(X(Xo, Eo))*Y, Y(to) = AX(),

is always uniquely solvable, it follows that Rx (X, Fp) is a bijection and we can apply
also here the implicit function theorem. Analogously to Section 3, using the preceding
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calculations, we get

5.1 Theorem For each (Xo, Ey) € H(n)xH(2n) and ty € D there exist an interval
(to — a,to + a) C D, a neighborhood V = V(Xo, Ey) and a unique infinitly Fréchet-

differentiable function X : V — C' with the following properties:
(i) X(X,E) is on (ty — a,ty + a) the unique solution of
R(X,E) =0, X(t,) = X.

(ii) For given E the function X — X (X, E) is monotonically increasing.

For given X the functions
E— X(X,E)(t),t € (to — a, 1]

and

E — X(X,E)(t),t € [to, to + a)

are monotonically increasing and decreasing, respectively.
(iii) Let A and S be fired and X(Q) : D; — H(n) be a solution of
X+ A (OX + XA +Q(t) — XSHX =0

with o(A(t) — S(t) X (Q)(t)) C C< (or C~). Then Q — X(Q) is locally a concave

(or convez, respectively) function.

There is also a discrete version (for DRDE) of Theorem 5.1 . Since the essential part of

this discrete version is contained in [Frlo99] we omit here details.

18



References

[BGPKS5]

[BiGe91]

[BDK98]

[Bucy75]

[Coppel65]

[CuR090]

R. R. Bitmead, M. Gevers, I. R. Petersen and R.J. Kaye, Monotonicity and
stability properties of solutions of the Riccati difference equation: Proposi-

tions, lemmas, theorems, fallacious conjectures and counterexamples, Syst.

Contr. Letters 5 (1985), 309-315.

R. R. Bitmead and M. Gevers,.Riccati difference and differential equations:
Convergence, monotonicity and stability, In: ”The Riccati equation” (ed. S.

Bittanti et. al.), Springer Verlag, Berlin, 1991.

M. Bohner, O. Dosly and W. Kratz, Inequalities and asymptotics for Riccati

matrix difference operators, J. Math. Anal. Appl. 221 (1998), 262-286.

R.J. Bucy, Structural stability for the Riccati equation, SIAM J. Control

Optim. 13 (1975), 749-752.

W.A. Coppel, Comparison theorems for canonical systems of differential

equations. Journal of Mathematical Analysis and Appl. 17 (1965), 306-315.

R.F. Curtain and L. Rodman, Comparison theorems for infinite dimensional

Riccati equations, Syst. Contr. Letters 15 (1990), 153-1509.

[Delchamps80] D. F. Delchamps, A note on the analyticity of the Riccati metric. In: ”Lec-

tures in applied mathematics”, Vol. 18 (ed. C.I. Byrnes and C.F. Martin),

37-41, AMS, Providence, Rhode Island (1980).

19



[ErMy82]

[vEHe90]

[Frlo99]

[FrJa96]

[FILAG]

[Gahinet94]

[Hewer93]

[KaAk64]

L. Erbe and S. Mysore, Comparison theorems and non-oscillation for dif-
ferential equations in a B*-algebra. Nonlinear Analysis, Theory, Methods a.

Appl. 6 (1982), 21-33.

J.-H. von Eschenburg and E. Heintze, Comparison theory for Riccati equa-

tions. Manuscripta Math. 68 (1990), 209-214.

G. Freiling and V. Ionescu, Time-varying discrete Riccati equation: Some

monotonicity results. Linear Algebra and Appl., to appear 1999..

G. Freiling and G. Jank, Existence and comparison theorems for algebraic
Riccati equations and Riccati differential and difference equations, J. Dynam.

Contr. Syst. 2 (1996), 529-547.

G. Freiling, G. Jank, S.-R. Lee and H. Abou-Kandil, On the Dependence of
the Solutions of Algebraic and Differential Game Riccati Equations on the

Parameter u. European Journal of Control 2 (1996), 69-78.

P. Gahinet, On the game Riccati equations arising in H, control problems.

SIAM J. Control and Optimization 32 (1994), 635-647.

G. Hewer, Existence theorems for positive semidefinite and sign indefinite
stabilizing solutions of the Riccati equation. SIAM J. Control and Optim.

31 (1993), 16-29.

L. Kantorovich and G. Akilov, ”Functional Analysis in Normed Spaces”,

Pergamon Press, Oxford, 1964.

20



[KnKw85]

[LRRST]

[LaR095]

[LaTi85]

[LiCh93]

[RaRo84a]

[RaRo84b]

[RaRo92a]

H.W. Knobloch and H. Kwakernaak ”Lineare Kontrolltheorie”, Springer,

New York, 1985.

P. Lancaster, A. C. M. Ran and L. Rodman, An existence and monotonicity
theorem for the discrete algebraic matrix Riccati equation, Lin. Multilin.

Algebra 20 (1987), 353-361.

P. Lancaster and L. Rodman, Algebraic Riccati Equation. Oxford Science

Publications, New York, 1995.

P. Lancaster and M. Tismenetsky, ” The theory of matrices (second edition)

with applications”, Academic Press, Orlando, 1985.

X. P. Li and B. C. Chang, On convexity of H* Riccati solutions and its

applications, IEEE Trans. Autom. Contr. 38 (1993), 963-966.

A. C. M. Ran and L. Rodman, The algebraic matrix Riccati equation. In Op-
erator Theory: Advances and Applications 12, (ed. H. Dym and I. Gohberg),

Birkhauser, Basel, 351-381, 1984.

A. C. M. Ran and L. Rodman, Stability of invariant maximal semidefinite
subspaces II, Applications: Selfadjoint rational matrix functions, algebraic

Riccati equation. Linear Algebra and Appl., 63 (1984), 133-173.

A. C. M. Ran and L. Rodman, Stable solutions of real algebraic matrix

Riccati equations. SIAM J. Control and Optim. 30 (1992), 63-81.

21



[RaR092b] A. C. M. Ran and L. Rodman, Stable hermitian solutions of discrete algebraic
Riccati equations. Mathematics of Control, Signals and Systems 5 (1992),

165-193.

[RaVr88]  A. C. M. Ran and R. Vreugdenhil, Existence and comparison theorems for
algebraic Riccati equations for continuous- and discrete-time systems, Linear

Algebra and Appl., 99 (1988), 63-83.

[Rodman80] L. Rodman, On extremal solutions of the algebraic Riccati equation. In
Lectures in Applied Mathematics Vol. 18 (ed. C.I. Byrnes and C.F. Martin),

pp. 311-327. AMS, Providence, Rhode Island, 1980.

[Royden88| H.L. Royden, Comparison theorems for the matrix Riccati equation. Pure

and Appl. Math., XLI (1988), 739-746.

[Scherer91] C. Scherer, The solution set of the algebraic Riccati equation and the alge-

braic Riccati inequality. Linear Algebra and Appl. 153 (1991), 99-122.

[Shayman85] M.A. Shayman Phase portrait of the matrix Riccati equation. SIAM J.

Control and Optimization 24 (1985), 1-65.

[Stokes74]  A.N. Stokes, A special property of the matrix Riccati equation. Bull. Austral.

Math. Soc. 10 (1974), 245-253.

[Sun9g] J.-G. Sun, Perturbation theory for algebraic Riccati equations, SIAM J. Ma-

triz Anal. Appl., 19 (1998), 39-65.

[TaKa96] K. Takaba and T. Katayama, Discrete-time H,, algebraic Riccati equation
and parameterization of all H,, filters, Int. J. Contr. 64 (1996), 1129-1149.

22



[WiPa92] H. K. Wimmer and M. Pavon, A comparison theorem for matrix Riccati

difference equations, Syst. Contr. Letters 9 (1992), 233-239.

[WrBe93]  G. F. Wredenhagen and P. R. Bélanger Curvature properties of the algebraic

Riccati equation, Syst. Contr. Letters, 21 (1993), 285-287.

[Wimmer85] H.K. Wimmer, Monotonicity of maximal solutions of algebraic Riccati equa-

tions. Syst. Contr. Letters 5 (1985), 317-319.

[Wimmer92] M. K. Wimmer, Monotonicity and maximality of solutions of discrete-time
algebraic Riccati equation, J. of Mathematical Systems, Estimation and Con-

trol, 2 (1992), 219-235.

[Zeidler95] E. Zeidler ” Applied Functional Analysis”, Springer Verlag, New York, 1995.

23



