Math. Nachr. 229 (2001), 5171

Indefinite Eigenvalue Problems with Several Singular Points
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Abstract. We consider a general class of eigenvalue problems with two—point boundary condi-
tions on a finite interval generated by a differential equation with an indefinite weight function which
has several zeros and/or poles. As a basic result we derive asymptotic estimates for a special funda-
mental system of solutions of the corresponding differential equation and determine the asymptotic
distribution of the eigenvalues. Finally we prove the uniform convergence of eigenfunction expansions
for some class of functions f.

1. Introduction
We investigate the eigenvalue problem generated by the differential equation
(1.1) ((v) == =" +x(x)v = pP*¢*(x)v for zel = [0,1],
and two linearly independent two—point boundary conditions
(1.2) Uj(v) = Ujo(v) +Uji(v) = 0 (j=1,2).

Here A = p? is the eigenvalue parameter. (We write A and the weight function as
squares in order to simplify the formulas in the following sections.) We assume that
the weight function ¢? is real with a finite number of zeros of any order and/or poles
of first order in the open interval (0, 1), these zeros and poles are the so—called turning
points of (1.1). Moreover, these turning points are admitted to be poles of first or
second order of the function x.

In Section 2 we determine the asymptotic dependence of the solutions of (1.1) for
|p| — oo. Using these asymptotic estimates we derive a formula for the asymptotic
distribution of the eigenvalues for a class of regular problems which is a generalization
of the class of Birkhoff-regular eigenvalue problems in the definite case. Further we
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prove (under Assumption 6.1) the uniform convergence of the eigenfunction expansion
for a function f with the following properties: f has an absolutely continuous derivative
f/ with f” € L]0, 1] and satisfies the boundary conditions U;(f) = 0 for j = 1,2; a
modified version of this theorem is provided in Subsection 6.3.

This paper continues the investigations made by EBERHARD, FREILING and SCHNEI-
DER (see [6], [7], [8]) who considered (1.1) in the case of several zeros of ¢? and a
bounded and integrable function y; it contains and extends the main results of the
dissertation [24] of the third author, written under the guidance of the two first au-
thors.

Differential equations with turning points arise in various problems of mathematical
physics as well as in applications (see [3], [5], [9], [16], [23] for further references).
Nevertheless a rigorous treatment of such spectral problems is up to the present time
only available in special cases (see [1], [7], [8], [10], [20], [21] and [25] for symmetric
problems and for problems with turning points being zeros and also [2], [4], [19] where
a Krein/Pontrjagin—space approach is used). The main reason for this gap in the
literature is the fact that up to now there existed no adequate asymptotic estimates
for differential equations of the general form (1.1); we hope to fill this gap with our
results.

2. The fundamental systems in a neighbourhood of one turning
point

2.1. Some remarks

If 2 is definite, i.e. +¢? > 0, then the theory of Liouville-Green—approximation
(see [18], Chapter 6) supplies the existence of two linearly independent solutions of
(1.1) with nice asymptotic estimates in I (see Subsection 2.2). Since ¢? is indefinite it
is evident that these asymptotic forms cannot be valid in intervals containing a turning
point. In the case of one single turning point 2y € I, the solutions of (1.1) can be
expressed using Bessel functions and have been estimated rigorously by R. E. LANGER
(see [11], [13], [14]). In the case of m > 1 turning points in the interval I we obtain
estimates for solutions in the whole interval by dividing I into m parts containing only
one turning point and by patching together the asymptotic forms appropriate to the
neighbouring intervals. However this procedure is not applicable in a straightforward
way to the estimates obtained by LANGER (see [15]). Therefore we substitute the
fundamental system derived by LANGER by another fundamental system which is
more suitable for the matching process. The idea of the construction comes from [8],
where all turning points were zeros of ¢?; in the presence of turning points being poles
we get asymptotic estimates for a special fundamental system by combining the ideas
of [13], [14] and [7]. Since the proofs of the results in Sections 2 — 5 are very technical,
we give here only the main idea of the proofs and refer the interested reader to [24]
for further details.

2.2. Notations and preliminary results

We suppose that the function ¢? has m turning points x, in I of order [, € NU{—1}
with 0 <21 < -+ <y < 1.
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Notations 2.1. (i) For fixed ¢ > 0 (sufficiently small) we define the following
intervals:

D07€ = [0, xr1 — E] 5
D,. = [z,+ez41—¢] A1<v<m-1),
Dye = [xm+e,1],

Ie = Dy_1. Uz, —g,2,+e]UD,, (1<v<m).
(ii) For k € Z we consider the sectors
Sy = {pE(D ‘ kf Sargpﬁ@}.
For k€ Z and § > 0 let
B = {¢eC|(k—1+0)m<argé < (k+1—0)7};
the sectors x(*) are understood as sectors of the Riemann surface of log.
Assumption 2.2. (i) The functions
bvo 2 Le — R, dyox) = (x—x,) %), 1 < v < m,

are non—vanishing and real-analytic; denote k.0 := ¢, o(z).
(i) x has the form

x(z) = A, (x— xu)_Q + By (x — xu)_l +Cu(z) (€l e x#x)
with constants A,, B, and a bounded real-analytic function C,,.

Notations 2.3. (i) We introduce for 1 <v <m
1

= 5 € (0.1,
= (1 +4A,,)1/2 with argn, € (— % g] ,
1 if oy, > l,
4
oy = ¢ 1—6 if p, = i (with dp > 0 arbitrarily small),
py i opy < 1,
4
and
oo = min{o, |1 <v <m}.

(ii) We recall that there are four different types of zeros of order I, and two different
types of poles of first order. For 1 <v <m

Iy if 1, even and ¢?(2)(z — 2,) "% < 0 in I,.,
IIy if 1, even and ¢?(z)(z —2,)~" > 0 in I,.,
T IITy if 1, odd and ¢?(z)(x — z,)"" < 0 in I,.,
Y Y Ivy if 1, odd and ®*(z)(x —x,)" " > 01in I,.,
Ip if 1, =—1and ¢*(z)(z —x,) >0in [, -,
IIp if I, =—1and ¢*(z)(x —z,) <0in I, .,
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is called type of x,,.
(iii) We use the following abbreviations:

Iy = ]0,24] I, =z, zp| A<v<m-=1), I, :=]zm,1],

R, :=/|q§ dt  (0<v<m),
Rdw:=(A|()Mu R@) = [ lo@ld (1<v<m)

éA%m:=p/wdﬂﬁ A<v<m).

(iv) Further we set:

;€] = [1]+0(7),
where O is the Landau symbol.

2
(v) In the sequel we use the symbol &) instead of = in order to signify that a given
formula is valid and also the corresponding formula obtained by formal differentiation
with respect to z ignoring the formal differentiation of all error terms.

Now we outline the fundamental rule for the choice of the solutions w’% (- ), w’%(-)
of (1.1) for (z,p) € I,e xSy (1 <v<m, ke Z): 7

The theory of Liouville-Green—approximation shows that for every sector Sy (k € Z)
and for every interval D, . (0 < v < m) there exist two linearly independent solutions
Wy,1, Wy,2 of (1.1) satisfying

Wy, j(x, p) @ »~ V% (x) exp (ip/x o(t) dt> [1] for (z,p) € Dye x Sk.

Here and in the following we shall write two formulas in one by the use of double signs
together with an index j: the upper signs are to be associated with the value j = 1
and the lower signs with j = 2.

W,,; is called dominant respectively subdominant in D, . if R (+ pf;i o(t)dt) is

positive respectively negative for (Jc p) €D, .x Sk .

Now we define the solutions w’’ % (j = 1,2) in the following way:

wVT1 : I, — C is the contlnuatlon to IVE of a normalized multiple of the sub-

dominant solution of (1.1) in D, _; . and wu % I, . — C is the continuation to I, .
of a normalized multiple of the subdominant solution (1.1) in D, .; notice that both
solutions can be continuated (in the next step) to the whole interval I = [0, 1].

In order to estimate wVTfl and wVT”2 we use the results of [14] (see Theorem 2.4); in
[14] R. E. LANGER proved asymptotic estimates for a fundamental system of solutions
of normalized differential equations of the form (1.1) having only one turning point of
order ly > —2. Using this result and some elementary transformations one arrives at
the following theorem:
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Theorem 2.4. The differential equation (1.1) has for 1 < v < m,l € Z and
x € I, a fundamental system of solutions vy, 11(-,p), vui2(-,p), satisfying for a
fized, sufficiently large number N > 0 the following estimates:

(i) For [&(x,p)| < N and 1 < j <2 is
CARICND)
©) \/i(x _ xu)1/4 (%)1/2 T +I+1/2)i %
v/4o— vty - v j —lmi
x aly! o Ut D2 (g g )Ty () 2 (, p) HY (777 &, (2, p)
+ V2 (@ ) gt 2 D (o )T g (2)

_ O(1 .
P (2, p) ( ), if m#0,
% Pu. O( )
1 .
&b (@, p) log &, (x, p) =2, if m, = 0,
Puw
(2) v _ i ; v\,
2.1) & \/7?/@50/42 i (e 1)/2 £ HF1/2)i5 4y (0) /2 (g ) Héi)(g—(;ip))
_ O(1 .
b2 (2, p) p( ), if m#0,
(2.2) + () t o1
b (x, p) log&, (x, p) p( ), if m, =0,
(™

1

with pp, = {Z;“” ZZ Z" z E’ and where Hr(,l) and H,(,Q) are the Hankel functions
) v 2

(i. e. Bessel functions of the third kind).
(ii) For |y (z,p)| > N and 1 <j <2 and p € Z is

Vy,2p,5 (7, p)
(2) y — (1, — v—
= V2 (@ — ) VAl e BN (g g )T Ay, () D2 (2, p)
28) {1 + e 1))
@ ﬁ%/él 2= (o 1)/ (L +2))/2 =172 () (L =110)/2 (5 pliw =1)/2 i =1)/2 5
X {C(:,)J)',leig"(x’p) [15€] + C(u]jy)',ze_ig"(x’p) [1; §u]}

@ H56/4 v /2 p(H,,—l)/Q ¢_1/2(x) {C(:])»71€i£"(x7p)[1;§y] + ) 2€_i£"(x’p)[1;§u]}

V.7,

where the coefficients are defined by

C(P) _ (_1)p—s+1 Sin(25_2p_1)77u77
o s for &,.1(z,p) € XP D UX3),
(B (Lt DSInZs=2pinem ’
(2.4) h el
A0 (qypestr SCs =20,
v1,2 sinn, for €,1(z, p) € x29) U y(25+D)
® _s sin(2s—2p+1)n,m v1l% P) < X X )
Cra2 = (=1)P :
sinn,m
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Further is
Vv 2pa(T,p) = vuapr1a(,p),
Vu2p-1,2(2,p) = vu2p2(2,p).
(iii) W vy i1, v002) = —rk/Z2m+lipnl] 1<v<m, l€Z).

Unfortunately it is not possible to prove adequate asymptotic estimates of the con-
tinuation of the solutions v, ;(-,p) to the whole interval I = [0,1] (although this
continuation exists), therefore we have to replace the solutions v, ;1( -, p), vui2(-,p)
in the next step (for x € I, . and for adequate | = 2p € Z, which depends on the type
T, and on the sector in the p—plane in which we want to estimate wVT”J (z, p)) by the
linear combinations

Ty

w,, " L
(2.5) v

(z,p) = wu:/2p7j(x)p) =t Oup,Vu,2p,1 (T5 P) + Tup,jUu,2p,2(, p)

1 <v < m,

which have been defined above and are more appropriate for our purpose.

It turns out that the connection coefficients o, ;, 7v,p; can be determined with
an adequate accuracy by Cramers rule (since they are calculated for a subdominant
solution). The corresponding calculations are elementary but voluminous, since we
have to take into account all possible combinations of turning points; in particular
it turns out that the estimates obtained are independent of p. Notice that p has an
influence on the sector in which the estimates of Theorem 2.4, (ii), are valid, therefore
we have to choose p in the correct way when we are matching subsequently solutions,
defined for x in I, . and solutions, defined for x in I, 41 ., respectively.

For the formulation of the next theorem we introduce some notations:

Notations 2.5. (i) Let wj, wy respectively w], w; be the square roots of +1
respectively —1. According to NAIMARK [17] they can be ordered for each of the
sectors Sy in such a way that the following inequalities hold:

%(pwf) < %(pw;’) respectively %(pwl_) < §R(pw2_) forall peSy.

Notice that this order essentially depends on the sector Sy, we suppress this depen-
dence in our notation.
Now we set for 0 < v <m

wy =

wi if ¢2 < 0 in D, .,
wy if > > 0 in D,..

Therefore we have for p € Sy, (-2 <k <1)

1if ¢ < 0 in D, and k€ {-2,-1,0,1},
w, = i if ¢> > 0 in D, and ke {-2,—-1},
—i if ¢*> > 0 in D,. and k€ {0,1}.

For every sector S (-2 <k <1)is R(—w,p) <O0.
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(ii) For 1 <v < 'm let
1 if TVE{IP,IIP},

a1
_lu v
SRSWIMT e T, € {In, DN},

s

= sinn, 7
sin %(lu + Dy
sinn, 7
sin %(lu + )y,
Alv .= sinn,m

Ty
v

if T, € {I1Ix,IVy},

if T, e {IN,IIN},

a otherwise ,

2 cosn, T if T, e{Ip,IIp},
sin 3 (L, + 2)n,
= sin 7, T
sin (L, + 3,7

sin 7, T
1 if T,e{In,IIxn},
et if (T, € {IIp,IIIx}and p€ S 2 US ;)
or (T, € {Ip,IVNy}and p € Sp U S1),

g .
e~ "1 otherwise.

if T, e {IN,IIN},

if T, € {I1Ix,IVy},

(Pay attention to the dependence of ¢, on the sector Sy!)

Using the preceding notations we obtain the following estimates for the fundamental
T, T, . .
system w, (-, p), w,5(+, p) which replaces in the sequel v, 2p,1(+, p), vu,2p2( -, p) and
is more appropriate for the subsequent matching process:

Theorem 2.6. For 1 < v < m the fundamental system wVTfl(-,p), wVTfQ(-,p) of
Equation (1.1) satisfies the following asymptotic estimates:

(i) For the sectors S (—2 < k < 1) we have the following estimates for the subdom-
inant solutions in Dy,_1 c X Sy and D, . X Sk (which are unique up to normalization):

wli(z, p) |¢(2)]/2 2 e @(1]  for (z,p) € Dy_1.e X Sk,

) _
wVTfQ(x,p) lp(x)[/2 = G emwrrRe@1) for (2,p) € D, x Sy

b,v

For the continuation of these solutions to the intervals D, . and D,_1 ., respectively,
we obtain for (x,p) € Dy_1. X Sk

2
wliy (. p) o) /2 2 e blvese @] 4
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0 if (T, € {Ip,IIN,IVN} and k € {—2,1})
or (T, € {IIp,In,IIIN} and k € {—1,0}),
ic,alvewrPRe @] if (T, € {Ip, 1IN, IVN} and k = —1)
r (T, € {IIp,In,IIIN} and k =1),
—icyalve=wrrRe @] 4f (T, € {Ip,IIn,IVy} and k = 0)
or (T, e {IIp,In,IIIN} and k = =2),

S

and for (z,p) € Dy_1 ¢ X S
wl(x, p) |p(x) [/
@ mwrapRu @)

'AT”
v gwwrpBe@)[1) if (T, € {Ip, In,IVy} and k= 1)

bl
or (T, € {IIp,IIy,ITIx} and k = —1),

+ ZAZV w Ry (x) .
—bTe vorpte I f (T, € {Ip,IN,IVN} and k = —2)
' or (T, € {IIp, Iy, 111y} and k = 0),
0 otherwise.

The Wronskian satisfies for p € S
W(wVTﬁ, wVT”Q) = —2w,_1p[1].

(ii) In order to obtain estimates for the fundamental system for other sectors Sk+a4
(k € Z) we have to substitute the parameter p by —p in the estimates for the sector
Sk.

Notice that wVTfl(x,p) and wVTfQ(x,p) can also be estimated for (z,p) € [z, — &,
xy, + €] X S by combining the estimates of Theorem 2.4 and the estimates for the
connection coefficients (see Lemmas 6.4, 6.5 and 6.8).

3. Connection matrices

For the proof of estimates for the fundamental system of (1.1) on the whole interval
I we have to calculate the so—called connection matrices C,(T,, T, +1) with

T, Ty
wl/ ‘T")p wl/ x,p
(3.1) ( Tvl( >> - CV(TV,TVH)( T“’l( )> (1<v<m—1)
wl/:/2 (.13, p) wuiﬁitQ(‘xa p)

for (x, p) € D, - x Si. Therefore we consider every possible transition from one turning
point z, to the next one z,11. Using the estimates for the fundamental system wVT”]
(1 <v<m,j=1,2) from Theorem 2.6 and Cramer’s rule we are able to determine

the connection matrices and get the following result (for further details see [24] and

[8]):
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Theorem 3.1. The connection matrices satisfy for 1 < v <m and p € S (-2 <

kE<1)
Co(T,,Ty41) = FoE,(wup)Hy, (wyp; o, By, Yot1)cw
with
. bgu 0 5 ( ) ezRu 0
v = 1 ) viZ) = )
0 oz 0 e #
[1] + [a]e—QzR,, eQzRV+1(xV+E)O <p—ao) 4 [ﬁ]e_QZR”
HV(Z;OQﬁf-Y) = —2zR,,+1(ac,,+1—E) —oo
e 0 (o) + i B
and
oy = Bu')/u—i-l 5
0 if (¢><0inl, and k€ {-1,0})
8, = or (¢ >0in1, and k € {-2,1}),
v = aTV
b; otherwise,
0 if (¢?2<0inl, and k € {—1,0})
or (¢ >0inl, and k € {-2,1}),
Tv+1l = Ty
T”—'H otherwise.
b v+41
v+1

(H,(z; a0, B,7) is only determined in first approximation, i.e. («,B,7) = (a1, B1,7)
does not imply H,(z; «, B,7) = Hy(z; a1, B1,71)-)

The connection matrices for the sectors Si14 (k € Z) can be determined by substi-
tuting the parameter p by —p in the estimates for the sector Sy.

4. The fundamental systems in the whole interval

4.1. The fundamental system y1, y2

Now we are able to define a normalized fundamental system of solutions of (1.1)
which can be estimated on the whole interval [0, 1].

Notations 4.1. (i) For p € S, (=2 < k < 1) we set np, (p) := evorfo,

(ii) Let k € {—2,—1,0,1} be fixed and p € Si. Then we denote the continuation
of the functions nr, (p)wlel( -, p) and nil (p)wleQ( -, p) to the whole interval [0, 1] by
y1(+,p) and yo( -, p), respectively.
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Since W (y1(+10),32(+,0)) = W (wli(-,0), 0l ) # 0, 11(-.0), 2+ p) is a
fundamental system of (1.1) (for every sector Si). According to (3.1) we have

y1(z, p) nr(p) 0\ w4 (x, p)
4. = Ci(T1, Tia .
@) (?JQ(J?,P)) ( 0 nil(/))> 11;[1 (T Te) (w%(m,p))
for (z,p) € I, o X S, 1 <v <m.

Combining Theorem 2.6 and Theorem 3.1 we obtain asymptotic estimates of y; (z, p)
and ya(z, p) for x € [0, 1], p € Sk. We introduce some notations.

Notations 4.2. For z € [0, 1] let

Iay

H_

s
|

x
| tos@lde with 63) = max {0,202}

0

Ki(z) = H bl
Ty <T

where in K4 (x) the upper sign has to be used if p € S_5 U S_y, the lower sign if
p € SpUS.

Notations 4.3. (i) For a € C let

(la]] == (a+T(p))[1],

where T'(p) is an exponential sum of the form

!
T(p) = chepdj with ¢; € €, d; € € \ {0} and R(pd,)

=1

<0 if pe Sk,

<0 if pesSy .

(ii) With Ey(z, p) for —2 < k < 1 and (z, p) € [0, 1] x Si, we denote in the sequel an
exponential sum of the form

I(x)
Eiw(z,p) = Z epakﬂkn(x)bkn(x) ,

n=1
where a9 =y = -1, g = —a_1 = 1,
0 <6 < Brlr) < -+ < Bu@(r) < 2max{R,,R_}

and where the functions ! and by, are constant in every interval D, . (0 < v < m).

Using these abbreviations we get, using (2.2) and Theorem 3.1, by some elementary
but lengthy calculations the following theorem (for details see [24] and — for turning
points being zeros — [8]):

Theorem 4.4. For p € S, and x € |J,-_, D, the following estimates hold:
2 _ .
yi(a,p) 2 Jo()| 2 F- @R K () ([1] + Bu(a, p)1])

=[]
va,p) 2 [o(a)| 2R DERAD) B0 O 70
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where §1(€) + 02(¢) > 0 and the upper sign holds for k € {—2,—1}, the lower sign for
ke {0,1}.

Since yo(x, p) = nil (p) wleQ(x, p) for (z,p) € [0,21 — €] x Sk Theorem 2.6 yields an
estimate of ya(z, p) for (z, p) € [0, z1 — €] X S, which is more precise than that one in
Theorem 4.4. In addition it turns out that the estimates obtained for y;, y» are precise
enough to determine the asymptotic behaviour of the eigenvalues of a large class of
regular eigenvalue problems defined by (1.1) and (1.2). For the proof of expansion
theorems with respect to the eigenfunctions of these eigenvalue problems we cannot
use the estimate of y5. Therefore we have to derive asymptotic estimates for another
fundamental system which are more adequate for the proof of expansion theorems.

4.2. The fundamental systems u;, uz and y;1, us

Notations 4.5. (i) For p € Sp, (=2 < k < 1) we set fig, (p) := e~ wmPlim,
(ii) For fixed k € {—2,—1,0,1} and (=, p) € [0,1] x Si we set

(ul(x,p)> _ (szm(p) ~_? )(an;m,)—lcﬁ(wﬁﬁ(x,p)),
us(z, p) 0 g, (p) wyy (w, p)

m )

i.e. u;(-,p) is the continuation of a normalized multiple of wﬁ"’j( -, p) to the whole
interval I.

With (3.1) we get for 1 <v <m—1and (z,p) € I, - X Sk

(m(x, P)) _ (fle (p) 0 ) (FTm)_l 1
(4.2) ua(@,p) 0 iz (p) wl (z, p)
% Cn_ql_l(Tm_l’ Tm) e Cu_l(Tu; Tu+1) ( ’;1 ’ ) .

w,'5(x, p)

Because of det H,(wyp; o, v, Vw+1) = [1] we can easily determine the inverses of
the connection matrices; these matrices and their inverses have a similar structure,
therefore we obtain the estimates of ui, us in an analogous way to the estimates for
y1 and yo.

Notations 4.6. For z € [0, 1] let

Ri(x) = Ri(l) —Ri(x),
Ki(z) = H c; vl

r<Ty

with the upper sign in Ky (z) in the case of the sectors S_s and S_1, the lower sign
for Sy and S;.

Analogously to Theorem 4.4 we derive:



62 Math. Nachr. 229 (2001)

Theorem 4.7. For p € Sy and x € |J_, Dy.- the following estimates hold:
w1 (z, p) ©) |6 ()| /2P (R- (@)Fifks (2)) p(81(2)Eid2(2)) (=00 |
us(a,p) & ()| M2 R OFRD) By (@)][1])
where §1(g) 4+ 02(¢) > 0 and the upper sign holds for k € {—2,—1}, the lower sign for
ke {0,1}.
From
W(p) = Wign(-,p)us(-,p)) = 2pact®-WERWL [[1]] £ 0 for pe Sx\C

with @« = —a € {1, 1,4, —i} and where C} is a countable set of zeros of the term
denoted by [[1]], we infer that y1(-,p), ua(-,p) is a fundamental system of solutions
of (1.1) for p € S \ Ck. On the other hand it turns out that the estimates obtained
in Theorems 4.4 and 4.7 for y1 (-, p), uz2(-, p) are sufficient for the application of the
contour—integration method and for the proof of expansion theorems (see Section 6).
Notice that y1(-,p), ua(-,p) are linearly dependent for p € Cy, therefore these solu-
tions cannot be used for the investigation of the spectrum of (1.1), (1.2).

5. The distribution of the eigenvalues
We consider the eigenvalue problem generated by (1.1) and normalized boundary
conditions (1.2), i.e.
kj—1

Ujo(y) = ay™(0)+ Y ajuy(0),
pn=0

kj—1

Un(y) = Biy* 1)+ Y Biuy™ (1),

pn=0
with || 4+ |81 > 0 and 1 > k1 > ko > 0 where k1 + ko is (without loss of generality)

minimal with respect to all equivalent boundary conditions.

Definition 5.1. Let
ar [p(0)|Fr Brelt |p(1)[M
az [p(0)|F2  Baek® |p(1)|"2

with g1 = 1, gy = i, €3 = —1.

#0 (j=1,2,3)

The indefinite eigenvalue problem (1.1), (1.2) is called regular if
61 # 0 for $2(0)¢*(1) > 0 and 6205 # 0 for ¢*(0)p?(1) < 0.

Remarks 5.2. (i) In the definite case one has ¢?(0)¢?(1) > 0, and the regularity
condition 6; # 0 is equivalent to the well-known condition of Birkhoff (see [17], § 4.8).
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(ii) Tt can be checked easily that separated, periodic and antiperiodic boundary
conditions are always regular.

Theorem 5.3. Let (1.1), (1.2) be a regular problem. Then there exist two sequences
()\I), ()\;) of eigenvalues with the asymptotic distribution

A= i%(l+(’)(%>> (n € IN).

In the case Ry = 0 or R_ = 0 the corresponding sequence (A}) or (A;) has to be
considered empty.

For the proof of this theorem we estimate the characteristic determinant
A(p) = det (Uj (wil- ,p))), o
1,7=1,2

using the fundamental system y;, y2 of (1.1) defined by (3.1).
For p € S_1 A(p) can be represented as an asymptotic exponential sum of the form

(5.1) A(p) = hip) Y éue™e]1]

with h(p) # 0, é, € C and V1 < Y2 < --- < Jp. The proof of (5.1) is performed like
the proof of the main result in [6].

A useful tool for the proof of Theorem 5.3 is the following lemma, which is an
immediate consequence of LANGER [12], Theorem T7:

Lemma 5.4. Let p € N\ {1}, 91 < ¥2 < --- < ¥y, g, : C — C with
limyp oo epu(p) =0, 6, € C (1 <p <p) withér #0, é, #0 and

P

Flp) = 3 (60 +2u(p))e’s .

p=1
Then the zeros of F fulfill the estimates

2nm 1
n = * 1 — N
’ ﬁp—ﬁl( +O(n>> (n € )

in the right respectively left half plane.

We use this lemma to estimate the zeros of A, i.e. the square roots of the eigenvalues
of (1.1), (1.2). For the determination of the numbers ¥#; and é; in (5.1) we have
to consider all terms in the estimates of the product HT=_11 C,(T,,T,+1) (which are

] 1 |¢|, and for the determination of

¥p and ¢, we have to consider all terms with e’ J o 7 Taking into account every
possible transition from one turning point to the next one the multiplication of these
matrices yields

Y1 = —Ry = =9, and é& = h(p)és # 0, é = h(p)é, # 0.

obtained, using Theorem 3.1) with a factor e
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Applying Lemma 5.4 to (2.4) we obtain (for p € Sy US_1)

- (vl - ool wen

2.2
F=1T (1 1 N
A 7 ( —I—(’)<n>> (neIN).

The discussion of the characteristic determinant A in the sectors S; and S5 can be
reduced to the discussion in the sectors S_; and Sy by replacing A = p? by —\ and
¢? by —¢%. Then R, and R_ change their places and we get the sequence

P —%(14—(’)(%)) (neN).

The discussion of A in the sector Sy (k € Z) results from that in the sector Sk+4 by
replacing p by —p.
Therefore we have proved Theorem 5.3 (for further details see [24]).

that is

6. An expansion theorem

To complete the investigation of the indefinite eigenvalue problem (1.1), (1.2) we
want to prove an expansion theorem with respect to its eigenfunctions. The method
used is similar to that applied by the authors in [7].

6.1. Notations and results

Let k € Z and for p € S;, y1(+,p), y2(+,p) be a fundamental system of (1.1) in the
interval [0, 1]. As before let

W(ylayQ) = W(yl('ap)ayQ('ap)) =

be the Wronskian of y; and ys.
For f € L]0, 1] the solution y of the inhomogeneous equation

Uy) = p*¢*(x)y + f(x)

is of the following form if A = p? is no eigenvalue of the considered regular eigenvalue
problem:

y(z.p) = / Gt ) (1) dt

with the Green’s function G, which is defined by
_ H(z,t,p)

for (z,t) €1[0,1]%, pe Sy,

G(x,t,pQ)

where
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yi(x,p)  y2(z,p) g(z.t,p)
H(x,t,p) := | Ulyr)  Ui(y2)

and
glx,t,p) = 7{

We define the contour integral

1

61)  Sa(f)@) = / / Gle,t, N ANGA () f(t) dt (z € [0,1])

2mi

where R > 0 is chosen such that there is no eigenvalue on the circle I'r2 of radius
R2%. Since the eigenvalues A (n € IN) are poles of the Green’s function and since
res,+ G(z,t, \) can be represented by products of eigen— and associated functions
(e.a.f.) of (1.1), (1.2) and of the corresponding adjoint problem, which we denote
by y, and z,, the integral Sr(f)(x) represents a partial sum of the expansion of f
into a series in e.a.f. of (1.1), (1.2):

Sr(f)(z) = Z nYn (T)

neMpr
with

Q1= /O POzt dt, Mg = {neN||\5| <R},

If f has an absolutely continuous derivative f' with f” € L[0,1] and if U;(f) = 0
(j = 1,2) then we infer from (6.1) by partial integration and using the properties of
the Green’s function that

1 LGz, t,\)
Sr(f)(z) = f(x)+%/FR2/O = U dtdx,
provided all integrals exist.

Assumption 6.1. For each v € {1,...,m} with [, = —1 let 3?(\/1 +4AV) < %

Below we prove that under Assumption 6.1 the solutions of (1.1) are bounded and
that there exists a sequence (R, )nen and constants K, pug > 0 with

(6.2) |G(z,t,\)| < K|\ for e U Tgz and (z,t) € [0,1)%;
ne€lN

obviously this implies the uniform convergence of Sg, (f)(x) for R, — oo to f(z), i.e.
we have proved the following expansion result:

Theorem 6.2. Let Assumption 6.1 hold. If f has an absolutely continuous deriva-
tive f" with f"' € L[0,1] and if U;(f) =0 (j = 1,2) then f can be represented by a
uniformly convergent series in eigen— and associated functions of (1.1), (1.2).
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Since the set of all functions satisfying the assumptions of Theorem 6.2 is dense in
L, [0, 1] we obtain as a corollary of the preceding theorem:

Theorem 6.3. If Assumption 6.1 holds then the set of all eigen— and associated
functions of (1.1), (1.2) is complete in L2[0,1].

In the next subsection we prove estimate (6.2); a generalization of (6.2) is proved in
the last subsection.

6.2. Green’s function

Without loss of generality we restrict p to U,lcz_2 Sk. Let k € {—2,-1,0,1} be fixed
and for p € Si let y1 (-, p), ua(-,p) be the fundamental system of (1.1) considered in
Subsection 4.2.

From the definition of Green’s function we derive

m{yl (@, p)ua(t, p)D1(p) + 1 (x, p)y1(t, p)D2(p)

—ug(z, p)ua(t, p)D3(p) — ua(z, p)yr(t, p)Da(p)}

G(x,t,p*) = g(z,t,p) +

for (x,t) € [0,1]%, p € Sk with

o Ur(uz) Uio(r) B Ui(uz) Uii(uz)
©.3) Dulp) = Us(uz) Uso(yr) ‘, Da(p) == Us(uz)  Usi(uz) ‘ ,
. Dap) Urly) Uiolwn) | - (r) = Ur(yr) Uni(uz)
e Us(yr) Usolyr) || re Us(y1) Usi(ug) |

From (4.1), (4.2), the formulas for the connection matrices and LANGER’s results we
derive

Lemma 6.4. Require that Assumption 6.1 holds and let 1 < v <m and 0 < ¢ <
go ;= min{xy, 2 — &1, ..., Tm — Tm—1,1 — Tm }. Then the following estimates hold:

v1(z, p) @ op(R- (@)£iR 4 (2)) H(1=p1)/2 o),
(6.4) ~ ~
us(z,p) L er(Ro@FiRs (@) y(1-m)/2 O(1),

for (x,p) € (x, — e,z + &) X Si with |&,(x, p)] < N, where N > 0 denotes a fized
constant. The upper sign holds in the sectors S_o and S_1, the lower in Sy and S;.

Proof. From [14], formulae (39) and (12), we infer that the fundamental systems
Uui1, Uui2, considered in Theorem 2.4, satisfy for |¢, (z, p)| < N

g+ mp) (1+ 2480, it # 0,
b
& /(z, p)log &, (, p) (1 + wp”—(x)

o

(2)
(6.5) vy (x,p) =

>(’)(1), if n, =0,

for x € (Xpy—c, Tpye), 1 <j<2andl € Z.
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From (2.5) and the proof of Theorem 2.6 we infer that

wVT7”l71(x, p) = (dffl (P vy (z, p) + Bf”l (P)vwa2(x, p))ﬁ;étu/42—uu/2p(1—uu)/2 :
(6.6) ~
wVT7”l72(x, p) = (éf”l (P vp11(z, p) + dVTJ” (P)vva2(z, p))ﬁ;étu/22—uu/2p(1—uu)/2 :

)

where the coefficients a4, b4, & dVT7 i are all of the form [K, ]| with constants K,

v,l> Vvl vl

depending on the type 7).
Combining Theorem 2.4 and Theorem 3.1 we get, using (4.1), that

ne.p) 2 Kea,)erP-e s { (1)) + B (@, )i, 0)

+(0(0) + BZ (o p)1] Julip(a, )}

)

(2) c

(6.7) us(w,p) = K (w,—q)erti- o) i)

o
x {(0(p=) + EP (@, p)[1]) ] (@, p)
+ (04 B o o)1) )T, )}

with bounded exponential sums E,gj)(xu, p) (like in Notations 4.3). For |¢,(z, p)] < N
is therefore (under Assumption 6.1),

vyi(z,p) = O() for [p| — oo,
hence

wl (z,p) Z pA=m)20(1) for |p| — oo.

v .
v,l,j

Since the exponential sums in (6.7) are bounded we receive the assertion of the
lemma. O

Lemma 6.5. Formula (6.4) is also valid (without Assumption 6.1) for (z,p) €
I, x Sy with |&,(x, p)| > N.

The proof of this lemma is essentially the same as the proof of [7], Lemma 1, (where
l, € IN).
Lemma 6.6. (TAMARKIN [22].) For every exponential sum T (p) (see Notations 4.3)

)
and every 6 > 0 there exists a C(6) > 0 such that

[1+T(p)| = C(6) for all pe Si(d)
with
Sk(0) = {pe Skl|dist(p,d’) >d}, o = {peC|1+T(p) =0}.

Now we can estimate the different terms in (6.3).
(i) From Section 4 we recall

Wi(p) = 2paer =R R (1) (1] + By(1, p)[1])
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with an exponential sum E‘k( 1, p) having a similar form as the exponential sum E(z, p),
defined in Notations 4.3, (ii), and which is such that the zeros of W have the same
density as the zeros of A. From Lemma 6.6 we derive the existence of Cy(dp) > 0 for
every &g > 0 with

(6.8) (W(p)| > |p|MPti-WFRLINC (6)

for p € S}V (8o) with |p| > rs,, where S}V (do) is the set of all p € Sy, with [p— p;| > &
for the zeros p; of 1 + Ex(1, p).
(ii) Since y1(1, p) and uz(0, p) grow exponentially for p € Sy with |p| — co we get

Uii(yr) Uio(u2)
Uai1(y1)  Uso(u2)

= phithag2e(R-(ER W)[[e]] with ¢o # O.

Alp) =

Lemma 6.6 shows that there exist a Cy(dg) > 0 with
(6.9) IA(p)] > |p|k1+k269‘3(29(R—(1)iiR+(1)))02(50)

for p € S£ (o) with |p| > rs,, where S£ (o) is the set of all p € Sy with |p — p;| > &
for the square roots p; of the eigenvalues of (1.1), (1.2).
(iii) In the same way we infer from (6.3) and Theorems 4.4, 4.7 and 6.5 that

(6.10) Dj(p) = phhett/2 bR OERAO1) for pe Sy, 1< j < 4

with i € (0, 3].

Assume now that Assumption 6.1 holds; then we get finally:

With (6.4) and (6.8) it follows g(x,t, p) = p~22O(1) for (x,t) € [0,1]% p € S (o)
with |p| > 7s,. From this and the estimates (6.8), (6.9) and (6.10) we obtain

|G (2,t,p%)| < c(bo)|p| 720

for (z,t) € [0,1]% and p € S£(60) N S} (0o) with |p| > rs, and a constant g € (0, 3].
From the distribution of the zeros of W and A it is obvious that for §g > 0 (sufficiently
small) there exist a sequence (Ry,)nen with R, — 0o (n — 00) such that (6.2) is valid.

Notice that we do not have to require that Assumption 6.1 is fulfilled in order to
prove that (6.10) holds for |p?| = R,,, n € IN.

Remark 6.7. The estimates for the fundamental systems and the connection ma-
trices are also valid if we allow that [, = 0 for one or several v € {1,...,m}, i.e. if the
weight function ¢? has no turning point in x,, but the function x has a pole of first or
second order in x,. The asymptotic distribution of the eigenvalues is also preserved if
we exclude the cases (I; = 0 and ¢*(x) > 0 for # € I ) and (I, = 0 and ¢*(z) > 0
for x € I, ().
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6.3. Expansion theorem in the general case

Let in this subsection v4,. .., v, denote those indices v € {1,...,m} for which I, =
—1 and for which in addition Assumption 6.1 is not fulfilled. Moreover let N and ¢
be chosen as in Lemma 6.4.

Then we replace the estimates of Lemma 6.4 for J?(J?,,j — &, Ty, —l—s) by the following:

Lemma 6.8. Forv € {vy,...,v.}, |& (2, p)] < N and (z,p) € (xuj —€,Ty; —l—s) x Sk
18

i (z, p) ©) eP(R— (@) £iRy (2)) pyiw /210 (’)(|x — |42 RVITAA, ) :

(6.11) . .
us(z, p) ©) eP(R— (@) £iRy (2)) pyiv /210 (’)(|x — |42 RVITIA, ) ,

where the upper sign has to be used for the sectors S_o, S_1 and the lower sign for
the sectors Sp, Si.

Proof. Since [, = —1 we have near z,

M‘ _ (’)( /g:qb(t)dt‘) = O(jz—z,['/?).

P
Moreover [, = —1 yields u, =1 and 1, = /1 + 4A4,, where we choose the root such
that —% <argn, < 7.

Hence near z,

_ (’)(|x _xV|1/4—1/2§R\/1+4AV) .

[w, p)}wm
p

Together with (6.5), (6.6) and (6.7) this proves the assertion of the lemma. O

Lemma 6.8 shows together with the representation of the Green’s function and the
proofs of Lemma 6.4 and Lemma 6.5 that (6.2) is no longer valid if Assumption 6.1
is not fulfilled. Instead one gets in this case, using Lemma 6.8, that there exists a
sequence (R, )new and constants K, pg > 0 with

Gz, t, )| < Kh(z, )|\ 7* for Ae | Tre
(6.12) neN
and x,t€ [0, \{zp,. ., 20, },

where

K
1/4—1/2R,/1+4A, .
hiz,t) = [ I(@—a,)(t =,/ 7/2RVIFAS
j=1

Let 09 := min{%” —Rn, |1<v< m} (which is negative if Assumption 6.1 is not
fulfilled).
Then we get with (6.12) and Lemma 6.8 analogously to the proof of Theorem 6.2:
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Theorem 6.9. Let f satisfy the assumptions of Theorem 6.2 and require in addition
that the functions

fop 0 [0,1] — R, e f(t) |t —m,, |V
are integrable for 1 < j < k. Then

lim Sg, (f)(z) = f(z)

n—oo
holds uniformly for x in any compact subset K C I\{xy,,..., 2y, }; here R, is chosen
as in (6.12).
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