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Indefinite Eigenvalue Problems with Several Singular Points
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Abstract. We consider a general class of eigenvalue problems with two–point boundary condi-
tions on a finite interval generated by a differential equation with an indefinite weight function which
has several zeros and/or poles. As a basic result we derive asymptotic estimates for a special funda-
mental system of solutions of the corresponding differential equation and determine the asymptotic
distribution of the eigenvalues. Finally we prove the uniform convergence of eigenfunction expansions
for some class of functions f .

1. Introduction

We investigate the eigenvalue problem generated by the differential equation

�(v) := − v′′ + χ(x) v = ρ2φ2(x) v for x ∈ I := [0, 1] ,(1.1)

and two linearly independent two–point boundary conditions

Uj(v) := Uj0(v) + Uj1(v) = 0 (j = 1, 2) .(1.2)

Here λ = ρ2 is the eigenvalue parameter. (We write λ and the weight function as
squares in order to simplify the formulas in the following sections.) We assume that
the weight function φ2 is real with a finite number of zeros of any order and/or poles
of first order in the open interval (0, 1), these zeros and poles are the so–called turning
points of (1.1). Moreover, these turning points are admitted to be poles of first or
second order of the function χ.

In Section 2 we determine the asymptotic dependence of the solutions of (1.1) for
|ρ| → ∞. Using these asymptotic estimates we derive a formula for the asymptotic
distribution of the eigenvalues for a class of regular problems which is a generalization
of the class of Birkhoff–regular eigenvalue problems in the definite case. Further we
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prove (under Assumption 6.1) the uniform convergence of the eigenfunction expansion
for a function f with the following properties: f has an absolutely continuous derivative
f ′ with f ′′ ∈ L[0, 1] and satisfies the boundary conditions Uj(f) = 0 for j = 1, 2; a
modified version of this theorem is provided in Subsection 6.3.

This paper continues the investigations made by Eberhard, Freiling and Schnei-

der (see [6], [7], [8]) who considered (1.1) in the case of several zeros of φ2 and a
bounded and integrable function χ; it contains and extends the main results of the
dissertation [24] of the third author, written under the guidance of the two first au-
thors.

Differential equations with turning points arise in various problems of mathematical
physics as well as in applications (see [3], [5], [9], [16], [23] for further references).
Nevertheless a rigorous treatment of such spectral problems is up to the present time
only available in special cases (see [1], [7], [8], [10], [20], [21] and [25] for symmetric
problems and for problems with turning points being zeros and also [2], [4], [19] where
a Krein/Pontrjagin–space approach is used). The main reason for this gap in the
literature is the fact that up to now there existed no adequate asymptotic estimates
for differential equations of the general form (1.1); we hope to fill this gap with our
results.

2. The fundamental systems in a neighbourhood of one turning
point

2.1. Some remarks

If φ2 is definite, i. e. ±φ2 > 0, then the theory of Liouville–Green–approximation
(see [18], Chapter 6) supplies the existence of two linearly independent solutions of
(1.1) with nice asymptotic estimates in I (see Subsection 2.2). Since φ2 is indefinite it
is evident that these asymptotic forms cannot be valid in intervals containing a turning
point. In the case of one single turning point x1 ∈ I, the solutions of (1.1) can be
expressed using Bessel functions and have been estimated rigorously by R.E. Langer

(see [11], [13], [14]). In the case of m > 1 turning points in the interval I we obtain
estimates for solutions in the whole interval by dividing I into m parts containing only
one turning point and by patching together the asymptotic forms appropriate to the
neighbouring intervals. However this procedure is not applicable in a straightforward
way to the estimates obtained by Langer (see [15]). Therefore we substitute the
fundamental system derived by Langer by another fundamental system which is
more suitable for the matching process. The idea of the construction comes from [8],
where all turning points were zeros of φ2; in the presence of turning points being poles
we get asymptotic estimates for a special fundamental system by combining the ideas
of [13], [14] and [7]. Since the proofs of the results in Sections 2 – 5 are very technical,
we give here only the main idea of the proofs and refer the interested reader to [24]
for further details.

2.2. Notations and preliminary results

We suppose that the function φ2 has m turning points xν in I of order lν ∈ IN∪{−1}
with 0 < x1 < · · · < xm < 1.
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Notations 2.1. (i) For fixed ε > 0 (sufficiently small) we define the following
intervals:

D0,ε := [0, x1 − ε] ,
Dν,ε := [xν + ε, xν+1 − ε] (1 ≤ ν ≤ m− 1) ,
Dm,ε := [xm + ε, 1] ,
Iν,ε := Dν−1,ε ∪ [xν − ε, xν + ε] ∪Dν,ε (1 ≤ ν ≤ m) .

(ii) For k ∈ ZZ we consider the sectors

Sk :=
{
ρ ∈ C

∣∣∣ kπ4 ≤ arg ρ ≤ (k+1)π
4

}
.

For k ∈ ZZ and δ > 0 let

χ(k) :=
{
ξ ∈ C | (k − 1 + δ)π ≤ arg ξ ≤ (k + 1 − δ)π

}
;

the sectors χ(k) are understood as sectors of the Riemann surface of log.

Assumption 2.2. (i) The functions

φν,0 : Iν,ε −→ IR , φν,0(x) := (x− xν)−lνφ2(x) , 1 ≤ ν ≤ m,

are non–vanishing and real–analytic; denote κν0 := φν,0(xν).
(ii) χ has the form

χ(x) = Aν(x− xν)−2 + Bν(x− xν)−1 + Cν(x) (x ∈ Iν,ε, x �= xν)

with constants Aν, Bν and a bounded real–analytic function Cν.

Notations 2.3. (i) We introduce for 1 ≤ ν ≤ m

µν :=
1

lν + 2
∈ (0, 1] ,

ην := µν(1 + 4Aν)1/2 with arg ην ∈ (− π
2
, π
2

]
,

σν :=



1 if µν >
1
4
,

1 − δ0 if µν =
1
4

(with δ0 > 0 arbitrarily small) ,

4µν if µν <
1
4
,

and

σ0 := min{σν | 1 ≤ ν ≤ m} .
(ii) We recall that there are four different types of zeros of order lν and two different

types of poles of first order. For 1 ≤ ν ≤ m

Tν :=



IN if lν even and φ2(x)(x− xν)−lν < 0 in Iν,ε ,

IIN if lν even and φ2(x)(x− xν)−lν > 0 in Iν,ε ,

IIIN if lν odd and φ2(x)(x− xν)−lν < 0 in Iν,ε ,

IVN if lν odd and φ2(x)(x− xν)−lν > 0 in Iν,ε ,

IP if lν = −1 and φ2(x)(x− xν) > 0 in Iν,ε ,

IIP if lν = −1 and φ2(x)(x− xν) < 0 in Iν,ε ,



54 Math. Nachr. 229 (2001)

is called type of xν .
(iii) We use the following abbreviations:

I0 := ]0, x1[ , , Iν := ]xν, xν+1[ (1 ≤ ν ≤ m− 1) , Im := ]xm, 1[ ,

Rν :=
∫
Iν

|φ(t)| dt (0 ≤ ν ≤ m) ,

R0(x) :=
∫ x

0

|φ(t)| dt , Rν(x) :=
∫ x

xν

|φ(t)| dt (1 ≤ ν ≤ m) ,

ξν(x, ρ) := ρ

∫ x

xν

φ(t) dt (1 ≤ ν ≤ m) .

(iv) Further we set:

[1] := 1 + O(ρ−σ0 ) ,
[1; ξ] := [1] + O(ξ−1

)
,

where O is the Landau symbol.

(v) In the sequel we use the symbol
(2)
= instead of = in order to signify that a given

formula is valid and also the corresponding formula obtained by formal differentiation
with respect to x ignoring the formal differentiation of all error terms.

Now we outline the fundamental rule for the choice of the solutions wTν

ν,1( · ), wTν

ν,2( · )
of (1.1) for (x, ρ) ∈ Iν,ε × Sk (1 ≤ ν ≤ m, k ∈ ZZ):

The theory of Liouville–Green–approximation shows that for every sector Sk (k ∈ ZZ)
and for every interval Dν,ε (0 ≤ ν ≤ m) there exist two linearly independent solutions
w̃ν,1, w̃ν,2 of (1.1) satisfying

w̃ν,j(x, ρ)
(2)
= φ−1/2(x) exp

(
±ρ

∫ x

xν

φ(t) dt
)

[1] for (x, ρ) ∈ Dν,ε × Sk .

Here and in the following we shall write two formulas in one by the use of double signs
together with an index j: the upper signs are to be associated with the value j = 1
and the lower signs with j = 2.
w̃ν,j is called dominant respectively subdominant in Dν,ε if � ( ± ρ

∫ x
xν

φ(t) dt
)

is

positive respectively negative for (x, ρ) ∈ Dν,ε×
◦
Sk .

Now we define the solutions wTν

ν,j (j = 1, 2) in the following way:
wTν
ν,1 : Iν,ε → C is the continuation to Iν,ε of a normalized multiple of the sub-

dominant solution of (1.1) in Dν−1,ε and wTν
ν,2 : Iν,ε → C is the continuation to Iν,ε

of a normalized multiple of the subdominant solution (1.1) in Dν,ε; notice that both
solutions can be continuated (in the next step) to the whole interval I = [0, 1].

In order to estimate wTν

ν,1 and wTν

ν,2 we use the results of [14] (see Theorem 2.4); in
[14] R.E. Langer proved asymptotic estimates for a fundamental system of solutions
of normalized differential equations of the form (1.1) having only one turning point of
order l0 > −2. Using this result and some elementary transformations one arrives at
the following theorem:
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Theorem 2.4. The differential equation (1.1) has for 1 ≤ ν ≤ m, l ∈ ZZ and
x ∈ Iν,ε a fundamental system of solutions vν,l,1( · , ρ), vν,l,2( · , ρ), satisfying for a
fixed, sufficiently large number N > 0 the following estimates:

(i) For |ξν(x, ρ)| ≤ N and 1 ≤ j ≤ 2 is

vν,l,j(x, ρ)
(2)
=

√
2 (x− xν)1/4

(
π
2

)1/2
e±(ην+l+1/2)i π

2

× κ
µν/4
ν0 2−µν (lν+1)/2 (x− xν)−1/4 ψν(x) ξµν/2

ν (x, ρ)H(j)
ην

(
e−lπi ξν(x, ρ)

)
+

√
2 (x− xν)1/4κµν/4

ν0 2−µν(lν+1)/2 (x− xν)−1/4 ψν(x)

×


ξ
µν/2−ην
ν (x, ρ)

O(1)
ρµν

, if ην �= 0 ,

ξ
µν/2
ν (x, ρ) log ξν(x, ρ)

O(1)
ρµν

, if ην = 0 ,

(2)
=

√
π κ

µν/4
ν0 2−µν (lν+1)/2 e±(ην+l+1/2)i π

2 ψν(x) ξµν/2
ν (x, ρ)H(j)

ην

(
ξν(x, ρ)
elπi

)
(2.1)

+ ψν(x)


ξ
µν/2−ην
ν (x, ρ)

O(1)
ρµν

, if ην �= 0 ,

ξ
µν/2
ν (x, ρ) log ξν(x, ρ)

O(1)
ρµν

, if ην = 0 ,
(2.2)

with ρµν :=

{
ρ, if µν > 1

2 ,

ρ2µν , if µν < 1
2

,
and where H

(1)
η and H

(2)
η are the Hankel functions

(i. e. Bessel functions of the third kind).
(ii) For |ξν(x, ρ)| > N and 1 ≤ j ≤ 2 and p ∈ ZZ is

vν,2p,j(x, ρ)
(2)
=

√
2 (x− xν)1/4κµν/4

ν0 2−µν (lν+1)/2 (x− xν)−1/4ψν(x) ξ(µν−1)/2
ν (x, ρ)

×
{
c
(p)
ν,j,1e

iξν (x,ρ)[1; ξν] + c
(p)
ν,j,2e

−iξν (x,ρ)[1; ξν]
}

(2.3)

(2)
= κ

µν/4
ν0 2(1−(lν+1)/(lν+2))/2 φ−1/2(x) Φ(1−µν)/2

ν (x)ρ(µν−1)/2 Φ(µν−1)/2
ν (x)

×
{
c
(p)
ν,j,1e

iξν (x,ρ)[1; ξν] + c
(p)
ν,j,2e

−iξν (x,ρ)[1; ξν]
}

(2)
= κ

µν/4
ν0 2µν/2 ρ(µν−1)/2 φ−1/2(x)

{
c
(p)
ν,j,1e

iξν(x,ρ)[1; ξν] + c
(p)
ν,j,2e

−iξν(x,ρ)[1; ξν]
}

where the coefficients are defined by

c
(p)
ν,1,1 = (−1)p−s+1 sin(2s−2p−1)ηνπ

sin ηνπ

c
(p)
ν,2,1 = (−1)p−s+1 i sin(2s−2p)ηνπ

sin ηνπ

 for ξν,1(z, ρ) ∈ χ(2s−1) ∪ χ(2s) ,

c
(p)
ν,1,2 = (−1)p−s+1 i sin(2s−2p)ηνπ

sin ηνπ

c
(p)
ν,2,2 = (−1)p−s

sin(2s−2p+1)ηνπ
sin ηνπ

 for ξν,1(z, ρ) ∈ χ(2s) ∪ χ(2s+1) .

(2.4)
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Further is

vν,2p,1(x, ρ) = vν,2p+1,1(x, ρ) ,

vν,2p−1,2(x, ρ) = vν,2p,2(x, ρ) .

(iii) W (vν,l,1, vν,l,2) = −κ
µν/2
ν0 2µν+1 iρµν [1] (1 ≤ ν ≤ m, l ∈ ZZ) .

Unfortunately it is not possible to prove adequate asymptotic estimates of the con-
tinuation of the solutions vν,l,j( · , ρ) to the whole interval I = [0, 1] (although this
continuation exists), therefore we have to replace the solutions vν,l,1( · , ρ), vν,l,2( · , ρ)
in the next step

(
for x ∈ Iν,ε and for adequate l = 2p ∈ ZZ, which depends on the type

Tν and on the sector in the ρ–plane in which we want to estimate wTν

ν,j(x, ρ)
)

by the
linear combinations

wTν

ν,j(x, ρ) =: wTν

ν,2p,j(x, ρ) =: σν,p,jvν,2p,1(x, ρ) + τν,p,jvν,2p,2(x, ρ) ,

1 ≤ ν ≤ m,
(2.5)

which have been defined above and are more appropriate for our purpose.
It turns out that the connection coefficients σν,p,j, τν,p,j can be determined with

an adequate accuracy by Cramers rule (since they are calculated for a subdominant
solution). The corresponding calculations are elementary but voluminous, since we
have to take into account all possible combinations of turning points; in particular
it turns out that the estimates obtained are independent of p. Notice that p has an
influence on the sector in which the estimates of Theorem 2.4, (ii), are valid, therefore
we have to choose p in the correct way when we are matching subsequently solutions,
defined for x in Iν,ε and solutions, defined for x in Iν+1,ε, respectively.

For the formulation of the next theorem we introduce some notations:

Notations 2.5. (i) Let ω+
1 , ω+

2 respectively ω−
1 , ω−

2 be the square roots of +1
respectively −1. According to Naimark [17] they can be ordered for each of the
sectors Sk in such a way that the following inequalities hold:

�(ρω+
1

) ≤ �(ρω+
2

)
respectively �(ρω−

1

) ≤ �(ρω−
2

)
for all ρ ∈ Sk .

Notice that this order essentially depends on the sector Sk, we suppress this depen-
dence in our notation.

Now we set for 0 ≤ ν ≤ m

ων :=

{
ω+
2 if φ2 < 0 in Dν,ε ,

ω−
2 if φ2 > 0 in Dν,ε .

Therefore we have for ρ ∈ Sk (−2 ≤ k ≤ 1)

ων =


1 if φ2 < 0 in Dν,ε and k ∈ {−2,−1, 0, 1} ,
i if φ2 > 0 in Dν,ε and k ∈ {−2,−1} ,

−i if φ2 > 0 in Dν,ε and k ∈ {0, 1} .
For every sector Sk (−2 ≤ k ≤ 1) is �(−ωνρ) ≤ 0.
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(ii) For 1 ≤ ν ≤ m let

aTν
ν :=



1 if Tν ∈ {IP , IIP } ,
sin 1

2
lνηνπ

sin ηνπ
if Tν ∈ {IN , IIN} ,

sin 1
2
(lν + 1)ηνπ
sin ηνπ

if Tν ∈ {IIIN , IVN} ,

ATν
ν :=


sin 1

2 (lν + 4)ηνπ
sin ηνπ

if Tν ∈ {IN , IIN} ,
aTν
ν otherwise ,

bTν
ν :=



2 cos ηνπ if Tν ∈ {IP , IIP } ,
sin 1

2 (lν + 2)ηνπ
sin ηνπ

if Tν ∈ {IN , IIN} ,
sin 1

2
(lν + 3)ηνπ
sin ηνπ

if Tν ∈ {IIIN , IVN} ,

cν :=


1 if Tν ∈ {IN , IIN} ,

ei
π
4 if (Tν ∈ {IIP , IIIN} and ρ ∈ S−2 ∪ S−1)

or (Tν ∈ {IP , IVN} and ρ ∈ S0 ∪ S1) ,

e−i
π
4 otherwise .

(Pay attention to the dependence of cν on the sector Sk!)

Using the preceding notations we obtain the following estimates for the fundamental
system wTν

ν,1( · , ρ), wTν

ν,2( · , ρ) which replaces in the sequel vν,2p,1( · , ρ), vν,2p,2( · , ρ) and
is more appropriate for the subsequent matching process:

Theorem 2.6. For 1 ≤ ν ≤ m the fundamental system wTν

ν,1( · , ρ), wTν

ν,2( · , ρ) of
Equation (1.1) satisfies the following asymptotic estimates:

(i) For the sectors Sk (−2 ≤ k ≤ 1) we have the following estimates for the subdom-
inant solutions in Dν−1,ε×Sk and Dν,ε× Sk (which are unique up to normalization):

wTν

ν,1(x, ρ) |φ(x)|1/2 (2)
= eων−1ρRν (x)[1] for (x, ρ) ∈ Dν−1,ε × Sk ,

wTν

ν,2(x, ρ) |φ(x)|1/2 (2)
= cν

bTν
ν

e−ωνρRν (x)[1] for (x, ρ) ∈ Dν,ε × Sk .

For the continuation of these solutions to the intervals Dν,ε and Dν−1,ε, respectively,
we obtain for (x, ρ) ∈ Dν−1,ε × Sk

wTν

ν,1(x, ρ) |φ(x)|1/2 (2)
= cνb

Tν
ν eωνρRν(x)[1] +
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+



0 if (Tν ∈ {IP , IIN , IVN} and k ∈ {−2, 1})

or (Tν ∈ {IIP , IN , IIIN} and k ∈ {−1, 0}) ,

icνa
Tν
ν e−ωνρRν(x)[1] if (Tν ∈ {IP , IIN , IVN} and k = −1)

or (Tν ∈ {IIP , IN , IIIN} and k = 1) ,

−icνa
Tν
ν e−ωνρRν (x)[1] if (Tν ∈ {IP , IIN , IVN} and k = 0)

or (Tν ∈ {IIP , IN , IIIN} and k = −2) ,

and for (x, ρ) ∈ Dν−1,ε × Sk

wTν
ν,2(x, ρ) |φ(x)|1/2

(2)
= e−ων−1ρRν (x)[1]

+



iATν
ν

bTν
ν

eων−1ρRν(x)[1] if (Tν ∈ {IP , IN , IVN} and k = 1)

or (Tν ∈ {IIP , IIN , IIIN} and k = −1) ,

− iATν
ν

bTν
ν

eων−1ρRν(x)[1] if (Tν ∈ {IP , IN , IVN} and k = −2)

or (Tν ∈ {IIP , IIN , IIIN} and k = 0) ,

0 otherwise .

The Wronskian satisfies for ρ ∈ Sk

W
(
wTν
ν,1, w

Tν
ν,2

)
= −2ων−1ρ [1] .

(ii) In order to obtain estimates for the fundamental system for other sectors Sk±4

(k ∈ ZZ) we have to substitute the parameter ρ by −ρ in the estimates for the sector
Sk.

Notice that wTν

ν,1(x, ρ) and wTν

ν,2(x, ρ) can also be estimated for (x, ρ) ∈ [xν − ε,
xν + ε] × Sk by combining the estimates of Theorem 2.4 and the estimates for the
connection coefficients (see Lemmas 6.4, 6.5 and 6.8).

3. Connection matrices

For the proof of estimates for the fundamental system of (1.1) on the whole interval
I we have to calculate the so–called connection matrices Cν(Tν , Tν+1) with(

wTν
ν,1(x, ρ)

wTν
ν,2(x, ρ)

)
= Cν
(
Tν , Tν+1

)(wTν+1
ν+1,1(x, ρ)

w
Tν+1
ν+1,2(x, ρ)

)
(1 ≤ ν ≤ m− 1)(3.1)

for (x, ρ) ∈ Dν,ε×Sk. Therefore we consider every possible transition from one turning
point xν to the next one xν+1. Using the estimates for the fundamental system wTν

ν,j

(1 ≤ ν ≤ m, j = 1, 2) from Theorem 2.6 and Cramer’s rule we are able to determine
the connection matrices and get the following result (for further details see [24] and
[8]):
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Theorem 3.1. The connection matrices satisfy for 1 ≤ ν ≤ m and ρ ∈ Sk (−2 ≤
k ≤ 1)

Cν(Tν , Tν+1) = FνEν(ωνρ)Hν(ωνρ;αν, βν, γν+1)cν
with

Fν :=

 bTν
ν 0

0
1
bTν
ν

 , Eν(z) :=

(
ezRν 0

0 e−zRν

)
,

Hν(z; α, β, γ) :=

(
[1] + [α]e−2zRν e2zRν+1(xν+ε)O (ρ−σ0

)
+ [β]e−2zRν

e−2zRν+1(xν+1−ε)O (ρ−σ0
)

+ [γ] [1]

)
and

αν := βνγν+1 ,

βν :=


0 if (φ2 < 0 in Iν and k ∈ {−1, 0})

or (φ2 > 0 in Iν and k ∈ {−2, 1}) ,

aTν
ν

bTν
ν

otherwise ,

γν+1 :=


0 if (φ2 < 0 in Iν and k ∈ {−1, 0})

or (φ2 > 0 in Iν and k ∈ {−2, 1}) ,

A
Tν+1
ν+1

b
Tν+1
ν+1

otherwise .

(Hν(z;α, β, γ) is only determined in first approximation, i. e. (α, β, γ) = (α1, β1, γ1)
does not imply Hν(z;α, β, γ) = Hν(z;α1, β1, γ1).)

The connection matrices for the sectors Sk±4 (k ∈ ZZ) can be determined by substi-
tuting the parameter ρ by −ρ in the estimates for the sector Sk.

4. The fundamental systems in the whole interval

4.1. The fundamental system y1, y2

Now we are able to define a normalized fundamental system of solutions of (1.1)
which can be estimated on the whole interval [0, 1].

Notations 4.1. (i) For ρ ∈ Sk (−2 ≤ k ≤ 1) we set nT1(ρ) := eω0ρR0 .
(ii) Let k ∈ {−2,−1, 0, 1} be fixed and ρ ∈ Sk. Then we denote the continuation

of the functions nT1(ρ)wT1
1,1( · , ρ) and n−1

T1
(ρ)wT1

1,2( · , ρ) to the whole interval [0, 1] by
y1( · , ρ) and y2( · , ρ), respectively.
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Since W
(
y1( · , ρ), y2( · , ρ)

)
= W
(
wT1
1,1( · , ρ), wT1

1,2( · , ρ)
)
�= 0, y1( · , ρ), y2( · , ρ) is a

fundamental system of (1.1) (for every sector Sk). According to (3.1) we have(
y1(x, ρ)

y2(x, ρ)

)
=

(
nT1(ρ) 0

0 n−1
T1

(ρ)

)
ν−1∏
l=1

Cl(Tl, Tl+1)

(
wTν
ν,1(x, ρ)

wTν
ν,2(x, ρ)

)
(4.1)

for (x, ρ) ∈ Iν,ε × Sk, 1 ≤ ν ≤ m.
Combining Theorem 2.6 and Theorem 3.1 we obtain asymptotic estimates of y1(x, ρ)

and y2(x, ρ) for x ∈ [0, 1], ρ ∈ Sk. We introduce some notations.

Notations 4.2. For x ∈ [0, 1] let

R±(x) :=
∫ x

0

|φ±(t)| dt with φ2±(t) := max
{

0,±φ2(t)
}
,

K±(x) :=
∏
xν<x

cνb
Tν
ν ,

where in K±(x) the upper sign has to be used if ρ ∈ S−2 ∪ S−1, the lower sign if
ρ ∈ S0 ∪ S1.

Notations 4.3. (i) For a ∈ C let

[[a]] := (a + T (ρ))[1] ,

where T (ρ) is an exponential sum of the form

T (ρ) :=
l∑

j=1

cje
ρdj with cj ∈ C , dj ∈ C \ {0} and �(ρdj)

{
≤ 0 if ρ ∈ Sk ,

< 0 if ρ ∈ ◦
Sk .

(ii) With Ek(x, ρ) for −2 ≤ k ≤ 1 and (x, ρ) ∈ [0, 1]× Sk we denote in the sequel an
exponential sum of the form

Ek(x, ρ) =
l(x)∑
n=1

eραkβkn(x)bkn(x) ,

where α−2 = α1 = −1, α0 = −α−1 = i,

0 < δ ≤ βk1(x) < · · · < βkl(x)(x) ≤ 2 max{R+, R−}
and where the functions l and bkn are constant in every interval Dν,ε (0 ≤ ν ≤ m).

Using these abbreviations we get, using (2.2) and Theorem 3.1, by some elementary
but lengthy calculations the following theorem (for details see [24] and — for turning
points being zeros — [8]):

Theorem 4.4. For ρ ∈ Sk and x ∈ ⋃mν=0 Dν,ε the following estimates hold:

y1(x, ρ)
(2)
= |φ(x)|−1/2eρ(R−(x)±iR+(x))K±(x)

(
[1] + Ek(x, ρ)[1]

)
︸ ︷︷ ︸

= [[1]]

,

y2(x, ρ)
(2)
= |φ(x)|−1/2eρ(R−(x)±iR+(x))eρ(δ1(ε)±iδ2(ε))O(ρ−σ0 ) ,
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where δ1(ε) + δ2(ε) ≥ 0 and the upper sign holds for k ∈ {−2,−1}, the lower sign for
k ∈ {0, 1}.

Since y2(x, ρ) = n−1
T1

(ρ)wT1
1,2(x, ρ) for (x, ρ) ∈ [0, x1 − ε] × Sk Theorem 2.6 yields an

estimate of y2(x, ρ) for (x, ρ) ∈ [0, x1 − ε] × Sk which is more precise than that one in
Theorem 4.4. In addition it turns out that the estimates obtained for y1, y2 are precise
enough to determine the asymptotic behaviour of the eigenvalues of a large class of
regular eigenvalue problems defined by (1.1) and (1.2). For the proof of expansion
theorems with respect to the eigenfunctions of these eigenvalue problems we cannot
use the estimate of y2. Therefore we have to derive asymptotic estimates for another
fundamental system which are more adequate for the proof of expansion theorems.

4.2. The fundamental systems u1, u2 and y1, u2

Notations 4.5. (i) For ρ ∈ Sk (−2 ≤ k ≤ 1) we set ñTm(ρ) := e−ωmρRm .
(ii) For fixed k ∈ {−2,−1, 0, 1} and (x, ρ) ∈ [0, 1]× Sk we set(

u1(x, ρ)

u2(x, ρ)

)
:=

(
ñTm(ρ) 0

0 ñ−1
Tm

(ρ)

)(
F Tm
m

)−1

c−1
m

(
wTm
m,1(x, ρ)

wTm
m,2(x, ρ)

)
,

i. e. uj( · , ρ) is the continuation of a normalized multiple of wTm

m,j( · , ρ) to the whole
interval I.

With (3.1) we get for 1 ≤ ν ≤ m− 1 and (x, ρ) ∈ Iν,ε × Sk(
u1(x, ρ)

u2(x, ρ)

)
=

(
ñTm(ρ) 0

0 ñ−1
Tm

(ρ)

)(
F Tm
m

)−1

c−1
m

× C−1
m−1(Tm−1, Tm) · · · C−1

ν (Tν , Tν+1)

(
wTν

ν,1(x, ρ)

wTν

ν,2(x, ρ)

)
.

(4.2)

Because of detHν(ωνρ;αν, βν , γν+1) = [1] we can easily determine the inverses of
the connection matrices; these matrices and their inverses have a similar structure,
therefore we obtain the estimates of u1, u2 in an analogous way to the estimates for
y1 and y2.

Notations 4.6. For x ∈ [0, 1] let

R̃±(x) := R±(1) −R±(x) ,

K̃±(x) :=
∏
x<xν

c−1
ν bTν

ν

with the upper sign in K̃±(x) in the case of the sectors S−2 and S−1, the lower sign
for S0 and S1.

Analogously to Theorem 4.4 we derive:
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Theorem 4.7. For ρ ∈ Sk and x ∈ ⋃mν=0 Dν,ε the following estimates hold:

u1(x, ρ)
(2)
= |φ(x)|−1/2eρ(R̃−(x)±iR̃+(x))eρ(δ1(ε)±iδ2(ε))O(ρ−σ0 ) ,

u2(x, ρ)
(2)
= |φ(x)|−1/2eρ(R̃−(x)±iR̃+(x)) K̃±(x)[[1]] ,

where δ1(ε) + δ2(ε) ≥ 0 and the upper sign holds for k ∈ {−2,−1}, the lower sign for
k ∈ {0, 1}.

From

W (ρ) := W (y1( · , ρ), u2( · , ρ)) = 2ραeρ(R−(1)±iR+(1))K±(1)[[1]] �= 0 for ρ ∈ Sk\Ck
with α = −α̃ ∈ {1,−1, i,−i} and where Ck is a countable set of zeros of the term
denoted by [[1]], we infer that y1( · , ρ), u2( · , ρ) is a fundamental system of solutions
of (1.1) for ρ ∈ Sk \ Ck. On the other hand it turns out that the estimates obtained
in Theorems 4.4 and 4.7 for y1( · , ρ), u2( · , ρ) are sufficient for the application of the
contour–integration method and for the proof of expansion theorems (see Section 6).
Notice that y1( · , ρ), u2( · , ρ) are linearly dependent for ρ ∈ Ck, therefore these solu-
tions cannot be used for the investigation of the spectrum of (1.1), (1.2).

5. The distribution of the eigenvalues

We consider the eigenvalue problem generated by (1.1) and normalized boundary
conditions (1.2), i.e.

Uj0(y) = αjy
(kj)(0) +

kj−1∑
µ=0

αjµy
(µ)(0) ,

Uj1(y) = βjy
(kj)(1) +

kj−1∑
µ=0

βjµy
(µ)(1) ,

with |αj| + |βj| > 0 and 1 ≥ k1 ≥ k2 ≥ 0 where k1 + k2 is (without loss of generality)
minimal with respect to all equivalent boundary conditions.

Definition 5.1. Let

θj :=

∣∣∣∣∣α1 |φ(0)|k1 β1ε
k1
j |φ(1)|k1

α2 |φ(0)|k2 β2ε
k2
j |φ(1)|k2

∣∣∣∣∣ �= 0 (j = 1, 2, 3)

with ε1 = 1 , ε2 = i , ε3 = −i .

The indefinite eigenvalue problem (1.1), (1.2) is called regular if

θ1 �= 0 for φ2(0)φ2(1) > 0 and θ2θ3 �= 0 for φ2(0)φ2(1) < 0 .

Remarks 5.2. (i) In the definite case one has φ2(0)φ2(1) > 0, and the regularity
condition θ1 �= 0 is equivalent to the well–known condition of Birkhoff (see [17], § 4.8).
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(ii) It can be checked easily that separated, periodic and antiperiodic boundary
conditions are always regular.

Theorem 5.3. Let (1.1), (1.2) be a regular problem. Then there exist two sequences(
λ+n
)
,
(
λ−
n

)
of eigenvalues with the asymptotic distribution

λ±
n = ± n2π2

R2±(1)

(
1 + O
(

1
n

))
(n ∈ IN) .

In the case R+ = 0 or R− = 0 the corresponding sequence
(
λ+n
)

or
(
λ−
n

)
has to be

considered empty.

For the proof of this theorem we estimate the characteristic determinant

∆(ρ) := det
(
Uj
(
yi( · , ρ)

))
i,j=1,2

,

using the fundamental system y1, y2 of (1.1) defined by (3.1).
For ρ ∈ S−1 ∆(ρ) can be represented as an asymptotic exponential sum of the form

∆(ρ) = h(ρ)
p∑

µ=1

ĉµe
iρϑµ [1](5.1)

with h(ρ) �= 0, ĉµ ∈ C and ϑ1 < ϑ2 < · · · < ϑp. The proof of (5.1) is performed like
the proof of the main result in [6].

A useful tool for the proof of Theorem 5.3 is the following lemma, which is an
immediate consequence of Langer [12], Theorem 7:

Lemma 5.4. Let p ∈ IN \ {1}, ϑ1 < ϑ2 < · · · < ϑp, εµ : C → C with
lim|ρ|→∞ εµ(ρ) = 0, ĉµ ∈ C (1 ≤ µ ≤ p) with ĉ1 �= 0, ĉp �= 0 and

F (ρ) :=
p∑

µ=1

(ĉµ + εµ(ρ))eiρϑµ .

Then the zeros of F fulfill the estimates

ρn = ± 2nπ
ϑp − ϑ1

(
1 + O
(

1
n

))
(n ∈ IN)

in the right respectively left half plane.

We use this lemma to estimate the zeros of ∆, i. e. the square roots of the eigenvalues
of (1.1), (1.2). For the determination of the numbers ϑ1 and ĉ1 in (5.1) we have
to consider all terms in the estimates of the product

∏m−1
ν=1 Cν(Tν , Tν+1) (which are

obtained, using Theorem 3.1) with a factor e
−iρ
∫ xm

x1
|φ|

, and for the determination of

ϑp and ĉp we have to consider all terms with e
iρ
∫ xm

x1
|φ|

. Taking into account every
possible transition from one turning point to the next one the multiplication of these
matrices yields

ϑ1 = −R+ = −ϑp and c̃1 = h(ρ)ĉ1 �= 0 , c̃p = h(ρ)ĉp �= 0 .
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Applying Lemma 5.4 to (2.4) we obtain (for ρ ∈ S0 ∪ S−1)

ρn =
2nπ

ϑp − ϑ1

(
1 + O
(

1
n

))
=

nπ

R+

(
1 + O
(

1
n

))
(n ∈ IN) ,

that is

λ+n =
n2π2

R2
+

(
1 + O
(

1
n

))
(n ∈ IN) .

The discussion of the characteristic determinant ∆ in the sectors S1 and S2 can be
reduced to the discussion in the sectors S−1 and S0 by replacing λ = ρ2 by −λ and
φ2 by −φ2. Then R+ and R− change their places and we get the sequence

λ−
n = − n2π2

R2−

(
1 + O
(

1
n

))
(n ∈ IN) .

The discussion of ∆ in the sector Sk (k ∈ ZZ) results from that in the sector Sk±4 by
replacing ρ by −ρ.

Therefore we have proved Theorem 5.3 (for further details see [24]).

6. An expansion theorem

To complete the investigation of the indefinite eigenvalue problem (1.1), (1.2) we
want to prove an expansion theorem with respect to its eigenfunctions. The method
used is similar to that applied by the authors in [7].

6.1. Notations and results

Let k ∈ ZZ and for ρ ∈ Sk y1( · , ρ), y2( · , ρ) be a fundamental system of (1.1) in the
interval [0, 1]. As before let

W (y1, y2) := W (y1( · , ρ), y2( · , ρ)) =

∣∣∣∣∣ y1( · , ρ) y2( · , ρ)

y′1( · , ρ) y′2( · , ρ)

∣∣∣∣∣
be the Wronskian of y1 and y2.

For f ∈ L2[0, 1] the solution y of the inhomogeneous equation

�(y) = ρ2φ2(x)y + f(x)

is of the following form if λ = ρ2 is no eigenvalue of the considered regular eigenvalue
problem:

y(x, ρ) =
∫ 1

0

G(x, t, ρ2)f(t) dt

with the Green’s function G, which is defined by

G
(
x, t, ρ2
)

:=
H(x, t, ρ)

∆(ρ)
for (x, t) ∈ [0, 1]2 , ρ ∈ Sk ,

where
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H(x, t, ρ) :=

∣∣∣∣∣∣∣
y1(x, ρ) y2(x, ρ) g(x, t, ρ)

U1(y1) U1(y2) U1(g(·, t, ρ))(t)

U2(y1) U2(y2) U2(g(·, t, ρ))(t)

∣∣∣∣∣∣∣
and

g(x, t, ρ) :=
1

W (y1 , y2)

{
y1(x, ρ)y2(t, ρ) if x ≤ t ,

y2(x, ρ)y1(t, ρ) if x > t .

We define the contour integral

SR(f)(x) :=
1

2πi

∫ 1

0

∫
ΓR2

G(x, t, λ) dλφ2(t)f(t) dt (x ∈ [0, 1])(6.1)

where R > 0 is chosen such that there is no eigenvalue on the circle ΓR2 of radius
R2. Since the eigenvalues λ±

n (n ∈ IN) are poles of the Green’s function and since
resλ±

n
G(x, t, λ) can be represented by products of eigen– and associated functions

(e. a. f.) of (1.1), (1.2) and of the corresponding adjoint problem, which we denote
by yn and zn, the integral SR(f)(x) represents a partial sum of the expansion of f
into a series in e. a. f. of (1.1), (1.2):

SR(f)(x) =
∑
n∈MR

αnyn(x)

with

αn :=
∫ 1

0

φ2(t)f(t)zn(t) dt , MR :=
{
n ∈ IN | |λ±

n | < R2
}
.

If f has an absolutely continuous derivative f ′ with f ′′ ∈ L[0, 1] and if Uj(f) = 0
(j = 1, 2) then we infer from (6.1) by partial integration and using the properties of
the Green’s function that

SR(f)(x) = f(x) +
1

2πi

∫
ΓR2

∫ 1

0

G(x, t, λ)
λ

�(f)(t) dt dλ ,

provided all integrals exist.

Assumption 6.1. For each ν ∈ {1, . . . , m} with lν = −1 let �(√1 + 4Aν
) ≤ 1

2 .

Below we prove that under Assumption 6.1 the solutions of (1.1) are bounded and
that there exists a sequence (Rn)n∈IN and constants K, µ0 > 0 with

|G(x, t, λ)| ≤ K |λ|−µ0 for λ ∈
⋃
n∈IN

ΓR2
n

and (x, t) ∈ [0, 1]2 ;(6.2)

obviously this implies the uniform convergence of SRn (f)(x) for Rn → ∞ to f(x), i. e.
we have proved the following expansion result:

Theorem 6.2. Let Assumption 6.1 hold. If f has an absolutely continuous deriva-
tive f ′ with f ′′ ∈ L[0, 1] and if Uj(f) = 0 (j = 1, 2) then f can be represented by a
uniformly convergent series in eigen– and associated functions of (1.1), (1.2).
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Since the set of all functions satisfying the assumptions of Theorem 6.2 is dense in
L2[0, 1] we obtain as a corollary of the preceding theorem:

Theorem 6.3. If Assumption 6.1 holds then the set of all eigen– and associated
functions of (1.1), (1.2) is complete in L2[0, 1].

In the next subsection we prove estimate (6.2); a generalization of (6.2) is proved in
the last subsection.

6.2. Green’s function

Without loss of generality we restrict ρ to
⋃1
k=−2 Sk. Let k ∈ {−2,−1, 0, 1} be fixed

and for ρ ∈ Sk let y1( · , ρ) , u2( · , ρ) be the fundamental system of (1.1) considered in
Subsection 4.2.

From the definition of Green’s function we derive

G
(
x, t, ρ2
)

= g(x, t, ρ) +
1

W (y1, u2)∆(ρ)
{
y1(x, ρ)u2(t, ρ)D1(ρ) + y1(x, ρ)y1(t, ρ)D2(ρ)

−u2(x, ρ)u2(t, ρ)D3(ρ) − u2(x, ρ)y1(t, ρ)D4(ρ)
}

for (x, t) ∈ [0, 1]2, ρ ∈ Sk with

D1(ρ) :=

∣∣∣∣∣ U1(u2) U10(y1)

U2(u2) U20(y1)

∣∣∣∣∣ , D2(ρ) :=

∣∣∣∣∣ U1(u2) U11(u2)

U2(u2) U21(u2)

∣∣∣∣∣ ,
D3(ρ) :=

∣∣∣∣∣ U1(y1) U10(y1)

U2(y1) U20(y1)

∣∣∣∣∣ , D4(ρ) :=

∣∣∣∣∣ U1(y1) U11(u2)

U2(y1) U21(u2)

∣∣∣∣∣ .
(6.3)

From (4.1), (4.2), the formulas for the connection matrices and Langer’s results we
derive

Lemma 6.4. Require that Assumption 6.1 holds and let 1 ≤ ν ≤ m and 0 < ε <
ε0 := min{x1, x2 − x1, . . . , xm − xm−1, 1 − xm}. Then the following estimates hold:

y1(x, ρ)
(2)
= eρ(R−(x)±iR+(x))ρ(1−µν)/2 O(1) ,

u2(x, ρ)
(2)
= eρ(R̃−(x)±iR̃+(x))ρ(1−µν )/2O(1) ,

(6.4)

for (x, ρ) ∈ (xν − ε, xν + ε) × Sk with |ξν(x, ρ)| ≤ N , where N > 0 denotes a fixed
constant. The upper sign holds in the sectors S−2 and S−1, the lower in S0 and S1.

Proof . From [14], formulae (39) and (12), we infer that the fundamental systems
vν,l,1, vν,l,2, considered in Theorem 2.4, satisfy for |ξν(x, ρ)| < N

vν,l,j(x, ρ)
(2)
=


ξµν/2−ην
ν (x, ρ)

(
1 +

ψν(x)
ρµν

)
O(1) , if ην �= 0 ,

ξµν/2
ν (x, ρ) log ξν(x, ρ)

(
1 +

ψν(x)
ρµν

)
O(1) , if ην = 0 ,

(6.5)

for x ∈ (xν−ε, xν+ε), 1 ≤ j ≤ 2 and l ∈ ZZ.
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From (2.5) and the proof of Theorem 2.6 we infer that

wTν

ν,l,1(x, ρ) =
(
ãTν

ν,l(ρ)vν,l.1(x, ρ) + b̃Tν

ν,l(ρ)vν,l,2(x, ρ)
)
κ
−µν/4
ν0 2−µν/2ρ(1−µν)/2 ,

wTν

ν,l,2(x, ρ) =
(
c̃Tν

ν,l(ρ)vν,l,1(x, ρ) + d̃ Tν

ν,l (ρ)vν,l,2(x, ρ)
)
κ
−µν/2
ν0 2−µν/2ρ(1−µν)/2 ,

(6.6)

where the coefficients ãTν

ν,l, b̃Tν

ν,l, c̃Tν

ν,l, d̃ Tν

ν,l are all of the form [Kν] with constants Kν

depending on the type Tν .
Combining Theorem 2.4 and Theorem 3.1 we get, using (4.1), that

y1(x, ρ)
(2)
= K±(xν)eρ(R−(xν)±iR+(xν))

{
([1]) + E

(1)
k (xν , ρ)[1]wTν

ν,l(x, ρ)

+
(
O(ρ−σ0 ) + E

(2)
k (xν, ρ)[1]

)
wTν
ν,2(x, ρ)

}
,

u2(x, ρ)
(2)
=

cm

bTm
m

K̃±(xν−1)eρ(R̃−(xν )±iR̃+(xν))

×
{(

O(ρ−σ0 ) + Ẽ
(3)
k (xν, ρ)[1]

)
wTν

ν,1(x, ρ)

+
(

[1] + Ẽ
(4)
k (xν , ρ)[1]

)
wTν
ν,2(x, ρ)

}
,

(6.7)

with bounded exponential sums Ẽ
(j)
k (xν, ρ) (like in Notations 4.3). For |ξν(x, ρ)| ≤ N

is therefore (under Assumption 6.1),

vν,l,j(x, ρ)
(2)
= O(1) for |ρ| → ∞ ,

hence

wTν

ν,l,j(x, ρ)
(2)
= ρ(1−µν )/2O(1) for |ρ| → ∞ .

Since the exponential sums in (6.7) are bounded we receive the assertion of the
lemma. ✷

Lemma 6.5. Formula (6.4) is also valid (without Assumption 6.1) for (x, ρ) ∈
Iν,ε × Sk with |ξν(x, ρ)| > N .

The proof of this lemma is essentially the same as the proof of [7], Lemma 1, (where
lν ∈ IN).

Lemma 6.6. (Tamarkin [22].) For every exponential sum T (ρ) (see Notations 4.3)
and every δ > 0 there exists a C(δ) > 0 such that

|1 + T (ρ)| ≥ C(δ) for all ρ ∈ Sk(δ)
with

Sk(δ) := {ρ ∈ Sk | dist(ρ, σ′) ≥ δ} , σ′ := {ρ ∈ C | 1 + T (ρ) = 0} .
Now we can estimate the different terms in (6.3).
(i) From Section 4 we recall

W (ρ) = 2ραeρ(R−(1)±iR+(1))K±(1)
(
[1] + Ẽk(1, ρ)[1]

)
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with an exponential sum Ẽk(1, ρ) having a similar form as the exponential sum E(x, ρ),
defined in Notations 4.3, (ii), and which is such that the zeros of W have the same
density as the zeros of ∆. From Lemma 6.6 we derive the existence of C1(δ0) > 0 for
every δ0 > 0 with

|W (ρ)| ≥ |ρ| e
(ρ(R−(1)±iR+(1)))C1(δ0)(6.8)

for ρ ∈ SWk (δ0) with |ρ| > rδ0 , where SWk (δ0) is the set of all ρ ∈ Sk with |ρ− ρj | ≥ δ0
for the zeros ρj of 1 + Ẽk(1, ρ).

(ii) Since y1(1, ρ) and u2(0, ρ) grow exponentially for ρ ∈ Sk with |ρ| → ∞ we get

∆(ρ) =

∣∣∣∣∣ U11(y1) U10(u2)

U21(y1) U20(u2)

∣∣∣∣∣ [1]

= ρk1+k2e2ρ(R−(1)±iR+(1))[[c0]] with c0 �= 0 .

Lemma 6.6 shows that there exist a C2(δ0) > 0 with

|∆(ρ)| ≥ |ρ|k1+k2e
(2ρ(R−(1)±iR+(1)))C2(δ0)(6.9)

for ρ ∈ S∆
k (δ0) with |ρ| > rδ0 , where S∆

k (δ0) is the set of all ρ ∈ Sk with |ρ− ρj | ≥ δ0
for the square roots ρj of the eigenvalues of (1.1), (1.2).

(iii) In the same way we infer from (6.3) and Theorems 4.4, 4.7 and 6.5 that

Dj(ρ) = ρk1+k2+1/2−µ̃eρ(R−(1)±iR+(1))O(1) for ρ ∈ Sk , 1 ≤ j ≤ 4(6.10)

with µ̃ ∈ (0, 12 ].
Assume now that Assumption 6.1 holds; then we get finally:
With (6.4) and (6.8) it follows g(x, t, ρ) = ρ−2µ̃O(1) for (x, t) ∈ [0, 1]2, ρ ∈ SWk (δ0)

with |ρ| > rδ0 . From this and the estimates (6.8), (6.9) and (6.10) we obtain∣∣G(x, t, ρ2)∣∣ ≤ c(δ0) |ρ|−2µ0

for (x, t) ∈ [0, 1]2 and ρ ∈ S∆
k (δ0) ∩ SWk (δ0) with |ρ| > rδ0 and a constant µ0 ∈ (0, 12 ].

From the distribution of the zeros of W and ∆ it is obvious that for δ0 > 0 (sufficiently
small) there exist a sequence (Rn)n∈IN with Rn → ∞ (n → ∞) such that (6.2) is valid.

Notice that we do not have to require that Assumption 6.1 is fulfilled in order to
prove that (6.10) holds for |ρ2| = Rn, n ∈ IN.

Remark 6.7. The estimates for the fundamental systems and the connection ma-
trices are also valid if we allow that lν = 0 for one or several ν ∈ {1, . . . , m}, i. e. if the
weight function φ2 has no turning point in xν, but the function χ has a pole of first or
second order in xν. The asymptotic distribution of the eigenvalues is also preserved if
we exclude the cases

(
l1 = 0 and φ2(x) > 0 for x ∈ I1,ε

)
and
(
lm = 0 and φ2(x) > 0

for x ∈ Im,ε
)
.
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6.3. Expansion theorem in the general case

Let in this subsection ν1, . . . , νκ denote those indices ν ∈ {1, . . . , m} for which lν =
−1 and for which in addition Assumption 6.1 is not fulfilled. Moreover let N and ε
be chosen as in Lemma 6.4.

Then we replace the estimates of Lemma 6.4 for x
(
xνj −ε, xνj +ε

)
by the following:

Lemma 6.8. For ν ∈ {ν1, . . . , νκ} , |ξν(x, ρ)| ≤ N and (x, ρ) ∈ (xνj−ε, xνj +ε
)×Sk

is

y1(x, ρ)
(2)
= eρ(R−(x)±iR+(x))ρµν/2−ην O

(
|x− xν|1/4−1/2 
√

1+4Aν

)
,

u2(x, ρ)
(2)
= eρ(R̃−(x)±iR̃+(x))ρµν/2−ην O

(
|x− xν |1/4−1/2 
√

1+4Aν

)
,

(6.11)

where the upper sign has to be used for the sectors S−2, S−1 and the lower sign for
the sectors S0, S1.

Proof . Since lν = −1 we have near xν∣∣∣∣ξν(x, ρ)
ρ

∣∣∣∣ = O
( ∣∣∣∣∫ x

xν

φ(t) dt
∣∣∣∣) = O(|x− xν|1/2

)
.

Moreover lν = −1 yields µν = 1 and ην =
√

1 + 4Aν, where we choose the root such
that −π

2 < arg ην ≤ π
2 .

Hence near xν ∣∣∣∣∣
[
ξν(x, ρ)

ρ

]µν/2−ην

∣∣∣∣∣ = O
(
|x− xν|1/4−1/2
√

1+4Aν

)
.

Together with (6.5), (6.6) and (6.7) this proves the assertion of the lemma. ✷

Lemma 6.8 shows together with the representation of the Green’s function and the
proofs of Lemma 6.4 and Lemma 6.5 that (6.2) is no longer valid if Assumption 6.1
is not fulfilled. Instead one gets in this case, using Lemma 6.8, that there exists a
sequence (Rn)n∈IN and constants K, µ0 > 0 with

|G(x, t, λ)| ≤ Kh(x, t) |λ|−µ0 for λ ∈
⋃
n∈IN

ΓR2
n

and x , t ∈ [0, 1] \ {xν1, . . . , xνκ} ,
(6.12)

where

h(x, t) =
κ∏
j=1

|(x− xνj )(t− xνj )|1/4−1/2
√1+4Aνj .

Let δ0 := min
{
µν

2 − � ην | 1 ≤ ν ≤ m
}

(which is negative if Assumption 6.1 is not
fulfilled).

Then we get with (6.12) and Lemma 6.8 analogously to the proof of Theorem 6.2:
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Theorem 6.9. Let f satisfy the assumptions of Theorem 6.2 and require in addition
that the functions

fνj : [0, 1] −→ IR , t �→ f(t)
∣∣t− xνj

∣∣1/4−1/2
√1+4Aνj

are integrable for 1 ≤ j ≤ κ. Then

lim
n→∞SRn (f)(x) = f(x)

holds uniformly for x in any compact subset K ⊂ I \ {xν1, . . . , xνκ}; here Rn is chosen
as in (6.12).
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